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Abstract

We prove automorphy lifting results for certain essentially conjugate self-dual p-adic Galois repre-
sentations p over CM imaginary fields F', which satisfy in particular that p splits in F', and that the
restriction of p on any decomposition group above p is reducible with all the Jordan-Holder factors
of dimension at most 2. We also show some results on Breuil’s locally analytic socle conjecture in
certain non-trianguline case. The main results are obtained by establishing an R = T-type result
over the GLy(Qp)-ordinary families considered in [7].
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1. Introduction

Let p > 2 be a prime number, F/F* be a CM imaginary field such that p splits in F' and that
F/F7* is unramified. For each place v|p of F™, we fix a place ¥ of F with v|v. Let E be a sufficiently
large finite extension of @,. In this note, we prove automorphy lifting results for certain essentially
conjugate self-dual p-adic Galois representations p of Galp over E. For simplicity, we summarize
our main result for the case where dimpg p = 3 in the the following theorem (see Theorem for
the statement for general n) .

Theorem 1.1. Let p : Galp — GL3(E) be a continuous representation satisfying the following
conditions:

1.

p¢ = pVel™m where p°(g) = p(cge™), 1 # ¢ € Gal(F/F*), and ¢ denotes the cyclotomic
character.

p 1s unramified for all but finitely many primes, and unramified for all the places that do not
split over F*. We denote by S the union of the complement set and the places dividing p.

p is absolutely irreducible, p(Galp(,)) € GL3(kg) is adequate and FP Goes not contain

F(¢p)-

. For all v|p, py is reducible, i.e. is of the form

~ [Po1 ¥
T = ’ . 1.1
p ( 0 Pw) (1.1)

For all v|p, py is de Rham of distinct Hodge-Tate weights. Suppose moreover one of the
following two conditions holds

(a) for all v|p, and i = 1,2, py; is absolutely irreducible and the Hodge-Tate weights of py 1
are strictly bigger than those of pg,gﬂ'
(b) for all vlp, py is crystalline and generic in the sense of [8&.

Let py,; be the mod p reduction of p5; (induced by p), w the modulo p cyclotomic character.
Suppose for all U|}ﬂ

(a) HomGalQp (pﬁ,iaﬁﬁ,j) =0 f07" i 7é Js

(b) Homgay, (P51, P31 @k w) = 0;

(C) HomGalQp (ﬁ'ﬁapﬁﬂ kg w) =0.
There exist a definite unitary group G/F™T attached to F/F*t such that G is quasi-split at

all finite places of F*, and an automorphic representation m of G with the associated Galois
representation pr : Galp — GL3(FE) satisfying

(a) Pr =p;
(b) my is unramified for allv ¢ S;

"Where we use the convention that the Hodge-Tate weight of the cyclotomic character is 1.
Le. the eigenvalues (¢1, ¢2, ¢3) of the crystalline Frobeinus satisfy ¢>¢¢;1 ¢ {1,p} for i #j.
3We need some more technical assumptions when p = 3, that we ignore in the introduction.



(¢)  is B-ordinary (cf. Deﬁm’tion see also Lemma . E|
Then p is automorphic, i.e. there exists an automorphic representation © of G such that p = pyr.

We make a few remarks on the assumptions. The assumptions in 1, 2, 3, the first part of 5, and
7(a), 7(b) are standard for automorphy lifting theorems (e.g. see [15], [35], [36], [25], [1],...). The
assumption 4 is crucial for this paper, which gives a necessary condition such that p appears in
the GL2(Qy)-ordinary family that we work with (see the discussions below). The assumption that
p splits in F' is also crucial because we use some results in p-adic Langlands program, those that
are only known for GL2(Q,). The assumption 5(a) is a non-critical assumption, which is used for
a classicality criterion; when pg is crystalline and generic for all v|p (as in the assumption 5(b)),
we apply the classicality result of Breuil-Hellmann-Schraen [9][8] to remove such non-critical as-
sumption. The assumption 6 is rather technical, and we make this assumption so that the Galois
deformations are easier to study. Finally the assumption 7(c) is to ensure that certain automorphy
lifting of p can appear in our GLy(Q,)-ordinary family. One can find analogues of these assump-
tions (except for 5(b) and the generic assumption 6) in [25, Thm. 5.11] in ordinary case. Note
that, since we crucially use p-adic Langlands correspondence for GL2(Q)), any base-change of F
that we can use in this paper has to be split at p.

We sketch the proof of the theorem. The main object that we work with is (a generalization /variation
of) the GLy(Qj)-ordinary families considered in [7]. We fix a compact open subgroup U of G(A7"),
and let S(UP,0p) == {f : G(F)\G(AY,)/UP — Og | fis continuous}. This Op-module is e-
quipped with a natural action of T(UP) x G(F* ®q Qp) where T(U?) is a (semi—local) complete
commutative Op-algebra generated by certain Hecke operators outside p acting on S (UP,OFp). To
p; we can associate a maximal ideal m; C T(UP), and we denote by S(UP, Og)p (resp. ']I‘(Up)p)
the localisation of S(UP, Op) (resp. T(UP)) at m5. We have a natural surjection Rjs — T(Up)p,
where R; s denotes the universal deformation ring of a certain deformation problem S of p.

Applying Emerton’s P-ordinary part functor (see footnote (4] I for P), we obtain an admissible Ba-
nach representation Ordp(S(U?, Og)p) of Lp. We can further decompose Ordp(S(UP, OEg)p) using
the theory of blocks of [30], in particular, we can associate to the block B (as in the theorem) a

(Up) x Lp-equivariant direct summand Ordp(S(UP, Og)p)s of Ordp(S(UP, Og)p). The 'i’(Up)p—
action on Ordp(S(U?, Og)p)s factors through a certain quotient T(UP)P%Ord

On the Galois side, we let Ry := @v‘pR%ﬁ)’ = @Zv\p(RﬁfSw

DR

universal deformation ring of the pseudo-character trp;,. Let R }Ord ~ be the framed universal

- 7 ), where RpS s denotes the

Ps;-ordinary deformation ring of p; with respect to the P;,—ﬁltratlon F5 on py induced by . see

§ for details). There is a natural morphism Rgy — Rfi_ord’u. Adding the local conditions

{ pwf(irdu}vp to the deformation problem S, we obtain a quotient E Ord of Rss. There is

a natural morphism Ry — ]wl Ord One can prove that the composmon Rss — ﬁ‘(Up)ﬁ —»

‘Where % is the block associated to {5 ;} in the category of locally finite length smooth Lp(Qj)-representations
(we refer to ) and §- 2| for details), and where L p is the Levi subgroup (containing the subgroup of dlagonal
matrices) of P = HU|pP (Qp) with P; C GL3 the parabolic subgroup corresponding to the filtration . In

particular, Lp is equal, up to the order of the factors, to [, ,(GL2(Qp) x Q).



T(U p)g %Ord factors through
P—ord s P—ord
Rosm — TU" )™

This is the “R — T” map of the paper.

We then prove a local-global compatibility result on Ordp(S(UP, O E)f) We use a similar formula-
tion as in [2§]. The first key point is that the L p-action on Ord p(S (UP, E)5)s can be parameterized
by Rgs using p-adic local Langlands correspondence. More precisely, by the theory of Paskunas,
we can associate to the block % an L p-representation ﬁ% (which is projective in a certain catego-
ry, see § , and we have a natural injection (induced by the p-adic Langlands correspondence)
Ry — EndLP(P%). Put

m(UP,B) := Homy, (P, Ordp(S(U?, Or)5)%)

where Ol"dp(g(Up,OE)ﬁ)ng denotes the Schikhof dual of Ordp(g(Up,OE)p)% (which lies in the
same category as ]3%). The natural action of Ry on ]3% induces an Rg-action on m(UP,B). One
can moreover show that m(UP?,B8) is a finitely generated Rg-module. We remark that this Rg-
action is obtained in a purely local way, and characterizes the Lp-action on Ordp(S(U?, OE)p)»-
On the other hand, m(U?,B) inherits from Ordp(S(UP, O )5 )% an action of T(UP)P °ord hence is
equipped with another Ry-action via

Ry — RIS — T(Up)ff%ord

Note that this Ry-action is obtained in a global way (since it comes from the global Galois defor-
mation ring). Then we show that these two Rg-actions on m(UP,B) coincide (up to a certain twist,
that we ignore in the introduction). In summary, we find ourselves in a similar situation as Hida’s
ordinary families (see § |4 § for details): we have a finite morphism Ry — ']T(U P )P ord and a

finitely generated T(U p)P °rd_module m(U?,B) with nice properties as Rp-module.

We then apply the Taylor-Wiles-Kisin patching argument ([I3] [34] [28]) to our GL2(Q))-ordinary
families and obtain the following data:

Soo = Roo mmi°(B),

where Sy is a formal power series over Op, R« is a patched global deformation ring, and m$°(B)
is a finitely generated Ro.-module, which is flat over So,. We remark that

dim Ry = dim Sy + dim(B, N Lp)

where By, := [],, B(Qp). We also have a closed ideal a1 C S such that Rec/a; — Rgp‘%d, and
we have an Roo-equivariant isomorphism m$®(8)/a; = m(UP,B) (where Ry acts on m(UP,B) via
the precedent projection). Using Taylor’s Ihara avoidance and arguments on supports of modules,
one can show that p appears in the GL2(Qj)-ordinary family, in other words, p can be attached to
P-ordinary p-adic automorphic representations. Finally we use the assumption 5 to show that p can
be attached to classical automorphic representations. Assuming 5(a), the result follows from the
existence of locally algebraic vectors in GLy(Q))-representations in de Rham case and an adjunc-
tion property of the functor Ordp(—). For 5(b), we first use p-adic local Langlands correspondence
for GL2(Q)) (the result “trianguline implying finite slope”) to show that p appears in the eigen-
variety, and then deduce the theorem from the classicality result of Breuil-Hellmann-Schraen [9] [8].



Finally, under similar assumptions as in Theorem [I.1] except the assumption 5, and assuming p is
automorphic a priori (which implies p; is de Rham of distinct Hodge-Tate weights for v|p), when
the Hodge-Tate weights of p3; are not bigger that those of p3 o (which is contrary to the assumption
5(a), and is often referred to as the critical case), then the automorphy lifting method allows us to
find a non-classical point in the GL2(Qj)-ordinary family Spf T(U p); %Ord associated to p. We then
deduce from the existence of the non-classical point some results towards Breuil’s locally analytic
socle conjecture (cf. Theorem Remark . Let us mention that when pg is non-trianguline
(i.e. py1 or pgo is not trianguline), these results provide probably a first known example (to the
author’s knowledge) on the conjecture in the non-trianguline case.
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1.1. Some notations

Throughout the paper, E will be a finite extension of Q,, with Of its ring of integers, wp a
uniformizer of O, and kg := Op/wg. Let ¢ : Galg, — E* denote the cyclotomic character,
w : Galg, — ky the modulo p cyclotomic character. We use the convention that the Hodge-Tate
weight of € is 1. We normalize local class field theory by sending a uniformizer to a (lift of the)
geometric Frobenius. In this way, we view characters of Galg, as characters of Q7 without further
mention.

For a torsion Og-module N, let NV := Homp, (N, E/OF) be the Pontryagain dual of N. For M
a p-adically complete torsion free Og-module (so M = lim M /'), we let

M? := Homp, (M, Og)
equipped with the point-wise convergence topology, be the Schikhof dual of M. We have
Homo, (M, Op) = limHomo,, jon (M /@, O /@) = @(M/w%)v, (1.2)
n n
where the map (M /@)Y — (M/wh )Y is induced by the injection M/wih ' =2 M/, We
also have (e.g. see the proof of [33, Thm. 1.2])
M = Hom@ (M?, Op) (1.3)

where the right hand side is equipped with the compact-open topology.

2. P-ordinary Galois deformations

In this section, for P a parabolic subgroup of GL,, we study P-ordinary Galois deformations, and
show some (standard) properties of P-ordinary Galois deformation rings.



Let L be a finite extension over Qp. We enlarge E such that E contains all the embeddings of L
in Q. Let B be the Borel subgroup of GL,, of upper triangular matrices, and let P be a parabolic
subgroup containing B with a Levi subgroup Lp given by (where Zle n; =n):

GL,, O© 0
0  GLy, 0 o)
: : 0 '
0 0 - GLy,

Denote by s; := Z;;% n; where we set ng = 0 (hence s; = 0).

Let (p, Vi) be an n-dimensional P-ordinary representation of Galy, over kg in the sense of [7, Def.
5.1], i.e. there exists an increasing Galy-equivariant filtration

F: 0=Fil'V, CFil'V;, C--  CFil*V;, = Vi,

=

such that dimy,, gr' F := Fil' Vi /Fil' ! Vi, = n;. Let (p;, gr' F) be the Gal-representation given
by the graded piece. We choose a basis {e1,---,en} of Vi, such that {ei, - - ,es} is a basis of
Fil'~! Vi, for all . Under this basis, p corresponds to a continuous morphism 5 : Galy, — P(kg).

Let Art(Op) be the category of local artinian O g-algebras with residue field kg and Def% the functor
of framed deformations of p, i.e. the functor from Art(Op) to sets which sends A € Art(Op) to
the set {pa : Galp — GL,(A) | pa = p (mod my)}. Let De fP ordH 1o the subfunctor of Def%

which sends A € Art(Op) to the set of py € DefZ 5(4) sat1sfy1ng that the underlying A-module V4
of pa admits an increasing filtration F4 = Fil®* V4 by Galy, invariant free A submodules which are
direct summands as A-modules such that Fil‘ V4 = Fil* Vi, (mod my). We assume the following
hypothesis.

Hypothesis 2.1. Suppose Homgal, (p;, p;) = 0 for all i # j.
By the same argument as in the proof of [7, Lem. 5.3], we have:

Lemma 2.2. Assume Hypothesis and let py € Def%.

(1) pa € DefP ord,J if and only if there ewists M € GL,(A) such that Mpa M~ has image in
P(A), and ]\4/),4]\4_1 =p (mod my).

(2) Suppose there exist My, My € GLy,(A) such that MipAMfl has image in P(A), and MipAM;1 =
p (mod my), then My M, ' € P(A).

In particular, if py € Defg }ord’D(A), then the associated increasing filtration Fil® V4 is unique.

Recall that Def% is pro-representable by a complete local noetherian Og-algebra R%' of residue

Proposition 2.3. Assume Hypothesis the functor Defg;ord’D is pro-representable by a com-

plete local noetherian Op-algebra }LP}OY’, which is a quotient of RQ.

Proof. By Schlessinger’s criterion, the fact that Deff)D ordH i a subfunctor of DefD which is pro-
representable, it suffices to show that given morphisms f; : A — C, fo : B — C in Art(Og) with
fo surjective and small, the induced maps

P—ord,0 P—ord,0 P—ord,[]
De}fﬂ}-o]r (Axc B) — DefﬁfOr (A) XDefg;‘”d’D Defﬁ}-or (B)

(@)



is surjective. Let (pa,pB) € Defg}ord’D(A) X Det? 200 ¢ Defg}ord’D(B) and let p be a lifting
7,

of (pa,pp) in Defg(A x¢c B). By Lemma (1), there exists M4 € GL,(A) (resp. Mp) such
that MapaM " (resp. MpppMg') has image in P(A) (resp. in P(B)) and that MapaM; ' =5
(mod mu) (resp. MpppMz' = 5 (mod mp)). Denote by M, and Mp the image of Ma, Mp
in GL,(C) respectively. By Lemma (2), there exists No € P(C) such that Mg = NoMy.
Let Ny € P(B) be a lifting of No. Then we see NgMpppMp'Ny' has image in P(B). Let
M be a lifting of (M4, NgMp) € GL,(A x¢ B). It is easy to check that MpM~! has image in
P(A x¢ B) = P(A) xpc)y P(B). The proposition follows. O

Let Homz(Vj,, Vi) be the kg-vector subspace of Homy,, (Vi,,, Vi,) consisting of morphisms of
filtered kp-vector spaces, i.e. f : Vi, — Vi, lies in Homz(Vy,, Vi, ) if and only if f|p v ©
E

Fil’ Vi for all i. We have the following easy lemma.
Lemma 2.4. dimy, Homz(Vi,, Vi) = Sor (ni(n — s4)).

Proof. Using the basis {e1,- - , ey} of Vi, we identify the kg-vector space Homy,,, (Vi , Vip) (resp.
Homz(Viy, Vi) with M, (kg) (resp. p(kg)) (where p denotes the Lie algebra of P). The lemma
follows. m

The kg-vector space Homy,, (Vi,,, Vi) is equipped with a natural Galz-action given by

(9f)(v) = gf(g~ ), (2.2)

and we denote by Adp the corresponding representation. Since the filtration F on V4, is Galg-
equivariant, one easily check Homz(Vy,, Vi, ) is Galp-invariant. We denote by Adzp the corre-
sponding Galy-representation (which is a subrepresentation of Adp).

Proposition 2.5. Assume Hypothesis[2.1], we have a natural isomorphism of kg vector-spaces
Def? 27 (kple]/?) = BY(Galy, Adr p) + Z'(Galy, Adp),

where we use the standard notation with B for the 1-coboundary and Z' for the 1-cocycle.

