CYCLES ON SHIMURA VARIETIES VIA GEOMETRIC SATAKE, EXAMPLE
LIANG XIAO AND XINWEN ZHU

ABSTRACT. This is a part of the forthcoming version of m, which aims to provide some
examples and explicit computations of cycles. It will be subsumed into the new version of the
article once it was ready.
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9. EXAMPLES

Our main Theorem [XZ17F, Theorem 1.1.4] (and Theorem [XZ17F, Theorem 7.4.6]) was formu-
lated in representation theoretical terms. In this section, we discuss a few concrete examples and
interpret some of our results in more classical terms. Hopefully, some of them will be useful for
other applications. We also provide a few alternative proofs of some concrete statements, when
more direct (and elementary) methods are available. In particular, for a fixed prime p, we will
denote by oy, the arithmetic Frobenius in Gal(Q,"/Qy) and ¢, = o, ! the geometric Frobenius. For

an unramified connected reductive group G over Q,, let (é, B, T) denote the dual group equipped
with a Borel and a maximal torus. Then ¢, acts on (G, B,T).

9.1. Hilbert modular surfaces and quaternionic Shimura varieties. The first examples of
our results are Hilbert modular surfaces and more generally quaternionic Shimura varieties. This
was previously studied by Tian and the first author [TX19].

9.1.1. Hilbert modular surfaces. We first discuss Hilbert modular surfaces. Let F' be a real quadratic
field, and p > 2 an inert prime of F. Set G = Resp;g PGL2 |'| Take a neat open compact subgroup
K = KPK,, C G(Ay) with K, = PGLy(Z,). We write Shi (G, X) for the Hilbert modular surface

over Q, which admits an integral model .“¢ k over Z,, and let ?@ K = YK Xz, Fp2 denote

(p)
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the special fiber over F,2 and Shg x = ?g?; the perfection. Although Shg x can be defined over
[}, it helps our discussion to view it over [F,2 because the group Gg, splits over Q2. In this case,
the Langlands dual group is G = SLjy x SLs, on which the Frobenius op acts by interchanging the
two factors. The weight lattice of G may be identified with Z> = {(m,n)}, and o, interchanges m
and n.

The Hodge cocharacter for the Hilbert modular surface is o = (1,1). Thus V,» = std” X std",
where std” is the dual of the standard representation of SLs, and

V2 = Ve (A1) @ Ve (A2),  with Ay = (=1,1) and Xy = (1,-1).

In addition, for each i = 1,2 the set of MV-cycles MV .« (\;) = {b;} consists of a single element.
We can choose

Vb1 = (1,0), Vb2 = (O, 1), and Tby = Tby = (0,0)

so that o (v, ) — 145, = A; and Xbi’mm(l) = (Ph)pert.

9.1.2. Description of the cycles via partial Hasse invariants. In our case of Hilbert modular surfaces,
for each i = 1,2, Xy, := G'(Q)\G'(Af) x XEi’mm(l)/K — Shg i is a closed embedding, giving a
family of (P!)Pef’s. Here G’ denotes the definite group determined by [XZ17] Lemma 1.1.3] (which
is Resp/oPB* with B the quaternion algebra over F' exactly ramified at the two archimedean
places), and we identify G(As) with G'(Ay) using the isomorphism 6 from the inner twist.

The family Xy, can be alternatively described as follows (even before taking the perfection).
Set Gper = {g € Resp/gGLa | detg € G,,}. Assume that there is an open compact subgroup
Kpgr C Gpern(Af) whose image in G(Ay) is K. The associated Shimura variety #Gpu, Kpg, 1S the
moduli space of abelian surfaces with a faithful Op-action, and an Op-linear principal polarization,
and a Kpgr-level structure. The Hodge line bundle w on #gpy, Kpp, given by the determinant
of the sheaf of invariant differentials of the universal abelian surface over YGo.; Kpp,- When base
changed to O (), it admits a decomposition

W= wi X wsq.

After restricting to the special fiber . Gppy Kppy, the usual Hasse invariant h € Hom(w,w?P) can
be decomposed as the product of two partial Hasse invariants h = hihg, where hy : w; — Wb
and hy @ wy — w’f. Taking the limit over KIQEL, the zero loci Z(h;) for each i = 1,2 on the
limit -Gppy, Kpp, 1S stable under the action of & (GPELZ(p)), and thus, we may perform the usual

operation to transport the subspaces Z(h;) to subspaces
(9.1.1) Zi = Z(h) x7@PeL) o7 (@)

of S Ky Fp- Then (after possibly switching ¢ = 1 and 2), Z; is precisely the image of Xp,. We
also remark that .7 g and .Gy, Kpg, are in fact defined over Fp, and the nontrivial element in
Gal(FF 2 /IF,) interchanges the line bundles w; and wo and hence interchanges Z; and Z.

Let Yok = Yok ®z,,, Fp2 denote the special fiber of the Shimura set associated to (G, {1}).
In this case, we have two natural correspondences

_ 1\perf_ ) . .
R L G Q\XB™M(1) x G'(Ap) /K — FEx, i=1,2.
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The union of the images of Xy,, and Xy, in ?g?[r(f is exactly the basic locus ?g?]rib. They induce
natural maps (for 4,5 € {1,2})

(9.1.2) Hgt (?G’,K,Fp ) @4) [Wf] = Hgt (Xbijpa @Z) [Wf} Gysp,
HZ (6, Kk F,» Q) [my]

Resp,
b

HY, (?G/,K,Fp’@ﬁ) [mp] = Hgt,c (ij Fp @6) [7y]

for any automorphic representation 7y of G(Ay). (The compositions of two horizontal maps in
are precisely JLTbi,u(ai,in) and JLH,TbJ_ (ajout) in |XZ1TT, §7.4.3|, respectively.) According
to [TX19], the composition of the two maps give rise to the following matrix representing the
intersection of irreducible components of the basic locus:

o —2p Tp
(9.1.3) (Resbj o Gysbi)lgi,j§2 - ( T, —2p) ’

where T}, = [Kp(g ?)Kp} is the Hecke operator at p. Let o and § denote the two Satake parameters

at p of s so that o8 = p%. The ms-part of the intersection matrix (9.1.3)) is exactly

((Oé_fpﬁ) a—;pﬁ>

whose determinant is 4p? — (a4 )2 = pQ(% - 1)(§ —1). So when a # 3, the map Gysy,, © Gysy,
is injective on the 7g-component, and is an isomorphism if o # 3. This verifies the prediction by
the Tate conjecture in this case.

Remark 9.1.3. In the case when the prime p splits in F', the Frobenius o), acts trivially on the dual
group G. In this case, V:;ate is trivial; correspondingly, one can prove that the basic locus of ?07 X
is O-dimensional (see for example [AGO04) §8.2]). So this is not in the scope of our main theorem.

