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Abstract

Let K be a finite extension of Q,, and p be an n-dimensional (non-critical generic) crys-
tabelline representation of the absolute Galois group of K of regular Hodge-Tate weights. We
associate to p an explicit locally Qp-analytic representation 1 (p) of GL,(K), which encodes
some p-adic Hodge parameters of p. When K = Q,, it encodes the full information hence re-
ciprocally determines p. When p is associated to p-adic automorphic representations, we show
under mild hypotheses that 71 (p) is a subrepresentation of the GL,, (K)-representation globally
associated to p.
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1 Introduction

The locally analytic p-adic Langlands program for GL,(Q,) aims at building a correspondence
between n-dimensional p-adic continuous representations of the abosulte Galois group Galg, of Q,
and certain locally analytic representations of GL,(Q,). In particular, it is expected to match the
parameters on both sides via the conjectural correspondence.

On the Galois side, the p-adic Galg,-representations are central objects in the p-adic Hodge
theory, and are classified by Fontaine’s theory. Among these representations, the de Rham ones are
particularly important, as they include those arising from geometry ([29]). The p-adic Langlands
program for de Rham representations is expected to be compatible with the classical local Langlands
correspondence (e.g. see [16]). More precisely, by Fontaine’s theory, for a de Rham representation
p over a p-adic field E, one can associate an n-dimensional Weil-Deligne representation r, which
furthermore corresponds, via the classical local Langlands correspondence, to an irreducible smooth
representation mem(r) of GL,(Q,) over E. If p has regular Hodge-Tate weights h = (h,- -, hy),
then the locally algebraic representation

Talg (T, h) 1= Ty (r) ®p L(h — 0)

is expected to be the locally algebraic subrepresentation of the conjectural locally analytic represen-
tation 7’ (p) associated to p, where # = (n —1,---,0) and L(h — @) is the algebraic representation
of GL,,(Qy) of highest weight h — . One can clearly recover r (up to F-semi-simplification) and h
from the representation of m,s(r, h). However, passing from p to (r,h), one loses the information
of Hodge filtration of p. A fundamental question in the p-adic Langlands program is to find the
missing information on Hodge filtration on the automorphic side, say, in the conjectural locally
analytic representation 7°(p). After the pioneer work of Breuil ([4][6]), the question was settled
for GL2(Q,) by Colmez, establishing the p-adic Langlands correspondence ([21]). It remains quite
mysterious for general GL,(Q,). In this paper, we address the question for (non-critical generic)
crystabelline Galg,-representations p, those that become crystalline when restricted to the absolute
Galois group of a certain abelian extension of Q.

For simplicity, we assume in the introduction that p itself is crystalline. Then by Fontaine’s
theory, p is equivalent to the associated filtered ¢-module Dgis(p). We assume the ¢-action is
generic (and we simply call such p generic), which means the p-eigenvalues a = (a;) on Deis(p)
are distinct, and aiaj_l # p for i # j. In this case, r =2 @', unr(o;) and we denote r by a. The
classical local Langalnds correspondence in this case is simply given by

Tsm (@) = (Indgli?ég‘)’) unr(a)n)>
where unr(a) = unr(ap)X- - - unr(ay,), n = || 7"K|-|>7"X- - K1 are unramified characters of T(Q,),
and B~ is the Borel subgroup of lower triangular matrices. Let Fil}; denote the Hodge filtration,
which is a complete flag in Deis(p) as h is regular. Let e; € Deyis(p) be an eigenvector for a;;. Under
the basis {e;}, Fil} is parametrized by an element in 7'\ GL,, /B, which we call the p-adic Hodge
parameter of p. Recall that p is called non-critical if Fil}; is in a relative general position with
respect to all the n! p-stable (complete) flags. When n = 2, T\ GLy /B is a finite set of cardinality



3. So there are at most 3 isomorphism classes' of p, distinguished by the relative position of Fil},
with the two p-stable flags. The information is reflected by the extra socle phenomenon on the
GL2(Qp)-side. In this context, Breuil formulated a conjecture concerning the locally analytic socle
of GL,,, which characterizes the relative positions of Fil}; with the p-stable flags. The conjecture was
subsequently proved (under Taylor-Wiles hypotheses) by Breuil-Hellmann-Schraen ([14]). However,
a significant difference between the cases n = 2 and n > 3 lies in the extra parameters for non-
critical p (with fixed (a,h)): when n = 2, the non-critical p is unique, whereas for n > 3, there are
additional (new) parameters for non-critical p (as T\ GL,, /B is now an infinite set). We refer to
Example 2.10 for a concrete example of n = 3.

In the paper, we reveal these p-adic Hodge parameters on the GL,,(Qp)-side. It turns out it is
convenient to work with (¢, I')-modules over the Robba ring instead of Galois representations. De-
note by ®I',c(a, h) the set of isomorphism classes of non-critical crystalline (¢, I')-modules overlying
a of regular Hodge-Tate weights h. Under the basis of p-eigenvectors {e;} in the precedent para-
graph (noting that Deyis(D) = @], Ee;, as ¢-module, for all D € ®I'y(a, h)), the set ®I'yc(e, h)
can be identified with a Zariski open subset of T\ GL,, /B. For each D € ®I', (e, h), we asso-
ciate an explicit locally analytic GL,,(Qp)-representation (D) (see Theorem 1.3 below for the
construction). We have:

Theorem 1.1. (1) (Local correspondence) For D € ®T'ywc(a, h), socgr, (g,) T1(D) = Tag(a, h), and

(D) = Tag(a, h)®(2n7n<n2+1)71). Moreover, for D' € ®I'y(a, h), m (D) = 7 (D) if and only if
D' = D.

(2) (Local-global compatibility) Suppose p is automorphic for the setting of [18] (or the setting
in § 4.2.2), and let w(p) be the unitary Banach representation of GL,(Qyp) (globally) associated to
p. Assume Diig(p) € ®T'vc(¢, h). Then for D € ®I'y(a, h),

T (D) = 7(p)™ if and only if D = Diig(p).
In particular, 7(p)*™ determines p.
n(n+1)

The quotient m,iq(a, h)®(2n_ 2 Y of m (D) appears in the “third” layer in its socle filtration.
Let mmin(D) be the minimal subrepresentation of 71 (D) such that the composition (D) <

T (D) = mag(a, h)@@n*%*l) is surjective. The representation myi, (D) has a much cleaner
structure, for example, its socle filtration has only three grades (see § 3.2). Note that one can
replace everywhere 71 (D) in the statements by 7y (D). The extra locally algebraic constituents in
the cosocle of 71 (D) were unexpected, not to mention their huge multiplicity. It is one of the reasons
why it took a long time to find the Hodge parameters. In fact, the work grows out from the finding of
such extra constituents in [26] while trying to exclude such constituents for GLa. We remark that the
existence of the extra locally algebraic constituent was first proved by Hellmann-Hernandez-Schraen
in the split case for GL3(Qp) ([31]). The multiplicity 2" — w — 1 can be explained as follows:
for each choice of 3 distinct p-eigenvalues, the corresponding 3-dimensional filtered ¢-submodule of
D¢;is(D) carries one parameter. With these parameters fixed, the associated 4-dimensional filtered
p-submodule for each choice of 4 distinct p-eigenvalues adds an additional parameter... Continuing

n

in this way, the total count of parameters amounts to ((3) + (}) +---+ (1)) =2" — w —1.

n

For a finite extension K of Q,, we also construct a locally Q,-analytic representation (D)
with socqr,, (k) T1(D) = Tag(a, h) and 71(D) — 7Tag(a, h)®(2n_n(n2+1)_1)[K:QP]. The local-global

IThe étaleness of p will imply that some of these classes may not occur. In most general cases, there is typically
a unique isomorphism class. But note if we relax the étaleness condition, and consider crystalline (p,I')-modules
instead of p, all these classes can appear.



compatibility result still holds. But a major difference is that when K # Q,, m1(D) just deter-
mines the filtered p/-module Dgis(D), (where f is the unramified degree of K over Qp) for each
embedding o rather than D itself. For example, when n = 2, w1 (D) are all isomorphic (for different
D € ®T',c(a, h)) but there are still extra parameters, see for example [5, § 3].

We make a few additional remarks on Theorem 1.1.

Remark 1.2. (1) Very little was known about such a local correspondence when n > 3. We highlight
some related results. When n = 3, in [10], we showed how to recover the Hodge parameters in the
semi-stable non-crystalline case (given by the Fontaine-Mazur L-invariants) in the locally analytic
GL3(Qp)-representations and proved a local-global compatibility result in the ordinary case. When
the Weil-Deligne representation r associated to p is indecomposable, the (largely open) conjecture
on Ext! in [9] (see also [11]) suggests a way to recover the p-adic Hodge parameters on the auto-
morphic side. In contrast, the (non-critical) crystalline case was somewhat more mysterious, as
such parameters are entirely new for n > 3. We finally mention that the results for GL3(Q,) were
presented in the note [25] (not intended for publication), which may help readers quickly understand
the story.

(2) The phenomenon where the Hodge parameters lie in the extension group of certain locally
algebraic representation by certain locally analytic representation traces back to Breuil’s initializing

work in [4].

(3) Similar results are also obtained in the patched setting. Let Il be the patched Banach
representation over the patched Galois deformation ring Reo of [18]. We show that if there is a
mazimal ideal m, of Roo[1/p] associated to p such that Is[m,)'®8 =£ 0, then for D € ®l'ye(a, h),

(D) = Huo[m,] if and only if D = Diig(p).

(4) We finally remark the representation w (D) should still be far from the final complete locally
analytic GLy,(Q))-representation associated to D (so we choose not to use the notation 7(D)).

We now give the construction of 71 (D). We first look at the Galois side. For each w € S, let
Ext,}u (D, D) be the extension group of trianguline deformations of D with respect to the refinement
w(a) (see the discussion above (2.5)). Recall there is a natural (weight) map

K Ext (D, D) — Hom(T(Q,), E)

sending D to ¢ such that D is trianguline with parameter unr(w(a))z"(1 + tbe) (that is a char-
acter of T(Q,) over E[e]/e?). The map k,, is surjective (e.g. see [2, Prop. 2.3.10]). One can

show that Ker x,,, as a subspace of Ext%w I (D, D), is independent of the choice of w, denoted by

Exty(D, D) (cf. Lemma 2.12). For a subspace Ext}(D, D) C Extaa ry(D, D) containing Exty(D, D),

set m%(D, D) := Ext}(D, D)/ Ext}(D, D). We have hence a bijection
K : Bxto (D, D) =5 Hom(T(Q,), E).
By [19], the following “amalgamating” map is surjective (see also [36] [30])
Sues, Bxty, (D, D) —» Bxtga, (D, D). (1.1)

Now we look at the GL,(Q))-side. For each w, consider the locally analytic principal series (e
denoting the cyclotomic character)

PS(w,a,h) := (Indﬁ?’éé%) unr(w(a))zPe o §)20,
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The explicit structure of PS(w, a, h) is well-understood by Orlik-Strauch ([42]). For example, we
have socqr,,(g,) PS(w, @, h) = m4(a, h), which has multiplicity one as irreducible constituent of
PS(w, a, h). For w € S,,, consider the composition

Cw : Hom(T'(Qy), E) — ExtéLn(Qp)(PS(w,g, h),PS(w,a,h)) — EXt(l}Ln(Qp)(Walg(Qa h), PS(w, o, h)),

where the first map sends ¥ to (Indgg’(‘é%) unr(w(a))z? (e 0 0)(1 +1€))?*, and the second map is

the natural pull-back map. Using Schraen’s spectral sequence ([45, (4.38)]), one can show that ¢,
is in fact bijective. Now we amalgamate these principal series: let 7(a, h) be the unique quotient of

the amalgamation EB;"GISEZ N PS(w, a, h) of socle mae(c, A) (which was introduced and denoted by
alg\ &,

7(D)® in [15]). For each w € S,, there is a natural injection PS(w, o, h) < m(a, h) which induces
an injection

ExtéLn(Qp) (malg (2, h), PS(w, a, h)) — ExtéLn(Qp) (malg (e, h), 7(a, h)).