Proof. Let p € Def%l(kE[E]/€2), and ¢ € BY(Galy,Adp) be the associated 1-th coboundary, i.e.
p(g) = p(g9)(1 + c(g)e) for g € Galy. It is sufficient to show p € Defg}ord’m(k;;[e}/ez) if and only if
¢ € BN (Qaly, Ad77) + Z1(Cal, Adp).
~ P—ord,[J 2 . 2

Suppose p € Def; = (kgle]/€?). By Lemma there exists M € GL,(kg[e]/€?) such that
MpM~! has image in P(kgle]/e?), MpM~' = p (mod €) and M modulo € lies in P(kg). There
exist then U € P(kg) and A € M, (kg) such that M = U(1 + Ae). For any g € Galy, using
(14 Ae)p(g)(1 — Ae) € P(kgle]/€?), we deduce

c(g) +p(9) " Ap(g) — A € p(kp), (2.3)

hence c(g) € B'(Galy, Adrp) + Z'(Gal, Adp).

Conversely, if c(g) € BY(Galy, Adrp) + Z'(Gal, Adp), there exists A € M, (kg) such that
holds, and it is easy to check (1 + Ae)p(1 — Ae) has image in P(kg[e]/€?) and is equal to p modulo
€. This concludes the proof. O

Lemma 2.6. Assume Hypothesis if H?(Galp, Adzp) = 0, then Rg}ord’m is formally smooth
over Og.



Proof. Let A — A/I be a small extension (i.e. I = (€) with em4 = 0). It is sufficient to show that
the natural map Defg}ord’D(A) — Defg}ord’D(A/I) is surjective. Let py/; € Defg’]__-ord’m(A/I),
replacing p/; be a certain conjugate of py/;, we assume py,; has image in P(A/I), and it is
sufficient to show there exists p4 : Gal, — P(A) such that pa = pa/; (mod €). Let pa : Gal, —
P(A) be a set theoretic lift of p,/;. By standard arguments in Galois deformation theory, the
obstruction for p4 being a group homomorphism corresponds to an element ¢ € H?(Galy, Adrp)

given by pa(g1,92)pa(g2) " palgr) ™" = 1+c(g1, g2)e for g1, go € Galy,. Since H*(Galy, Adr p) = 0,
the existence of a homomorphism py4 follows, from which we deduce the lemma. ]

For 1 <i < j <k, we denote by ﬁg .= Fill 5/ Fil' 1 .
Lemma 2.7. Suppose that for any i, Homgay, (9}, 9; ®kp w) = 0, then H*(Galy, Adzp) = 0.
Proof. We have a natural Galp-equivariant exact sequence

0 — Homy,. (B, p) — Homz(p,p) — Homz(Fil* ! 5, Fil* ' 5) — 0,

where Fil*~1 5 is equipped with the induced filtration. By assumption, EXtZGalL (P, p) = 0. The
lemma follows then by an easy dévissage/induction argument. O

Corollary 2.8. Assume Hypothesis and keep the assumption in Lemma . Then Rg—ord,m
is formally smooth of relative dimension n* + [L : Q] Zle(nz(n — ;) over Op.

Proof. 1t is not difficult to see that Homy,, (p, )/ Homz(p, p) is isomorphic (as a Galy-representation)
to a successive extension of Homyy, (p;, p;) with i # j. By Hypothesis and dévissage, we deduce

that H°(Galy, Adrp) — H°(Galy, Adp) and
HY(Galy, Adrp) — H'(Calz, Adp).
Consequently, we deduce Z'(Galy, Adp) N B'(Galy, Adrp) = Z'(Galy, Adrp). Hence
dimy,,, (B (Galg, Adzp) + Z*(Galg, Adp))

= dimy,, H'(Galy, Adr p) + dimy,, Z'(Galg, Adp)
= dimy,, H'(Galp,, Adz p) + n? — dimy, H°(Galz, Adp)
k
=0’ +[L: Q) ) (ni(n— i),
i=1
where the last equation follows from the Euler characteristic formula, Lemma [2.4) and Lemma
Together with Lemma the corollary follows. O
3. P-ordinary automorphic representations

In this section, we recall (and generalize) some results of [7, § 6] on P-ordinary automorphic
representations.



3.1. Global setup

We fix field embeddings ts : Q — C, lp : Q= @p. We also fix F™ a totally real number field,
F a quadratic totally imaginary extension of F'" such that any place of F'™ above p is split in F,
and G/F™T a unitary group attached to the quadratic extension F/FT as in [3, § 6.2.2] such that
G xp+ F 2 GL, (n > 2) and G(F' ®@g R) is compact. For a finite place v of F* which is totally
split in F, we fix a place 0 of F' dividing v, and we have an isomorphism ig 5 : G(F,) = GL,(F3).
We let S, denote the set of places of F* dividing p. For an open compact subgroup U? =[], Uy
of G(ADT), we put

vip

~

S(UP,E) = {f CGFH\GAR)/UP — E, fis continuous}.

Since G(F* ®qg R) is compact, G(F1)\ G(A%,)/UP is a profinite set, and we see that S(UP,E) is
a Banach space over E with the norm defined by the (complete) Opg-lattice:

~

S(UP,Op) := {f :G(FY)\ GAR)/UP — Op, fis continuous}.

Moreover, §(Up, E) is equipped with a continuous action of G(F T ®gQ,) given by (¢'f)(9) = f(g99’)
for f € S(UP,E), ¢ € G(F* ®9 Qy), g € G(AX,). The lattice S(U?, Og) is obviously stable by
this action, so the Banach representation S(U?, E) of G(F*t ®q Qp) is unitary.

Let S be a finite set of finite places of F'* consisting of those v such that v|p, or v ramifies in F, or
v is unramified and U, is not maximal hyperspecial. Let T(UP) := (’)E[Tﬁ(j )] be the commutative
polynomial Op-algebra generated by the formal variables T {fj ) where je{l,--- ., nandv ¢ S
splits in F. The Opg-algebra T(UP) acts on §(UP,E) and §(Up,(9E) by making ngj) act by the
double coset operator:

T{g]) = [Uvgvic_l}f; (176j w@01j> gv_lUv} (3.1)

where wp is a uniformizer of Fj, and where g, € G(F,") is such that i¢ (g, 'Uygy) = GLn(OF,).
This action commutes with that of G(F+ ®g Q,).

Recall that the automorphic representations of G(Ap+) are the irreducible constituents of the
C-vector space of functions f : G(F*)\G(Ap+) — C which are:

e C> when restricted to G(F'* ®g R)
e locally constant when restricted to G(A%,)
e G(F' ®qg R)-finite,

where G(Ap+) acts on this space via right translation. An automorphic representation = is isomor-
phic to moo ®c 7 where 7o = W is an irreducible algebraic representation of (Resp+ g G)(R) =
G(FT™ ®gR) over C and 7*° = Homg(p+gyr)(Woo, ) = @7, is an irreducible sinooth represen-
tation of G(A%, ). The algebraic E)resentation Woo](ReSF NN is defined over QQ via to, and we
denote by W), its base change to Q) via ¢p, which is thus an irreducible algebraic representation of
(Resp+g G)(Qp) = G(FT ®qQp) over Q. Via the decomposition G(FT ©qQ,) = [Les, G(EY),

one has W), = ®yes,W, where W, is an irreducible algebraic representation of G(F,") over @p.



One can also prove 7 is defined over a number field via t (e.g. see [3, § 6.2.3]). Denote by

TP = ®;TP7T”’ so that we have 7°° = 1°°P @g 7, (seen over Q via i), and by m(r) € Z>1 the

multiplicity of 7 in the above space of functions f : G(F*)\G(Ag+) — C. Denote by S(UP, E)*s
the subspace of S(UP, E) of locally algebraic vectors for the (Resp+ /0 G)(Qp) = G(Ft ®g Qp)-
action, which is stable by T(UP). We have an isomorphism which is equivariant under the action
of G(FT ®g Qp) x T(UP) (see e.g. [, Prop. 5.1] and the references in [, § 5]):

~ __ » ®&m(m)
S, B 25, = @D (79" &g (my 05 W))) (3.2)

where 7 = 7o @gT™ runs through the automorphic representations of G (Ap+) and W, is associated
to Too = W as above, and where Tffj ) € T(UP) acts on (7°°P)U" by the double coset operator 1)

Following [15] § 3.3], we say that U? is sufficiently small if there is a place v { p such that 1 is the
only element of finite order in U,. We have (e.g. see [7, Lem. 6.1])

Lemma 3.1. Assume U? sufficiently small, then for any compact open subgroup U, of G(Ft®¢Q))
there is an integer v > 1 such that S(UP, Og)|y, is isomorphic to C(Uy, Op)®".

In the following, we assume UP sufficiently small.

3.2. Galois deformations

Let G,, be the group scheme over Z which is the semi-direct product of {1, 7} acting on GL; x GL,
via

2y 9)g ™ = (1, (g") " 1)

Denote by v : G, — GL; the morphism given by (u,g)7 — —p. Let p: Galp+ — G,(kg) be a
continuous representation such that

e 7 is unramified outside 5,

e o(c) € Gn(kg) \ GL,(kg) (where ¢ denote the complex conjugation),

e the composition Galp+ LN Gn(kg) = kj is equal to wlfnég/lﬂ, where §p/p+ is the unique
non-trivial character of Gal(F/F™*).

Denote by pp the composition Galp 2, GL; x GL,, - GL,,(kg) (where the second the map denotes

the natural projection), then we have p% = py. ®k, Xi;C” For a place v of F'* such that v = 70° in

F, denote by pg := pp|F,.

Denote by S the following deformation problem (cf. [I5, § 2.3] [36] § 3])
(F/F*,8,8,0p,p,e "0 p+ . {R5 boes),

where RﬁD~ denotes the reduced quotient of the universal framed deformation ring of p;, and S =

{v]ve S }. Suppose p is absolutely irreducible. By [15, Prop. 2.2.9], the deformation problem S
is pro-represented by a complete local noetherian Og-algebra R;s. Denote by R% s the S-framed
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deformation ring of S-deformations (cf. [36, Def. 3.1]). By definition, RY 5.5 1s formally smooth over

R; s of relative dimension n?|S|. Let R'°¢ := ®UESR§7 where the tensor product is taken over Of.
We have by definition a natural morphism

loc O
R — RE s

3.3. Hecke operators
We recall the definition of some useful pro-p-Hecke algebras and of their localisations.

For s € Zso and a compact open subgroup U, of G(F' ®q Q,) = [Toes, GLn(F5), we let
T(UPU,, O/w§,) (resp. T(UPUp, Op)) be the Op/wj,-subalgebra (resp. Opg-subalgebra) of the
endomorphism ring of S(UPU,, O /w?¥,) (resp. S(UPU,, OF)) generated by the operators in T(UP).
Then T(UPU,, Op/w?,) is a finite Op/w}, algebra (resp. T(UPU,, Op) is an Og-algebra which is
finite free as (’)E—module). We have

T(UPUp, Op) > im T(UPUy, Op/@), (3.3)
T(UP) := %n%lT(UPUP,oE/wa) o %1]31118 m T(UPU,, Op/w) = (ULn T(UPU,, Op). (3.4)

We have as in [7, Lem. 6.3]:
Lemma 3.2. The Og-algebra T(UP) is reduced and acts faithfully on S(UP, E).

To p (as in §[3.2)), we associate a maximal ideal mj of residue field kg of T(UP) such that for v ¢ S
splitting in F', the characteristic polynomial of p5(Frob;), where Froby is a geometric Frobenius at
v, is given by:

n ... G- (4) n—j , ... _1\n ~\ nn=1) (n)

X7 (<1 (Nmd) T G,(T) X e (1) (Nm )T 6,(TL) (3.5)
where Nm is the cardinality of the residue field at ¢ and 65 : T(UP)/m; — kp. For a T(UP)-
module M, denote by Mj the localisation of M at m(p). Recall a maximal ideal m(p) of T(UP) is
called UP-automorphic it there exist s, U, as above such that the localisation S(UPU,, Og/w¥;)5 is
nonzero. Suppose m(p) is UP-automorphic, then m(p) corresponds to a maximal ideal, still denoted
by m(p), of T(UP). The localisation T(Up)p is a direct factor of T(UP) (e.g. by [7, Lem. 6.5]), and
there is a natural isomorphism

T(U)5 2 lim i T(UPU,, Op /i )p = Im T(UPUp, Or)p. (3.6)
S Up

Up

Put §(Up,(’)E)p = lim ligUp S(UPU,, Op/w};)s. We have as in [7, § 6.2]:

Lemma 3.3. Suppose p is UP-automorphic.

(1) S(U?, Og)p is a T(UP) x G(F ®q Qp)-equivariant direct summand of S(UP,0p).
(2) The action of T(Up) on S(UP, Og)p factors through ’]I‘(Up)

(8) The Og-algebra ']I‘(Up)p is reduced and acts faithfully on S(UP, OEk)5.

We assume the following hypothesis:

Hypothesis 3.4. We have p > 2, F/F* is unramified and G is quasi-split at all finite places of
FT.

Under the hypothesis, by [36, Prop. 6.7], there exists a natural surjection of complete Og-algebras

In particular, T(U P)5 is a noetherian (local complete) Og-algebra.
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3.4. P-ordinary part
We fix a parabolic subgroup
P H Resggp P;
vES)

of [],c s, Resgz GL,, such that P; is a parabolic subgroup of GL,, containing the Borel subgroup B

of upper triangular matrices. Let Ly = GLy,; ; X ---x GLy, ,  be the Levi subgroup of Py containing

the diagonal subgroup T', P; be the parabolic subgroup of GL,, opposite to P;, Np_ (resp. N )
be the unipotent radical of P; (resp. Pj), and Zr; be the center of L. For i = 1,--- kg, let
Sy = Z;;%) Ny, where ng o := 0. Put

Lp:= H Resgz Ly, P:= H Resgz P,
vES) o€Sp

F5 F5 F5
Nee=]] Resq! Np,, Np = 11 Res! Np_, Z1, = 11 Resq! Z1-
vESp vES) vESp

Thus Lp is the Levi subgroup of P containing [, . S, Resg’; T, P is the parabolic subgroup opposite
to P, Zp, is the center of Lp, and Np (resp. N3) is the unipotent radical of P (resp. of P).

For v € S}, i € Z>q, let
K7 ={9g€GL,(OR,) | g=1 (mod w})},
Niﬂ = NP;,(FE) N Ki,ﬁv Li,ﬂ = Lz(F5) N Ki,ﬁa Ni,ﬁ = Nﬁg (F5)N Ki,ﬁ'
For ¢ > j > O, put Ki,j,ﬂ = Ni,iLj,'ﬁNO,'ﬁ‘ Let

Zp ={(a, - ar,) € Zr(Fy) | valp(ar) > -+ > valy(ag;)}-

Finally, we put K; := Bvesp Kz N; = Hvesp Niz, Li = Hvesp Lz, N; = Hvespﬁi@
K;; = Huesp K, ;5 = N;LjNg, and ZZ'P = Hvesp Zz_a' The proof of the following lemma is
straightforward (and we omit).

Lemma 3.5. (1) Foric Z>o, Ki is a normal subgroup of Ko, and N; x L x N; = K.

(2) Fori> j >0, we have N; x Lj x Ny = K ;.

(8) For z € Z+P, i € Z>0, we have N; C zN;z71.

Applying Emerton’s ordinary part functor ([2I, § 3]), we obtain a unitary admissible Banach
representation of Lp(Q,):

Ordp(S(UP, E)5) = Ordp(S(UP, Og)s) @0, E.

Let M be a finitely generated Og-module, equipped with an Og-linear action of ZEP. Consider the
Opg-subalgebra B of Endp,, (M) generated by the image of ¢ : ZZP — Endp, (M). It is clear that
B is a finite Og-algebra. Recall that a maximal ideal n of B is called ordinary if n N L(Z;P) = 0.
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Denote by Muq =[], ordinary M,, which is a direct summand of M. The induced action of Z;P
on M,,q is invertible and hence extends naturally to an action of Zr,,. We have then

Ordp(S(UP, Op)y) = LOrdp(S(Up Op/wh);) = limligOrdp(S(Up,OE/w]kE)ﬁ)Li

Ead
IS

= Y i (S(U7

q
<
!
~
g
T
2
I
z

lim(S(UPK; 1, Op /@) s)ord, (3.7)

where the first isomorphism is by definition, the second from the fact that Ordp(S(U?, Og/wk)5)
is a smooth representation of Lp(L) over Op/wh, the third isomorphism from step (c) in the proof

of [7, Thm. 4.4], and the last isomorphism from S(U?, OE/W%)?” = S(UPK; 3, O /wh)s.
We define as in [7, (4.15)]:

Ordp(S(UP, Op)s) = liny (s, OE)?yi)ord’

which is equipped with a natural smooth action of Lp(Q)). As in the proof of [7, Lem. 6.8 (1)],
we have for k > 1:
Ordp(S(UP, Op);)/wh — Ordp(S(UP, Op /wh)s). (3.8)

In particular, Ordp(S(UP, Og)p is dense in Ordp(S(UP, Og)p). Finally, by [7, Cor. 4.6], we have

Lemma 3.6. The representation Ordp(§(U”, Or)3)|Lp(z,) is isomorphic to a direct summand of
C(Lp(Zy),Op)®" for somer > 0.

3.5. P-ordinary Hecke algebra

Assume Ordp(:S’\(Up,(’)E)ﬁ) # 0. Note that by 1' this implies Ordp(S(U?,OF)3) # 0. By the
local-global compatibility for classical local Langlands correspondence (see [36, Thm. 6.5 (v)], [12])
and using [7, Prop. 5.10], we can deduce that p; is Pj-ordinary, for v € S),.