9.1.4. Quaternionic Shimura varieties. The discussion above extends to quaternionic Shimura va-
rieties. This is essentially treated in [TX19]; we briefly recall a variant here. Let F' be a totally real
number field of degree g in which a prime p > 2 is inert. Let B be a quaternion algebra over F' that
is split at p, and, for simplicity, split at all the archimedean places. Let G = Resp;oPB* be the

projective multiplicative group of B; its dual group of G' is G = (SLg)?, on which o, acts by cycli-
cally permuting the factors. If we identify the weight lattice of G with Z9, the Hodge cocharacter is
p=(1,...,1), and V,» = X9std"; so Vi« |r(sL,) = (std*)®9 where A is the diagonal embedding. As
above, choose a neat open compact subgroup K = KPK, C G(Ay) with K, hyperspecial, and let
< i denote the canonical integral model of the associated Shimura variety over Z, with special

fiber Y¢ k= SoK X2, Fps, which is smooth of dimension g.

) —
When g is odd, Vi;ate = 0; in this case, the basic locus of . ik has dimension g;—l. Our main

theorem does not apply to this case. For the rest of this subsection, we assume that g is even.
Then V;Eate has dimension (g“/]Q); it is the direct sum Vl};ate = GBIC{L..-,g} Vs (A1) over subsets

I c{1,...,g} of cardinality of g/2, where A; is 1 at those places in I, and —1 at those places not

A~

in I. Moreover, each MV« (A7) is a singleton {b;}. For each such I, there is a minimal v; € X*(T")
such that o(v]) — vj = Ar; this vy corresponds to the “periodic semi-meander" as in [TX19).

The associated irreducible component XL)*I ’min(O) is always isomorphic to an iterated P'-bundle,
of dimension g/2. Let G’ denote the projective multiplicative group of the quaternion algebra over
F which is locally isomorphic to B at all finite places and is ramified at all archimedean places.
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Thus one has morphisms

iterated (P!)Pef_bundle —perf

Sk Xp, = G'(Q\XI™0(0) x G'(Ag) /K — Tk

From this, we construct the Gysin and restriction maps as in (9.1.2). The determinant of the
composition matrix

(9.1.4) (Resp, o Gysy,)

1JC{1,....g}
was computed in [TX19] using the combinatorics of periodic semi-meanders that was often discussed

in the context of mathematical physics. Up to a nonzero constant, The determinant is equal to
(T2 — 4p9)", where

- i ®\(m = () +... 9 \ _oge1_Lfyg
andlm((std) )(T)(0)+ +<g_1>2 2(%)
r>0
Theorem |XZ177, Theorem 7.4.6] (and particularly Theorem |[XZ17", Theorem 1.4.1]) gives a differ-
ent proof of this computation. As a corollary of the computation of determinant, if the two Satake
parameters of 7y at p are distinct, the 7 -component of the cycle classes generated by the irreducible
components of the basic locus .7} are linearly independent. One verifies the Tate conjecture for
the m¢-component if the Satake parameters are strongly general with respect to V,« in the sense of

IXZ17", Definition 1.4.2].

9.2. Unitary Shimura varieties. In this and the next two subsections, we give a detailed discus-
sion of our results in the case of U(1,2r)-Shimura varieties, in particular Picard modular surfaces
(r = 1), and in the case of U(2, s)-Shimura varieties, at an inert prime. In the U(1,2r) case, the
description of the basic (=supersingular) locus was essentially contained in [Vol0, VWT1I1], but the
computation of the intersection of irreducible components of the basic locus is new. In the U(2,s)
case, the description of basic locus is contained in [HP14] when s = 2, and is new for s > 3. As
we shall see, compared with all previous related works on the basic locus of Shimura varieties, new
phenomenon appears. Namely, when s > 3, we encounter certain generalization of Deligne-Lusztig
varieties admitting actions of U(Z,/p*Z,) which does not factor through U(F}).

9.2.1. Satake isomorphism for unitary groups. We first give explicit formulas for the Satake isomor-
phism for unitary groups, and discuss basic properties of the dual group of unitary groups.

Let V), be an n-dimensional Hermitian space over Q2. We write 7 = |5 |. Let G = U(}),) denote
the unitary group. Although o, and ¢, are equal in Gal(Q,2/Q,), we distinguish them as they play
different roles in our general theory.

We first recall the representation theory on the dual group side. For the dual group G = GL,,
we take the Cartan subgroup T and the Borel subgroup B to be the group of diagonal matrices and
the group of upper triangular matrices. For an index i € {1,...,n}, we write iV :=n + 1 — 4, and
for a subset I C {1,...,n}, write IV := {i¥|i € I}. Then 0, = ¢, € Gal(Q,2/Q,) acts on G by
sending A — J(A*)71J 71, where A" is the transpose of A and J = (J;;)1<i j<n is the anti-diagonal
matrix with alternating 1’s and —1’s, i.e. J; j = 01if j # 4" and J; ;v = (1)L

The group X* (T) admits a basis €1, . . ., &, where ¢; is the character of T given by evaluating the
(¢,7)-entry of T'. Then o, and ¢, act on X*(7T") by
dp(ei) = op(ei) = —gv fori =1,...,n.

The Bruhat partial order on X*(T) is generated by &; = €; whenever i < j. Put S :=T/(o, — 1)T
so that

x4(8) = X1y = D Zles — 1),
=1
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where r = | 5| as introduced above. The absolute Weyl group W = S, of G permutes €1, ...,En;

and the relative Weyl group is
Wo =W = ((i,i"), (i5)(i¥,5Y) | 4,5 = 1,...,7) = (Z/2Z)" x S,.

For a character n of X* (T), we write €” for the corresponding function on 7. If we write &; for the
ith elementary symmetric power in e =1V 4 g1V =81 efr 7Y 4 e5rV 75 then

J = Jg = QlG¢)" = QX (9" 2 Q61,. .., 6]
is a subring of Q[X*(T")] = Q[e**!, ..., e*»]. When r =1 (that is n = 2,3),
J =Gyl 1)

For a op-invariant dominant weight A € X*(7')7» = X*(5), restricting the character function of
the highest weight G-representation V) to the coset G¢, gives an element in the above ring J.