We denote by Ext. (mag(a, h), 7(a, h)) its image. The following “amalgamating” map is also sur-
jective (see Proposition 3.7 (2) and compare with (1.1)):

EB’wESn Ethly (ﬂalg (gv h)v W(Q, h)) I EXt%}Ln (Qp) (ﬂ-alg (ga h)7 Tr(@? h)) . (12)
The construction of 71 (D) follows from the following theorem.

Theorem 1.3 (cf. Theorem 3.21). For D € ®I',.(a, h), there is a unique (surjective) map
——1
tp: ExtéLn(Qp)(Walg(g, h),7(a, h)) — Ext(, ) (D, D)

such that the following diagram commutes:

Bues, Bxty (D, D) 2 & Extl (rag(a, b), w(a, b))

(1.1)l (LQ)l

=1 ¢
Ext(, (D, D) —2 EXtéLn(Qp) (malg(a, h), m(a, h)).

Moreover, dimgm%%m(D,D) = w + n, dimpg ExtéLn(Qp)(ﬂ'alg(a,h),w(a,h)) =2"+n-1

hence dimg Ker(tp) = 2" — w _1.

The representation 71(D) is then defined to be the (tautological) extension of ma,(a,h) ®g

Ker(tp) = mag(a, h)®( by m(a,h). More precisely, choosing a basis {v;} of Ker(tp)
with &(v;) the associated extension of (e, h) by 7(a, h), m1(D) is the amalgamated sum of
these &(v;) along m(a,h), which is clearly independent of the choice of {v;}. The structure of
m(a, h) is complicated (see for example [15]). However, the theorem actually holds with 7(a, h)
replaced by its subrepresentation given by the first two layers in its socle filtration, which has a much
easier and cleaner structure, see Theorem 3.21 and § 3.1.2. The extension of m,(c, h) @ g Ker(tp)
by this subrepresentation actually gives myin(D) in the discussion below Theorem 1.1.

n n(n+1
22l -1)

One can deduce from Theorem 1.3:

Corollary 1.4 (cf. Corollary 3.24). The map tp induces a bijection

tp : Bxtly, o, (Tag(, B), w1 (D)) = Ext(, (D, D).

5



It is not so clear from the construction that (D) determines D, and we will discuss this point
a bit later.

We first explain the proof of the local-global compatibility (Theorem 1.1 (2)). For this, we
will use an alternative formulation of Theorem 1.3 given as follows. Let 7" (resp. 7'"V) be
the (universal) extension of mue(a,h) ®F EXtéLn(@p)(ﬂ-alg(Qa h), w(a,h)) (resp. of Tag(a,h) @p
Exty, (maig (., h), 7(a, h))) by m(a, h) (defined in a similar way as in the discussion below Theorem
1.3). By (1.2), 7"V is generated by all the subrepresentations 7li™ for w € S,. On the Galois
side, letting Rp be the universal deformation ring of deformations of D over Artinian local E-

algebras and m be its maximal ideal, the quotient mzw’r)(D, D) corresponds to a local Artinian

E-subalgebra Ap of Rp/m?, and mgﬂ(D,D) corresponds to a quotient Ap,, of Ap. Using the
isomorphism ¢, o Ky, there exists a natural action of Ap,, on m™"

w
Ext,, (D, D)V = Ext! (mug(a, h), 7(a, h))" acts via

~

2
such that = € myay, ,/my =

ﬂ_;lvniv - Walg(gv h) QF Ethlu (7Talg (Qu h)7 77(@7 h)) — Talg (Qa h) — qu};niv‘

The following corollary gives a reformulation of Theorem 1.3.

univ

Corollary 1.5 (cf. Theorem 3.35, Corollary 3.36). There ezists a unique action of Ap on m
such that for each w € S, the Ap-action on its subrepresentation T'™ factors through the natural
Ap w-action. Moreover, we have w1 (D) = m"™V[m4,].

Suppose we are in the patched setting as in Remark 1.2 (4), and let D = D,j,(p). Working with
the patched eigenvariety of [13], and using the global triangulation theory ([34][38]) and Emerton’s
adjunction formula [27], we can obtain Ap x GLy,(Qj,)-equivariant injections 72V —s T, [mz] for
all w € S, where the Ap-action on the right hand side comes from the R.-action (noting Rp is
isomorphic to the universal Galois deformation ring of p). These injections “amalgamate” to an
Ap x GLy,(Qp)-equivariant injection

T T [m?], (1.3)

hence by Corollary 1.5 an injection ¢ : m1(D) = 7"V[m4,] < Ieo[m3 + my,]. With some extra
arguments (where we refer to § 4.1 for details), one can show ¢ has image contained in Il,[m,].
Now for D’ € ®I'yc(e, h), if m1(D’) < II[m,], one can prove (cf. the proof of Corollary 4.6) that
it factors through the injection (1.3), i.e. we have

univ

7 (D) — 7" — Tl [mg].

As Ap(— Rp/m?) acts on oo [m,] hence on its sub 71 (D’) via Ap/my4, and (1.3) is Ap-equivariant,
71 (D’) — 7Y has image contained in 7% [ma,] = (D). As m(D’) and (D) have the same
irreducible constituents with the same multiplicities, this implies 71 (D’) = 71(D).

We now explain why 71(D) determines D. We use an induction argument. We first discuss
how to see the Hodge parameters inductively on the Galois side. Let a! := (a1, -+, a,_1), h! =
(hy > hg > -+-> hp_1) and h? = (ha > hg > -+- > hy). Then D admits a unique saturated (¢, I")-
submodule D; (resp. a unique quotient Cy) such that Dy € ®'.(a', h!) (resp. C1 € ®T'e(at, h?)).
In fact, we have two filtrations on D:

F: 0— D] — D — Rg(unr(ay,)z"™) — 0,
4 : 0— Rp(unr(a,)z™) — D — C; — 0.

Let tp € Hom, r)(D1,C1) be the composition

LD:Dl‘—>D—»Cl.



Proposition 1.6 (cf. Proposition 2.3). For n > 3, we have dimg Hom, r)(D1,C1) = 2, and D is
determined by Dy, C1, oy, and (the E-line generated by) vp.

Set ®T',o(D1,C1, o) C DT (e, h) to be the subset of isomorphism classes of (¢, I')-modules D
satisfying moreover Hom,, 1y (D1, D) = Hom,, 1) (D, C1) = E. By Proposition 1.6, ®T'y(D1, C1, ap)
can be identified with a subset of the projective space of Hom, r)(D1,C1). We will show, under
an induction hypothesis, that tp can be revealed in (D). For this, we first show that ¢p can be
detected by paraboline deformations of D with respect to the two filtrations .% and ¢. Similarly
as in (1.1) by considering the paraboline deformations with respect to .# and ¢, we have a natural
map

Ext(,r (D1, D1) @ Ext(, ry(C1, C1) — Exty, (D, D), (1.4)

sending D1 (resp. C1) to a (or any) deformation D of D of the form (whose image in Eixté%r) (D, D)
does not depend on the choice):

0— Dy — D —> REg)e (unr(ay)z") — 0,

(resp. 0 — Rpjq/e2 (unr(oy,)2™) — D —s C; — 0).

We determine the kernel of (1.4). For any « € Hom, (D1, C1), consider the natural maps

_ =1

v~ Ext,py(Cr, D1) — Ext{, (D1, D1) — Ext, (D1, D1),
=1

PR EXt%%F) (Cl, Dl) — Exté%r)(Cl, Cl) — EX’E(%F)(Cl, Cl)

We set V, to be the image of the following map

(L= t) =1 ]
Ext(, py(C1, D1) —— Ext(, (D1, D1) & Ext,, ) (C1, C1).

Theorem 1.7 (cf. Corollary 2.34). (1) For, /' € Hom, ry(D1,C1), V, = Vi if and only Ev = EU'.
(2)We have Ker(1.4) =V,,,.

We move to the automorphic side. Applying Theorem 1.3 to D and C respectively, we obtain
locally analytic representations 71 (D7) and 71 (C1) of GL,—1(Qp,). We have by Corollary 1.4:

-1
tDl:EXt%}Ln_l(Qp)(Walg(Qlahl)aﬂl(Dl)) —  Ext(, (D1, Dy),

~

te, - Bxtly, o) (Tag(a', h%), w1 (C1)) = Exti,r(Cr, C1).

The representation 71 (D) is in fact compatible with parabolic inductions and paraboline deforma-
tions (see Proposition 3.27). In particular, we have natural injections

Jp, : ISI:@%’)((m(Dl)s_l) X unr(ozn)zh") — m (D)

jor  Iouis s (unr(an) 2 e =) R (C1)) — (D),

where ISE&(}Qf )(V) denotes Emerton’s parabolic induction ([27]), which roughly speaking is the
P
minimal closed subrepresentation of the standard locally analytic parabolic induction containing

. GLn—l * . GLl *
V, and where P = < 0 GL1>’ and Q = < 0 GLn_1>' As m1(D1) (resp. m1(C1)) has



exactly (2771 — @ — 1)-copies of Tag(al,h!) (resp. mag(al,h?)) in the cosocle, it is not
difficult to see there are exactly (2"~ ! — @ — 1)-copies of m,g(a, h) in the cosocle of both
Im(jp,) and Im(jc, ). One can show furthermore these locally algebraic constituents are “disjoint”
(e.g. using Proposition 3.13 and Lemma 3.23): letting 71(D1, C1, ) be the subrepresentation of

m1(D) generated by the image of jp, and jc,, and 7(a, h), then 71 (Dy, C1, o) is isomorphic to an
n(n—1) _1)
2

extension of m,,(a, h)@Z(zn_l_ by m(a, h). We have compositions

e tDy
J7Ext (D1, D) —5 Bxtly | (mag(e',h'), (D)) = Extly, (tagla, h), m (D1, Ch,an)),

—1

e
gt Ext (Cy,CY) %1—> ExtéLW (Walg(gl,h2),7rl(01)) — Ext%;Ln (Walg(g, h),m(Dl,C'l,ozn)),

1

where the second map in each composition is induced by taking the corresponding parabolic induc-
tion (with P~ for j~ and Q™ for jT, see § 3.2.1 for details). By the compatibility of the map tp
in Theorem 1.3 with parabolic inductions (cf. Proposition 3.27), one can show that tp factors as
(where the first map is the natural push-forward map via 7(a, h) — 71(D1, C1, ay,), and one can
show it is surjective)
tp —
Extly, (Tag(a, h), w(a, h)) — Extdy (mag(a, h), 71 (D1, Ch, an))—>Ext (D, D)

and the following diagram commutes:

— -
Ext(, 0y (D1, D1) @ Ext(, ) (C1, C1)

(1.4) wﬁ)

Ext! (mag (e, h), 71 (D1, C1, o))

=1
EXt(g&,F) (D, D) 5

By Theorem 1.7 (2), j sends V,,, to Ker(fp). We have in fact (see the proof of Theorem 3.33):

Proposition 1.8. We have Ker(tp) = j(V.,,) (of dimension w + 1), and the representation

m1(D) is isomorphic to the tautological extension of mag(a, h) ®g j(V.,) by m1 (D1, Cr, an).