For any i > 0, * € {(’)E,(’)E/wfg} (S(u», *)Ki’i)ord = (S(UPK; i, *)5)ora is stable by T(UP) (since

the action of T(UP) on S(UP, ) * commutes with that of L}), and we denote by T(UPK; ;, *)gford

the Op-subalgebra of the endomorphism ring of (S(UP ,*)? “ord generated by the operators in

T(UP). From the natural T(U?)-equivariant injection

(s, *);Q,i)ord — S(U”, *)?’i = S(UPKi, %),

we have a natural surjection of local Og-algebras (finite over Og): T(UPK; ;, x)5 = T(UP K, )P ord,

We have T(UPK; ;, (’)E)gford = lim T(UPK, ;, OE/wa)gford. We set:

(Up)P ord L (Ume,’OE)gford

which is thus easily checked to be a quotient of ']I‘(U P)5 and is also a complete local Og-algebra of
residue field k. We have as in [7, Lem. 6.7, 6.8 (1)]:

Lemma 3.7. The Og-algebra ’E(Up)g_ord is reduced and the natural action of T(Up)g_ord on
Ordp(S(U?, E)p) is faithful, and extends to a faithful action on Ordp(S(UP, Ok)p)-
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Let m be a maximal ideal of T(Up)g_ord[l/p] such that Ordp(g(Up, E)z)[m] # 0. Using the natural
composition

Rps — T(UP); — T(UP)E~r,

we associate to m a continuous representation py : Galp+ — G, (F). Let pn p : Galp Lm, GL,(FE) x
GL1(E) = GLn(E), and pm = pm,plcale. -

Conjecture 3.8. py, 5 is Py-ordinary for all v|p.

Proposition 3.9. Suppose that for all v|p, any Pys-filtration on py satisfies Hypothesis then
Conjecture [3.§ holds.

Proof. For v|p, and a Pj-filtration F on pg, by Hypothesis [2.1] (the proof of) Proposition , the
reduced quotient RI; ;zd B of Rpmord Y is a local deformatlon problem (cf. [36, Def. 3.2]). Denote

7

by Ix, the kernel of RD —» BL” Ord = , and put Iy := Ng,Ir, where F5 runs through all the (finitely
many) Ps-filtrations on pg. Let RJ’ford D= RD /I, which, by [2, Lem. 3.2], is a local deformation

problem at the place v. Let R- Sord be the unlversal deformation ring of the deformation problem

(F/F+7 S, ga Og, ﬁ7 6F/F+7 {va }UES\S ’ {RP~—0rd D}vGSp)-

Denote by I the kernel of the natural surjection R;s — BL Ord. By the same argument as
in the proof of [7, Thm. 6.12 (1)] (which relies on [7| Prop 5.10], noting also that since p
is absolutely irreducible, for any continuous Galg-representation p with modulo wg reduction
isomorphic to p, any Ps-filtration on py := p|Ga1F§ naturally induces a Py-filtration on py), we have

I( Ordp(g(Up, E)3)) = 0. The proposition then follows by the same argument as for [7, Thm. 6.12
(2)]- O

4. GL2(Qp)-ordinary families

Keep the notation and assumptions in § |3} in particular, we assume Ordp(S (UP,0F)s) # 0 and
hence py is Py-ordinary for all v|p. Assume moreover for all v € Sy, F,f = Q, and ng,; < 2 for
i =1,---,ky. In this section, using p-adic Langlands correspondence for GL2(Q)), we construct
GL2(Qp)-ordinary families from Ord p(S(UP, E )5)- We also show a local-global compatibility result
of these families, formulated in a similar way as in [28] (in particular, by using the theory of
Pagkunas [30]). Under more restrictive assumptions, similar results were essentially obtained in [7],

but were stated in a different formulation, due to Emerton [22] (using deformations).

4.1. Benign points
Asin [7), § 7.1.1], we put

Ordp(S(UP, E),)kr @) —e . @HomLP 2,)(,0rdp(S(UP, E)p)) @p 0

N@ (Ordp(S(UP, E)y) @p 0¥ )P ®) @p o (4.1)

where ¢ runs through algebraic representations of Lp(Qp) = [],cg, Lp,(Qp) of highest weight
(A3,1,7 7, Aon)ves, satisfying Ag; > A4 for all i € {1,---,n — 1}, v € S,. We have as in [7,
Prop. 7.2]:

14



Proposition 4.1. Ordp(S(U E)s )LP(Z”) Y8 is dense in OI‘dP(S\(Up,E)ﬁ).
Definition 4.2. (1) A closed point x € Spec ’i‘(Up)g_ord[l/p] is benign if:

Ordp (:g\(Up7 E)ﬁ[mz])iP(Zp)*alg £ 0.

(2) A closed point x € Spec 'ﬁ‘(Up)p[l/p] is classical if §(UP,E)ﬁ[mz]lalg # 0.

By the same argument as in the proof of [7, Prop. 7.5], we have

Proposition 4.3. (1) A benign point is classical.

(2) The benign points are Zariski-sense in Spec T(Up)gford[l/p].

Let = be a benign point, we can attach to x a dominant weight (i.e. A1 > -+ > Ag)

A= 1 2= ] Qoo )

vES) vES)
such that p, 7 is de Rham of Hodge-Tate weights (Az1, A2 — 1, , A5, —n+ 1) for v € S, (e.g.
by Proposition [4.3[ and [36, Thm. 6.5(v)]). We have
Proposition 4.4. Let x be a benign point.
(1) pg is semi-stable for all v € S).
(2) pu is Ps-ordinary with a Ps-filtration F, 5 satisfying that p, 5, := gr' Fp5 (of dimension ng ;)
is crystalline of Hodge-Tate weights (N\g s, .41 — 55,4, Av,sy i4ns,; — (55,5 + N5, — 1)). Moreover, let
OB, 0415 OB,s5 1 4+ng be the eigenvalues of ¢ on Deris(pyzi), then aasiﬁlaiigﬁn“ # pil'
(3) There ezists an Lp(Qp)-equivariant injection

®uves, ( Qi=1, ks %(px@i)lalg Ok(z) gsmit1l o det) —— Ordp (§(Up, E)ﬁ[mm]), (4.2)

where T(py5,i) denotes the continuous finite length representation of GLy, ,(Qp) over k(z) (the
residue field at x) associated to p,z; via the p-adic local Langlands correspondence for GLa(Qp)
([16]) normalized as in loc. cit. and [30/E| (so that the central character of T(pyz,) is equal
to (N*przi)e™t) when ng,; = 2, via local class filed theory normalized by sending p to a (lift of)
geometric Frobenius when ng,; = 1.

Proof. The proposition follows by verbatim of the proof of [7, Prop. 7.6, Cor. 7.10]. Note that
the strict P-ordinary assumption of loc. cit. is only used to compare p, 3 ; with a representation
obtained by another way (which we don’t use here). O

Proposition 4.5. (1) If x is benign, then there exists r(x) > 1 such that

where we refer to [7, § 4.3] for the definition of Ordp ( Ur, ) ]lalg),

@r(x) ~

(@ues, (Simto s 70 )™ Dy e o det) ) 5 Ordp (S(UP, B),fm,]%),
(
)—alg

(2) The action of'[[‘(Up)p[l/p] on Ordp(S(U?, E)s ) r(Zp
Proof. (1) follows from the same argument as in [7, Lem. 7.8, Prop. 7.9, Cor. 7.10]. (2) follows
from the proof of [7, Prop. 7.5] (which proves that all the vectors in Ordp(S(U?, E); )LP (Zp) —elg

come from locally algebraic vectors in S (UP, E)5 via the adjunction property [7, Prop. 4.21], on
which the action of T(U?)5[1/p] is semi-simple by ) O

is semi-simple.

®note that the normalization is slightly different from that in [7].
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4.2. Paskunas’ theory

We recall Pasktnas’ theory of blocks ([30]), which we will use to construct our GLy(Q))-ordinary
families.

Let H be a p-adic analytic group. Denote by Mod3'(Og) the category of smooth representations
of H over Op in the sense of [21], Def. 2.2.1], and Mod!i"(Og) the full subcategoy of Mod$*(Og)
consisting of those objects which are locally of finite length. For an irreducible representation m €
Mod!i"(Op), denote by J; the injective enveloppe of 7 in Mod!i(Og). A block B of Modi*(Og)
is a set of irreducible representations, such that if 7 € B, then 7/ € B if and only if there exists a
sequence of irreducible representaitons 7 = 79, 71, -+ , Ty = 7’ such that 7; = 7,41, Ext}{(n, Tit1) 7
0 or Ext}{ (Tit1,7i) = 0. We have a decomposition

Modi*(Op) = | [ Mod}"(Og)?,
B

where B runs through the blocks of Modi*(Op), and Modi*(Og)® denotes the full subcategory
of Modlfln((’)E) consisting of those objects such that all the irreducible subquotients lie in 8. In
particular, for any 7 € Mod'i%(Op), 7 = ®pry with 7 € Mod!i"(Op). If 7 is moreover admissible,
then there exists a finite set Z of blocks such that

T = OperTs-

For a block B, den~ote by 7y := @remm. Denote by Jy = @renJr the injective envelope of my in
Modlf}n((’)E), and E% = EndH(j%).

By [2I, (2.2.8)], taking Pontryagain dual induces an anti-equivalence of categories between the
category Mod3(Op) and the category Mody,” **#(Op) of profinite augmented H-representations
over O (cf. [21, Def. 2.1.6]). Denote by € (OF) the full subcategory of Mody,® **#(OF) consisting
of those objects that are the Pontryagain duals of the representations in Mod{i*(Og). For a block
B of Modi™(Of), we see

ﬁ‘B = j%/ = EBWG%jﬂ\—/ = @Wé%ﬁﬂv
is a projective envelope of 1y in €x(OF), where ]Bﬂv denotes the projective enveloppe of 7V in
€ (Og). And we have Endg,, (0,,)(Ps) = Ex. Denote by €y (OE)?® the full subcategory of €5 (Og)
consisting of those objects whose Pontryagain dual lies in Modlfln(OE)%. The functor sending
M € ¢€x(0g)® to HomeH(OE)(PsB, M) induces an anti-equivalence of categories between €5 (Og)®

and the category of pseudo-compact Eg-modules, with the inverse given by M — M® o ﬁg (cf.

[30, Lem. 2.9, 2.10], note  that a similar argument as in the proof of [30, Lem. 2.10] also shows that
HomQH(OE)(P%7M)®E%P% = M for M € Q:H(OE)%).

By [30, § 3.2], the blocks of Modgﬁ((’) g) that contain an absolutely irreducible representation are
P

given by B = {x : Q) — ky}. For such B, we have E% = Ogllz,y]], and that ﬁsg is a free E’%—
module of rank 1. Actually, let Def, : Art(Og) — {Sets} denote the standard deformation functor
of x, then Def, is pro-represented by E% and ﬁB is isomorphic to the universal deformation of y
over Ey. We denote by luniv the universal deformation of the trivial character over A := Og[[z, y]].
By the local class field theory, we have an isomorphism between Def; and the deformation functor
of the trivial character of GalQp, which we also denote by Def;. The sz action on 1.y, naturally
extends to a Galg,-action, and the resulting Galg,-representation over A is actually the universal
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deformation of 1.

By [31, Cor. 1.2], the blocks of ModGL @, y(Op) that contain an absolutely irreducible representa-
tion are given by (when p > 2)

(1) B = {n}, supersingular,

(2) B = {Indg 257 (e ™ @ x2), Indg 2 (w™ @)} xaxg ' # 1w

(8) B = {Ind 2 (xw™ @)},

(4) B = {n o det, Sp ®,,n o det, (IndGig((?p) w !l ®w) @, nodet}if p>5,

(47) B = {nodet,Sp®,n o det, (nw) o det, Sp ®,, (nw) o det} if p = 3.

For each ‘B as above, we can attach a 2-dimensional semi-simple representation py of Galg, over
kg such that

e if 7 € B supersingular, then py = V(7), where V is the Colmez’s functor normalized as in
[30, § 5.7];

o if IndGIEQ() )( 1wl ® x2) € B with Xlxgl # wFl then Py = x1 P X2,

o if nodet € B, then py =1 @ nw.
Note that under this normalization, if 7 € B has central character ¢ : Q; — k, then A py = (w.
Suppose p > 3. Denote by Rp%f the universal deformation ring which parametrizes all 2-dimensional
pseudo-representations of Galg, lifting tr pg (cf. [26, Lem. 1.4.2}).
Theorem 4.6 (Paskunas). Suppose the block B of Modléii(@p)((’)E) lies in case (1) (2) (3) (4).
(1) There exists a natural isomorphism between the centre of Eyg and Ry .
(2) Eg is a finitely generated module over Ry, .
Proof. Let ¢ : Q) — Op be a continuous character, let Modfin La(Qp)C ¢(Og) be the full subcat-
egory of ModGLQ( )((’)E) consisting of those representations that have central character ¢, and
QGLQ(@F) (Og) be the full subcategory of €qp,,(q,)(OF) consisting of the objects whose dual lies
in ModGL (@) (OE) We denote by Py ¢ the projective enveloppe of my in €GL2(QP) c(Og) (recall
T = Oren™), and put Ex C = EndQGLQ(Qp) (OE)(P% ¢). For m € B, denote by PWV,C the projective
enveloppe of 7V in €q1,(g,)¢(OF), thus Pc&( = @We%Pﬂv,C.

Suppose B is in case (1) (2) (4):

Let m be an arbitrary representation in 98 if B is in the case (1) or (2), and let 7 := (IndGLQ(Qp )

1

N B B(Qp)
w) @, nodet € B if B is in the case (4). By [14, Prop. 6.18], we have Pv = Prv C®OE univ © det.
Denote by p,. the (unique) two dimensional representation of Gal@ over kg satisfying that p3° = py

and that if B is moreover in the case (2) or (4), then V() lw( = €0SOCGalgy, Pr- By [14, Cor.
6.23], we have a natural isomorphism (see also Remark

EndQGLQ(@ )(OE)(~ v) = R;_, (4.3)

where R;_  denotes the universal deformation ring of p, (note that by the assumption on ,
EndGalQp (p.) = kg hence R5. exists).
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o If B is in case (1), then Py = P,v, and Ey = R; = RE.

o If 9B is in case (2), we write B = {m;,m2}. The statement follows by the same argument as
in [30, Cor. 8.11] replacing the isomorphism in [30, Cor. 8.7] by (4.3|) applied to m and 7.

e If B is in case (4). The statement follows by the same arguments as for [30, Thm. 10.87]
replacing the isomorphism in [30, Thm. 10.71] by (4.3).

Suppose B is in case (3). The statement in this case follows by a similar argument. We include a
proof (with several steps) for the convenience of the reader.

(a) Let m € B. We first show ]57rv = ]Bﬂv <®OE univ 0 det. Put P = ]Bﬂv ¢ ®0p Luniv, equipped with
the diagonal action of GLQ(QP) where GL2(Q,) acts on the second factor via det : GLQ(QP) - Q-

It is not difficult to see P’ € ey (@ p)((’)E) Indeed, we can write Py c = L Prv ¢ p(resp. A =
lgn A,) such that the Pontryagain dual of each Pﬂv,Qn (resp. A,) is a finite length representation
of GLQ(Qp) (resp. of Q)), and hence P’ = Hm (Prv e ®op An) € QGL2(QP)((’)E) By [30, Thm.
3.26], Pﬁv ¢ is a deformation of 7" over E%C We see by definition that P’ is a deformation of 7"
over E' := Ey (BogA.

We show cosocqr,(q,) P’ =~ V. By the proof of [24) Lem. B.8], we know

Home,,, 2(0p).¢ (OB) X € x (OE)(PWV,C®OE Luniv, T ®ky kE) = kE.

We deduce then Home,, )(OE)(]B’ ,m) < kp. Since any irreducible constituent of P’ is isomor-
P

phic to 7, we deduce then cosocqr,(q,) P gV,

We have thus a projection P,v — P’. Applying HomQGLQ(Qp)(OE)(Pﬂv, —), we obtain a surjection
Ey —» Home,, . (0p)(Prv, P). (4.4)
By the same argument as in [30, Lem. 3.25], we have an isomorphism of E'-module:
Home,, >(OE)(EV,JS') = B (B0, A. (4.5)

such that the comp081t10n of with ( gives a surjective homomorphism of Og-algebra
§: By — E’ and P' = Py ®E E’ By the same argument as in [30, § 9.1] and using

dimy,, ExtéL2(Qp)(7T, m) =4

(which for example follows from the fact dimy, EXtéLQ(Qp),Z(W’ ) = 2 ([30, Prop. 9.1]), and the

same argument as in the proof of [7, Lem. A.3]), we have Ey — E = Ogllz1, 22, 3, 14]] (Where
E%b is the maximal commutative quotient of E). Moreover, one can check that [30, Lem. 9.2, Lem.

9.3] hold with E of loc. cit. replaced by Ew, and O[[z,y]] replaced by Ogl[[r1, z2, x3,74]]. By [30,
Lem. 9.2], there exists t € Fgp ¢ such that

0— E’g}g L> E‘B,C — (Eg}g)ab — 0,
which then induces (noting A is flat over O, and Egg is Op-torsion free)

0— E' -5 E' = (BEpo)™@o,A — 0. (4.6)
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Using the same argument as in the proof of [30, Lem. 9.3], we deduce then ¢ is an isomorphism,
and Prv & P2 Py :(®0,A.