Example 9.2.2. Let M = Ms3 denote the space of 3 x 3-matrices equipped with the adjoint
representation of GL3. The associated character is xps = €171V 4 51V €1 4 1,

The roots in the relative root system ®, C X*(S) = X*(T)? consist of the Wy-orbits of 1 — v
and the Wy-orbits of €1 —e1v — 3+ €9v (when r > 2). Correspondingly, there are two discriminant
functions (only one if » = 1) in J:

r

(9.2.1) diser = [] ((efi—fw _ 1) (e s - 1)) =Y (-1ie,
1<i<r i=0
disco 1= H ((65i_5iv _ 6Ej—5j\/)(6€i_€iv Y _Ej)(esiv —&; _ 6Ej—5jv)(65iv —€i _ &4V —aj)).
1<i<j<r
Lemma 9.2.3. Set 6y = 1. Let V, := N%td @ (A%std)* with 0 < a <.
(1) For each 0 < a <r, we have

] G+ (T7?+2) So2+ -+ (Paf%) Sa—2j + - n=2r
Ve = Go+Ga1 +(r—a+2)6a2+ -+ (55])Gaj+-- n=2r+1

(2) When n = 2r + 1, have

disc; = Z(—l)r_a@a +1)xv,_,-
a=0

In particular, when r =1, disc1 = 3 — Xstdwstd* -
Proof. (1) Let by, ..., b, denote the standard basis of std, and b7, ...,b} the dual basis in std*. For
asubset I C {1,...,n}, we write 7 = Y ;.; & and (I) = ), i; if the elements in I = {i1,...,is}
is in increasing order, we write by := b;; A--- A b;, and b7 := b;‘l JARERWAN b;-ka. There is a natural map
¢p : std — std* that sends b; to (—1)%b%, and thus ¢, (br) = (1) +ale=D/2p,
For i € T, i, acts on A%td @ (A%std)* as

br @ b5 25 (C1)DTIE, @by b (—1) DI e v ey (7) bt @ by,
where I,J C {1,...,n} are subsets of cardinality a. This term contributes to the trace if and

only if I = JV, in which case the contribution is e~¢7v*I(#). Summing over those I such that

#(INIY) = j, we obtain (@7;?)6,1_]« with the condition that j must be even if n is even; this is

because (I\IV)U(IV\I) consists of a — j pairs of distinct numbers {7,7"}, and when fixing that, we
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are left with (T 7;]] ) choices for the set I N 1Y (which, when n is odd, must contain 21 if j is odd,
n+1

and must not contain ®3= if j is even). Summing this over all j gives the formula in the lemma.
(2) Using part (1), we deduce that

T

Z( 1>r a(2a+1XVra Z Z ra2a+1)< (T_[l)_—:_(ij_a_i)>6i

a=0 a=00<i<r—a 2

Y Y (- azam(U . 1J>e

i=0 0<a<r—i

Comparing to the formula for discy in (9.2.1), we need to show the coefficient of &; above is equal
to (—1)'2""". Rewrite k = r — ¢ and £ = k — a for simplicity; so we need to show that

k¢ _ k — (_o\k
> (-1F 2k %H)(LMJ) (—2)k.

0<e<k
But the left hand side is equal to

(S)((—l)k(%ﬂ)+(—1)’f—1(2k—1))+(lf)(( P22k — 3) + (=1)F 2k — 5)) + -+

= (’g)(—nk 24 <If>(—1)k 24 <§>(—1)’f 2+

Some easy analysis by the parity of k shows that the above expression is just (—1) times the
binomial expansion of (1 + 1)*. Our lemma is proved. O

Next, we discuss the Satake isomorphism. We can assume that there is a basis {e1,..., ey} of
the hermitian space V, such that the hermitian form is given by h(e;, ejv) = d;;. We identify G(Q,)
as a subgroup of GL,(Q,2) via this basis. Then the stabilizer K, of the lattice A = @, Z,2¢; is
a hyperspecial subgroup of G(Q,). We choose

S = {diag{al, s} € G(Qp) [arayy = - = arapy = appry2 = 1}
as a maximal split torus of Gg,, where when n is even, we omit the last term a(,y1)/2. Its dual
group is exactly § and its cocharacter group is Xo(S) = X*(T') is given as above. For each
A € Xo(S5) we write A(p) for the image of p under the natural map Q) ENye! (Qp). Explicitly, for a
tuple m = (mq,...,m,) € Z", we write
Am i=mi(e1 —ev) + -+ mp(ep —gpv) € Xo(5)

for the associated cocharacter. Then

Am(p) = dia’g{pm17 R ’me’ 1’p_m'r’ R ’p_ml} 6 G(Qp)?

where when 7 is even, we omit the term 1 in the middle. The character A, is dominant if and only
if m; > -+ >m, > 0. We will use often the following dominant characters for ¢ = 0,...,7:

)\i = )\(117071721’7(_1)2') =1+t —ENv —---—Ev E X.(S).

Let Sph, := H(G(Qp), K,) be the spherical (a.k.a unramified) Hecke algebra with Q-coefficients.
Let

Tﬂ = T)‘m = 1Kp)\m(p)Kp € H(G(Qp), Kp)
be the Hecke operator corresponding to the characteristic function of KyA\p,(p)K,. Then

{Tm|(ml,...,mT)EZT,mIZ...ZmTzo}
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form a Q,-basis of Sph,,, by the Cartan decomposition. In particular, for 0 < <r, we write T}, ; for
T}, which together generate Sph,, as a Qy-algebra. In particular, when r = 1, Sph,, as an algebra
is generated by Hecke operators: Tp1 = 1x diag{p,1,p-11K,-

We fix a square root p/2 € Q. Then we have the usual Satake isomorphism

CTp : Sphy, = H(S(Qp), Kp N S(Qp))wo = @E[X.(S’)]WO'

On the other hand, the geometric Satake correspondence associates every representation V' of LGFP
a perverse sheaf Sat(V) on Gr, whose trace function defines an element hy € Sph,. It follows
from the compatibility of geometric Satake and the classical Satake (|XZ17™, Proposition 3.5.5])
that CT,(hy) = xv. As {T),} is a basis of the Hecke algebra, every hy can be written as the
linear combination of these characteristic polynomials. The coefficients can be expressed by the
so-called Lusztig—-Kato polynomial&ﬂ For our later application, we obtain a formula for hy, for
Vo = N%std @ (A%td)*, 0 < a < r directly as follows. Recall the v-analogue of the binomial
coefficients
" —1
O =1, Il =" = [l e[|

v—1"

Lemma 9.2.4. For 0 <a < r, we have
a N 2
(9.2.2) hy, = p~ =) [” .’} Ty,
—0 v

with v = —p. In particular,
(=p)" — 1)

hV1 = pl_n (Tp,l + “p— 1

Proof. We sketch a proof. Let Sat : Rep(G) — PL+G®ﬁp(Gr ® F,) denote the geometric Satake
equivalence. Note that G ® Z,2 ~ GLy. Therefore, there is a natural isomorphism Grg ® Fp2 =
Grar,,, which we identify with lattices in V), as usual. Under this isomorphism, the Frobenius

endomorphism F' := Frobg,, ®ide2 of Grg ® Fp2 sends, for a perfect Fj2-algebra R, a lattice
L CV, ®z,, W(R) to Frobk(L)", where Frobg : W(R) — W(R) is the morphism induced by the
Frobenius of R, and Frobj (L)Y is the lattice dual to Frobj (L) with respect to the hermitian form
on V.