We can finally inductively prove Theorem 1.1 (1). By induction hypothesis, 71 (D) and 71(Ch)
determine D; and C respectively. From which, it is not difficult to deduce that w1 (D1, C1, o)
determines D1, C; and «,,. On the other hand, using Theorem 1.7 (and some representation theory),
one sees j(V,,) still determines ¢tp. So m1(D) determines Dy, C1, oy, tp hence determines D by
Proposition 1.6. We refer to Theorem 3.33 for details. Finally, note that, under the isomorphism
(Cw © Kw)wes, » there is an exact sequence

0 — Ker(1.2) — Ker(1.1) — Ker(tp) — 0.
As Ker(tp) determines D, we deduce Ker(1.1) hence the kernel of the composition

m]l —_ 1. —
Bues, Hom(T(Qy), B) 2 @eq,Bxty, (D, D) 5 Bxt(, (D, D).

~

also determines D. This fact (purely on Galois side) is of interest on its own right.

We refer to the the context for the more precise and detailed statements. One main differ-
ence from what’s discussed in the introduction is that we mainly work with 7y, (D) instead of
m1(D) in the introduction, which has a cleaner structure but requires a bit more on Orlik-Strauch
representations.
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2 Hodge filtration and higher intertwining

2.1 Notation and preliminaries

Let K be a finite extension of Q,, F be a finite extension of Q, containing all the embeddings of
K in Qp. Let Sk = {0: K — FE}, and di := [K : Qp]. For k = (ky)sex, € ZK, denote by
PAE [loesy, o(z)* the (Q,-)algebraic character of K* of weight k. Let |- |k : KX — E* be
the unramified character such that |wg| = p~ Ko@) for a uniformizer wy of K, where K is the
maximal unramified subextension of K over Q.

Let Rk, g be the E-coefficient Robba ring for K. For a continuous character x : K* — E*,
denote by Rk r(x) the associated rank one (¢,I')-module over Ry g (see for example [34, § 6.2]).
We write Ext’ (and Hom = Ext") without “(¢,T)” in the subscript for the i-th extension group
of (p,I')-modules (cf. [37]). For de Rham (¢, T")-modules M and N, denote by Extgl,(M, N) C
Ext!(M, N) the subspace of de Rham extensions. For a (p,T')-module M, we identify elements
in Ext!(M, M) with deformations of M over Ry, B[/~ Indeed, the Ele|/ eZ-structure on M €
Ext!(M, M) is given by letting € act via

eM—»M—ld—>M<—>M

We denote by Wi, (M) the (semi-linear) Galx-representation over By ®q, E associated to M (cf.
[3, Prop. 2.2.6 (2)]). There is a natural decomposition Wi (M) = @gex WJRJ(M) with respect
to By ®q, F = ®oes, Big Ok.0 E.

Let M be a crystabelline (¢, I')-module of rank d over R g. We can associate to M a filtered
Deligne-Fontaine module (Dpgt (M), Dar(M)) such that

o Dy(M) = (We(M) ®p, Beris) 5" which is free of rank d over K{ ®q, E equipped with a
commuting K{-semi-linear action of ¢ and Gal(K’/K), K’ is an abelian extension of K, and
K|, is the maximal unramified extension of K’ (over Q,), and where W, (M) is the B, = Bfrizsl—
representation associated to M ([3, Prop. 2.2.6 (1)]),

o Dar(M) = (Dpst (M) Rk K’)Gal(K'/K) is free of rank d over K ®q, E, equipped with a Hodge
filtration Fily of K ®q, F-submodules (not necessarily free).

By [16, Prop. 4.1], to Dy (M), one can associate a Weil-Deligne representation r(M) over E. We
call M is generic if (M) is generic, which means r(M) is semi-simple and isomorphic to @ ¢
with d)iqﬁj_l # 1,|-|k for i # j. In fact, M being generic crystabelline is equivalent to that there exist
smooth characters ¢; for i = 1,--- ,d such that M[1/t] =2 ®L Rk p(¢i)[1/t], and qbiqu_l #1,] |k
for i # j. An ordering of (¢1,-- ,¢q) is refereed to as a refinement of M. Indeed, an ordering
w(@) = (Pw-1(1)," " s Pw-1(a)) for w € Sy, corresponds uniquely to a filtration 7, (of saturated
(¢,T)-submodules) on M such that (gr', M)[1/t] = Rg g(dy-13;))[1/t]. We frequently view w(¢)
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as a (smooth) character of T(K) (the torus subgroup of GL4(K)) for any w € Sy. We also call
these characters of T'(K) refinements of M.

Let h := (h;)i=1... 4 = (hs)oexx = (ho1 > -+ > hod)oexn, be the Hodge-Tate-Sen weights of
M (normalized such that the weight of the cyclotomic character is 1). Let w € Sy, we call the
refinement w(¢) (or Z,) non-critical if the Hodge-Tate-Sen weights of grf% M are exactly h; (which
are hence decreasing with growth of 7). We call M is non-critical, if all the refinements of M are
non-critical. We denote by ®I',.(¢,h) the set of isomorphism classes of non-critical crystabelline
(¢, T')-modules of refinement ¢ and of Hodge-Tate-Sen weights h. Finally, we call M has regular
Hodge-Tate-Sen weights if h is strictly dominant, i.e. h; s > hjt1, for all o € X

Suppose M is generic crystabelline with refinement ¢. For a subset r = {ry,---,rp} C
{1,---,d}, denote by M, (resp. M?") the saturated (¢,I')-submodule of M (resp. the quotient
of M) which has a refinement given by (¢;,,-- -, ¢y, ). Assuming M is non-critical, M, and M*
are non-critical as well for any r (noting any triangulation of M, or of M" extends to a triangu-
lation of M). In this case, the Hodge-Tate-Sen weights of M, (resp. M*) are (hy,--- ,hg) (resp.

(hdkarla o 7hd))'

2.2 Hodge parameters

In this section, we give a reinterpretation of (some) p-adic Hodge parameters of a generic non-critical
crystabelline (¢, I')-module.

Let ¢ = (¢i)i=1,... n be generic, and h = (hy)sen, = (Wi)i=1,.n = (ho1 > ho2 > -+ > hop).
Let D € ®T'yc(¢,h). Let Dy := Dyy,... 5,1y and C := D=1} we have two exact sequences:

0— Dy — D — R p(pn2™) — 0,
0— RKE((;Snzhl) — D —C; —0.

Denote by ¢p the composition D < D — C1, which is injective as Hom(D;, RKE(gbnzhl)) =0.

Proposition 2.1. We have dimp Hom(D1,C1) = {1 n=2

2 n>3.
Proof. The case for n < 3 is trivial, and we assume n > 3. Let r := {1,--- ,n — 3}, and consider
(C1)r, the saturated submodule of Cy of rank n — 3 over Rk g with a refinement (¢1,--- , ¢n—3).
As (1 is non-critical of Hodge-Tate weights (ho, - - - h,), (C1)y is non-critical of Hodge-Tate weights
(hg, -+ ,hy,_). Thus (Cy), is isomorphic to a (non-split) successive extension of Rk g (¢;zP+1) for
i=1,---,n— 3. Consider

00— Hom(Dl, (Cl)r) — Hom(Dl, 01) — HOIH(Dl, Cl/(Cl)r)

Any map in Hom(Dy, (C}),) clearly factors through (D;)", the latter being isomorphic to a (non-
split) successive extension of Ry g(¢;iz"+2) for i = 1,--- ,n — 3. By an easy dévissage and using
the fact hyit2 < hgit1, we deduce Hom((D1)", (C1)r) = 0 hence Hom(Dy, (C1)r) = 0. Again by
an easy dévissage, we have dimg Hom(D1,C1/(Ch)y) = dimg Hom(Dy, (C1){"=27=3}) < 2. Hence
dimp Hom(D1, Cy) < 2.

Now let r = {2,--- ,n — 1}. Consider (D;)" and (C})y, which are both non-critical (¢,I')-
modules of refinement (¢9, - - - , ¢,—1) and of Hodge-Tate weights (ha,--- ,h,,_1). And D has the fol-
lowing two forms [Rx p(¢128)—(D1)*—Rk 5(¢nz")] and [Rk g(¢nz™)—(C1)r—Rk £ (¢1257)].
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Claim. (D1)r = (C1)r.

It suffices to show (D;)" is a submodule of D/Ry g(¢nzP). Let ' := {3,---,n}, then D has
Hodge-Tate weights (hg, --- ,h,). The composition ¢1 : (D1)* < D/Rk.g(¢12™) — D* is clearly
injective. Let C be the pull-back of D via ¢1, which is isomorphic to a de Rham extension of (D;)*
by Dyy ). However Ext;((Dl)r,D{l’n}) = 0 (for example by [23, Cor. A.4], noting Dy ,,y has
Hodge-Tate weights (hy, hs)). Hence

C/'RK7E(¢1Zh1) = (Dl)r S RK7E(¢n2h2) and C/RK,E((ﬁnzhl) = (Dl)r ® RK7E(¢1Z}12).
In particular, the pull-back of D/Ry g(¢n2™") (that is an extension of D*' by Ry p(¢122)) via 1
is split, which implies (D1)* < D/Rx g(¢n2"). The claim follows.

Let a; be the following composition (which is not injective)
aq D1 —» (Dl)r = (Cl)r —> Cl.

It is clear that oy and tp are linearly independent in Hom(Dq, Cy), hence dimg Hom(Dy,C7) > 2.
This finishes the proof. ]

Remark 2.2. Letie {1,--- ,n—1}, and r:={1,--- ;n — 1} \ {i}. By the same argument as in
the proof of the proposition, we have (D1)" = (C1),. We denote by «; the following composition

(673N D1 —» (Dl)T = (Cl)r — Cl. (2.1)
It is clear that «; are pair-wisely linearly independent in Hom (D1, Ch).

Consider the cup-product
Ext! (R p(énz™), D1) x Hom(Dy,Cy) — Ext! (R p(én2"),Cy). (2.2)

Proposition 2.3. Under the cup-product, E[D] C [tp]*, and we have an equality if K = Q,. In
particular, when K = Qy, D is determined by D1, C1, dnz and up.

Proof. As vp factors through D, the map induced by the pairing (—,tp) (in (2.2) is equal to the
following composition

Eth(RK7E(¢nZh"), Dl) — Eth(’RK7E(¢nZh"), D) — Eth(RKyE((anh"), Cl)

The first map sends [D] to zero, hence (D, tp) = 0. In fact, by dévissage, the kernel of the compo-
sition is Hom(R g, g(¢nz""), C1/Dy), which, by (an easy generalization to K of ) [11, Lem. 5.1.1],
has dimension dg. In particular, when K = Q,, it is exactly generated by [D]. This finishes the
proof. O

In the rest of the section, we discuss what information of D can be detected by ¢p for general K.
The reader who is mainly interested in the Q,-case can skip to the next section. Fix ¢ € X, and

hri T=0

define T,(h) to be the weight such that T,(h);; =

which is in particular constant
himn T#0O

for 7 # 0. The following proposition is a direct consequence of Fontaine’s classification of B(;FR—
representations (e.g. using similar arguments as in [26, Lem. 2.1]).