(b) Let x : Q — kj be such that 7 = Ind%?é(()@p)(xw_l ® x) (hence ¢ = x?w™!). Thus Ry =
r
RY®

9y the universal deformation ring of the pseudo-character 2x. Denote by RS;’CE the universal
deformation ring parameterizing 2-dimensional pseudo-characters of Galg, with determinant (e

lifting 2. We show there is a natural isomorphism RS; act Rg;’<€®@EA. Let Tmivice . Galg, —
RS;CE be the universal deformation with determinant (e of 2y, and put T" : Galg, — RS;CE®OEA

be the pseudo-character sending g to T"™V:¢¢(g) ® luniv(g). By the universal property of RS;, we
obtain a morphism of complete Og-algebras:

Ry, — RY 8o, A. (4.7)

By [30] Cor. 9.13], RS;’CE = Og[|z1, z2, x3]]. Using the fact that taking determinant induces a sur-
jective map RY (k[e]/ €2) — A(kl[e]/€?) (since it is easy to construct a section of this map), it is not
difficult to see the tangent map of (4.7)) is bijective, from which we deduce (4.7)) is an isomorphism.

(c) By [30, Cor. 9.27], we have a natural isomorphism (which is unique up to conjugation by Eg C)

(RGN Jee) ™ = By e, (4.8)

where G denotes the maximal pro-p quotient of Galg,, which is a free pro-p group generated by 2
elements v, §, and where J;. denotes the closed two-sided ideal generated by g* —TVCE () g4-Ce(g),
for all g € G. By (a) and (b), we have

By = By Bo,A > (RGN /) Bogh = (REIG))/ Je:) ™ (4.9)

In particular, we see by [30, Cor. 9.25] that E% is a free Rg;—module of rank 4. Composing
with an automorphism of A if needed, we assume 1yniv(7) = 1 + z, and 1yniv(d) = 1 + y (recall
Luniv : G — A, and where we use 7, § to denote their images in G2°). The induced isomorphism
Luniv : Op[[G?]] = Ogl[[,y]] lifts to an isomorphism Og[[G]] = Og[[x, y]]"° sending v to 1 + =
and § to 1+ y (“nc” means non-commutative). Let J be the closed two-sided ideal of RY[[G]]
generated by g% — TV (g)g + det(T"™V)(g). Consider the following isomorphism of Ry -algebras

RG] = (RE B0, Op([z, y])) (9]

which sends v to (1 + z) and & to §(1 +%). One can check (using 7" = TWIV:CE @ 1) that
this isomorphism induces an isomorphism

RRG1)/T = RESF(G]]/ JeBo, A

Using the same argument as in [30, Cor. 9.24], we have that the center of RS;[[Q]]/j (hence of Ey)
is equal to Rg;.

(d) We show the injection Rg; < By is independent of the choice of , by unwinding a little
the isomorphism in (4.8). Let 7 : Qy — Of be such that n = 1 (mod wg). We have a natural

GL3(Qp)-equivariant isomorphism Py ¢2 = Prv ¢ ®0,, (77! o det), which induces an isomorphism

19



~

twy, Esz7<n2 = E‘Byg. Twisting n also induces an isomorphism twy, : RS;’CWQ — Rgff. Denote by V¢
(resp. Vy2) the functor V of [30, § 5.7] on €qr,(q,),¢(Or) (resp. on €qr,(q,),cn2(OF)) associated
to ¢ (resp. to ¢(n?). By definition (cf. loc. cit.), we have a Galg,-equivariant isomorphism

V2 (Prv en2) = Ve(Prv ¢) ®0, 1. (4.10)

As in the discussion below [30, Lem. 9.3], we can deduce from (4.10) a commutative diagram

Op([G]]P —2 Op[[G)]®
oo l ey, l (4.11)
E’%,m? tw“—>n EQ%,Ca

[179%))

where “7” in the right vertical map denotes the composition Og[[G]]P & O < Ep ¢, and where

$V, 2 (resp. govg) is the map ¢y, of [30, § 9.1] (which is unique up to conjugation by Eg o
n )

(resp. Eg C)’ but we can choose the maps so that (4.11) commutes). Hence PY.,2 is equal to the
) ]

composition
tw,__1 ~

op n®id op @VC - U]
Op([G]]" — Op[lG]]"P — En ¢ — Eg ¢p-
We deduce that the following diagram commutes

opllg] 4 0p[g]

l

RE(1G)]/ Jeyze —— REC(IG)]/ Jee

1o

(Byep)™  —2  (Bwg)™

2
where the middle horizontal map sends g to 7(g)g for g € G, and sends a to twy,(a) for a € RS;’C" ,
where the vertical maps in the top square are the surjections given as in [30, (150)], and where the
vertical maps in the bottom square are given as in 1} induced by cpv< 2 PV, respectively (see
n

[30L § 9.2] for details). In particular, the following diagram commutes

ps,{n? twy ps,C

| |

twy

(Byc)” — (Bwe)™.

Together with similar commutative diagrams as in [14] (6.4)] replacing “R,” by Ey and Ry, we
deduce that the composition

2 ~ ~ ~
R = RET @0, A — (Eg cp2) "0, A = B

coincides with the one induced by (4.9). This concludes the proof. O
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Remark 4.7. Let m be the GL2(Q))-representation in the proof of Theorem |4 - for the case
(1)(2)(4). Let ¢ : QF — Of be such that ¢ is equal to the central character of w. Let Ve be

the functor V of [30, § 5.7] on €ar,(Q,),¢c(Or) (which depends on the choice of ¢). As in [30, Prop.
6.3, Cor. 8.7, Thm. 10.71], the functor VC mduces an isomorphism

¢ ~
Rﬁi — End@GL2(Qp)(OE) (P,Tv)

where RS denotes the universal deformation over p of deformations with determinant equal to Ce.
The isomorphism in 15 given by the composition

R; = R%i R0z A — EndQGLZ(Qp),g(OE)(P”V)®OEA o EDdQGLQ(QP>,<(0E)(P7rV)-

We deduce by [14), (6.4)] and the diagram in the proof of [14, Lem. 6.9] that the isomorphism in
is (also) independent of the choice of (.

For m a maximal ideal of Ri;[1/p] with p := mN Ry, we denote by 7 s the multiplicity free direct
sum of the irreducible constituents of the finite length Banach representation

HOHlCtS (P% ®Rp> (R% /]J) )

Let H = []; H; be a finite product with H; = Q) or GL2(Q,). By [28, Lem. 3.4.10, Cor. 3.4.11]
(and the proof), we have

Proposition 4.8. Any block B of Modi(Oy) is of the form

B = @B := {®On;em, i}
where B; is a block of Modlffi[?((’)E). And we have Py = @iﬁ%i, Eg & @ZE%Z
4.8. GL2(Qyp)-ordinary families

We apply Pasktnas’ theory to construct GLa(Qj)-ordinary families.

Let €:= <@ )((’)E) We decompose the space of P-ordinary automorphic representations using
the theory of blocks. We have

Ordp(S(UP, Op)5)* = Home,, (Ordp(S(UP, Og)5), OF) € €.

For k € Z>1, the Pontryagain dual Ordp(g(Up,OE/w%)p)v is also an onject in €. We have an
’]I‘(Up)%D ~ord_gquivariant isomorphism in ¢ (cf. ):

Ordp(S(U”, O)z)" = lim Ordp(S(U?, Op/wh)7)". (4.12)
k

For M € Modf}rj(Qp)((’)E) (resp. in €), and B a block of Mod?ﬁ(Qp)(OE) (hence can also be viewed

as a block of €), we denote by My the maximal direct summand of M such that all the irreducible
subquotients m of My satisfy T € B (resp. 7 € B). We have thus decompositions (cf. [30, Prop.

5.36))

Ordp(S(U?, OE)p)
Ordp(S(UP, O /o),
Ordp(S(U?, Op/wh)s)"

Do Ordp(S(UP, OF)p)%: (4.13)
@ Ordp(S(U?, Op/wh)p)s,
Do Ordp(S(UP, Op/wh)p)%-

12

I
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It is also clear that the isomorphism in (4.12)) respects the decompositions.

Recall that Ordp(§ (UP,OE)3) is admissible, hence Ordp(§ (UP,Op)5)? is finitely generated over
Og[[Lp(Zp)]]. By [21, (2.2.12)], the Pontryagain dual of Ordp(S(UP, Og);)? is a smooth admissible
representation of Lp(Q,) over O. Hence there are finitely many blocks B of Modlgi;f(Qp)((’)E) such

that OI‘dP(S\(Up,OE)ﬁ)% # 0 (which is equivalent to Ordp(g(Up,OE/w%)ﬁ)% # 0, by )
Put
Ordp(S(UP,0p)p)s = Hom&: (Ordp(S(UP,0r);)%, Or),
Ordp(S(UP,E)p)s = Ordp(S(UP,0p)5)s ®o, E,
which are equipped with the supreme norm. For * € {Op, E,Op/wk}, Ordp(S(UP, *)p)s is a
direct summand of Ordp(S(UP, *)5) (e.g. using and ), and we have
Ordp(S(U?, Og)p)s = IL Ordp(S(U?,Op/wg)s)%- (4.14)

The following lemma follows easily from Lemma [3.6|and [7, Cor. 7.7].
Lemma 4.9. Let B be a block of 1\/Iodl£in(Q y(OE) such that Ordp(S(UP, Og)s)s # 0.

(1) Ordp(S(U?, OF)5 )|Lp(z,) i isomorphic to a direct summand of C(Lp(Zp),Og)®" for some
r > 1.
(2) (Ordp( (UP Or)s)s )Lp(Zp)—alg is dense in Ordp(g(Up,@E)ﬁ)%

J’_
We have
Ordp(:g\(Up, OE)ﬁ)d% = ﬁy@ﬁ% Homg (ﬁ%, Ordp(§(Up, OE)ﬁ)ch)
=~ Pp®p, Homg (Ps, Ordp(S(UP, 0p)z)?) < Ordp(S(U?, Op)z)*  (4.15)

where the first isomorphism follows from [30, Lem. 2.10] (applying Home(Py, —) to [30, (6)]
with M = Ordp(S (Up (’)E) )%, we easily deduce that the kernel is zero), the second isomor-

phism follows from and Homg (P%,Ordp(S(Up Or)s )%,) = 0 for B’ # B, and where the

last injection is the evaluation map (indeed, applying HomQ(P%/, —) to the kernel of this map,
we get zero for all B’ from which we deduce that the kernel has to be zero). We see that
Ordp(S(Up Or)7)% mherlts a natural T(UP)P_Ord—action from Ordp(S(UP, Op)5)? (via the first

two isomorphisms in ), so that the decomposition (@ is in fact ’f]f‘(U]")/%D —ord_gquivariant.
Similarly, for all k& > 1, Ordp(S(UP,Op/wh)s)s is also a T(Up)g —ord_gquivariant direct sum-
mand of Ordp(S(UP, Og/wh)5). For i > 0, (Ordp(S(U?, (’)E/w%)ﬁ)%)Li is hence a 'ﬁ‘(Up)gford—
equivariant direct summand of (cf. .

Ordp(S(UP, Op/wi)s)" = S(UPK; i, Op/@h )50
Denote by T(UPK; ;, OE/wE)P °rd the image of

T(UP)5 — Endo,, ((Ordp(S(UP, O /mk)s)s) "),

and put ~
T(UP)f5"™ o= Il T(UP Ky, O /) 5
ki

It is clear that ’f(Up)g g’rd is a quotient of T(UP)I; ~ord hence is also a complete local noetherian
Opg-algebra of residue field kg. Similarly as in Lemma we have
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Lemma 4.10. The Op-algebra if(Up)g%ord is reduced and the natural action of T(Up)gg)rd on
Ordp(S(UP,Op)ssm) and Ordp(S(UP, E)y) is faithful.

Since Ordp(S(U?, E)z)m isan Lp(Qp) ><']T(Up)[]f%°er1 —equivariant direct summand of Ord p(S(U?, E)s),
by the same argument, we have as in Proposition [4.3] [4.4}

Proposition 4.11. (1) The benign points are Zariski-dense in Spec T(Up)ggord[l/p].

(2) Let x be a benign point of Spec ﬁ‘(Up)ggord[l/p], the statements in Pmposition (2), Propo-
sition hold with Ordp (S(U?P, E)ﬁ[mx]) replaced by Ordp (S(U?, E)ﬁ[mx])%.

By Proposition [£.8] there exist blocks B5; for v € Sp, i = 1,--- , kg such that

B = Ques, (Qi=1,-. k3 B7,i(55,i41 — 1)) = Dues, By, (4.16)
where B (r) denotes the block {7 ®y,,w"odet | 7 € B} for a block B. If p = 3, we assume that By ; is
not in case (4’) for all v, i with ng,; = 2 Forv € Sy, i =1, -, kg, twisting el =50.i+1 : Galg, — OF
induces an isomorphism twg; : R&i — Ry, - Put

Rp,’B = ®UESP (®i=1,-" ,kﬁR%sgyi) : (417)
Denote by

nm(UP,B) := Home (15‘37 Ordp(§(Up, OE)F)%)’

which is a compact Fg-module. By Theorem Proposition and the fact Ordp(S(UP, 0 E)p)%B
is admissible, m(U?, B) is finitely generated over R, o5 where the action of R, o is induced from the

natural action of Fg via

(twgi) ~

/\' DS ~
Rp7% T> ®’UESp (®Z:17"'7k5R%57,‘(85,i+171)) — E%

The (faithful) ’f(Up)ggord—action on Ordp(g(Up,(’)E)ﬁ)d% (commuting with Lp(Q))) induces a
faithful Eg-linear action of ﬁ‘(Up)g gord on m(UP,*B). We denote by A the R,g-subalgebra of
Endg, (m(UP,B)) generated by the image of the composition

T(UP)L 5" < Endg  (n(U?,B)) — Endp, ,, (n(U”,B)). (4.18)

By definition, 4 is commutative and finite over R, 3, and it is not difficult to see that A is Op-
torsion free and N;>ow7}A = 0 (using similar properties for m(U?, 9B), and the fact that the A-action
on m(UP,B) is faithful). We also have a surjective map

(Up>P 0rd®(9ERp‘B — .A
and hence a natural embedding:
(Spf A)"& — (Spf T(UP)L5°) x (Spf Ry )"
such that the composition (which one can view as an analogue of the weight map of Hida families)
k¢ (Spf A)TE < (Spf T(UP)257")"® x (Spf Rym)"& — (Spf Ry )"

is finite. For each point 25, of (Spf R%Sm_)rig, we can attach a representation 7. , of GLy, ,(Qp) such
that if ng; = 1, 7, , is the corresponding continuous (unitary) character of Q,, and if ng; = 2,
Ty, 1= T8 (see the discussion below Remark .

DMz~ .
v,z 4
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Proposition 4.12. Let y = (z,2) = (x,(25,)) € (Spfﬁ‘(Up)gg’rd)ﬁg x (Spf Ry )" 8. Then y €
(Spf A)"& if and only if

Homyp, ,(q,) (@ ves, (T Ok(y) e%0it171 o det), Ordp (g(Up,E)p),B[mx]) # 0. (4.19)

2217 7k17
Proof. Without loss of generality, we assume k(y) = E. Denote by p, C 'Tf‘(U p)g %‘)rd (resp. p, C
R, 3, resp ngi - RpS ) the prime ideal associated to z (resp. z, resp. 23;). By definition of 7,

we see is equlvalent to

Home (Ordp(S(U7, On)plp))$. & ves, (P, Bp, (B, /P )u)) #0, (4.20)

i:17"'7k5

where “tf” denotes the Opg-torsion free quotient. Suppose (4.20) holds. Let f be a non-zero
morphism in (4.20)), and consider the composition

Ordp(g(U OE) )gB —» Ordp(g(Up,(’)E)ﬁ[px])d% i> @ vES) (P%Tm (E%E,z/pzaz)tf)
=1, kg T

Applying Homg(ﬁ%, —), we obtain a non-zero 'E'(U P )5 %Ord x R, s-equivariant map

n(UP,B) /p, — Homg (Py, ® e, (15%5,@5%_(E%g,i/Pzg,i)tf)) ~® yes, (Ewy, /P

=1,k Vi =1

(4.21)

where the tensor product on the right hand side is over O and the second isomorphism follows
from [30, Lem. 2.9] and the proof of [24, Lem. B.8]. Note also the R, p-action on the right hand
side of (4.21] - ) factors through R, o /p.. In partlcular m(UP,B) admits an Op-torsion free quotien-
t on which ’]I‘(Up)P ord (vesp. R,m) acts via ’]I‘(Up i Ord/pm (resp. Rpe/p.). We deduce then

y=(z,2) € (Sr>f«4)“g

Conversely, suppose y = (, 2) € (Spf.A)"&, and let p, C A be the prime ideal associated to y. We
have

n(U?,B) —» (m(U?, B) @4 Alpy)ir # 0.