Since V, = A%td ® A%std*,

Sat(V,) = Sat(A%std)  Sat(A%std™),

here x stands for the convolution product of the Satake category. Note that Sat(A%std) and
Sat(A%std*) are constant sheaves (up to shift and twist) supported on the corresponding minus-
cule Schubert varieties Graagtqg and Graegq+ defined over F 2, which are switched by F. The Weil
structure on Sat(V,) then is given by

p?
F*(Sat(V,)) = F*Sat(A%td)  F*Sat(A%std*)
= Sat(A%std™) * Sat(A%std) = Sat(A%std) » Sat(A%std™),
where the last isomorphism comes from the commutativity constraints.
2Stric’cly speaking, Lusztig—Kato polynomials are only defined and studied for (residually) split groups in literature.

But the generalization to unramified groups is not difficult, using the results and methods in [Zhul5].
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Over F,2, we are working with the affine Grassmannian of GLy,; it is well known that the Poincaré
polynomial of the stalk cohomology Sat(Vy )y, () of Sat(Va) at Ai(p) is

S aim (33 (sat(v2))o! = |1
320 v

Here v denotes an indeterminate. On the other hand, from the construction of the commutativity
constraints from [Zhul7al (in particular Section 2.4.5), we see that for 0 < i < a,

—i(n—i) |V — 21 —
ey | Sat(Von) =7 [ 7] o=t
which is exactly what the lemma claims. O

Using Lemmas and and the notation therein, we may express the preimage of disc;
under the Satake isomorphism

CT,, : Sph, = Q,[X*(5)]".

—1/q: a F a F —(r—i)(r+i — 2r+1—-2j
O, i) = (1) 2+ D, = 3120 D 0D Y s E
= = j= V==

Let LGFP = G x Gal(F,/F,) denote the unramified Langlands dual group, regarded as a pro-
algebraic group. As explained in [XZ17"), Remark 3.5.3|, there are two maps from the representation
ring R(“Gr,) of LGy, to Q, [X*(5)]"o. One is given by restricting a character function of a repre-
sentation V' to the coset G’(bp, and the other one is given by restricting to the coset G’ap. They in
general differ by an involution of Q,[X*(5)]"? induced by multiplication by (—1) on X*(S). In our
case the canonical isomorphism

(9.2.3) inv : Qy[X*(9))"0 = Q,[Go,p)© 9970 e, QG = QX ()"

turns out to be the identity map. So inv(disc;) = disc;.

9.3. Picard modular surfaces and U(1, 2r)-Shimura varieties. We first describe our main the-
orem in a more concrete way in this case. We will start with the computation on the representation
side, and then translate the supposedly intersection matrix in terms of the Satake isomorphism.
Then we rewrite our results in more classical way, explaining how they lead to intersection numbers
of cycles. When possible, we make explicit the computation in the case of Picard modular surfaces.

9.3.1. PEL type moduli problem of U(1,2r)-Shimura varieties. Let E be an imaginary quadratic
field and let p > 2 be an inert prime. Let V be a (2r 4 1)-dimensional hermitian space over F
of signature (1,2r) at the infinity and is unramified at p. Let G = U(V) be the corresponding
unitary group. We choose the level structure to be K = K,K? C G(Ay) with K, the hyperspecial
subgroup fixing a self-dual Z-lattice A C V), :=V ®g Q2. Following [RSZ177, §3|, we realize the
Shimura variety Shg (G, X) as a PEL moduli problem as follow. We choose and fix a CM elliptic
curve Ag with a full Og-action and a principal polarization A¢ in the prime-to-p isogeny category
that is defined over the Hilbert class field Fy of E. Then the integral model of the Shimura variety
yG,K,OEH,(p) classifies triples (A4, \,n) over an Op, (,)-scheme S, where

e A is an abelian variety of dimension 2r 4+ 1 over S with a faithful action by Of satisfying
the Kottwitz’ determinant condition of signature (1,2r),
e \: A— AV is a principal polarization in the category of abelian varieties up to prime-to-p
isogenies such that the Rosati involution induces complex conjugation on O, and
8



e 7) is a section of
Isomperm (V ® A?, Homo, (Vet(A0)?, Vet (A)p))/Kp

of the étale sheaf parametrizing KP-orbits of hermitian isomorphisms, where the hermitian
structure on the latter is given by

for z,y € Homo, Vet (A0)F, Vet (A)P),  {(z,y) := Xooy” o Xox € Endo, (Vet(A40)?) = A% ;.

When r = 1, g, KO () is essentially a Picard modular surface. We point out that, by taking
appropriate quotient, one can define .G x over O (), but we content with our definition here
because p must split in Ey/F; so taking the special fiber at a place v of Ey above p, we recover the
special fiber ?QK = vaKvOEH,@) R0, k(v) over F 2. We also note that ?G,K admits a canonical

smooth compactification ?Q x by adding a (CM) abelian variety of dimension 2r — 1 at every cusp.

~

Lemma 9.3.2. The Shimura datum (G, X) determines the Hodge character p =1 € X*(T). We
have VMT*atep = Vu=(XN), where X = —ep11; it is one-dimensional. In particular, the set of MV
cycles MVE?“’ = MV,«(A) = {b} is a singleton. One can write A\ = o(v*) — v* + 7%, where

v=uvp=¢€1+ -+ andT=Tp =1+ -+ 241 € Xe(Zg).
Proof. Go through the definitions. O

Corresponding to the MV cycle b, we have the Satake cycle a € S(,« ;+) x4, such that

0,a
G (e i) A

(see |XZ17") Lemma 3.2.7|). Via |XZ17", Proposition 3.1.10] and the geometric Satake, it gives

two nonzero morphisms of G-representations

NSy x = (Sp N Grye)x(Sy N Grye)P

(9.3.1) a;, : Vg(y) RV, QV,x — VH and agyt : VU(V*) X VM ®V, = V.