Proposition 2.4. Let D € ®T'.(¢p, h), and let 0 € X. There exists a unique (o, T')-module (up
to isomorphism) D, over Rk g such that Dy[1/t] = D[1/t], D C Dy, and the Hodge-Tate weights
of Dy are T,(h).
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Remark 2.5. We have an isomorphism of Deligne-Fontaine modules Dy (D) = Dyt (Dy), such
that the induced map Dar(D) — Dar (Do) is a morphism of filtered K ®q, E-modules, satisfying

Dar(D)y = Dar(Dy) (as filtered E-vector space).

Lemma 2.6. Let D, D, be as in Proposition 2.4. For each w € Sy, w(@zfz"(h) is a trianguline
parameter of D, .

Proof. Consider the composition Ry p(¢y-1(1)2") < D <> Do. It is not difficult to see the
saturation of the image in D, is just RK,E(¢M71(1)z3”(h)1)7 and
D/Ric w(bu-1(1)2™) = Do/Ric (d-11)2™ ™),

Continuing with the argument, the lemma follows. O

We have hence a (surjective) map
T, : Ol pe(h, h) — BLue(h, Ty(h)), D > D,. (2.3)
Lemma 2.7. We have dimg Hom(D, D,) = 1.
Proof. By dévissage, we reduce to show Hom(Rk, £(¢i2%),D,) = 0 for i > 1. But this follows

easily from the above lemma. Indeed, if Ry, £(¢;21) < D, for some i > 1, then the morphism
RK,E(@zT”(h)l) — D, (induced by T\’,K’E(Qﬁizhl) < D) can not be saturated, a contradiction. [J

Let D1y = (Dg)1,.. n—1} and C1 4 = (Do)t m=1} By Lemma 2.6, it is not difficult to see
D1 (resp. Ci,) has Hodge-Tate weights (To(h)1, -+, To(h)n—1) (resp. (To(h)z, -, Te(h)y)).
In fact, we have Dy, = T5(D1) and C1, = T5(C1) (where T, is defined in a similar way as (2.3)).
Similarly as in Lemma 2.7, we have

dlmE' Hom(Dl, Dl,a) = dlmE Hom(Cl, Cl,a) =1.
We fix embeddings Dy < D1, and C; < C 4.

Lemma 2.8. For any . € Hom(Dy,C}), the composition D1 < Cy — C1,» factors through a unique
morphism vy : D15 — C1,5. Moreover, the map ¢ — v, gives a bijection

HOHI(Dl, Cl) ;> HOHI(DLU, CLJ). (24)
Proof. The first part follows by comparing the weights. Let i € {1,--- ,n—1}, andr={1,--- ,n—
1} \ {i}. By same argument in the proof of Proposition 2.1, (D1 4)" = (C14)e. It is also clear
that (C1)r — C1 factors through (Ci ). So the composition of «; (2.1) with Cy — C , factors
through Dy < D; , — (D1,4)". As Hom(Dy, C1) is spanned by «;, the first part follows (noting the

uniqueness is clear). By the same argument in the proof of Proposition 2.1, dimg Hom(D; 4, C1 5) <
2. Tt suffices to show (2.4) is injective, but it is clear. O

Let vp, € Hom(D; ,, C} ) be the composition Dy , < D, — C1 o, which is equal to the image
of tp via (2.4).

Proposition 2.9. For the cup-product
Extl(RKE(gbnzh"), Dl,a) X HOIII(DLU, Cl,g‘) — Eth(RK’E(QﬁnZh"), Cl,a),

we have [vp,]* = E[D,]. In particular, D, is determined by Dy 4, Cip, Gpz" and 1p,.
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Proof. Taking the cup-product with ¢p, is equal to the following composition
Ext'(Ri.5(0nz™), D15) — Ext'(Ri.g(¢nz™), Dy) — Ext'(Ri g(¢nz"),C10),

which is the push-forward map via ¢p,. We see (D,,tp,) = 0. Using [11, Lem. 5.1.1],one calculates
that the kernel is now one dimensional. The proposition follows. O

Example 2.10. We give an example to illustrate how tp, determines D, (or equivalently the
Hodge o-filtration of D). Suppose n =3, K unramified and D is crystalline (generic non-critical)
of reqular Hodge-Tate-Sen weights h. In this case we have Deyis(D) = Dar(D) = @rex i Deris(D)r,
where each Deyis(D)r is a filtered godK -module. Fiz 0 € Y. Note that we have an isomorphism of
filtered ¥ -module Deris(Dy)g =2 Deris(D)o-

Let a1, an, ag be the three distinct eigenvalues of 0% on Deis(Dy)r (for any 7). Let eio be
an ag-eigenvector in Deyis(Dy)o, hence Deis(Dy)o = Eeq o ® Eeg s @ Eez o. Forj=0,--- ,dg —1,
we have Devis(De) gopron-i = B (€1,0) & Bl (e2,5) ® B¢l (e3,) (where Frob denotes the absolute
Frobenius), and Deris(D1,6) yoppon—i = Ecpj(elvg)@Ecpj(eg,J) forj=0,---,dg—1, which is equipped
with the induced Hodge filtration. As D1, is non-critical, multiplying e1 4, €2 by non-zero scalars,
we can and do assume Fil™™ Dis(D1 ¢)e = Fil/ Deis(D1g)os —h1,e < j < —hog, is generated
by e1,6 + e25. As Dy is non-critical for all the refinements, multiplying e3 » by a non-zero scalar,
we can and do assume Fil™ Dis(Dy)s = Fil Deis(Dg)os —hoe < j < —hsq, is generated by
e1 +ap,ea + e3. The filtered ¥ -module Deris(Dy )y is in fact parametrized (and determined) by
ap, € E\{0,1}: we have

Dcris(Do)o ] S _hl,o

Fild Dcris(Da)a _ E(el,a + 62,0’) 52 E(el,a' +ap,ess + 63,0') _hl,o' < .] < _h2,o'
E(eis+ap, €25 + €3,4) —hso <j< —h3s
0 j > —hg’g

Dcris(Do)T ,] S _hn,T
0 ] > _hn,‘r
single parameter ap, (in contrast, D itself has many more parameters). Note that

For T # o, we have Fil’ Deis(Dy)r = . So D, is indeed determined by the
Fil"™ Deyis(Cl,0)e = FilV Deris(Cho)os —hoe < j < —hsg,

is generated by e1 o +ap, €2, (as it is equipped with the quotient filtration). The map vp, uniquely
corresponds to a morphism of filtered %% -modules ip, : Deais(D1g)e — Deris(Cle)e sending
g to eis fori = 1,2. We see ap, can be read out from the relative position of the two lines
LDJ(FilmaX Dcris(DLU)g) and Fil"™™ Dis(Cl,6)s 1 Deris(Ch0)o. Thus ap, (hence Dy) is deter-
mined by Lp, .

2.3 Deformations of crystabelline (p,I')-modules

Let D € ®,.I'(¢, h). In this section, we collect some facts on certain deformations of D.

2.3.1 Trianguline and paraboline deformations, I

We first consider trianguline deformations.
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For w € S,,, denote by Ext! (D, D) c Ext'(D, D) the subspace of trianguline deformations with
respect to the refinement w(¢). More precisely, for D € Ext!(D, D) (viewed as a (¢, T')-module

over Ry gia/e)), D € ExtL (D, D) if and only if D is isomorphic to a successive extension of
RK7E[6]/62(¢w71(i)zhiz/Ji) for 1; € Hom(K*, E). In this case, we call the character w(¢$)zP(1 + 1)
(with ¥ := (¥1,- - , 1)) of T(K) over E[e] /€% the trianguline parameter of D with respect to w().
Let Ky, be the following composition:

Faw + Exty, (D, D) — Exty ey (w() 2", w(¢)2") = Hom(T(K), E), (2.5)

where the first map sends D to its trianguline parameter with respect to w(¢), and the inverse

of the second map sends 1) to w(¢)zR(1 + 1pe). We also denote Extl (D, D) by EXtiU(qb) (D, D) or

Ext}qw(D, D) where 7, is the filtration on D associated to w(¢) whenever it is convenient for the
context. The following proposition is well-known, see for example [2, § 2] [39, § 2].

Proposition 2.11. (1) dimgExt!(D,D) = 1 + n?dg, dimgExt!(D,D) = 1 + MdK and
g 2
dimg Extl (D, D) =1+ n(nTH)dK for all w € Sy,
(2) For w € S, Ky is surjective.

(8) For w € S,, Ext;(D,D) C Extl(D,D) and is equal to the preimage of the subspace
Homgy (T(K), E) C Hom(T(K), E) of smooth characters via k.

Recall there is a right action of S, on T(K): w(a1, -+ ,an) = (Gw(1)s ** Aw(n)) for w e Sy It
induces a left action of S, on Hom(T(K), E): (wi)(a1, -+ ,an) = (w1, > Gwn))- 1t is clear
that Homgy, (T'(K), E) is stabilized by the action.

Lemma 2.12. Let wy,wy € Sy, the following diagram commutes
Ext}(D, D) — Homgy(T(K), E)
H wgwfllw (26)
Ext)(D, D) 2 Homgy(T(K), E).

Proof. The lemma is well-known, but we include a proof for the convenience of the reader. It suffices
to prove the statement for the case where wow; !is a simple reflection, say, s;. Let D € Ext}] (D, D)

and suppose ki, (D) = (i1, ,¥in). By definition, D admits triangulations:
RK,E[e]/@(%;l(l)Zhl (1 + tpi1€))—-- '—RK,E[E]/@(%;l(n)zhl (1 + tine)).

Note by assumption wj () = wy ' (j) for j # k,k + 1. Consequently, for j < k or j > k + 1, we
have Fil’; D =Fill; D, since Hom (Fil;; D,D/Fill; D) =0.

As Hom (RKE[E]/GQ (gﬁwl_l(l)zhl(l + wl,le)),f)) =~ Fle]/e2, using dévissage for Z,, we easily
deduce that if k > 1,

Hom (RK,E[E}/G2 (¢w1—1(1)2h1 (1+v116)), R gl /e (ﬁf)w;l(l)zhl (1+ @02,16))) > Ele]/€,

hence ng,r) (RK,E[G]/@(l + (Y11 — 1,[)271)6)) % Ele]/€* (noting wfl(l) = wgl(l)). So P11 = P21.
We can then consider the Ry pjq/c2-module D/R g piq/e (¢w;1(1)zh1 (1+11,1€)) equipped with the
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filtrations induced by .7,, and 7,,. Continuing with the above argument, we have v j = 1) ; for
j<k.
. : k=17 _ k=1 1
For j = k, we have (noting Fllyw1 D= Fllng D)

Hom (RK,E[E]/€2 (¢w;1(k)zhk(1 + wl,ke))75/ Fﬂky;; ﬁ) = E[G]/ez.
Using dévissage for .7, (and the fact wow ' = s3,), we get

Hom <RK,E[5]/62 (¢w;1(k)zhk(1 + ¢1,k5>)7RK,E[g]/e2 (¢w;1(k+1)zhk+l(l + ¢27k+16))> = E[E]/EQ,

hence 91 j, = Y2 k+1. Exchanging 7, and Z,,, we get Vg = ¥ k41

For j > k+1, using the same argument as in the case of j < k with D replaced by D / Fil% 1 5,
we see 11 ; = 13 ;. This concludes the proof.