From which we deduce
Ordp(S(UP, Op)p)% = Pe@p, m(U?,B) —» Pe@p (m(UP,B) @4 A/py)is.
Considering the ﬁ‘(Up)g %‘)rd-action, we see the above map factors through
Ordp(S(UP, Op)slpa))% — Pudp, m(U,B) @4 A/py)is- (4.22)
Applying HomCts (—, E) to , we obtain an injection
Hom{® (P%®E (m(UP,B) @4 A/py)st, E) — Ordp(S(U?, E)smg])ss. (4.23)

Since the R, p3-action on m(U?, ’B) R4 A/py factors through R, 9 /p., we see the right hand side of
4.22)) is a quotient of PsB® (Egg /p.)5" for certam r. Together with the fact that 7., is semi-
simple for all v, i, we see the right hand side of ( contains a direct summand of a copy of

~

® ves, (Tz, ®pe’™it1™ Lo det). This concludes the proof O
=1, kg
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Let = be a benign point of Spec’ﬁ‘(Up)ggjrd[l/p]. By Proposition H for v € S, and @ =
1, kg, pgw, is crystalline. We denote by 7(p,5,)1 the universal completion of %(p%g’i)lalg
(see [M] [29], noting that by Proposition 2), 7(pr5:)™# is isomorphic to the tensor product
of an irreducible algebraic representation of GL2(Q,) with a smooth #rreducible principal series).
By [10, Lem. 3.4(i)], @vesp (®z’:1,-~,k57?(px,§,i)1 ®p esvit17lo det) is the universal completion of

® ves, (T(pzy,) 8@y e*7i+17 odet). The injection 1’ (see Corollary [4.11/(2)) induces hence
=1, ky
a non-zero morphism of Lp(Q))-representations

~

(/X\Jvesp (®i:17... kT (Pap,i)1 OF gfniti—lo det) — Ordp (§(Up, E)p[mz])%‘ (4.24)

Let A be a Galp-equivariant lattice of p, p = pm, r (where m, denotes the associated maximal
ideal of T(U p)g sg’”d[l /p]). Since pp is absolutely irreducible, A is unique up to scalar, and we have
A/@y) = prp and hence A/wyy)|cal,. = py. The Py-filtration on p, 5 induces a Py-filtration on
A, and hence induces a Py-filtration on py:

Fow: 0=Fil) p; C Fil; 55 € - - € Fily? 55 = p; (4.25)

=

such that the graded piece gr’ F, is a reduction of Pa5,i-

Proposition 4.13. (1) Forv € S,, i =1,--- , kg, we have ﬁ;m = P .0 where ﬁf{im denotes the
semi-simplification of one (or any) modulo @y, reduction of p, ;-
(2) We have (x,{z;}) € (Spf . A)"8 where 25, is the point associated to tr py ;.

Proof. We have 7(p;5,i)1 = T(pz5,i)- Let ©,5; be a GLy, ,(Qp)-invariant lattice of 7(p,7,), thus
@i 5: € CaL,- ,(Qp)(OE)%M»i where B, 5 ; is the block corresponding to p%°- .. Let O3 1 1= O45,N
7(pz3.4)1- Let ©4 be the preimage of Ordp (§(Up, (’)E)ﬁ[px])% via (4.24)) (py = m, N ’ﬁ‘(Up)ggord).
By (4.24]), we deduce Homg(ﬁ%, 0%) +# 0. Since ©, and O, := & veS, (Oz5:1Q05 esmit1~odet)
=1, kg

are commensurable, we see Home( Py, (0/,)4) # 0. We have a natural projection

-~ d _
Homg (P%7 <® ves, (Opi ®op e 1 1o det)) > — Homg (P, (0})%) (#£0).  (4.26)
=1, ks

By [28, Lem. 3.4.9] (see also [24, Lem. B.8]) and the fact (e.g. using , and noting that “®”
on the left hand side is the p-adic completion of the tensor product, while “®” on the right hand
side is defined in the following way: M;®M, = l'&l(Ml/Ul ®0, Ma/Us) for compact Op-modules
M;, where U; runs through open Og-submodules of M;):

<® vES, (9%54‘ ®og gSuit1~l det)) =Q® ves, (@xﬁ,i Koy eSuit1~l g det)d
=1,y =1,y

we deduce Home, (@) (ﬁ%m, @gm) # 0, and hence B5; = B, 5, forallv € Sy, i =1,--- k.
(1) follows. Part (2) of the proposition follows from part (1), (4.24) and Proposition m O

Corollary 4.14. The set Y of points y = (x,2) = (x,{25,}) as in Proposition (2) is Zariski-
dense in Spec A[1/p].
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Proof. For y € Y, we denote by m, C A[l/p] (resp. p, C A) the maximal ideal (resp. the
prime ideal) associated to y. To show Nyeym, = 0, it is sufficient to show Nyeyp, = 0. Let
f € Nyeypy, which by definition (see (4.18)) corresponds to an Eg-equivariant morphism f :
n(UP,B) — m(UP,B) such that the composition m(UP,B) ERN n(UP,B) — m(UP,B)/p, is equal to
zero for all y € Y. Using the first isomorphism in , the morphism f induces a continuous
Lp(Qp)-equivariant morphism

f:0rdp(S(UP, Og)p)s — Ordp(S(UP,Op)s)m. (4.27)

For y = (z,z) € Y, let i, be an injection as in , which induces a non-zero Lp(Q,)-equivariant
morphism as in (4.24)), still denoted by i,. Let ©, be the preimage of Ordp (§(Up (’)E) [px])

via i,. We use the notation of the proof of Proposition [4.13| Since the R, g-action on the left
hand side of ([4.26) factors through Ry, /p. (Where P, is the prime ideal of Rp » associated to z),
the same holds for the R, »-action on Home (P, (0,)4). Since ©, and O/, are commensurable, we

deduce that the R, 3-action on m := Homq(ﬁ%, 0%) factors through R, /p. as well. It is also clear
that the ']I‘(UP)P%OYd action on m (as a quotient of m(UP, p) via the projection induced by i,) factors

through ’]I‘(Up i Ord /pz. Hence the A-action on m factors through A/p,, and m is thus a quotient
of m(UP,p)/py. So the following composition is zero:

ﬁgB@E%m(Up,%) N ﬁ%@)@%m(Up,‘B) — ]SxB@)E%m

Applying HomCtb (—, E), we deduce that the composition of f with i, is zero. Consequently, we

deduce that the image of any injection as in (4.2)) is annihilated by (4.27) (for any benign point x).
By the same argument as in the proof of [7, Prop. 7.5 (2)], we deduce then the map (4.27) is zero,
and hence f = 0. This concludes the proof. O

We have the following classicality criterion.
Proposition 4.15 (Classicality). Let y = (z,{25,}) € (Spf.A)"8. Suppose

o forallve Sy, i=1,---, kg, the pseudo-character associated to z3; is absolutely irreducible,
and let p.;, + Galg, — GLy,,(k(y)) be the associated absolutely irreducible representation
(enlarging k(y) if necessary);

® [, is de Rham of distinct Hodge-Tate weights, and any Hodge-Tate weight of ps; , is strictly
bigger than that of p.; , for j > i.

Then x s classical.

Proof. The proposition follows by the same argument of the proof of [7, Cor. 7.34]. We give a
sketch for the convenience of the reader. By Proposition [4.12] we have a non-zero map

® ves, (Fuy, Oky) 17! odet) — Ordp (S, E)p) g [ma]. (4.28)

~

By assumption, 7, , & T(pz; ;) is absolutely irreducible. Consider the restriction of (4.28)):

® ves, (F(psy,) ™8 ®p(y) €717 o det) — Ordp (S(UP, E)p) g [mal. (4.29)
i=1, kg
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If (4.29) is zero, there exists u = ® ,e5, u; € ® vES, (%Zh Pk (y) e%i+171 o det) which is sent
i=1, kg =1, kg

to zero via (4.28)). Since ﬁ(pzﬂﬂ.) is absolutely irreducible, it is easy to see that the left hand side

of (4.28) can be topologically generated by w under the action of Lp(Q,), which contradicts to

that (4.28) is non-zero. So (4.29) is non-zero (and is actually injective). Using the assumption on

the Hodge-Tate weights and the adjunction property [7, Prop. 4.21], the proposition follows from

B2). O

By Lemma (2) and the same argument of the proof of 28, Thm. 3.6.1] (one can also use an
infinite fern argument as in [7, § 7.1.3] for the part on dimension), we have

Theorem 4.16. FEach irreducible component of A is of characteristic zero and of dimension at
least

L+ Y (Hilng,s = 1} + 3{ilng; = 2})) =1+ > (2n — ky).

vES) vES)

~

We end this section by some discussions on criterions of Ordp(S(U?, Og)z)ns # 0. .

Definition 4.17. Let 1 = 7° @ Moo = (®;,(Oo7rv) ® Too be an automorphic representation of G

(where 7 is defined over Qp, and , is defined over E for vt 0o) with W, = ®@ues, Wy the associated
algebraic representation of G(Ft ®¢g Q) = Hvesp GLn(Qp). Let UP C G(ATL) be a sufficiently

small compact open subgroup such that (7)Y £ 0. Then 7 is called B-ordinary if there is an
injection v : @yes, (Ty @ Wy) = S(UP, E)p[mz] such that

mP( Rves, (M0 ®p Wv)); #0

where my is the mazimal idea of T(UP)5[1/p] attached to =, and Ordp( @ues, (T @ Wy)) €
ModILﬁ;j(Qp)(OE) denotes the modulo wg reduction of (where we also use v to denote the induced
morphism on Ord(—), cf. [7, Lem. 4.18])

1 @ues, Ordp, (1, @ W,)) N Ordp(S(UP, Op))p.

Remark 4.18. Note that the definition is independent of the choice of UP (e.g. by using an
isomorphism induced by below via taking inverse limit on r). However, it is not clear to the
author if the definition depends only on the p-factor ®yes, 7y of ™ (unless under further assumptions,
see Remark below). Hence it is not clear to the author if a p-split base-change of a B-ordinary
automorphic representation s still °B-ordinary.

Lemma 4.19. For a block B of ModlLﬁ;l(Qp)(OE) and a sufficiently small subgroup U? C G(AZY),
the followings are equivalent:

(1) there exists a B-ordinary automorphic representation T = T @ T such that (7°°)V" #£ 0,
(2) Ordp(S(UP,0))s # 0,

(3) there exists a benign point of x of Spec 'ﬁ‘(Up)g_ord[l/p] such that p5 ; = Py, , for v € Sp,
i=1,- k.
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Proof. (1) = (2) is clear. (2) = (3) follows from Proposition (1). We show (3) = (1). By
the decomposition (4.13]), there exists a block %’ such that the following composition is non-zero
(hence injective since the left hand side is irreducible)

Des, (Dt sy T2 Bpiay 501 o det) L5 Ordp (SO, B).[m,])

— Ordp (S(U?, E) [my]) gy (4.30)

We deduce hence a similar non-zero map as in with % replaced by %’. Using the same
argument as in the proof of Proposition (1 ) we deduce Przi = p%/ for all v € S, and 7, and

hence B’ = B (by the statement in (3)). By (4.30) (with B’ = ‘B), it is easy to deduce that any
automorphic representation m associated to the point x is B-ordinary and satisfies 7V% # 0. This
concludes the proof. O

Remark 4.20. The condition (3) is equivalent to that there exists an automorphic representation
_ Lp.(Zp)—al

T = Qoo 0) O oo such that (where (—)iP(Z”) alg. (—)+P“( P)ElE e defined similarly as in ,

and the first equality easily holds by deﬁm’tion)

Lp_(Zp)—alg

(a) Ordp(®yes, (m @ W) 1) — @, g Ordp, (7, @5 W,)5 £0,

(b) the unique Hodge-Tate weights descending Py-filtration on pr 5 (where the existence follows

from P’roposition (2)) satisfies grt Fy =~ P ., where py denotes the Galp-representation
associated to w,

(c) (& vip,00 TV )% # 0.
Note that the conditions (a) and (b) depend only on the p-factor of ™ and {pr7}ves, -

4.4. Local-global compatibility

We show a local-global compatibility result for our GL2(Q))-ordinary families under certain generic
assumptions.

Definition 4.21. We call p is B-generic if for all v € Sp,
(1) Py admits a unique filtration Feg, such that (gr' Feg )> = P, fori=1,--- kg
(2) the filtration Fss_ satisfies Hypothesis .
We assume p is B-generic. By Proposition (1), we see F, 5 = Fug, (cf. ) for all benign

points . Consider the deformation problem (where Rﬁ”’ forfm denotes the reduced quotient of
Ps—ord,0
Rﬁign]:(;}% ) Cf §
S — - —ord,0 =
(F/F*.8,8,0p,p.e' " 0rre ARy 70 Yoes, U {Ry Yues\s, )- (4.31)

By [36, Prop. 3.4], the corresponding deformation functor is represented by a complete local
noetherian Og-algebra, denoted by R- Soéd, which is a quotient of R;s. By Proposition (2)
and Proposition ( ), for any bemgn point x € Spec ﬁ‘(Up)Pford[l/p] the action of R;s on
Ordp(g(Up,E)ﬁ)%[mm] factors through Rggf’%d. Since (Ordp(S(UP, E)s)% )LP(Z”)f 2 is dense in
Ordp(S(UP, E)z)s (Proposition , we deduce by the same argument as in [7, Thm. 6.12]:
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Proposition 4.22. (1) The action of Rss on Ordp(S(UP, E)z)s factors through Ksord.

(2) Let x be a closed point of Specﬁ‘(Up)p[l/p] such that Ordp(S(Up,E)p[ma;])% # 0, then for
v € Sp, pr5 admits a Py-filtration with the induced Py-filtration on py equal to Fes .

Let A be an artinian local Og-algebra A, and py € Rrsord(A). For v € Sy, by definition py 5 :=
Pryopalgaly (with pry : GLy x GL,, - GL,) admits a Py-filtration F5 such that tr(gr’ Fz) is a
deformation of tr(gr’ Fe_) over A for i =1, , k;. We obtain thus a natural morphism

Ry — RESH (4.32)

The composition _

Ry — RESRE — T(UP)E 5™ (4.33)
equips with m(U?,B) another R, ss-action. The following theorem follows by the same argument as
in the proof of [28, Thm. 3.5.5] [32, Prop. 5.5]. Indeed, one can easily obtain an analogue of |28,
Lem. 3.5.6] with p of loc. cit. replaced by the benign points, using Lemma (2), Corollary
(2). Note also that an analogue of [28, Lem. 3.5.7] is already contained in Proposition[d.5] (1) (whose
proof builds upon the local-global compatibility result in classical local Langlands correspondence,
see the proof of [7, Prop. 7.6 (2)]).

Theorem 4.23 (local-global compatibility). The two actions of Ry on m(UP,B) coincide, i.e.
the composition
Ry — T(UP)E 57! < Endg, , (m(U?, B))

coincides with the structure map.

Remark 4.24. One might prove (e.g. by putting more hypothesis on pp) a stronger local-global
compatibility result (e.g. by replacing the universal pseudo-deformation rings by the universal de-
formation rings of certain Galois representations) as in [1, § 7.1.4] (where the formulation is more
close to [22]), but we don’t need such result in this note.

By definition, Theorem and Theorem |4.16] we have

Corollary 4.25. We have T(Up)f ord A, and each irreducible component of T(UP)P ord s of
characteristic zero and of dimension at least 1+ %, ¢ (2n — kg).

We end this section by a B-generic criterion, which is easier to check in certain cases.

Lemma 4.26. For v € S), let F5 be a Py-filtration on p; satisfying Hypothesis and that
(gr! Fy)® = P, for all i. Suppose moreover By ,; # By ; for all i # j and v € S,. Then p is
B-generic.

Proof. Suppose we have another filtration 7. satisfying the same property.

(1) We show first gr! F. = gr! 7. If p Py, 18 irreducible, then it is clear. Suppose Pw,, = X1 D X2,
and we prove the staternent case by case.

(a) If gr! L = x1 @ x2, and if gr' 5 is not isomorphic to gr' 7. Without loss of generality, we
assume gr' F is a non-split extension of xo by x1. We see

Homgaly, (X2, p5) — Homgaly, (X2, 5/ gr' Fy) — Homgal, (gt Fo, .05/ o' Fr),  (4.34)
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where the first map is non-zero by assumption (using gr! FiL — pg).-We deduce thus the right hand
side of is non-zero, which leads to a contradiction with Hypothesis

(b) Suppose gr! ]—"% is a non-split extension of y2 by x1, and suppose gr' F; is an extension of 1 by
x2 (e.g. if gr! Fy is a direct sum of x1 and x2). If x1 = x2 = X, the sum gr! FL+ gr! Fy will be a
subrepresentation of p; of dimension bigger than 3. We deduce that HomGalQp (x, gr! FL/ (gr! FLn
gr! 7)) # 0, and hence HomGal@p (gr! Fs, py/ ert Fz) # 0, a contradiction with Hypothesis If
X1 # X2, then we have

Homgalp. (x2,gr' Fy) > Homaaly, (X2, p5) — Homaaly, (X2. o5/ gr' Ff)
with the second map non-zero. There exists thus i > 1 such that yo < gr’ FL, thus
HomGalFE (grl ‘/—.%7 gri ]:%) 7& Oa

which (again) contradicts with Hypothesis

(c) Consider the last case where both of gr! FL and gr! Fy are isomorphic to a non-split extension
of x2 by x1, and gr! 7 2 gr! 7. In this case, X1X5 =1 or w.

If x;1 = x2 = x. It is easy to see gr! Fy + gr! FL is isomorphic to a successive extension of x of
dimension bigger three. Using the same argument in (b) (in the case x1 = x2 = x), we easily
deduce a contradiction.