These two morphisms give rise to elements =, (ay,) € Hom(/V:,YA/;) and Z,+(agy) € Hom(‘Af;,‘Af;)
(per recipe |XZ177) (6.2.2)] and [XZ19, (4.4.2)]), whose restrictions to the fiber go, € Go, are

id®dy opR1®1 ain
(9.3.2) =, (ain)(gop) : Ve 2%V, 0V, 0 Ve 220N Y @V, @ Vi 25V, and
(9.3.3) e (out) (909) : Vi~ Ve @V, @V 2285 1 @V, ® T 2 1

Lemma 9.3.3. Up to a non-zero constant in Q,,
T
(9.3.4) D 1= E,- (aout) © Eplam) = [ [ (775" + 7 7% = 2) = (—1)"discy,
i=1

as elements in Hom(/VVT7 /177) = @Z[G’ap]é = J. In particular, whenr =1, D = 2 — 51751V — ef1vV €1,

Proof. This follows from [XZ19, Theorem 1.0.2|, specialized to this case. The explicit calculation is
also carried out in [XZ19, Example 6.4.2]. O

Next we describe the relevant affine Deligne-Lusztig varieties and the basic locus of ?G, - These
results are essentially contained in [Vol0, VW11], although we take a different approach.
The Satake cycle a € S(,« ;)7 14(,+) determines a cohomological correspondence supported on

Gr?ﬁ ) o (r) Recall that A is the self-dual sz—lattice of the hermitian space V).
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Lemma 9.3.4. Over Fp2, the correspondence

0,a
r
GI (e oy e o ()

C GI',/* X GI‘T*+U(V*)
is LT G-equivariantly isomorphic to
(9.3.5) H={(l1,02) € Gr(r,2r+1)x Gr(r+1,2r+1) | {4 C b2} C Gr(r,2r+1) x Gr(r+1,2r+1),

where Gr(i,2r + 1) classifies i-dimensional subspaces in A/pA. The map Gry« — Grryy(,-) given
by g — w"o(g) is identified with the map sending £ C A/pA to Frob(¢)*.

Proof. Recall the natural isomorphism Grg ® F2 = Grgr,,. For v* = —g;v — -+ —,v, we have an
identification
Gry«(R) = {A @W(R)CLC %(A @ W(R)) |tkr L/(A®@ W(R)) = 1} =, Gr(r,2r + 1)(R)

L L/(A®@ W(R)).

In a similar way, we have Gry« ,(,«) = Gr(r + 1,2r +1). The map Gr,» — Grr«jg(,+) sends a
lattice L as above to %FrobE(L)V. Therefore, after modulo A ® W(R), it is identified with the map
Gr(r,2r +1) — Gr(r 4+ 1,2r + 1) as described in the statement of the lemma.

Now we show that Gr?;a*’“*)h* o) is given by the correspondence H in . This follows
from the fact that the G-orbits of Gr(r,2r+1) x Gr(r+1,2r+1) are parameterized by an integer a €
{0,...,7}, characterized as requiring dim ¢; N¢3 = a, and that the correspondence H (corresponding

to a = r) is the unique (closed) orbit of dimension r(r + 1) + r. So Gr(()l’/a* oy © G X
Gr 4 () must be equal to H. 0
The relevant affine Deligne-Lusztig variety X, (7%) is defined as

X, (%) :={g€Gr|g'p o(g) € LYG-p" LTG}.

By |XZ17™, Theorem 4.4.5|, an irreducible component of the affine Deligne-Lusztig is given by the
following Cartesian diagram

b,mi 0,
(9.3.6) X (7) GI (e i)+ )
l iprl Xm
Ixp™"
Gr,. xpT op Gr, = X GrT*+U(V*).

More precisely, what we proved in |XZ17T, Theorem 4.4.5] is that the closure in X,«(7*) of the

unique maximal dimensional irreducible component of Xsimin(v'*) is an irreducible component of
X+ (7*). But the explicit description of Lemma implies that the fiber product (9.3.6) is already

irreducible and proper, and it is equal to

(9.3.7) XD (%) = {€ € A/pA | £ C Frob(¢)*:}.

This is a Deligne-Lusztig variety for the unitary group GUz11(F), defined over F,2. When r =1,
this is a Fermat curve: under an explicit coordinate of the hermitian space V, above,

XE*’min(T*) _ {(:C,y,z) c P? | 2Pt 4 yp—f—l 4Pt = O}.

The action of K, on XE;min(T*) factors through the quotient K, — GUsgq41(F,). By |XZ17T,
Theorem 4.4.14|, we have a G(Qp)-equivariant surjective map
b,min * * *
G(Qp) x™» X MM (1*) = XPo(77%) = X ()

that induces a bijection on irreducible components.
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Let V' denote the (2r + 1)-dimensional hermitian space over E, which is isomorphic to V at all
finite places and is of signature (2r+1,0) at the infinity place. Let G’ := U (V') denote the associated
unitary group. Then the Rapoport—Zink uniformization |[XZ17", Corollary 7.2.16] induces a natural
surjective map

(9.3.8) G'(Q)\ (G(@p) x5r X2 (7%) x G/(Ah) /KP) — N,

onto the basic locus N, C yG rK, which induces a bijection on the set of irreducible components.
This then defines the cycle class map (the Gysin map)

cl(b) : C(G"(Q\G'(Ay)/K,Qp) = HE (F ¢ 7, Qulr))
There is also the dual of the cycle class map (the restriction map)

cl'(b) : Hggc(?G,K,Fw@é(r)) — C(G'(Q\G'(A) /K, Q).
Then |[XZ17", Theorem 7.4.6] specialized to this case as follows.

Theorem 9.3.5. The composition

cl’(b) o cl(b) : C(G'(Q\G'(A)/K, Q) = C(G'(Q\G'(A)/K, Q)

1s given by the Hecke operator

ity e [2r + 1 — 25
(9.3.9) h= § : (2 + 1D O:[ r—i—j]L__pr’j € H(G(Qp), Kp),
j= =

which encodes the intersection matrices of the cycles in Ny. More precisely, for G'(Q)gK € G'(Ay),
let X4 be the corresponding irreducible component of Ny, by (9.3.8). Then if g and g’ has the same
prime-to-p-component, then the intersection number X, - X is equal to h(gp_lg;,)

In particular, if r = 1, then
h=T,1+ (1-p—2p%).
More concretely, if g,g' € G'(Ay) have the same prime-to-p part,

1 if gp € g;KpALQKp
Xy Xg=31-p—2p" ifg€g,K,
0, otherwise.

Proof. By |XZ17™, Theorem 7.4.6] or more precisely [XZ17", Lemma 7.4.5], and the previous dis-
cussions (Lemmas and , we know that h is a multiple of

CT;l(@) — p_r(r+1)Tp,7‘ +

On the other hand, by the discussion later in §9.3.9|, when g, ¢ € G'(Ay) have the same prime-to-p
part and Inv(ng,g’K ) = A1ro = Ar, Xy and X; intersect properly at one point. It follows that

h=T,,+- pr D). CT;I(D). The proposition follows. O

9.3.6. Interpretation in classical terms. We now reinterpret Theorem [9.3.5] using the geometry of
the corresponding Shimura varieties. When r = 1, namely the case of Picard modular surfaces,
we will reprove the theorem by an explicit computation; for the general case, we will reduce the
theorem to a computation of the degree of a vector bundle on a Deligne-Lusztig variety.
If a coherent sheaf M over an O (,)-scheme is equipped with an Og-action, we write M =
My @& Ms such that Of acts on M; by the structure map and on Ms by the complex conjugate of
11



the structure map. Let A denote the universal abelian scheme over ?g & (which is an Og/(p)-
scheme). There is a natural Og-action on invariant differentials w4, and the Kottwitz condition
implies that, under the decomposition by action of O

wA ZEwa1 Dwae,
where w4 1 is locally free of rank 1 and w42 is locally free of rank 2r.