Let Ext}(D, D) := Ker s, (for some w € S,, a priori). By Proposition 2.11 (3), Ext}(D, D) C
Ext}](D,D). Using Lemma 2.12, we see Ext}(D, D) = Kerk, for all w € S,. Moreover, by
Proposition 2.11 (1) (2), we have

n(n—1)

5 dK+1—n.

dimp Ext}(D, D) =
For Extl(D, D) c Ext}(D, D) (with * = g,w, ...), if Ext}(D, D) > Ext}(D, D), we set
Ext.(D, D) := Ext!(D, D)/ Ext}(D, D).
We have hence isomorphisms
Ext,, (D, D) % Hom(T(K), E), Ext,(D,D) - Homew(T(K), E).

Let Ext;,(D, D) C Ext!(D, D) be the subspace of de Rham deformations up to twist by characters
of K* over (E[e]/€*)*. Similarly, put Homy (T(K), E) to be the subspace of characters 1 such
that there exists a character ¥y of K* satisfying ¢ — 1 o det € Homgy, (T(K), E). One easily
deduces from Proposition 2.11 (3) that for all w € S, Ext;, (D, D) C Extl (D, D) and is equal to
the preimage of Homy (T'(K), E) under x,,. Thus

n(n—1)

dimp Exty, (D, D) =1+ ( 5

Moreover, (2.6) holds with “g” and “sm” replaced by “g’”. By [19] (see also [36] for the n = 2-case,
noting the proposition also follows from Corollary 2.33 below and an easy induction argument), we
have

Proposition 2.13. The natural map @yes,, Ext,lﬂ(D,D) — Extl(D,D) is surjective and induces
a surjective map
Bues, Bxty (D, D) — Ext (D, D).

Now we consider general paraboline deformations of D. Let P D B be a standard parabolic

subgroup of GL, with the standard Levi subgroup Lp D T equal to diag(GLy,,---,GL,,). A
filtration Zp : 0 = Fil(}}P D C Fil};}j D ¢ .- CFillz, D = D of saturated (¢, I')-submodules of D
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is called a P-filtration if M; := rank grfgp D = n;. A deformation D of D over Ele/¢?] is called
an Zp-deformation, if D admits a filtration Fil'z, D of saturated (o, I')-submodules of D over
R plg/e (which means Fil'z D is free over Ry pjq/c2) such that griz D is a deformation of M;
over R gg/e2- Denote by Ext}a/;P(D, D) C Ext!}(D, D) the subspace of .#p-deformations. By [19,
§ 3.3] (which is for K = Qp, but all the arguments generalize easily to general K'), we have

Proposition 2.14. dimpg Ext};;P(D, D) =1+dgdimP =1+dk ) 1 <;<j<, ninj. The natural map

K#p : Extly, (D, D) — [ [ Ext!(M;, M), (2.7)
=1

sending D to (grf{ip 5)1:1,---,r, is surjective.
Fro w € S, we call the B-filtration .7, (associated to w(¢)) is compatible with .#p, if .7,

induces a complete flag on Fil,"J@P D for all ¢. In this case, we have Ext_l%(D, D) C Extk;P (D, D).
Fori=1,---,r, we let .7,; be the induced filtration on M; (= grfggp D).

Corollary 2.15. Keep the above situation.

1) Extl (D, D) is the preimage of [[/_, Exty, (M;, M;) via k.z,. In particular, the map kz
w =1 Tw.i P P
induces a surjective map

T
Kzp t Bxty, (D, D) —» [ [ Extl, (M, M;).
=1

(2) The map kg, sends Exty(D, D) to [[\_, Extd(M;, M;) and induces an isomorphism

\
kzp : Bxty, (D, D) = [[Ext (M;, My). (2.8)
=1

Proof. The first part of (1) is by definition, and the second part follows from Proposition 2.14. It

is clear that the following diagram commutes

Ext,(D,D) —— []i_,Extl, (M;, M;)

““’l (Ww’i)l (2.9)
Hom(T(K), B) —— [[}_, Hom(T;(K), F)

where T; is the torus subgroup of GL,,,. The first part of (2) follows. By (1) and Proposition 2.13,
(2.8) is surjective. However, it is straightforward to see

'
dimp Ext iy, (D, D) = > dimp Ext' (M;, M;)(= di dim(B N Lp) — n).
i=1
Hence (2.8) is bijective. O

1
We denote by Extz,

(D, D) the preimage of [];_, Ext;,(Mi, M;) via (2.7). Denote by
Homp,, (T(K), E) C Hom(T(K), E)

the subspace of characters ¢ such that there is a character ¢p of Zy,, (K) satisfying that ¢ —¢)p o

detr,, is a smooth character of T'(K) (with dety, : T(K) — Zr,(K) the determinant map). It

is straightforward to see dimg Homp o (T(K), E) = n + rdg. We finally discuss some intertwining

property of trianguline deformations which generalizes (2.6).
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Corollary 2.16. (1) Let w € S, such that 7, is compatible with Fp, then Extgpjg,(D,D) C
Extl (D, D).
(2) Let wi,wy € Sy, such that Ty, T, are compatible with Fp (so wgwfl € #p), we have a

commutative diagram
Rawq

Ext, ,(D,D) —% Hompgy(T(K), E)

Exty, (D, D) —2+ Homp,y (T(K), E).

Proof. (1) follows from Corollary 2.15 (1) and the fact Ext;,(Mi,Mi) C Ethl%, (M;, M;). By

X

Corollary 2.15 (2), we have m_lgpvg,(D,D) — m;,(Mi,Mi). (2) then follows from the

[Pk

commutative diagram (2.9) and Lemma 2.12 (applied to each M;, and with “¢g”, “sm” replaced by
(AW A
q9"). O

2.3.2 Trianguline and paraboline deformations, I

Let D be as in the precedent section. We consider some partially de Rham deformations of D.
The reader who is mainly interested in the Q,-case can skip this section. Throughout the section,
we fix o € Y. For an extension group Ext}(D, D), we denote by Ext}n?(D, D) C Ext}(D, D) the
subspace consisting of those that are Y \ {o}-de Rham. If Ext}(D, D) > Ext}(D, D), then it is
clear that Ext;r,(D, D) D Ext}(D, D) and we set

Exty,(D, D) := Ext} ,(D, D)/ Ext}(D, D)
which is a subspace of m}, (D, D).
Lemma 2.17. We have dimg Ext! (D, D) =1+ @(d;g — 1) +n?.
Proof. The lemma follows from [23, Cor. A.4]. O

Let P be a standard parabolic subgroup, and .%p be a P-filtration on D with griyp D =: M.
The surjection kz, (2.7) induces a surjection (using the fact that the partial de Rhamness is
inherited by taking subquotients)

kzp : Bxt) 7 (D, D) — [ Bxt] (M, M;). (2.10)
=1

Proposition 2.18. (1) We have dimp Ext}, > (D,D) =1+ (dx — 1)"% + dim P.

(2) The map (2.10) is surjective and induces an isomorphism

T
Exto, 7, (D, D) 2 [ Bxt, (M;, M;).
=1

Proof. For any D e Ker(kg,), it is easy to see D is de Rham. Hence Ker Kgp C Ext}jjp (D, D),
and Extclf, #,(D, D) is exactly the preimage of [[;_, Extl(M;, M;). (1) follows from Lemma 2.17
and Proposition 2.14. (2) follows by comparing dimensions. O
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Corollary 2.19. For w € Sy, Ky (2.5) induces an isomorphism

Exto.u(D, D) = Hom, (T (K), E).

We will show later (in Corollary 2.40 below) the induced map
Buwes, Exty (D, D) — Ext}(D, D) (2.11)

is surjective (and the same holds with Ext! replaced by Eixtl) . Consider now certain extension
groups of D, := T,(D) (cf. (2.3)).
Proposition 2.20. (1) We have dimg Extl(Do, D,) =1+ n2dg.

(2) We have dimg Ext}(Dy, Dg) = 1+ @

(8) Let P be a standard parabolic subgroup of GL,,, and Zp be a P-filtration of D, with gr; #p =
M; 5. We have dimp Ext; (Dy, Dy) = 1+ dg dim P and Ext}(Dy, Dy) C Extly(Ds, Dy). More-
over, the natural map

Ext, (Do, Dy) — | [ Ext' (Miq, M; )
i=1

18 surjective.

Proof. (1) is standard. (2) follows from [23, Cor. A.4]. The statements in (3) except Ext;(Dg, D,) C
Extflgp (Dgs, D,) follow by the same argument as in [19, § 3.3]. However, the inclusion follows from
the fact Ext; (Fﬂi@rp D,, Do/Filin Dy)=0fori=1,---,r—1 (e.g. using [23, Cor. A.4]). O

Remark 2.21. Recall for each w € Sy, w(¢p) is also a refinement of D, and we still use Z, to
denote the associated B-filtration on D,. Applying Proposition 2.20 (3) to T, we obtain a natural

surjection
fuw : Extl (Dy, D,) —» Hom(T(K), E). (2.12)

Note when K # Q,, Exté(Dg, D,) is however properly contained in the preimage of Homgy, (T'(K), E).
For ¥ \ {o}-de Rham deformations of D,, we have:

Proposition 2.22. (1) We have dimg Ext}(D,, D,) = 1+ n?.

(2) Let P be a standard parabolic subgroup of GL,, and Fp be a P-filtration of D, with
gr'z Dy = M;,. Then dimgExt} 5, (Do, Dy) =1+ dim P.

Proof. All the statements follows by [23, Cor. A .4]. O

Now we consider the relation between deformations of D and those of D,. Similarly as in
Proposition 2.4, we have

Proposition 2.23. There is a natural map
%, : Ext'(D, D) — ExtY(D,, D,), (2.13)

sending an deformation D to 5(,, where Dy is the unique (p,T')-module over Ry piq/e2 such that
D C D,, D[1/t] & D,[1/t], and the Sen o-weights of Dy are equal to those of D, and the Sen

T-weights (over E) of Dy are constantly h., for T # o.
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It is clear that T, restricts to Extl(D,D) — Extl(D,, D,). A P-filtration .Zp on D with
grf(}P D = M; induces a P-filtration, still denoted by #p, on D, such that gr,igp D, = M; ,, where
M; , is the (¢, I')-module associated to M; as in Proposition 2.4. It is also clear T, restricts to a
map T, : Exty;, (D, D) — Extl; (Do, Dy).

Proposition 2.24. (1) The induced map %, : Ext;(D, D) — Ext;(DU, D,) is surjective.

(2) The induced map %, : Extl(D, D) — Extl(D,, D,) is surjective.