Suppose x1 = x2w. Denote by ¢ : x1 — gr! Fy < b, and ¢/ : x1 — gr! FL— Dy

If Im () = Im(¢'), since gr' FL 2 gr' F;, we deduce the composition

X2 = gr' Fy/ Im(0) = g/ Im (') — py/ gr' F
is non-zero. Hence there exists i > 1 such that xo — gr' 7%, thus Homga, (gr! 7%, gr! %) # 0, a
contradiction with Hypothesis
If Tm(¢') # Im(t). Let i > 1 be maximal such that x1 — 75 — ps/ Filz1 P is non-zero. Thus x1

is an irreducible sub of gr! F. Since Fy satisfies Hypothesis we deduce dimy,, gr! 75 = 2 and
S0CGal, &' F5 = x1 (otherwise, Homgay, (g1’ Fy, gr! Fy) # 0). Consider

X2 = gr! Fy/x1 — py/ Im(/') — B/ (Im(e) & Im(2")). (4.35)

If the image of (4.35) lies in gr! F5/x1, then it is not difficult to see the first injection in (4.35) has
image in gr' F5/Im(/) = gr! F5. But if so, gr' Fy is split, a contradiction. So there exists j > 1
such that
~ 1 FL = I / F-ljfl -
X2 = gr' Fi/x1 — 75/ (Im(/) + Fil_ pp)
is non-zero. We let j be the maximal integer satisfying this property. Then x» is an irreducible
constituent of gr/ F;. Using (again) Hypothesis we easily deduce dimy, gr’ F; = 2 and
co80CGal, g1/ Fy = Y2 (otherwise, Homga, (g1’ Fz, gr! Fz) # 0). If j < 4, let V; be the kernel

of Filjf;1 —» g1l Fi — x2, then we see
gr' Fr — p5/Vj
is injective, and the injection x2 < p5/V; induces a section of gr! FL — X2, a contradiction. If

J > i, since xo < py/Im(t") — py/ Fﬂ]].;5 ' we deduce gr/ Fy splits, a contradiction. Finally if j = i,
then ‘B, ; = B, 1 a contradiction.
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(2) We show Fill}-5 = Fil}, (as subrepresentation of py), from which the lemma follows by an easy
induction argument. Suppose Filr. # Fil},, consider V := (Filf. +Fil}, )/ Fily_, which is thus a
non-zero subrepresentation of pg/ Fil}_—a, anél whose irreducible constituenuts appear in gr' F. If V
is irreducible, it has to be a sub of gr? F; for certain j > 1. However, we have

gr' Fy & Fily, — (Fily, +Fily, )/ Fily = V.

Thus HomGalqu (gr! Fy, g1l F5) # 0, a contradiction with Hypothesis If V' is isomorphic to a
direct sum of characters, we similarly obtain a contradiction. Suppose there exist characters x1, x2
such that V is a non-split extension of y2 by x1. In this case we see V = gr! F;. Using the same
argument as in (c) for the case Im(¢) # Im(), we can also obtain a contradiction. This concludes
the proof. O

5. Patching and automorphy lifting

We apply the Taylor-Wiles-Kisin patching argument to our GL2(Q))-ordinary families, and prove
our main result on automorphy lifting.

5.1. Varying levels outside p
Let B be a block of Modlgiﬁ(@p)((’)g) such that Ordp(S(U?, Og)z)s # 0.

Lemma 5.1. Let H be a finite group, » > 1, M be a finitely generated flat O /w',[H]-module.
Then MY is also a finitely generated flat O /@'y H]-modules.

Proof. Tt is easy to check that if M is a finite free Op/w?;[H]-module, then MY = M, and hence
is also a finite free Op/wl,[H]-module. The lemma follows. O

Let Y? = Hv’fp Y, be a compact open normal subgroup of UP (which is thus also sufficiently small).
For any compact open subgroup U, of Hvesp GL,(Zy), by [15, Lem. 3.3.1], S(YPU,, Op/w},) is a
finite free O /w}[U?/YP]-module.

Lemma 5.2. Leti € Z>q, r € Z>1.
(1) Ordp(S(Y?P, OE/wTE)p)% and (Ordp(S(Y?, OE/wTE)p)%i)v are finite flat O /wy[UP /YP]-modules.
(2) We have a natural isomorphism

(Ordp(S(Y?, On /))& )y = (Ordp(S(U”, Op/mh)p)%) .

Proof. Recall (cf. (3.7))
Ordp(S(YP, Op/why)s)" = S(YPK;;,Op/®g)5.0rd = Om ordinaryS (Y7 Ki i, Op/@5)5.m,
where m runs through the ordinary maximal ideals of the Op/w}-subalgebra B(Y?) of
Endo, jor (S(YPKi i, O /wg)s)

generated by the operators in Z L The same statement holds with Y? replaced by UP. Note also
that the natural inclusion

Ur/y?
7

S(Ume', OE/w%)ﬁ = S(YPKM, OE/?DTE) — S(Yme', OE/wE)ﬁ
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induces a projection pr : B(Y?) — B(UP). By definition, it is straightforward to see that for a max-
imal ideal m of B(UP), m is ordinary if and only if pr~!(m) is ordinary. Since the action of B(Y?)
and UP/Y? commute, we deduce that Ordp(S(Y?, O /wh)5) is an Op/wh,[UP/YP]-equivariant
direct summand of S(Y?K; ;, Or/w},)5, and hence is a finite flat Op/w}[U?/YP]-module.
Using the isomorphism (which follows by the same argument as for (4.15)))

Ordp(S(Y?, Op/wh)p)% = Pu®p, Home (Py, Ordp(S(Y?, Op/wg);)),

we see that Ordp(S(Y?, Op/w};)5)s inherits a natural UP /Y P-action from Ordp(S(Y?, O /w},;)5)"
satisfying that the natural injection (given by the evaluation map)

Ordp(S(Y?,Op/@y)5)% = Po®p, Home (Py, Ordp(S(Y?, Op/w);)")
— Ordp(S(Y?, (’)E/wg)p)v
is UP/YP-equivariant. Hence, the decomposition
Ordp(S(Y?, Op/wg)s) = ©p Ordp(S(Y?, Op/wg)s)s

is UP/YP-equivariant. This implies that Ordp(S(Y?,Og/ w%)ﬁ)% is a UP/YP-equivariant direct
summand of Ordp(S(Y?, Op/wh)5)%, hence is also a finite flat Op/w’,[UP/YP)-module. Together
with Lemma (1) follows.

For each ¢ > 1, we have a natural isomorphism

S(UPK; 4, Op/wl)s > S(YPK;, Op/al)y /. (5.1)
By the discussion in the first paragraph, we deduce that induces an isomorphism
Ordp(S(UP, Op/wh)5) = Ordp(S(Y?, O /wh)5 )"V (5.2)
Indeed, for all maximal ideals of B(UP), we have
S(UPK;;,Op/wg)pm — (S(YpKi,i,OE/er)p,prl(m))Up/Yp? (5.3)
hence
UP/YP‘

@mS(UpKi,i, OE/er)ﬁ,m — @m(S(YpKi’i, OE/er)p’prfl(m))Up/Yp — S(Yme', OE/?DE)ﬁ

By (5.1]), the above composition is surjective, hence each map in (5.3)) has to be bijective. The
isomorphism ([5.2)) follows. Taking direct limit on 4, (5.2) induces an isomorphism

Ordp(S(UP, Op/wh)s) = Ordp(S(YP,Op/wh);) " /V". (5.4)
Which together with the obvious injections (with the composition bijective)

@ Ordp(S(UP, Op/why)5)m — ®n(Ordp(S(Y?, Op/mh)z)s)” V"
«— Ordp(S(YP, O /why);) " V"

imply Ordp(S(UP, Og/wh)5)s = (Ordp(S(Y?, Op/wh)5)w)" " for all B. Hence
Ordp(S(UP, O /@h)s)k 5 (Ordp(S(YP, Op /)55 ) . (5.5)
By taking Pontryagain dual, (2) follows. O
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5.2. Auziliary primes
Choose ¢ > [F*: Q]@ By [36l, Prop. 4.4] (see also the proof of [36, Thm. 6.8]), for all N > 1,

there exists a set Qn (resp. @ ~) of primes of F* (resp. of F') such that
e |Qn| =g, Qu is disjoint from S, and any primes in @y is split in F;
e Qn ={0lv|veQn;
e Nm(v) =1 (mod pV) for v € Qun;

e for v € @N, Py = 55 @ )5, where 15 is the (generalized) eigenspace of Frobenius of an
eigenvalue ag on which Frobenius acts semisimply.

For v € @ ~, denote by Dy the local deformation problem such that for A € Art(Og), Dz(A)
consists of all lifts which are 1 + M, (m4)-conjugate to one of the form s @ ¢y where s7 is an
unramified lift of 55 and where 15 is a (possibly ramified) lift of 15 satisfying that the image of
inertial under 15 is contained in the set of scalar matrices. The deformation problem Dj is pro-
represented by a quotient of R%, denoted dy Rgf. Let v3 be as above, then the restriction of ¢

to the inertial subgroup I of Galg, gives a character xz : Iy — 1+ my4 (noting xz = ¥y, = 1
(mod m4)). We can prove (e.g. using Xg%l = x5 since F]robg1 o Froby = ¢/l for all o € I/ P;,

and using the fact that 1 +my4 is a p-group) that xz factors through
I;/ Py — FX — Fy(p) 2 Z/p"Z

where F3(p) denotes the maximal p-power order quotient of FEX, and Fz denotes the residue field of
F at v. We deduce thus a natural morphism

X Z/pNZ — (RYT)X. (5.6)
Denote by Sg, the following deformation problem
(F/F*,SUQN,SUQN,Op,B,e" "dp/p+, {R%}ves U{Dz}veqy)-

Let RﬁngN be the corresponding universal deformation ring, and Rg gQN the S-framed universal

deformation ring. By [36, Prop. 4.4], we can and do choose Qn, C~2 N satisfying moreover (recall
RO = B,c5 )

R0s nin—1)

S0y, elements. (5.7)

is topologically generated over R'® by g := q — [F* : Q]

Denote by Aqy = [[,eq, Fo(p) = (Z/pN7Z)®4. We deduce from 1' a natural morphism Ag, —

Us
(Rﬁ%S‘QN

morphism factors through (Rﬁ,gQN)X. We have thus morphisms of Og-algebras

)*. Using the fact X}Ulniv does not depend on the choice of basis, it is not difficult to see this

m
Denote by ag, the augmentation ideal of Og[Ag,]. Then we have

~ DS’ ~ O
Rﬁ?‘SQN/aQN - Rﬁv‘S’ %,SQN/C‘QN - Rﬁ,S‘
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_ GL _» *
For v € Qu, denote by p%; := {g € GL,(OF,) | g (mod wp,) € < %_dN GL N) }, where
i
d]gv := dimy,, ¢z. Denote by p?m the kernel of the following composition

det

X — GLgg (Fy) == FX — Fy(p),

where the first map is given by the composition of the modulo @, map and the natural projection.
Put

Uo(Qn)5 = i3 (Px), U1(QN)7 =15 (p%.1),
Us(Qn)P == ( H Uy) ( H Ui(Qn)g) CUP, i=0,1.
B

We have Up(Qn)P/Ur(QN)P = Ag, -

We have by definition (cf. § T(U;(Qn)P) — T(UP), and we use m(p) to denote m(p) N
T(U;(Qn)P) which is the maximal ideal of T(U;(Qn)P) associated to p via the relations (3.5)). As be-
fore, we also use the subscript p to denote the localizations at the maximal ideal m(p) C T(U;(Qn)P).

Let i € {0,1}. For a compact open subgroup U, of G(F' ®g Q,), and for a uniformiser wy of Op,
for v € Qn, we have as in [30, Prop. 5.9] (see also [23], § 5.5][13] § 2.6]) a projection operator

pro,. € Endoy (S(Ui(Qn)PUp, Op/wy)s)

(defined using Hecke operators at v). We denote by pry := [[,cq, Prw,- By [36, Prop. 5.9], the
following composition

S(UPUp, Op/wg)s — S(Uo(QN)"Up, Op/@g)s — pry(S(Uo(@n)"Up, On/wk)s)  (5.8)

is an isomorphism. Since pry is defined using Hecke operators for v € Qn, 1) is T(Up(QN)P)-
equivariant. We also have

pry (S(Ui(Qn)", Op/w)p) = limpry (S(UH(QN) Up, Op/wp)s),
Uy

as a ﬁ‘(Ui(QN)p)p X G(F* ®g Qp)-equivariant direct summand of S(U;(Qn)?P, Op/w};)5 (see [13,
§ 2.6]). Similarly, we deduce from ([3.7)) isomorphisms

bPry (OrdP (S(Ui(QN)pa OE/WE)F)) = lig”lplw (S(Ui(QN)ij,ja OE/WE)ﬁ,ord)

=~ Ordp (pry (S(Ui(Qn)P, Op/wy)5)), (5.9)
and we see that the object in is a T(U;(Q N)p)g —ord ¢ Ip(Qp)-equivariant direct summand of
Ordp (S(Us(Qn)?, Op/@g)s)-

It is also clear (e.g. by a similar argument as in the proof of Lemma that the decomposition

Ordp (S(Ui(Qn)", Op/@k);) = @x Ordp (S(Ui(QN)", O/mk)5)
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commutes with prpy, and hence we have that
Vi(N,%B,r) := pry (Ordp (S(Ui(Qn)", Op/@E)s) )
= lim pry (Ordp(S(U(Qn ), On/@5)5)y)
J

is a T(U;(Qn)P )P ord 5 Lp(Qp)-equivariant direct summand of Ordp (S(Ui(QN)p,OE/wE)p)%.
The isomorphlsm induces a T(Up(Qn)P) x Lp(Qp)-equivariant isomorphism
OI‘dP<S(U OE/WE) )% —> Vb(N % T) (5.10)

Note that Vi(N,B,r) is naturally equipped with a Uo(QN)P /UL (QN)P = Ag,-action, which com-
mutes with T(U1(Qn )P )P%Ord x Lp(Qp).

Lemma 5.3. Let j € Z>o.
(1) Vi(N,B,r)% and (Vi (N,B,r)%)V are finite flat OE/ BlAg ] modules.
(2) There is a natural isomorphism (V4 (N,B,r)F )AQN Vo(N, B, 7).

Proof. (1) follows from Lemma and the fact that
VA(N.%8,7)" = pry (Ordp(S(U1 QN )", On/wk)p)y )

is a Ag,-equivariant direct summand of Ordp(S(U1(Qn)?, (’)E/wg)p)%j. We have (e.g. see [13]
§ 2.6])

T A ~
pry (S(W1(QN)P K}, O /wg)s) "% — pry (S(Uo(Qn)PKjj, Op/wE)p).
Using the same argument as for (.2)), we deduce an isomorphism
pry (Ordp (S(U1(Qn)?, OE/WE)ﬁ)Lj)AQN % pry (Ordp (S(Uo(Qn)P, Op/wi)s) ™).
(2) follows then by the same argument as for (5.5 (and Pontryagain duality). O

Put V;(N,*B) := = lim_ Vi(N,B,r), and we have a natural isomorphism

Vi(N,%) = pry (Ordp(S(Ui(Qn)?: Op)pn)-

Put M;(N,B,r, L;) == (Vi(N,B,r)%)", and M;(N,B) := =lim, M;(N,B,r L;) = Vi(N,B)L. B
Lemmalp.3|(1), M1(N,B,r, L;) is a finite flat O /w}[Ag,]- module By [28, Lem. 4.4.4], we deduce
(where the cond1t10ns of loc. cit. are easy to verify in our case)

Proposition 5.4. M;(N,B) is a flat Op[Ag,]-module, and

My (N,B)/agy Mi(N,B) — My(N,*B).

35



5.8. Patching 1
By [23], Prop. 5.3.2] (see also the proof [36, Thm. 6.8]), we have a natural surjection

Ry sax) — T(U1(QN)P)5.

By the local-global compatibility in classical local Langlands correspondance, for any compact open

subgroup Uy, of [[,, GLyn(OF;), the induced action of Op[Aqgy] on S(U1(QN)PUp, Op/w})s via

OrlAgy] — Ryson) — T(WUL(QN))5, (5.11)

coincides with the Og[Ag, J-action coming from the natural Ag, = Uy(Qn)?/U1(Qn)P-action.

We assume henceforth p is 9B-generic (cf. Definition 4.21). By Proposition (applied with
UP = U1(Qn)), we can deduce that the morphism

RpS(QN) - T(Ul(QN) )P ord

factors through R SFE)C}V = R55(Qn) @Ry R%D E?Bd which is also the universal deformation ring
of the deformation probiem
+ = — 1-n P;—ord,0 O
(F/F 7S7 Su OEa/)vE 5F/FHL {‘Rﬁ~ ]—'% }’UESP U {Rﬁg}UES\Sp U {DE}UEQN)' (512)

Since V4 (N, B, )l is a ﬁ‘(Ul(QN)p)p x Up(Qn)P/U1(Q N )P-equivariant direct summand of

S(U(Qn)PKjj, O/wg)z,

the two Op[Ag,]-actions on Vi (N, B, )L, obtained by the following two ways (noting the first
composition is compatible with (5.11)))

Op[Aqy] — RESL ) — TU1HQN)P)F",

Op[Aqy] = Or[lUo(Qn)/UL(QN)"],
coincide. By taking limit, we obtain a similar statement for Vi(N, ) and M;(N,B).

