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Perfectoidfieldsandtiltingprocess

LasttimeDefinedBigWiltRing ptypicalWitt
vectorsWR

IfcharR p there's aTeichmillerlift R WR multiplicative

an a o o

If charR p then ao.at a ao p a p a

There's aFrobenius F W R WR F ao a apap

If R isperfect x XPisbijective thenWR pWR R

Theorem If A is aringcompleteforpadictopologyandifR is aperfectringincharp
then amap f R ApA liftsuniquelyto FWR A

Proof For ER denote x pthrootof x
Firstpickanyset

theoreticliftF R Aoff
Define f x Is f x p and f x modpm is welldefined

Thisconvergesbe f x P F x modp impliesthat f x PIFxymodpm.tt
Ingeneral definefor a Iop an EWR f a IopF an

Clearly F a F b FCabs
Weneedtoshow a F b F as b thisproofrevealsthedefinofWittvectors

Forthis weconsidertheuniversalcaseRuniv Z x y RunineIp x yYp
wehave y So xy p S x.gs p salx.gs

Proofof modp F x f y F so xy so xy xy
modp



off 1 5 Sy y y y 1
Proofof modp f x P Fy f solx.gsP pF S xiymodpButxYPP yYPP SoxYyY P p x y

modp isknown

Thiscanbeseen as I 9 pickanyfft

Ipkey R A
pA

F x F y soxpy pf 5 x.gs
But e modpdoesnotdependon Sookay

Byinduction weprovedthetheorem andwe seewhyWittvectorisdefinedasthis

Perfectoidfields

Definition AcompletevaluedfieldK iscalled aperfectoidfield if anelement of Mr
s.t.ciwelp
14TheFrobenius o Ok OkoP is an isomorphism

Remarks 2 is equivalentto o Ok at OKoP issurjective
b c it automaticallyfaitersthroughOkto

Kperfectoid v K EIRmustbedense socertainlynota CDVF

b c keeptakinginversesofo wegetelementsofnorm v o

Examples

kllt.ttPD K.kAtYI 1457
k perfectofcharpso t

Infact foranycompletevaluedfield K ofcharpso
Kperfect Kperfectoid
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Oppo Ko Oka Ip 5pm 1 settee IffySp1Ok Sp1Ip5pm 1

Yetnotethat Xn 5pm 1 Xn i Xml 1 xlimodp
so 0k Sp1 0k XP x

asrings

Byexactlysameargumentabove
K Qpfinite co uniformizer FeFo Ff conprimitiverootof o X

Wehave xn o Xn Xiimodto

Fal

Tiltingprocess DefinethetiltofOk K tobe

Qa Ex Elaine gtÉ achoiceofpaperroots

K Ok
Properties

o Ifchark p K K Sofortherestofthislecture assume K isofmixedchar
op

1 There's a valuationUkb Kb Rules

ao.at list vk an whennsso thislimitstabilizes

easyto
checktheconditionsofvaluation

2 0kt is acompletevaluedringandK itsfractionfield both incharp perfeit
Perfectness Go at a az I
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3 Thenaturalmap likeOk

ITexp0koisabijection commqitiph fth
Defineasection do ai h ao a

sit an lineanimP foranim a liftof animtoOk
thelimitexists because aim modpm.co iswelldefined

4 We
may

insteaddefineNkb x Uk 4 x

Examples

K Gap g.gg
it
x1

for Sp 1

ThenOks fig 5 1 with5 x x x

K 5 7

K Ka LubinTateextensionofsomeFlap K Cy P

Moreon Write 1 SpSp E Okes

Bylookingattheimagein Okopokes wesee E 1 0 x x2 5
So K Fp e pterfia

LaterPut T E 1 Then Galk Gal T canonical

Moreover GalQpMpoQp actsonFpT1 by
Kp78 8 5 1 7 1 so Y 7 HT8 1

TheoremThereis a naturalsurjectiveringhomomorphism

Q WOkb OK
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inducedbythemapOkb Ok
p

x ̅

Explicitly
Iop xeni Eph4 x

Note O is surjective bc it is somodulop
WeaktopologyonWOkb A sequence Y y with y Y y y tOpb

converges if m 1 so IN sit if n N
je 0 im y Yn lgE

DefinitionAnelement EW0kt is calleddistinguished if
1 Sekert
12 To p u for woeORsit Ukboo Ukp

UeWOkb aunit

TheoreminThereexistsadistinguishedelement very
muchnotunique

1 Anydistinguishedelement generateshero

Inparticular Keroisprincipal

everytwodistinguishedelementsdifferbyaunitinWOkb

Heuristicversion W0kt OKATI

p T
a a

ThenOW Okb OK is likequotientbysomepowerseriesP T

TheconditiononPCT is NPPG is In
ByWeierstrasspreparation P T T α unit
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Wittvectorversionpcannotbemoved nocanonicalchoiceofdistinguishedelements

Proof 11 First I w̅EOk o withUkw ok o

thenperfectoid extendsto w̅ win Ok o

4w in be
Define to to thenVkoo Ukp

Next write to p v with vEOR

Bypreviouslemmaanditsproof weWOkb sit O u v

Then 5 Goftp.uekerO is adistinguishedelements

2 If to p u is a distinguishedelement

wewillshowby avariantofWeierstrassdivisionthather0 5

If a a p a ekero WOkb

H a pH a p
up 4 all o Ukp

So canwrite a to b forsomeb EOkb
Consider a blot p Me Ekert

denoted