(8) The induced map T, : EX‘G}L%D (D,D) — Extflrjp (Dg, Dy) is surjective, and the following
diagram commutes
Ext} » (D,D) —— [[i_y Ext}(M;, M;)

S”l z(,l (2.14)
Ext} 5. (Dg,Dy) — [li—y Ext (Mo, M;g).
Consequently, the map Ext(lfjp (Do, Do) = [Ty Extt(M; 5, M; ;) is surjective.
Proof. (1): first the kernel has dimension bigger than dimpg Ext;(D, D) — dimp Exté(Da, D,) =
(drx — 1)M"T_l) On the other hand, the composition
Ext'(D, D) — Ext'(D,, D,) — Ext'(D, D,)
coincides with the natural push-forward map. However, by [11, Lem. 5.1.1], one can prove the

kernel of Ext!(D, D) — Ext!(D, D,) has dimension equal to (dg — 1 nn=b) (1) follows. We also
2

deduce the kernel of (2.13) (which is clearly contained in Ext; (D, D)) has dimension (dx — 1)@
By comparing dimensions, (2) and the first part of (3) follow. The commutativity of (2.14) is clear

from the definition of ¥,. The last part of (3) is then a consequence of (2) and Proposition 2.18
(2). O

Remark 2.25. As Ker(2.13) is contained in Ext;(D,D) hence in Ext(l,vgp (D, D), Ext(l,,tgp (D, D)
is in fact the preimage of Ext}fjp(Dg, D,) under Z,.

Corollary 2.26. Let wy,ws € Sy, the following diagram commutes

Ext}(Dy, Dy) —%+ Homgy(T(K), E)

-1

Ext:(Dy, Dy) —2 Homg(T(K), E),
and the horizontal maps are surjective.

Proof. The commutativity follows by the same argument as in Lemma 2.12. For w € S,, by
Proposition 2.24, we have

Ext)(D,D) —— Ext,(D,D) —— Hom(T(K),E)

«| “| o

Ext,(Dy,Dy) — Ext,,(Dy, Dy) —— Hom(T(K),E).

The surjectivity of k,, follows from Proposition 2.11 (3). O

19



Let Ext}(Dy, Dy) C Ext; (Dgs, Ds) be the kernel of fiw|EXté (Do,D,) (for one or equivalently any
w € Sy, by Corollary 2.26). Note it is however not equal to the kernel of (2.12) when K # Q,.
For Ext}(D,, Dy) O Exti(Dy, D,), denote by Exty(Dy, Dy) := Ext}(Dy, Dy)/ Extd(Dy, Dy). The
following corollary is a direct consequence of Proposition 2.24 (2) (3) by comparing dimensions.

Corollary 2.27. (1) The (surjective) map ExtL(D, D) — Extl(Dy, Dy) induces an isomorphism
Ext, (D, D) < Bxt,(D,, Dy).
(2)The (surjective) map Ext 7p(D, D) — Ext1 (Do, Dy) induces an isomorphism

=1 ~ =1
Ext, z,(D,D) — Ext, z,(Ds, Ds).
Moreover, we have a commutative diagram

Exty 7, (D, D) —— [[_, Ext,(M;, M)

o | |-

=1 ~ =1
Ext (Do, Dy) —— iy Ext,(M; o, M, ).

0,7 P

2.4 Hodge filtration and higher intertwining

Let D be as in the previous section, we show that there are more higher intertwining relations in
paraboline deformations of D than those considered in Corollary 2.13. Notably, such intertwining
relations turn out to carry some information on the Hodge filtration of D.

Let .Z be the filtration D; C D, and ¢ be the filtration Ry g(¢,2"") C D. By Proposition
2.14, we have
dimg Ext'; (D, D) = dimg Exty(D, D) = 1+ (n* — n + 1)d.

And there are natural surjections (identifying Ex‘ckX (0,0) with Hom(K*, E)):
kg = (kg 1,k72) " Extl;(D, D) — Ext!(Dy, D1) x Hom(K*, E),

Ky = (Kg 1,k 2) : Exty(D, D) — Ext!(Cy, 1) x Hom(K*, E).

We introduce certain subspaces of Ext!(Dy, D;) and Ext!(Cy, C). For ¢ € Hom(Dy,Cy). Consider
the pull-back and push-forward maps:

= Ext'(Cy, Dy) — Ext!(Dy, Dy), «* : Ext!(Cy, D) — Ext!(Cy, Cy). (2.15)
Set

EXtLl(Dl,Dl) = L_(Eth(Cl,Dl)), EXtLl(Cl,Cl) = L+(EXt1(Cl,D1)).
Lemma 2.28. Forie {1,--- 1} we have dimp Ext}, .(D1,D1) = (n—1)(n—2)dk (see (2.1)
for aj). Moreover for j € {1, — 1}, j #1,

dimg (Exty, (D1, D1) NExty (D1, D)) = (n —1)(n — 3)dk.

The same statement holds with Dy replaced by C.
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Proof. We only prove it for Dy, C; being similar. Let r := {1,--- ,n—1}\ {i}. The map «; factors
through
Eth(Cl, Dl) —> Eth((Dl)r, Dl) — Eth(Dl, Dl)

where the corresponding surjectivity and injectivity follow easily by dévissage. The first part follows
from the fact dimg Ext!((D;)*, D1) = (n—1)(n—2)dg. We also see Extl (D1, D) is just the kernel

of the natural pull-back map Ext!(Dq, Dy) — Extl(RKyE(@zhl),Dl)l. Hence Ext} (D1, D1) N
Extéj (D1, Dy) is equal to the kernel of the pull-back map Ext'(Dy, D;) — Extl((Dl){m},Dl).
O

The second part follows by a direct calculation.

Proposition 2.29. Let . € Hom(D;, Cy) be an injection.
(1) dimg Ext! (Dy, D1) = dimg Ext}(C1,C1) = 1+ (n — 1)(n — 2)dk.
(2) Ext} (D1, D1) C Ext}(Dy, D1) and Exty(C1,C1) C Ext, (C1,Ch).
(8) For /' € Hom(D1,Cy), Ext} (D1, D1) = Ext} (D1, D1) if and only if Ext),(Cy, Cy) = Ext}(C1, C1)

if and only if ' = av for some a € E*.

Proof. We only prove it for Dy with C; being similar. For any i € {1,--- ,n—1} andi:={1,--- i},
the saturation of (Dj); in Cy via ¢ is just (C1);. We then deduce Wiy (DY)/Y (WiR(CY)) is a
successive extension of Gyex Kt*hfvf’BJRg / t*hHLUBiRU with j decreasing. Together with the fact

+ ~ hi.o BT : : + : )
Wir(D1) = @k:L...E,n,lt k, BdR,U’ we have an isomorphism of Bjg-representation of Galg:
oElK

W$R(DY ®RK,E Dl)/Lv (WdJrR(CI/ ®'RK,E Dl)) = @ Mk,av
k=1, n—1
oEX K
where M}, , is isomorphic to a successive extension of thk’o_hﬂ"”B:{RU/th’w_hHlvUB:{RU. It is
not difficult to see H°(Galg, My,) = E. By dévissage and using [11, Lem. 5.1.1], this implies
dimp Ker:™ = (n — 1)dx — 1 hence

dimgpIm:™ = (n —1)%dg — (n—1)dg +1 =1+ (n — 1)(n — 2)dg.
Recall dimg ExtélJ (D1,D1) =1+ %ﬁd k. By definition, we have an exact sequence
Hgl (Dl ORk,p Ci/) — Hl(Dl ORk.p CY) — H' (GalKv W(;FR(Dl ORk. CY))

It is not difficult to see dimp H'(Galg, W(;—R(Dl DRk 5 cy)) = Wléﬁd;@ from which we deduce

dimp Ext}(C1, D1) = dimp HN(D1 @rye s CY) > (n — 1)2dy — 202 gy = 202D g The map
1~ obviously induces
v, : Bxty(C1, D1) — Ext}(Dy, Dy).

It is clear that Ker:™ C Ext}](C'l,Dl) hence is equal to Ker.,. We have dimp Ext!(Cy,Dy) =
(n —1)2dg, so dimg Ker .~ = dimp Ker Lty = (n —1)dg — 1. By comparing the dimensions, we see

Ly is surjective (and dimpg Exté(Cl, D) = @d;() Finally, consider the cup-product

Eth(Cl,Dl) X HOIn(Dl,Cl) — Eth(Dl,Dl).

Suppose ¢’ ¢ E[], then ¢/ and ¢ form a basis of Hom(Dy, Cy). If Extl (D1, D1) = Ext} (D1, D), we
then easily deduce Ext} (D1, D1) C Ext}(Dy, Dy) for all i = {1,--- ,n—1}. However, for i # j, by
Lemma 2.28, dimE(Ext(l; (D1, D1) + Extiyj (D1, D1)) = (n — 1)%dg, a contradiction. O
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Let 77 be the torus subgroup of GL,_1, and ¢! := ¢; X --- X ¢,,_1, which is a refinement of
both Dy and C;. Let h' := (hy,--- ,h,_;), and h?® := (hy,--- ,h,). For the refinement ¢', we
have maps

K1 K 1
Exty (D1, D1) —— Homgy(T1(K), E), Ext}(C1,C1) —— Homgy (T1(K), E).
Lemma 2.30. For M € Ext;(Cl,Dl), Kgr 0ty (M) = kg ot (M).

Proof. By definition, there is a natural injection 7 : ¢, (M) < ¢} (M) which sits in the following
commutative diagram

0 —— Dy —— 1 (M) Dy 0
0 —— C —— L;(M) C 0.

It is easy to see I is moreover Ry gy /e2-linear if o (M) and ¢ (M) are equipped with the natural
Rk, gl e2-action. Suppose kg1 01, (M) = (1, -+ ,¥n-1) and kg 0 L;—(M) = (¢4, -+, _1). Then

ty (M) (vesp. tf (M)) is isomorphic, as (¢, T')-module over Ry giq/e2, to a successive extension of

RKE[E]/eg(qﬁizhi(l—Fwie)) (resp. RKE[E]/ez(¢izhi+1(1+1/1§e))) fori =1,--- ,n—1. It is not difficult to
see I induces injections Ry pjq/e2 (2P (1 4 e)) — RKﬁE[E]/Ez(qﬁizhi“(l + 1le)) of (p,I')-modules
over Ry piq/e2- Hence ¢; = 1 for all i. O

Denote by ®T',.(D1,C1, ¢pn) C PT'nc(¢, h) the subset of isomorphism classes of (¢, I')-modules
D such that Hom(D;, D) = Hom(D, C;) = E. For an injection ¢ € Hom(Dy, Cy), we set .Z, to be
the following set

{(D1,C1) € Ext!(D1, D1) x Ext!(C1,C1) | 3M € Ext!(Cy, Dy) s.t. o (M) = Dy,v " (M) = Cy }.

If t = vp for some D € ®I',o(Dy,Cy, ¢p), we write Ip = .#,,. The following corollary is a direct
consequence of Proposition 2.29 (3) and Proposition 2.3.

Corollary 2.31. We have ., = #, if and only if /' = av for some a € E*. In particular, for D,
D' € ®I'y(D1, Ch, ¢p) we have Ip = Ip if and only if .p = avpr for a € E*. When K = Qp,
this is equivalent to D = D'.

Theorem 2.32 (Higher intertwining). Let D € ®I',.(D1,C1,¢,) and D ¢ Ext}g;(D,D) with
kg (D) = (D1,v). The followings are equivalent:

1. D € Ext>(D, D) N Ext} (D, D).

2. Dy OR e pig

€]/

RE[e}/@ (1 — we) € EXtLID (Dl, Dl) .