Remark 9.3.7. When r = 1, one can describe the basic locus (or equivalently supersingular) N
of the Picard modular surface as follows. The Verschiebung map V : A® — A induces two maps

~ (P P
hi:wa1 — WAm) 1 = wf47)2 and ho:wg2 — w;’)l,

where for a coherent sheaf F on ?G, K, FP) = F ®F . « Frob ?G, x is pullback along the relative

Frobenius. The composition A := hép ) o hi:wan — (w ,4,1)?’2 can be regarded as the Hasse invariant

for the Picard modular surface. Then N is (the reduced subscheme of) the vanishing locus of
h. Indeed, we can work pointwise. So let Z be an Fp—point, and let D(Az) be the contravariant
Dieudonné module of Az. In fact, for the given signature condition, there are only two possibilities
of the Newton polygon of D(Az), namely, either with slopes 0, %, 1 (the p-ordinary case), or with
slopes %, %, % (the supersingular case). In the first case, any power of the Verschiebung is nonzero
on w4, 1 and hence h is nonzero at z. In the second case, the Frobenius is topologically nilpotent

on D(A;z), so h has to be zero at Z. This proves the claim.

Since we are working with the PEL type Shimura varieties, one can also make the cohomological
correspondence explicit as follows. Let .7 i denote the special fiber of the Shimura variety
associated to the unitary group G’. In particular, making use of the same auxiliary CM elliptic curve
Ag from § Sk classifies triples (A’, N, 7) over a noetherian F2-scheme S, where

e A’ is an abelian schemes over S with a faithful action by O, satisfying the Kottwitz’
condition: war 1 = HcllR(A’)l and wyr 2 = 0;

e X : A" — A" is a principal polarization in the category of abelian varieties up to prime-to-p
isogenies such that the Rosati involution induces complex conjugation on O, and

e 1) is a level structure as defined in § with A replaced by A’.

We will apply the general construction of correspondences between Shimura varieties, but over a
subspace of ShtlTOZ, where the isogeny of the local G-shtukas is restricted a particular type corre-

sponding to X:Z;mm in (9.3.7). More precisely, we define a moduli space N, that classifies tuples
(A, A, A, N 1, f) over noetherian F2-schemes S, where
e (A,\,n) is an S-point of . i and (A’, N',n) is an S-point of . k,
o f: A" -—— Ais an Og-equivariant quasi-isogeny such that N’ = fY o )Xo f, and n = f, o7/,
and
e at each geometric point z, f induces inclusions (f~1)* : D(A%); C D(A4z)1 and f* : D(A4z)2 C
D(AL)2 whose cokernels are all isomorphic to k(z)®".

The forgetful map 7 : ]\71) — ?G, x remembering only A is exactly the Rapoport—Zink uniformiza-
tion map (9.3.8). The other forgetful map 7’ : N}, — . i remembering only A’ identifies A}, with
the left hand side of (9.3.8); more precisely, the fiber over each coset G'(Q)gK € G'(Ay) corre-
sponds to an Fy-point g € L i; X, 1= 7'~1(g) classifies r-dimensional subspaces H C H fR(A;)l
such that H C Frob(H )l. In terms of the moduli problem above, the subspace H is the image
fowap C Hig(A))2 = H ?R(A’g)l (which has dimension 7). The perfection of each X is isomorphic

to X" (%) in (0:3.7) over F,.
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We first assume that r = 1, i.e. ?G, K is a Picard modular surface. The space X, may be
identified with certain degree (p 4+ 1) Fermat curve inside P(HfR(A’g)l) ~ P2, We denote the
restriction of Opz(n) to this curve by O(n). In this case, our computation of the intersection
number (Theorem is essentially equivalent to the following result.

Proposition 9.3.8. When r = 1, the restriction of m to each X, is a regular embedding (whose
image we still denote by X,), and its normal bundle in /¢ k is O(1 — 2p). In particular, the self
intersection of X in L is (p+1)(1—2p) =1—p—2p°.

Proof. We only sketch the proof here; the readers are invited to fill in the details. Let H denote
the universal line subbundle of H?R(A’g)l ® Ox, = Hig(A})2 ® Ox, over Xy, which is the same as
O(—1). Then the tangent bundle of X, is given by

Tx, = Hom(H, (HP)*/H).
One can verify that over X,, the universal quasi-isogeny f : A" — A induces a homomorphism

f3+ Hig(A)2 = Hlg (A")2. From this, we deduce a canonical isomorphism

*

*,— *,— b
(MO /1 2= f 7 (Hip (D)) fo ™ (wa2) —o= Hig(A)2/waz.
Under this isomorphism, we have an exact sequence over X:

0 — Tx, = Hom(H, HP)L/H) — T >~ Hom (waz2, Hig(A)2/waz2) — Nx,(Zcx) — 0.

Jaklxy

In particular, this implies that
Nx,(Z6.x) = Hom(Ker(f3), (HP)* /H) 2= Hom(Hg(A)2/ (HP) L, (HP) /H)
= 4P @ (HP)H/H) =2 Hom(O(p), O(—p +1)) = O(1 — 2p). 0

On the other hand, X, and Xy (for g # ¢’) intersects if and only if g and ¢’ are related by the
Hecke correspondence T), 1, i.e. Inv(gKp, ¢'K},) = A1, in which case X, and X intersects properly
at one point. This gives a direct proof of Theorem [9.3.5| when r = 1.

9.3.9. Computation of Xy- Xy in the general case. We now describe the intersection of these cycles
for general r. The computation is similar to [HTX17, §5-6] (which uses covariant Dieudonné mod-
ules). The cycles X, and X intersect if and only if g and ¢’ are related by the Hecke correspondence
Ty, for some 0 < i < r, after replacing coset representatives, g and ¢’ have the same prime-to-p
part and Inv(ngp,g;,Kp) = Ai = Apigr—ig. In this case, one can compute the intersection of X,
with X following the steps below.

(1) Let Ay and A7, be the universal abelian varieties at G'(Q)gK and at G'(Q)g' K, respectively.
Since Inv(gKy,g'Kp) = Ajigr—i, there is a quasi-isogeny f’ : A} — A’g, preserving the
tame level structures and the polarizations on both abelian varieties such that under the
identification f” : ]D)(A;)[%] = ]D)(A;,)[%], we have (D(Ag); + D(A});)/D(Ag); = ﬁ;‘?l for
7 = 1,2. Moreover, we can show that the perfect pairing induced by polarization between
D(A7)2 and D(A})1 = Frob(D(Ay)2) induces a perfect pairing between

(9.3.10) Dygr2 = (D(A)2 N D(AL)5) / (ID(AL) + pD(A!)3) and  Frob(Dy, ),
where both spaces are of dimension 2r — 27 + 1 over Fp.