Denote by R%l g’g ord (resp. by BE' 3 ’(P O)Td) the S-framed deformation ring of the deformation

problem (4.31f) (resp. of (5.12]). For x € {S,8(Qn)}, the composition R — RDS — RUs:Bord
p,*,B

thus factors through

loc,P—ord = N 0,P5—ord
Ry 7 = (Bues\s, Bp,) ©0 (Sves, Ry ™).
For v € S, we have a natural morphism ®;—;.... kR — R?jpi_ord, which induces (see (4.17)) for
Rp%)
loc,P—ord Og,P—ord
R,» — Ry — Ry — R Son) (5.13)

where Ry := R 7%@)@}3 (@UGS\SPR%}). It is clear that ([5.13|) factors through Rgsféd )% (e.g. see
the argument above (4.32))). Note that we have

P—ord ~ pP— Os P ord ~ pUs,P—ord
RS siom /%y = Bosiw's BoSiom/0an = Bp5m



Let O := Og[[21," "+ , 2n2|5/]] with the maximal ideal b, Sec := Og[[y1, " ,Yq, 21, + , 22/5)]] With
the maximal ideal a, and Ry := ngc’P_Ord[[xl, .-+, x4]]. Denote by ag = (y1,- - ,yq) the kernel of
Soo = Oco, and a1 1= (21, , 2p2|5], Y1, " * , Yg). For an open ideal ¢ of S, we denote by s(c) be

the integer such that S /¢ = OE/WE(C).

For each N > 1, we fix a surjection Ogl[y1,- - ,y4]] = Or[Agy] with kernel cx = ((1 + g —

L, (1+ yq)PN — 1), which, together with the morphism Og[Ag,] — R%DE?&C}V) s induce
P—ord
Orllyr, - ygll — By 550

RElS JP—ord ~ RﬁPford

Together with the isomorphism 58003 = 150N

plete noetherian Og-algebras

8®0g O, we obtain a morphism of com-

Og,P—ord
Soe = I s (5.14)
By 1) RT? g,(g:vo)r% can be topologically generated by g elements over RgC’P_Ord, hence there
exists a surjective map
loc, P—ord Os,P—ord ~, pP—ord
Roo = RSy - ] — OG04 2 ROG oy gl (5.15)

We lift the morphism (5.14) to a morphism So, — Rs. For i € {0,1}, j > 0 and k > 0, we put
M; (N, B, k, Lj) i= Mi(N, B, k, Lj) €05 Occ.

. . . . P—ord . .
Since M;(N,B,k, L;) is equipped with a natural Rﬁsg’émm—actlon via

P—ord o P—ord
Rﬁ,S(OQN),‘B — T(UI(QN>p)p’%O ’

Os,P—ord /~, pP—ord
Rpus(QN)7%(_ vas(QN)7%
hence with an Sy.-action via 1} Moreover, for any open ideal of S, containing ¢y and w%,
by Lemma we deduce that M (N, B, k,L;)/I is a finite flat So/I-module of rank equal to

Ko, et Moy(N,*B, k, L;) (and hence has finite cardinality).

we see MZD(N, B, k,Lj) is equipped with a natural @oE O )-action, and

We use the language of ultrafilters for the patching argument (cf. [34, § 8]). Let § be a non-
principal ultrafilter of Z := Z>¢, R := [[; Op. Let Sz C R be the multiplicative set consisting of all
idempotents ey with I € § where ef(i) = 1ifi € I, and e;(i) = 0 otherwise. Denote by Rz := SglR.
For k € Z>1, put (noting that the cardinality of MZ(N, B, k, L;)/a* and MP(N,B,k, L;)/b" is
finite and bounded by a certain integer independent of N)

MP°(B,k) = lim M{*(%B,k, Lj) := lim ((] | M7V, 8.k, L;)/a") ©r Ry),
J J NeT

Mge(B,k) = lim (([] M5(N, 8.k, L;)/6") ©r Rg).
J NeT

The diagonal Se-action (resp. Oy-action) on
[ M7 (N, 8.k, L;)/a" (vesp. [ Mg'(N,%B,k, L;)/6%)
Nez Nez

induces an Ss-module (resp. an Os-module) structure on M{°(B,k) (resp. on MG°(B,k)).
Moreover, M7°(*B, k) (resp. MG°(B,k)) is equipped with a natural So-linear (resp. Oso-linear)
Lp(Qp)-action. By similar (and easier) arguments as in [28, § 4.5.5], we have:
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Proposition 5.5. (1) M§°(B, k) = My(N,B) R0, Ou/bF = Ordp(S(UP, Op)s)h @0, O /bF.
(2) M{°(B,k) is a flat Soo/a*-module, M (B, k)/ag = M§°(B, k) and

M (B, k) /a; 2 Ordp(S(UP, O /@ +4) )Y (5.16)
(3) M©*(B, k) is a finitely generated Og[[Lp(Zy)]]-module, and in particular, M°(B, k) € €.
For j > 0, k > 1, there exists d(j,k) > 0 (independent of N) such that the RIs;Pord 4 tion

pvs(QN)v‘B

on MP(N, B, k, L;)/a* factors through R g’(gNor% Jml N k) Where my denotes the maximal ideal of

RE g,(g:vo)r% Actually, when k = 1, it follows easily from the fact (by (5.10) and Proposition :

MID(Na B, 17Lj)/a = (Ordp(S(Up7 OE/WE)ﬁ)éj)V;

the general case then follows by considering the a-adic filtration on M (N, B, k, L;)/ak. Note that
d(j, k) — +o0o when k — +oo, and we choose d(j, k) such that d(j', k") > d(j,k) if 7/ > j and

k' > k. Denote by R(N,k,d(j,k)) := Rgg’(lz?]vo)r% ]\; k) ®5.. Seo/aF. When N is sufficiently large

(satisfying ¢y C a¥), then we have

RN, k,d(j, k) /a1 = (B350 T /mN™ @0, ag,) Osc[Bgy]/a*) /ar

= RES/ (w0, o) (5.17)

where m denotes the maximal ideal of Rsord In particular, we see R(N,k,d(j,k)) is an So/ak-
module of bounded rank (with N varylng) Put

R(oo, k,d(j,k)) :== (] R(N,k,d(j, k) ©@r Ry,
NeT

which naturally acts on M (8, k, 7). We have a natural injection Sy, /a¥ < R(oco, k,d(j, k)) (since
Soo/aF < R(N, k,d(j, k)) for all N). By [24, Lem. 2.2.4], we deduce from (5.17)) an isomorphism

R(OO, k‘, d(j, ))/al pSC%d (m da(j, k),wsE(ak—f—ul)).
For N sufficiently large, we have
MP(N, Bk, L;)/ay = (Ordp(S(UP, O /mi® ) )5 Y (5.18)

and the isomorphism is R(N, k, d(j, k))-equivariant, where R(N, k,d(j,k)) acts on the right hand
side via the isomorphism ((5.17). We deduce then the isomorphism (which is obtained via the same

way as in Proposition (2))

M (B, k, L) /a1 = (Ordp(S(U7, Op/m" T))5)"
is R(00, k, d(j, k))-equivariant. The map R, — R(N,k,d(j, k)) induces a natural projection Ry, —»
R(o0, k,d(j,k)), and equips M°(*B, k, L;) with a natural R.-action. Taking inverse limit on j, we
see M{°(*B, k) is equipped with a natural R..-action via

Rog —> lim R(00, k, d(j, k)), (5.19)
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satisfying that the isomorphism in (5.16)) is Roo-equivariant, where the R-action on the right hand

side is induced from the natural action of Ilf goéd via

<— >

Roo /a1 —> lim R(c0, k, d(j, k) /a1 = lim R S% J(mAGE) | 3latran)y (5.20)
J J

Note also we have Su,/aF < @j R(o0, k,d(j,k)).
Let M>*(B) := Hm, M>*(B, k). By Proposition (3), M>*(*B) € €. Using
M7 (N, Bk, Lj)/a* = (M7 (N, B,k + 1, L;)/a*T1) /¥
for all N, we see M{°(B,k,L;) = M>®(B,k + 1,L;)/a*. By [28, Lem. 4.4.4 (1)], we have thus
M (B, k) = MP(B,k+1)/a* for k > 0. By [28, Lem. 4.4.4 (2)], we see M (B) is a flat Se-

module. By Proposition (1) (2) and [28, Lem. 4.4.4 (1)], we also have M®*(B)/ag = M (B),
and

M (B8) /a1 = Ordp(S(U?, Or)5)%. (5.21)
We have a natural injection
~ 1 k . . .
Soo _%nSoo/a <—>£%1L%nR(oo,k,d(],k)), (5.22)

and M{°(B) is equipped with a natural S-linear action of Hm, T&nj R(o0, k,d(j,k)). The mor-

phism (5.19) induces
Ry — 1'%1@]%(00, k,d(j,k)). (5.23)
j

We can hence lift ((5.22) to an injection So, = Roo. The Roo-action on M7{°(8) (induced by (5.23)))
is then Sy-linear. By (5.20) (and taking inverse limit over k), we have a projection

Roo /a1 — RI GG, (5.24)

and the isomorphism ([5.21)) is equivariant under the R.-action, where the R..-action on the right
hand side of 1' is induced from the natural Rg g‘%d—action via 1'

We apply Pagkiinas’ theory. Put

m(B, k) = Home (Py, M(B,k)),
m®(B) := Homg (Py, M (B)).

We have m$°(8) = Hm, m>° (B, k). By the same argument as in [28, Lem. 4.7.4], m{°(B) is a flat
Soo-module. By the same argument as in the proof of [28, Prop. 4.7.7 (1)], m$°(*B) is a finitely
generated Ro-module. Denote by by := (21, , 2,25]) C Oc. We have by (5.21)

n$°(B) /a; = n(B) /b1 = u(UP,B). (5.25)

It is clear that y1,---,yg, 21, -+ , 2,25 form a regular sequence of m{°(%8). Hence by [11, Prop.
1.2.12], they can extend to a system of parameters of m{°(%8). By [II, Prop. A.4], we have
dimp, m$°(B) = dimp_ m(UP,B) +q+n?|S|. Note that the R-action on m(UP,B) factors through
Ri; gf’éd. By Corollary @ (and the fact A is finite over R; gf’%d), we deduce:
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Proposition 5.6. We have

dimp,, m°(B) > 1+ q+n[S|+ > (2n — kg)

vES)
2 , . n(n—1)
=1+g+0°8]+ > (Hilnsa = 13|+ 3|{ilng; = 2} + ———)
vES)
_1+g+n2|S|+Z vaz sz
veSy =1

5.4. Patching II

We construct certain patched modules to apply Taylor’s Ihara avoidance.

Let Q be a finite set of finite places v of FT satisfying that

e v =20°%in F,

e p| (Nm(v) — 1), and if p || (Nm(v) — 1) then n < p™.
Let Ug := [[,eqlw(v), Ya = [[,eqIwi(v), where Iw(v) (resp. Iwy(v)) is the standard Iwahori
subgroup (resp. pro-¢ Iwahori subgroup with v|¢) of G(Fj;), i.e. the preimage via 2&15 of the

matrices in GL,,(Op,) (recalling that we assume G quasi-split at all finite places of F'*) that are
upper triangular (resp. upper triangular unipotent) modulo . We have thus

Ag = [[(FF)" = Ua/Ya.
vEQ

Enlarging F if necessary, we assume E contains p™-th roots of unity if p™ || (Nm(v) — 1) for v € Q.

Let UP = Ug X vaéspuﬂ Uy, and YP = Y X vazspuﬂ U,, and suppose U?P := vazspuﬁ U, is
sufficiently small. For any compact open subgroup U, of G(F* ®@q Q,), S(YPU,, Op/wk); is
equipped with a natural action of Ag. For a continuous character x : Ag — O, we denote by
S, (UPU,, O /wh) the sub Op/wk-module of S(Y?U,, O/wk) on which Aq acts via x. Using
the fact U*P is sufficiently small, we have

Sy (UPU, OE/w%) = S, (UPU,, OE/w%‘*‘l) ®OE/wf§3+1 OE/YD% (5.26)
Consequently, we see

S (UP, 0p) = limlim S, (UPU,, Op /w})
k Up

is also the subspace of S(Up Opg) on which Ag acts via y. By the same argument as in [7, Lem.
6.1], one can show that S. (UP,OF) is a finite projective Og[[G(Z,)]]- module Let S be a finite

6Using that U™ is sufﬁciently small, we can reduce to the following fact: let H be a finite cyclic group, then
(’)E/wE[ ] = Op/wklz]/(z™ — 1) (ublng a generator o of H); let x be a character of H, then Op/wh[H], =
p— J)OE/wE[H] and hence O /wh[H]y = Op /o™ [H]y B0kt Op/wk.

TActually, by loc. cit., we can show S(UP,Og) is a finite projective Op[Aq][[G(Z,)]]-module, from which we
deduce the statement.
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set containing 2, S, and the places v such that U, is not hyperspecial. We define T, (UPU,, *)5 A in
the same way as T(UPU,, x)5 with S(UPUp, x)5 replaced by Sy (UPU,, *)5 for * € {OE,(’)E/wE}
and Ty (UP); := Hm, T (U?,Ok)s (where p is as in § 3.1). Similarly, we can define T (Up)PgBO‘”d
p
which acts faithfully on Ordp(Sy(UP, Og)s)s. We have natural projections
Rps — Ty (UP)5 — Ty (UP)5 5 (5.27)

<24 (assuming 7 is B-generic). We have thus

satisfying that the composition factors through RY 558
a natural morphism R, 5 — "JI‘X(UP) Ord. By the same arguments, we have a similar local-global

compatibility result as in Theorem [4.23) for the T L (UP )5 %ord action on
m(U?,B), := Home(Py, Ordp (S, (U?, Or)5)%), (5.28)

and we have dim rili‘x(Up)l;g”rd[l/;lo] > 1+ > e, (2n — ky) (noting that Ordp(gx(Up, Og)p)s is a
finite projective Og[[Lp(Zy)]]-module by [7, Cor. 4.6]).

Suppose for v € Q, py is trivial. Let xz = (xz,) : Ay := (FX)" — Of. We view x5, as a character
of I via
I; — I3/ P; — FX 225 0%,

Denote by D, the deformation problem consisting of liftings p (over artinian Opg-algebras) of
Pz such that for all o € I the characteristic polynomial of p(o) is given by [[" (X — xz.i(0)).
Denote by RD _ the reduced universal deformation ring of D,., which is a quotient of RE| Let
X = [lyeq Xv For the global Galois deformation rings considered in the previous sections, we ‘add X
in the subscript to denote the corresponding universal deformation ring with the local deformation
problem Rgﬁ replaced by D,, for v € Q(C S). For example, we have deformation rings R5s y,
R%,S,x’ R%D,E,O%(,ix’ E?%?;(Ds etc. By [36, Prop. 8.5], the morphism R;s — 'ﬁ‘X(Up)p (resp. the
composition in ) factors through Rj s, (resp. through Rg SO%(}X)

We are particularly interested in the following setting. Let v; is a finite place of F'* split in F
(with v; = v10%) such that p{ (Nm(v;) — 1), and suppose U? has the following form

UP =Uq xIw(@)x  [[ Uy (5.29)
vgQUSpU{v1}

where U, is hyperspecial for all v ¢ QUS,U{v;} (hence S = QUS,U{v;}). By the assumption on vy,
one can check that U? is sufficiently small. Fori=10,1,k>1,j > 0, N > 1, we define V;(N, B, k:)ij
by the same way as V;(N, B, k)L with S(U;(Qn)P, Op/w%) replaced by Sy (U;(Qn)P, Op/wk). Put
M;(N,B, k, L)y := (Vi(N, B, k)¥")V. Let

loc,P— rd = S = P;— d,0
RSP = (BuenR, ) B0, B, Bog (Bucs, RET30).

The morphisms ((5.14)), (5.15]), and Se — R (lifting (5.14))) induce morphisms

Dsp ord
Soo = I §(Qn) .10

loc,P—ord Os,P—ord
Rooy —ROC Tl agl] — pE(QN(;r,%,x’
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and S, — R, respectively. The module
0 -
Mz’ (N,%,’F,Lj)x = Mi(N,%,’F,Lj)X ®OE Ooo

is equipped with a natural S..-linear action of R ,. We can run the patching argument as in
§ with {Seo, Roo, {MP(N, B, k, L;)}} replaced by {Soc, Rooy, {MZ(N,B,k, Lj)y}}, to obtain
R y-modules m$°(8), replacing the Ro-modules m{°(*8). By the same arguments, we have that
m$°(B), is flat over So and (cf. (5.28))

m(B), /ap = m(UP,B),. (5.30)

As in Proposition we have (if m?°(B), # 0)

kz
dimp,  mP(B)y > 1+ g+n|S|+ Z (Z ngi(n — sg;)). (5.31)
vES) i

Let X' : Agp — O be another character such that x’ = x (mod wg). We have natural isomor-
phisms

Rssy/we = Rpsy/we, (5.32)
Roox/@E = Rooy'/@E (5.33)
We have natural isomorphisms (compatible with ([5.32]))
Mi(N’ B,1, LJ)X = Mi(N’ B, 1, LJ)X’

for all N € Z>1, i € {0,1}, j € Z>0, from which we deduce (using ([5.26))) natural isomorphisms
MZD(N, B, k,Lj)y/wE = MiD(N, B,k,L;), /wr which are compatible with (5.33). These isomor-
phisms finally induce an isomorphism

mi*(B)y/wp — mP*(B)/wE (5.34)
which is compatible with ([5.33]).

5.5. Automorphy lifting

In this section, we prove our main results on automorphy lifting. Recall that S O S, is a finite set
of finite places of '™ which split in F, and for all v € S, we fix a place v of F' above v, and that
we assume Hypothesis [3.4

Theorem 5.7. Let p : Galp — GL,(E) be a continuous representation satisfying the following
conditions:

c~ V_1-n

1. p°=pYe
2. p is unramified outside S.

3. p absolutely irreducible, p(Galp(c,)) € GLn(kg) is adequate and FR2% does not contain

F(G)-
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4. For allv € Sy, py is Py-ordinary, i.e.

pia ke
0 pro ok

Py = . ) ) . (5.35)
0 0 pug

with dimpg py; = ng (< 2).