Moreover, if the equivalent conditions hold, then /@ggg(ﬁ) =1 and there exists M &€ Extl(Cl, Dy)
such that Dy = 15 (M) @r, . o Rl /e (14 e) and kg 1(D) = ip(M) O, o Ric pieg e (14
Ye).

Proof. Twisting D by 1 — 1e, we can and do assume ﬂyvg(ﬁ) = 0. By definition, De Exty (D, D)
if and only if it lies in the kernel of the composition

Ext!(D, D) — Ext'(Rg.g(¢n2™), D) — Ext’(Ri g(dnz™), Ch). (2.16)
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Similarly, Ext’; (D, D) is equal to the kernel of the composition
Ext!(D, D) — Ext' (D, Rk p(¢nz™)) — Ext! (D1, R p(dnz™)).
By dévissage, it is not difficult to deduce an exact sequence
0 — Ext}(D, Dy) — Ext%(D, D) — Ext (R p(dn2™), Ri p(dpn2)) — 0.

As k7 9(D) = 0, D lies in the image of Ext'(D, D;) — Ext’;(D, D). Let M; € Ext!(D, D;) be the
preimage of D. Consider the composition

Ext!(D, D) — Ext!(D, D) — Ext!(Rk g(6n2™), D) — Ext' (R g(¢nz™),C1).
It is straightforward to see it is equal to the composition
Eth(D, Dl) — Extl(RK,E(qﬁnzhl), Dl) BN Eth(R[QE((anhl), Cl) (2.17)

So D lies in the kernel of (2.16) if and only if M; is sent to zero via (2.17). However, using dévissage
and [11, Lem. 5.1.1], the push-forward map ¢p in (2.17) is injective. We see (under the assumption
1 = 0) that (1) is equivalent to that M lies in the kernel of the first map of (2.17), which is equal
to Ext!(Cy, D1) by dévissage. This is furthermore equivalent to that D; lies in the image of the
composition

Ext!(Cy, D1) — Ext'(D, D1) — Ext!(Dy, Dy), (2.18)

which is no other than ¢,. The other parts are straightforward. O

Corollary 2.33. We have dimg(Ext'; (D, D) NExt} (D, D)) = 1+ (n®> —2n+2)dg. Consequently,
the following matural map is surjective:

Ext';(D, D) ® Exty (D, D) — Ext'(D, D). (2.19)

Proof. The dimension part follows from Theorem 2.32, Proposition 2.29 and Proposition 2.14. The

second part follows from the first part and Proposition 2.14 by comparing dimensions. O
Let

V(Dy,Cy) := (Bxt (D, Dy) x Hom(K*, E)) & (Ext (Cy,Cy) x Hom(K*, E))
(&22) Bt (D, D) @ Exty (D, D)),

~

and L£(D, Dy,C4) be the subspace consisting of those ((z,), (y,v)) € V(D1,C1) such that there
exist Dy € Ext!(Dy, D;) and C, € Ext!(Cy, C}) such that Dy = T, C) = y, and

(51 ®RK,E[5]/52 RKvEH/GQ(l B 1[}6), 6’1 ®RK,E[6]/€2 RK,E[G]/CQ(l B @ZJE)) € jD'

Corollary 2.34. (1) Let D, D’ € ®T',.(D1,C4, ¢y), then L(D', D1,C1) = L(D, Dy,C4) if and only
if Lpr = aup for some a € E*. When K = Qy, this is equivalent to D = D'.

(2) For D € ®T',o(D1,C4, ¢yp), there is a natural exact sequence

0 —» £(D, Dy, Cy) — V(Dy,C1) — Bxt (D, D) — 0. (2.20)
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Proof. (1): Suppose L(D', Dy,C1) = L£(D, D1, C1), we show Ext, (D1, D1) C ExtLlD/ (D1, D1) hence
tpr € E*up by Proposition 2.29. Let z € ExtLID(Dl,Dl), M € Ext'(Cy,D;) be a preimage of
z and y := (5 (M) € Ext]_ (C1,C1). We have ((z,0),(7,0)) € L(D,Dy,Cy) = L(D', Dy, Ch).
There exist hence 2’ € Ext}D,(Dl, D),y € Ext}D,(Dl, Dy) such that 2’ — 2 € Ext{(Dy, Dq) (and
y' —y € Extg(C1,Ch)). As Extj(Dy, D1) C Ext, (D, Dy), this implies z € Ext},D (D1, D1). (1)
follows.

(2) follows from Theorem 2.32 and Corollary 2.33, noting £(D, Dy,C}) is no other than the
image of the Ker(2.19) in m}@;(D, D) @m};(D, D) =V (Dy,Ch). O

Now we consider Y \ {o}-de Rham deformations. We first consider higher intertwining for
deformations of Dy = T,(D). We only consider ¥ \ {o}-de Rham deformations. Let D;, =
T(D1) and C1 = T5(C1). Let oo € Hom(D; 4, C1 ). We have similar maps as in (2.15), which
induce, by restricting to X \ {o}-de Rham extension groups,

L - Ext(lf(CLg,DLU) — EX’G},(DLU,DLU), uF EX‘E},(CLO,DLU) — EXt;(CLO,CLU).
Let Ext; (D1, D) := 1, (Ext.(C1,D1)) and Ext (C1,Cy) := o (Ext}(C1, D1)). Denote by
4, :={(D1,,C1,) € Ext! (D1, Dy) x Extl (C1,C1) |
IM € Extl(Cy, Dy) with o (M) = Dy, 5 (M) = C,}.
Similarly as in Proposition 2.29, we have:

Proposition 2.35. Let i, € Hom(D; 4, C1 ) be an injection.
(1) dimg Ext (D14, D1,4) = dimgExt} (C1,,C1,6) =14 (n—1)(n—2).
(2) Ethl](DLg, Dl,o) (- EXtLla (Dl,le,U) and EXté(CLU, Cl’g) C EXtLla (Cl,o; Cl,a)~

(8) For,, € Hom(D1 o, C1 ), Ext}g(DLg, D1 ,) = Ext, (D1, D1,s) if and only z'fExtng(C'LJ, Cio)

Extblu (Ci0,Cr0) if and only if L, = ai, for some a € E*.

Proof. We still only prove the statements for Dy ,. By [23, Cor. A.4], dimp Ext!(C1 4, D1,5) = (n—
1)2. By similar arguments as in the proof of Proposition 2.29 (1), the kernel of Ext!(C} », D1 ,5) —

Ext!(D1,,, D1 ) has dimension (n—1)—1, which is clearly the same as Ker 1, = Ker, ‘EXté(Cl,a,Dl,o)'

(1) follows. Using [23, Cor. A.4], dimpg Ext;(C’LU,DLJ) = @ By comparing dimensions, we

see the induced map Ext;(CLU, D ,) — Ext;(DLa, D ;) is surjective. (2) follows. (3) follows from
similar arguments as in the proof of Proposition 2.29 (3) using an analogue of Lemma 2.28. We
leave the details to the reader. O

For D, € ®I'yo(D1,5, C1 0, dn) (Which is the subset of ®I',¢(¢, I (h)) of isomorphism classes of
(¢,I')-modules D, such that Hom(D; ,, D,) = Hom(D,,C1 ) = E), set #p_ to be the following
set

{(51,07 61,0) € EXt}DU <D1,07 Dl,a) X EthlDU (Cl,a; Cl,o) ’
IM € Ext}(C1s, D1,o) with tp (M) = Dy 4,0}, (M) = Cio}.

We have by Proposition 2.35 (3) and Proposition 2.9:
Corollary 2.36. For D,, D, € ®T'y(D1,,,C1,0,¢n), we have Ip, = Ip: if and only if Dy = D).
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The following theorem follows by the same argument as in Theorem 2.32.
Theorem 2.37. Let D, € Ext},j(Dg,DU) with m;(f)g) = (ﬁgvl,w). The followings are equiva-
lent:

1. Dy € Bxt} 5(Dy, D) NExtl 4 (Do, Dy).

2. 5170 ®RK,E[€]/52 RE[G]/GQ(]_ —e) € EXtLlDU (Dl,m DLJ).

Moreover, if the equivalent conditions hold, then /igg(]j)g) = and there exists M € EX‘C}T(CLU, D )
such that Dy 5 = LJSJ(M)®RK,E[E]/E2 R, Elq/e (1+10€) and kg 1(Ds) = LBU(M)(@RK,E[E]/Q R, Elq/e(1+
Pe).

Let Hom, (K *, E) be the subspace of locally o-analytic characters of K* (see for example [22,
§ 1.3.1]). Set

V(D15 Cho)e i= (Exty(D1o, D1 o) x Hom,(K*, E)) & (Ext, (C1, C1) x Homy (K*, E)) (2.21)
and L(D,, D15, D25)s to be the the subspace consisting of those ((z,%), (y,v¢)) € V(D1,s,C1.0)o
s~uch that there exist INDLU € Extl(D1,,D1,) and 6170 € Extl(Cy,,C1 ) satisfying 51,0 =z,
Ci,s =y, and

(517” ®RK,E[E]/62 RKvEH/EQ(l — te), 61,0 ®RK,EM/€2 RK,E[e]/eQ(l - we)) € Ip,-
By Proposition 2.9 and the same arguments as in Corollary 2.34, we have:

Corollary 2.38. (1) Let D,, D!, € ®I'y(D1,4,C1 .0, ¢n), then L(D., D1y »,C15) = L(Dy, D15,C1 o)
if and only if Dy = D..

(2) There is a natural exact sequence
0 — £(Dy, D1.9,C10) — V(D1.0,Che)e — Exty(Dy, Dy) —> 0. (2.22)
Let V(D1,Ch)y = (Exty (D1, D1)xHom, (K*, E))&(Ext, (C1, C1)xHom, (K, E)) C V(Dy,Ch),
and ﬁ(D, Dy, Cl)g = ﬁ(D, Dy, Cl) N V(Dl, 01)0.
Proposition 2.39. The functor %, induces a commutative diagram
0 —— L(D,Dy,C1)y —— V(D1,C1)g —— Bxty(D,D) — 0
|- |- |-
0 —— L(Dy,D14,C1 )0 — V(D14,Cle)e — Bxto(Dy, Dy) — 0
where the top sequence is induced by (2.20).
Proof. All the maps are clear, and we have seen in the above corollary that the bottom sequence

is exact. The left exactness of the top sequence is clear. However, by Corollary 2.27, the two right
vertical maps are both isomorphisms. The proposition follows. O

Corollary 2.40. The map (2.11) is surjective. And the same holds with D replaced by D,.
Proof. By the above proposition, Eixt;y(D,D) @ Ei)d]i.7g(D,D) — Tm},(D,D) is surjective. By
induction on the rank n, it is not difficult to deduce @weSnEixt},’w(D, D) — mi(D, D) is surjective.

As Ext{(D, D) C Ext(l,vw(D, D) for any w € S, we see (2.11) is also surjective. The statement for
D, follows by the same argument or using Corollary 2.27. O
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3 Locally analytic crystabelline representations of GL,,(K)

3.1 Locally analytic representations of GL,(K) and extensions
3.1.1 Notation and preliminaries

We introduce some notation on the GL,-side. Let T be the torus subgroup of GL, , B D T

be the Borel subgroup of upper triangular matrices. For a standard parabolic subgroup P of

GL,, denote by Lp D T its standard Levi subgroup and P~ its opposite parabolic subgroup.