(2) The intersection X, N X, parametrizes quasi-Og-isogenies A’g EiNyaEl A’g, compatible
with polarizations and tame level structures such that the composition f, Lo f1 is just f/,
and at each geometric point Z, fi and f; induce includes D(A7)1 C D(Az)1 D D(A],)1 and
D(Ag)2 D D(Az)2 C D(Aj, )2 so that the cokernel of each inclusion is isomorphic to k(z)®r.
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(3) One can then show that this moduli interpretation of X, N X, is equivalent to the moduli
problem of an (r — i)-dimensional subspace

H := (£1)3(waz2) mod (pD(47)s + pD(4])2)

as a subspace of Dy o such that H € Frob(H)*, where ' means to take the annihilator
under the perfect pairing between (9.3.10]).
In particular, when ¢ = r, Xy and X intersect properly.
(4) To compute the intersection number of Xy and X, one needs to use the excessive intersec-
tion formula ([Fu98, §6.3]).

Xy Xy ::/ ¢r—i(Eqq) for &gg := Nx, (?Gﬂ)lxgﬂxg’/NXgﬂXg' (Xg)-
XgﬁXg/

Using an argument similar to the discussion in Proposition [9.3.8] one can prove that, setting
o= (f1)3(waz),
Nx,(Zkx) 2 HP @ (HP)L/H) and
Nx,nx,, (Xg) 2= (H®)F/H) @ (pD(Ay)2 + pD(AY, )2) /pD(A)2.

Therefore, using the fact that (ﬁ(p))J— JH = (HP)L/H, we deduce that
gg7g’ ~ ﬁ(ﬁ) ® ((ﬁ(P))L/ﬁ)

In other words, we essentially need to compute the top degree of a fixed vector bundle over
a Deligne-Lusztig varieties (but for all different dimensional unitary spaces). This is the
following lemma (which then justifies the expression of intersection of cycles in Proposi-

tion .

Now the above discussions imply that Theorem [9.3.5]is in fact equivalent to the following state-
ment.

Proposition 9.3.10. Consider the r-dimensional Deligne—Lusztig variety (9.3.7), namely
DL, := {H C A/pA of dimensionr | H C Frob(H)l}.

Let H denote the universal subbundle of rank r, then for € = H®) @ ((’H(p))l/H), we have

/D arle) = (1) @it 1 [2[ N }] o

=0

Proof. Indeed, we may deduce it from Theorem by simply retrieving the coefficient of T}, ¢ in
(9.3.9). And vice versa, the proposition gives the coefficent of O

When r = 1, this is Proposition [9.3.8] above. In general, unfortunately, we do not know a direct
proof to this lemma.

Remark 9.3.11. We hope to convey through the above discussion that formulating our main
theorem in terms of geometric Satake theory allows us to overcome the difficult combinatorics

questions like the above lemma.
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9.4. The G = PSO(2,n—2)-Shimura varieties. Consider a quadratic space V over Q of signature
(2,n — 2) at infinity, and let PSO(V) denote the corresponding projective orthogonal group. Let
p be an odd prime such that V, := V ® Q, is unramified, i.e. the Hasse invariant is 1 and its
determinant is a p-adic unit modulo (Q))%. We take K, to be the stabilizer in G(Q,) of a self-dual
lattice A C V,,. The corresponding Shimura variety is of abelian type (witnessed by the GSpin(V)-
Shimura variety), and its integral model .7 x over Z,) is constructed by Kisin [KisI0]; its special
fiber .7 K is of dimension n. We focus on its basic locus N, C ?07 K-

When n is odd, we do not expect any middle dimensional Tate classes for the dimension reason.
This is related to the fact that the associated representation V)« of the dual group G= Sp,,_1 is the
vector representation, and is minuscule. So V;Eate = 0. (More generally, if G splits over Qy, V/};ate
is always trivial.)

For the rest of this subsection, we assume n = 2m is even. The description of the basic locus was
essentially contained in [HP17| following [GHI15|. We explain how their findings fit in our philosophy
and how |XZ17" Theorem 7.4.6] applies to this case.

The group G is of type D, so G= Spins,,,. We need to separate two cases:

(a) when detV, = (—1)™ mod (Q;;)z, Gq, splits over Q,, and
(b) when det V), mod (Q))? is a p-adic unit by is not equal to (—1)", Gg, is unramified but
non-split over Q,,, and the Frobenius acts non-trivially on the Dynkin diagram of G.

We identify G with the diagonal maximal torus of SOsg,, by
t=(tr,. .. tm) = Diag(te, ..., tm, tt, 5 17Y),

and take the maximal torus 7' of the dual group G = Spin,,, to be the preimage of G”" under the
natural 2-to-1 map Spin,,,, — SOgy,. For ¢ =1,...,m, let ¢; denote the character of G that sends
t to t;; then we may identify the weight space of G with

o e1+--+em m—1
X(T)_Z'Q@ZG?Z&’
and the roots of G are +(g; —g;) and £(g; +¢;5) for 1 < ¢ < j < m. A weight > /" a;e; is
dominant if a; > -+ > apu—1 > |am|. The absolute Weyl group W of G is R % Sm, Where
R C {£1}™ is the subgroup of elements with total product 1 which acts on X'(T) by coordinate-
wise multiplication, and S,, acts on X'(T) by permuting the factors. So for a dominant weight
po= 0 aie, gt = 0" aigi — amen.

The Hodge cocharacter of GG induces the weight u = 7 of G and the associated highest weight
representation V)« is the vector representation Spin,,, — SOz, — GL(Q) with Q = @?2""; its
weights are +e1,...,£epy,.

In case (a) above, i.e. when the projective orthogonal group G, splits over Q,, we have V#Zate =
Vu#(0) = 0. In this case, the philosophy behind |[XZ177, Theorem 1.1.4(1)] predicts that the
dimension of the basic locus N, should be strictly less than % dim ?(;7 Kk = 5. This agrees with the
findings in [HP17, Theorem C].

We now assume that we are in case (b), i.e. Gg, is unramified and non-split over Q,.
Lemma 9.4.1. The Frobenius element ¢, = o, fizes €1,...,Em—1 and sends ey, to —&,,. We have
V}ate =V(Ap) @ Ve (A2) for Ap =em and A = —ep,
which is of 2-dimensional. We can write Ay = o(vi) —vi (so 7+ =0) with

vi =114 +en), and vo=Lie14+ tem1—em)
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In addition, each MV« (A1) = {b+} is a singleton, and is represented by nonzero homomorphisms

(9.4.1) b:i:,in : VU(V:E) X V”:t — VM and b:t,out : Vg X VM X Vvyi — 1.