5. For all v € Sy, py is de Rham of distinct Hodge-Tate weights. Suppose moreover one of the
following two conditions holds

(a) forallve Sy, andi=1,--- kg, ps; is absolutely irreducible and the Hodge-Tate weights
of py; are strictly bigger than those of py;—1;

(b) for allvlp, py is crystalline with the eigenvalues (¢1,- -+ , ¢n) of the crystalline Frobenius
satisfying ¢ip; " # 1,p=! fori # j.
6. Let F5 be Ps-filtration on py induced by , B3 be the block associated to tr(gr' Fy) (cf.

§ and B = ® qegpk By (55,41 — 1) (which is a block of ModlLﬁg(Qp)((’)E)). Suppose:

(a) p is B-generic (Definition see also Lemma [4.20));
(b) Homgalg, (Fﬂé—% P> Py Ok w) = 0 for all vlp, i =1,--- k.

7. There is an automorphic representation w of G with the associated representation p, : Galp —
GL,(E) satisfying

(a) pr =7;
(b) my is unramified for allv ¢ S;

(c) m is B-ordinary (cf. Definition[4.17, see also Lemmal[{.19).

Then p is automorphic, i.e. there exists an automorphic representation ©' of G such that p = pyr.

Proof. Step (1): Let UP = Hv¢ s, Uv be a sufficiently small compact open subgroup of G(A;o;p )
such that U, is hyperspecial for all v ¢ S (enlarging S if necessary). By Lemma the condition
7 is equivalent to the following condition

7’. there exists an automorphic representation 7" such that 7(a), 7(b) hold for 7’ and that the
conditions (a) (b) in Remark hold for 7.

We replace m by 7", and hence assume 7 satisfies the condition 7’. By solvable base change, we
can reduce to the case where

e S=QUS,U{v} is as in § 5.4 (in particular, p { (|Fg,| — 1)),
o for v € Q, py is trivial, and p3|7 = pr3l7 = 19m
e adp(Frobg, ) =1 (hence p3, and p, 7 are unramified, e.g. by [15, Lem. 2.4.9, Cor. 2.4.21]),

e the conditions stay unchanged (with the condition 7 replaced by 7).
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Actually, for v such that py or p, 7 is ramified (we denote by S the set of such places thus S1 C ),
there exists a finite extension M, of F,f" such that p|ga,,, is trivial, and p5|F = po v|IM >~ 197 If
p 1 (|F3| — 1), then we can enlarge M, such that pg|cal,, and przlgal,,, are unramlﬁed otherwise,
we enlarge M, such that if p™ || (|Fy| —1) for m > 1, then n < p™. Since FX"*? qoes not contain
F((p), we choose a finite place v] ¢ S of F*, split in F' (with v = ¥ (?})¢) such that ¥} does not
split completely in F(¢p) (hence p 1 (|Fz| — 1)) and that ad p(Froby ) = 1. By [35, Lem. 4.1.2],

we let LT /F* be a solvable totally real extension linearly disjoint from F Free (Cp) and that for a
finite place w of L™, and v the place of F'™ with w|v, we have

e if v € Sy, then L} = M,,
e if ve Sy, then L), = FF (2Q,),

e if v =vf, then L = F}.
1

Let v1 be a place of Lt above v]. We replace P by Hw‘p P; where P; = P; for a p-adic place w
of L™ with v the place of F'* such that w|v (and where w is a place of L above w that we fix as
we have done for places in F, cf. §, and we replace F//F* by L/L". Using [25, Prop. 2.7] [15,
Lem. 4.2.2], we reduce to the situation below the condition 7’ (noting that the base change of 7 to
L still satisfies the condition 77).

Step (2): Let U? be as in (5.29), and let y = [Locaxs : Ao = OF with x5 = (X3,)i=1,- ,n satisfying
that xz; = 1 (mod wg) and that the x3,’s are distinct for ¢ = 1,--- ,n. We have as in § an
R 1-module m®(B);, and an R y-module mS (%)X. By the assumptions (i.e. 7 is unramified

for places not in S, U2, and for v € €, we have 7r~ 7é 0 (since pr 3|7 = 197)), « UP £0. By the
condition 7’ and Lemma we have thus

Ordp(S1(UP, Op)s)s = Ordp(S(UP, Op)s)s # 0.

Hence m(UP,B); = m(UP,B) # 0, and m§°(B); # 0. Let m, be the maximal ideal of Rﬁs‘%dl[ /D]

associated to (p,{pz,}), mY be the preimage of m, via the projection R 1[1/p] — p,sc%dﬂl/ |
(cf. 1) Let x € Spec}?fsoédl[l/p], Too € Spec Ro 1[1/p] be the closed points associated to my,
m>° respectively.

By Corollary and Condition 6(b) (for places in Sp), [35, Prop. 3.1] (for places in Q) and [15
Lem. 2.4.9, Cor. 2.4.21] (for v1), Rx,1, Rso,y are both equidimensional of relative dimension

g+n2SI+ Y ( an =)

veES, =1

over Op. By , we see m7°(B); is supported on a union of irreducible components of Spec R 1.
Giving an irreducible component C of Spec R 1 or Spec R is the same as giving an irreducible
component C, of each v € S. However, C, is unique if v € S, by Condition 6(b) and Corollary
or v = vy (noting R%Ul is formally smooth over Og). So giving C (as above) is the same as
giving an irreducible component C, of each v € €, and we denote by C = ®,cqCy. By ,
Proposition (and the fact m$°(B); # 0), there is an irreducible component C = ®,eqC, of
Spec Roo1 contained in the support of m$°(8);. Denote by C the modulo wg reduction of C. We
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see C is contained in the support of m$°(B); /wg. Using the isomorphism in , we deduce that
C is contained in the support of m$°(B),/wg. Thus Supp Roo, MP°(B)y contains an irreducible
component C' = ®,eqC,,. Since Rgg,m is irreducible for v € Q (cf. [35, Prop. 3.1 (1)]), we see
C, = Rﬁmg,xa for v € Q. Using again the isomorphism in , Suppg.__ , e, M7 (B)1/wE contains
the modulo wg reduction C’ of C'. However, by [35, Prop. 3.1 (2)], we deduce that the modulo
wpg reduction of any irreducible component of Spec R 1 is contained in C'. Together with [35]
Prop. 3.1 (3)], we deduce any irreducible component Spec R 1 is contained in Suppg_ , m°(B);.
In particular Zoo € Suppg_ 11/, M7°(B)1[1/p]. And we have thus mi°®(B)1[1/p]/m2° # 0. Using
(5-30), we deduce then m(U?, B)[1/p]/m,, # 0 (noting m(U?, B), = m(U?,%B)). The RE 3% -action

onm(U?, B) factors through T(U? )g %Ord =Ty (U )g g’rd, we deduce there exists a maximal idea m’

of ﬁ‘(Up)ggord[l/p] (which is actually equal to the image of m,) such that m(UP,B)[1/p]/mZL # 0.
By Theorem we obtain a closed point z = (27, {23,}) € Spec A[1/p] where zr is the point
associated to my, and z;,; = tr pz,; (noting that the preimage of m, of the first morphism in 1)
is the prime ideal corresponding to {tr pz,}).

Step (3): Suppose the condition 5 (a), then by Proposition 27 is classical, and the theorem
follows.
Suppose now the condition 5 (b). By Proposition we have a non-zero map

® ves, (Tzp, ®pe’it1 " odet) — Ordp (§(Up,E)5)%[mT].

x

Since pg,; is crystalline, by the p-adic Langlands correspondence for GL2(Q)), the irreducible con-
stituents of %2;11 are all subquotients of locally analytic principal series (induced from locally alge-
braic characters of T (Qp)). We deduce then there exist locally algebraic characters xz of T'(Q)) for
v € Sp, such that

®ves, Xo — Jpnrp (Ordp (S(UP, E)z) 5 [mI]™), (5.36)

X
where Jpnr,(—) denotes the Jacquet-Emerton functor ([18]). From the locally analytic representa-
tion Jpnr,(Ordp (S(U?, E)5) a%n), using Emerton’s machinery [19], we can construct an eigenvariety
ngord as in [7), §7.1.3], such that

e any point of Sg ~ord can be parameterized as (m., x) where x is a character of T(F*+ ®q Q)
(= Ilyes, T(Qp)) and m. is a maximal ideal of T(Up)gg’rd[l/p];

o (m,,x) € Eg_ord if and only if

JpaLe (Ordp (S(UP, B)p) ) m., T(F* ©g Q,) = x] # 0.

In particular, by , we see ¢ = (m£,®veSpX5) € &g*(’rd. By the same argument as for
[T, (7.28)], one can show there exists a natural injection (5£_°rd)r6d — & where & denotes the
eigenvariety associated to G with the tame level UP (constructed from Jp(S(U?, E)3")). Hence we
get a point r = (mZ ®Ques, X7) € €. Since p, 5 is crystalline and generic for all v € S, by [8, Thm.

5.1.3, Rem. 5.1.4], ml is classical. This concludes the proof. O
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5.6. Locally analytic socle

We use the (patched) GL2(Qjp)-ordinary families to show some results towards Breuil’s locally
analytic socle conjecture [6] for certain non-trianguline case. We begin with some preliminaries on
representations.

Lemma 5.8. Let U be a unitary admissible Banach representation of Lp(Qy) over E, U™ be the
subrepresentation of locally analytic vectors. Then the following diagram commutes

an GP anyan
U™ —— (Indgr, U™

l l (5.37)

Gp C
U —— (ndZ, U,

where (Ind =) (resp. (Ind —)C) denotes the locally analytic (resp. the continuous) parabolic in-
duction, where the top horizontal map sends u to f, € C*(Ny, U™) — (Ind%(’(@ )Ua]“)a][1 via [20),
(2.3.7)] (see §f07‘ No) with f,, the constant function of value u, and where the %ottom horizontal
map is given by the composition (see [20, Cor. 4.3.5] for the first isomorphism, and see [20, (3.4.7)]
for the second map, which is the canonical lifting map of loc. cit. with respect to Ng)

N Gy c Gp C
U = Ordp ((Indg7,  U)¢) — (Indgyy  U)°.

Proof. The lemma follows by the same argument as in [7, Lem. 4.20]. O

Lemma 5.9. Let V be a unitary admissible Banach representation of Gy := G(FT ®q Qy) over E,
and U be a unitary admissible Banach representation of Lp(Q)) over E. Suppose that we have an
Lp(Qp)-equivariant non-zero map U — Ordp(V'), such that the following composition is non-zero:

Udls « 5 U — Ordp(V). (5.38)

Then the composition (where the second map is induced by the second map of by [21, Thm.
4-4-6])

(Ind%(’(@p) Ulalgyan (Ind%’(@p) U — Vv (5.39)

is non-zero. Moreover, the following diagram commutes

Ulalg (Indgp Ulalg ) an

P(Qp)
5.38l l (5.40)
OI‘dP(V) E— Vv

where the top horizontal map is given as in the horizontal map of with U replaced by U'™8,
and the bottom horizontal map is the canonical lifting with respect to Ny.

Proof. Tt is sufficient to show (5.40]) is commutative. However, by [21I, Thm. 4.4.6], the following
diagram commutes

Gp c
U — (Indﬁ((@p) U)
5.38l l
Ordp(V) —— Vv
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The lemma then follows from Lemma (noting that as an easy consequence of Lemma the
statement of Lemma holds also with U?" replaced by any closed subrepresentation of U?", and
in particular holds for U'al#). O

For a weight A = (A1,---,\,) of GLy, let L()\) be the unique simple quotient of U(gl,,) Oy A
with b the Lie algebra of the Borel subgroup B of lower triangular matrices. If X is integral and is
dominant for a parabolic P O B, then L()\) lies in the BGG category (’)glg (cf. [27, § 2], where p is
the Lie algebra of P).

Theorem 5.10. Suppose that all the assumptions, except the assumption 5, of Theorem[5.7 hold

and suppose that we are in the situation of Step (1) of the proof of Theorem . Suppose the
followings (as a replacement of the assumption 5 of Theorem hold

e for all v|p, py is Hodge-Tate of distinct Hodge-Tate weights hyq > -+ > hyp;
o forallvlp,i=1,--- kg, ps, is de Rham and absolutely irreducible.

Then there exists a non-zero morphism of locally analytic Gp-representations:
BupFaln (L(=s5 - Ag), 757) —> S(UP, B)[m, |, (5.41)

where

“

o “—[m,]” denotes the subspace annihilated by the mazimal ideal m, C Rj s[1/p] associated to
p;

J fg}”(—, —) is the Orlik-Strauch functor ([27]),
o Xy = (M1, Agp) with Ay :=hg,; +i—1 (so Ay is dominant for B),

o X = ®f§17r§‘ji(sa7i+1 — 1) with “~(szi41 — 1)7 the twist unr(p~wi+17D) o det and with
w55 the smooth GLy, (Qp) representation corresponding to WD(pg ;) (normalized in the way

that %(pg’i)lalg is 1somorphic to the tensor product of ©55, with an algebraic representation of

GLi; (@),

e s3 € S, satisfies that we have an equality of ordered sets

(hi,sgl(l)’ T ’hﬁ,sgl(n)) = (h’%,hl’ hpa,bnﬁ,lv T 7hpa,k5717 hpi,kavnﬁ,kg)’
{Ppsi1s hos s b being the set of the Hodge-Tate weights of py; with hpy ;1 > hps ns. (50
—s3 - Ay is dominant for P).
Proof. By Step (2) of the proof of Theorem (and we use the notation there), we have z =

(x7,{#,}) € Spec A[1/p]. By Proposition there exists a non-zero Lp(Qp)-equivariant mor-
phism (without loss of generality, we assume the residue field at x is equal to F)

ves, (T, ®p 17 o det) — Ordp (S(UP, E)p) 5 [m2]. (5.42)
i=1, kp
Note that Ordp (§(UP,E)ﬁ)%[mf] = Ordp (§(UP,E)5)%[mp]. Since pg; is absolutely irreducible,
we have 7., , = T(py;). Also by the same argument as in the proof of Proposition (5-42)
induces a non-zero Lp(Q))-equivariant morphism

&)

® ves, (F(p5)™8 @p 171 odet) — Ordp (S(UP, E)j) g [m,].
i=1, kg
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mim W u n non-zer -equivariant morphism
By Le a e deduce hence a non-zero Gp-e ariant morphis

Bues, ( Ind%"(@”) @2 (F(pya) ™8 @p %701~ o det))™

= (Ind%’ ® ves, (F(ppi) ™8 @p it~ odet))™ — S(UP, E)y[m,).
i=1, kg

For v € 5, we have

@7 (F(pra) ™8 ©p €017 o det) = 72 @ L(sy - Ag) p,

where L(sy - Ay) p, denotes the algebraic representation of the Levi subgroup of Py (containing the
diagonal subgroup) of highest weight s - Az (with respect to the Borel subgroup of upper triangular
matrices). By [0, Cor. 2.5] and [10, Lem. 2.10], we have

~ G 7
|p]:GL"( (=85 Ag) m5) = F5" (Qves, L(—s7 - Ap), ®ves, ™)
= socc;, (104 @5, (15 05 Lisy - Ao) )™ — SO, E)alm . (5.43)
We show the composition is non-zero. By Lemma [5.9] the composition

@ues, (1 Op L(s5 - X)p,) — (Ind? Ques, (1 ®p L(ss - Ag)p,))™ — S(UP, E)z[m, )™

is non-zero. By [5 Prop. 3.4 (i)], the first map actually factors through ng(®vegpf(—35-
%), @ues, ). We deduce thus ((5.43) is non-zero, and this concludes the proof. O

Remark 5.11. Keep the assumptions and notation in Theorem[5.10, and assume p is automorphic

such that S(UP, E) [m,]'al8 £ 0. Let II° be the unique generic subquotient of (IndGLgéQ;p) m°)>. By

the local-global compatibility in classical local Langlands correspondence, we have
@ues, (I @p L(g)) — S(UP, B)[m,]*", (5.44)

where L(\y) denotes the algebraic representation of GL,(Qyp) of highest weight Ay (with respect to
B). Let Qy 2 Py be the maximal parabolic subgroup such that si - Ay is dominant for Qz, and Lg,

be the Levi subgroup of Qi containing the torus. Assume (IndS Lay (@) 20)°° is irreducible

Pol@)1ka; (@) i

Q (Qp) 00\ 00
forv € Sy By [10, Lem. 2.10] [27, Thm. (iv)] (and the fact @yes,(Ind; Po(@) Lo (@) )

is irreducible as smooth [[,cq Lo, (Qp)-representation), we see ®U€5 ]:GL"( L(—s5 - Ap), ) is
topologically irreducible. When there exists v € S, such that sz # 1, then fGL"( L(—s5-\y),7m°) is
not locally algebraic, and the morphism (5.41) provides an injection (other than (u)

Bues, T (L(=sy - X),75°) = socg, S(UP, E)[my]™ (5.45)

This extra constituent appearing in the socle of S(U?, E) [m,]*" is predicted by Breuil’s locally ana-
lytic socle congecture ([3, Conj. 5.3]), which was proved when py is crystalline and generic in [§]
(see also [H], [T7] etc. for partial results on the conjecture). However, all the previous results used
eigenvam'eties i an essential way, and hence were limited to the case where pgy is trianguline. By
contrast, also applies to the case where 7T~l- is cuspidal for some i (with sz # 1, ng; = 2),
which then gives a non-trivial example (probably the first, to the author’s knowledge) towards the
conjecture in this case.
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