(vi)
Proof. The dimension of the two hom spaces in (9.4.1)) can be computed as
dim HOm(VU(Vi) @V, ,V, ) dim HOm(VU(Vi), V. ® VM)'

V:t Y
Since p is minuscule, V,, ® V), = 6977 Vi +n with the sum taken over all weights n € Wy in the

Weyl group orbit such that vy + 7 is dominant. One checks directly, o(v+) belongs to this list of
weights. O

Set S :=T/(05, — 1)T and then

X*(9) = X*(T)7»~! @Za

The relative Weyl group is Wy = W = (Z/2Z)™ ' x S,,_1, where S,,_1 permutes €1,...,&mn_1
and (Z/2Z)™ ! acts on each of &1, . .., &,_1 by multiplication by +1. So the invariants of Q,[X*(S)]
under Wy are

(9.4.2) J = QX (9" = Q[61,.. ., Sl
where &; for i =1,...,m — 1 is the ith symmetric polynomial in e €71, ... et - e7om—1.
The relative root system @Y, C X*(S) consists of roots £(g; +¢;) and +e; for 1 <i < j <m—1.
In particular, the discriminant of the Wy-orbits of long roots +2e1,...,+2¢e,,_1 is
m—1
disciong = H (625" — 1)(6_25" —1).
i=1

Lemma 9.4.2. Fori,j € {4+, —}, the elements
M;j == Eyr (biout) © Zy; (bjout) € Hom(i i) ~J
can be computed explicitly as follows (up to a nonzero constant in Q,):

m = (m-f—-l- m—l——) — <Zz>0 even 2m—11—i6 Zz>0 odd 2m—11—i6 )
m__|_ M__ Zz>0 odd 2mTITG; Zz>0 even 2m ‘6

Moreover, the determinant of MM is Ldisciong-
Proof. See [XZ19, Lemma 6.4.5]. O

We remark that in the process of changing from o, to ¢, following |[XZ177 Remark 3.5.3|, the
formula in Lemma [9.4.2] is unchanged. We leave it to the interesting readers to make the Satake
isomorphism explicit in this case.

Now we focus on the relevant affine Deligne-Lusztig varieties and the basic locus of ?07 k- These
results are essentially contained in [HP17|. The @—representation homomorphisms by ;, induce G-
homomorphisms

b:t V*®V —>V( 1)

which, by Geometric Satake theory, corresponds to a cohomological correspondence supported on

Gr?yzi# o) Here Gr denotes the affine Grassmannian for the group PSO(V,). Recall that A is

the self-dual Z,2-lattice of the quadratic space V.
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Lemma 9.4.3. Over 2, the correspondence

0,b+
Gr(y;#*ﬂg(y;) C Grl,i X GI‘U(V;)
is LT G-equivariantly isomorphic to
(94.3) H= {(31, Z) m-dimensional Lagrangian subspaces of A/pA | dim & + % < m + 1}.

The Frobenius map Grys — Gro(,, )+, g+ 0(g) is identified with the map sending £ to op(L).

Proof. This is essentially contained in [HP14, § 3.2|; we only sketch the essence here. One may
choose a Z,2-basis {e1,...,em, f1,..., fm} of A®z, Z,> such that
o (e1,...,em) and (f1,..., fin) are (maximal) isotropic, and (e;, fj) = 6,
e the Frobenius 1 ® o fixes e1,...,em-1, f1,..., fm—1, and interchanges e,, with f,,, and
e the parabolic subgroups Pi generated by root subgroups U, for those (a,vy) < 0, are
precisely the stabilizer subgroups of the maximal isotropic subspaces Zy = (f1,..., fm)
and .Z_ = (f1,..., fm—1,€m), respectively.

Then, we have a natural isomorphism

Gryr = Gry, = G/P+ = {m-dimensional Lagrangian subspaces of A/pA}
gp"F LG — (g mod LTG™M) mod Px | 9L~
The lemma follows from the above isomorphism. (Il

The relevant affine Deligne-Lusztig variety X« (1) is defined as
X,-(1):={g€Gr|glolg) e LG -p" LTG}.
By |XZ17%, Theorem 4.4.5|, two irreducible components of the affine Deligne-Lusztig are given by

the following Cartesian diagram

0,b;
| . *
G wlon)

l lprlxm
1xop

Grv;“t Gryj: X GI"U( )

N
vy

Xbi 7l’l’lil’l ( 1)

w*

More precisely, we also needed here the explicit description in Lemma[0.4.3to deduce that the fiber
product is itself irreducible and is hence equal to X;)f’mm(l). Explicitly,
(9.4.4)

X:f*i’min(l) = {.¢ m-dimensional Lagrangian subspace of A/pA | dim(Z + 0,,(Z)) = m + 1}.
It is the Deligne-Lusztig variety over IF,» for the unitary group PSO(A/pA) associated to the Coxeter
elements.

In general we have a G(Q,)-equivariant surjective map

K, b;,mi b b_
| | G(@p) xS X20™™(1) - X (1) U X5 (1) = X (1)
ie{t}
that induces a bijection on irreducible components. Let V' denote the 2m-dimensional quadratic
space over Q of signature (0,n) at infinity and is isomorphic to V at all non-archimedean places.

Set G’ := PSO(V’) denote the associated projective orthogonal group. Then the Rapoport—Zink
uniformization |[XZ177, Corollary 7.2.16| induces a natural surjective map

(9.4.5) | | GQ\(G(@y) x™» XP5™™(77) x G/ (AR) /KP) — N

ie{£}
17



onto the basic locus N, C & %efK, which induces a bijection on the set of irreducible components.
This then defines the cycle class map (the Gysin map) and its dual:

cl(bs) : C(G(Q\G'(Ay)/K,Qp) = HZL(Z 6 k5, Qu(m)).
cl(by) : HYW(L ¢ k5, Qe(m)) = C(G'(Q\G'(A)/K, Q).
Then |[XZ17", Theorem 7.4.6] specialized to this case as follows.
Theorem 9.4.4. Fori,j € {+,—}, the composition
cl(by) o cl(by) : C(G'(Q\G'(A)/K, Q) — C(G(Q\G'(A)/K, Q)

is the multiplication by M;; in Lemma under the Satake isomorphism J = C.(K,\G'(Qy)/Kp, Q).
Moreover, for my an irreducible module of the Hecke algebra Hpy , if the Satake parameter for my ),
avoids the zeros of €5 = 1 for all i, then the following map is injective:

C(C QNG (Af)/K,Q)lrf)® T2, gom (7 = Tolm) [y
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