Denote by t C b C p C gl,, the corresponding Lie algebras over K. For i € {1,---,n — 1}, let

Ai = (1,---,1,0,---,0) be the associated fundamental weight. Let 0 := Z?;ll Ai=(n—1,---,0).
\w—/

(2
For a parabolic subgroup P, let 0p := EieS(P) Ai where S(P) is the set of simple roots of Lp, and

6F := 0 — Op, that we view as an algebraic character of Lp. Let dp be the modulus character of
P(K). For simplicity, for i« € {1,--- ,n — 1}, we denote by P; the associated maximal parabolic
subgroup, and L; its standard Levi subgroup.

For a Lie algebra g over K, denote by gz, = g ®q, E = [[,ex, 8 ko E =t [[ex, 90
For a weight u of ts,, denote by M~ (u) := U(gl, 5, ) Dueg ) M and let L™ (u) be its unique
K
simple quotient. If p is anti-dominant, then L~ () is finite dimensional and isomorphic to the
dual L(—u)Y, where L(—p) is the algebraic representation of Res(gp GL,, of highest weight —p with
respect to Resgp B

For an admissible locally Q,-analytic representation V' of GL,(K), by [43], its dual V" is
naturally a module over the (Q,-analytic) distribution algebra D(GL,(K), E), which, equipped
with the strong topology, is a coadmissible module over D(H, E) for a(ny) compact open sub-
group H of GL,(K). For admissible locally Qp-analytic representations Vi, V5 of GL,(K), set
ExtGL (K)(Vl, Vo) = ExtD(GL (K), E)(V2 , V1Y), where the latter is defined in the abelian category

of abstract D(GLy,(K), E)-modules. By [9, Lem. 2.1.1], EXt%;Ln(K)(Vb‘/Q) is equal to the exten-
sion group of admissible locally Q,-analytic representations of Vi by V5. Any representation V' in
ExtéLn(K)(V, V) is equipped with a natural E[e]/e? structure where € acts via V — V by,
If V is locally algebraic, define Ext}](V, V') to be the subgroup of locally algebraic extensions.

Let ¢ = 1 XKy, : T(K) — E* be a smooth character. We call ¢ is generic if qﬁigbj_l # 1,k
for i # j. Let 77 = \ ]K” X |- |§<” X .. X 1. For w € Sy, let w(¢) := ¢p-11) X -+ dy-10n). Let
Tsm (@) = (Ind B—( K <z577) which is an absolutely irreducible smooth admissible representation of

GL,,(K) when ¢ is generic. Moreover, when ¢ is generic, mgm(¢) = msm(w(¢)) for all w € S,,, which
is in fact the smooth representation of GL, (K') corresponding to the Weil-Deligne representation
@, ¢; in the classical local Langlands correspondence.

3.1.2 Principal series

We collect some facts on the locally Q,-analytic principal series of GL,,(K).
Let h be a strictly dominant weight of ty,, put A :=h — OUCQp] = (Nijo = hig —n + 2) UegK ,

s

which is a dominant weight of t. Let ¢ be a generic smooth character of T'(K). Put ﬂalg(gb, ) :
Tsm (¢) ® g L(A), which is a locally algebraic representation of GL,,(K). For w € Sy, we have

7I'alg(qsa h) = Walg(w((ﬁ)a h)
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For w € S, put PS(w(¢), h) = (Indy 115 w(@)nz) %= = (Indig (3 w(@)2h (e~ 0 0) %™
We have (where ]:SI:”(—, —) denotes Orlik-Strauch functor [42]):

Proposition 3.1. Let w € S,.
(1) The irreducible constituents of PS(w(¢), h) are given by

{Cg(w, U) = ./_'-ggn (L_ (—U ' )‘)7 w(¢)77) }UZ(UU)ESLEK‘ )
which are pairwisely distinct. Moreover, if lg(u) = 1, then € (w,u) has multiplicity one.

(2) SOCGL, (K) Ps(w(¢)v h) = 7Talg(gbv h)
(3) SOCGL, (K) (PS(w(¢), h)/ﬂalg(¢7 h)) = @ueSLEK‘,Cg(w’ u)

lg(u)=1
(4) For w' € S,, and u,u’ € SR with, lg(u) = lg(u’) =1, €(w,u) = € (W, ) if and only if
u=1u'=s;, for somei€ {1, ,n—1} and o0 € Xk, and w(w')™? lzes in the Weyl group of Lp,.

Proof. (1) and (4) follow from [42] (together with some standard facts on the constituents of the
Verma module, see for example [33]). (2) (3) follow from [8, Cor. 2.5] or [41, Thm. 1]. O

Fori € {1,---,n—1}, let I C {1,---,n} be a subset of cardinality i. We see that all the
representations €' (w, s; ) with w({1,--- ,i}) = I are isomorphic, which we denote by €(I, s; ).
By Proposition 3.1 (4), €(I,s;,) are pairwisely distinct for different I. For w € S, such that
w({1l,---,i}) = I, we have (by [8, Cor. 2.5][41, Thm. 1])

C(1,8i5) = SOCGLH(K)(IHdgLTé{f) —Sio Ay (g)n)eman, (3.1)

Lemma 3.2. Let w € S,, such that w({1,--- ,i}) =1.
(1)We have Homg(g,) (=~ w(6)nds, Ja(# (1, 514))) = E.

(2) We have IGLE‘( ))(z_sm“w(qﬁ)n) = ¢(1,s;,), where IGLE}(())(—) is Emerton’s induction
functor [27].

Proof. By [42], it is easy to see any irreducible constituent of PS(w(¢), h) is a subrepresentation of
a certain locally Q,-analytic principal series, hence is very strongly admissible by [27, Prop. 2.1.2].
(1) then follows by [7, Thm. 4.3, Rem. 4.4 (i)]. By loc. cit. and [41, Thm. 1], we have

Homp(q,) (2% *w(¢)ndp, Jp(€)) = 0

GLn (K

B,(K)) 250 Mu(¢)n) B8 with € # €(1, s,,). Hence the

for any irreducible constituent € of (Ind
natural map

e M w(@)nds — Jp((Ind ) = A w(@)n) %)

has image contained in Jg(%€'(1, s;+)). (2) follows. O

Let PSi(w(¢), h) be the unique subrepresentation of PS(w(¢), h) of socle m,5(¢, h) and cosocle
Di=1, n—1€(w, si») (with the tautological injection PS;(w(¢),h) — PS(w(¢),h)). Consider the

oEX K
amalgamated sum @MGS& » PS1 (w(¢), h). It admits a unique quotient, denoted by 71 (¢, h) of socle
Talg (¢, h). By Lemma 3.1 (3) (4), m1(¢, h) is an extension of @ij—1,... n—1,0ex,€ (I, si0) (2" —2)dKk
IC{17 7n}7#I:Z
constituents in total) by mae(¢,h). We fix the tautological injection mag(¢,h) — mi(¢,h). We

study the extension group of mae(¢, h) by 71(¢, h). First we have:
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Proposition 3.3. (1) For w € S,,, the following natural map is a bijection:
~ GLn,
G + Homg (T(K), B) < Bxtdy, ) (Raig (6, h), maig (6, 1), & = T50 (w(@)n=(1+ e)), (3.2)

and induces a bijection Homgy, (T(K), E) = Extllalg (Tralg (¢, h), Targ (¢, h)). In particular, we have
dimpg EXt; (Walg(gb’ h)v 7Ta1g(¢a h)) =n, and dimg Ethlalg(ﬂ-alg((ba h’)a Walg((ﬁa h’)) =n+dg.

(2) For wi,wy € Sy, the following diagram commutes:

Cw
HOmgl (T(K)a E) —:1—% EXt%}Ln(K) (Walg(¢7 h)7 Walg(qsv h’))

Cw
Homg/ (T(K)a E) 72> EXt%}Ln(K) (Walg(¢a h)u Tralg(¢7 h)) .

Proof. For 1) = 11 + 1y o det with ¢; € Homgy (T'(K), E), it is easy to see the natural map

w(@)n* (14+9€)dp < Jp((IndG=ih) w(@)nz(1+1e) %) < (Ind G20l w(g)2 n(1+pe)

factors through the subrepresentation (Ind?ﬁ’ég) w(P)n(1+91€))™ @ L(N) @pq e (14t o det).

By definition (]27]), we see

IgE’g;ff ) (w()n2* (1 + pe)) = (IndgE*ég) w(@)n(1 + 16)"™ ©p LX) @ppgye (1+ o o det),

which clearly lies in EXt%}Ln(K) (Talg (¢, h), ma1g (0, h)). So ( is well-defined. By [44, Prop. 4.7], we
have (where the subscript “Z” stands for fixing central character)

Ethlalg,Z(ﬂalg((bv h)> Walg(¢7 h)) ; EXt%}Ln(K),Z(Walg((ﬁ’ h)v ﬂ—alg(¢a h)) (3'3)

By classical smooth representation theory, dim Extllalg 7(Talg (@, ), Taig (¢, h)) = n—1. Using similar
arguments as in [10, Lem. 3.16], dimpg ExtéLn(K) (alg (@, h), Talg (¢, h) = n + dg. By the smooth
representation theory, Cuw|Hom..(T(k),r) 13 @ bijection. It is easy to deduce (3.2) is bijective. For
(2), it suffices to prove the statement for ¢’ replaced by “sm”. But this is a classical fact (e.g. using
Bernstein centre). O

Lemma 3.4. For any €(1,si.), we have:
(1) dimp Extéy o) (Talg(9, h), €1, 51,0)) = dimp Extey, ) (€1, 8i0), Talg(¢, b)) = 1.

(2) Let Tag(¢, h) € EXt%}Ln(K) (Talg (¢, b), Taig (@, h)) be non-split, then the pull-back map (via
7:I'eaulg((ﬁ? h) - 71-alg(¢7 h’))

EXt%}Ln(K) (Walg(¢7 h’)? %(Iv Si,U)) — EXt%}Ln(K) (ﬁ-alg(gﬁ’ h)’ %(L Si,d))
s a bijection.

Proof. By Schraen’s spectral sequence [45, Cor. 4.9] (noting the separatedness assumption is satis-
fied for mae(¢, h) by the same argument below [45, Cor. 4.9]), (3.1) and [24, Lem. 2.26],
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The second equality in (1) is proved in [11, Cor. 5.2.6]. We have

~ ~ ~ GL,(K) —s; .- —an
EXt%}Ln(K) (ﬂ-alg(gb» h)a %(I, Si,a)) = EXtéLn(K) (Walg((ﬁa h)a (IndB*(g()) Z7e /\w(éf))ﬁ)@p : )
= Homyg) (w(@)nz""0 (1 + ge), w(g)nz"""?),

where ¢ = (! (Faig(¢,h)) € Homy (T(K), E), and where the first isomorphism follows from [24,
Lem. 2.26] (and an easy dévissage using (3.1)), and the second isomorphism follows from Schraen’s
spectral sequence [45, Cor. 4.9]. (2) follows. O

For w € S, consider the natural map

Hom(T'(K),E) — EXt%}Ln(K) (PS(w(¢),h),PS(w(¢),h)), ¥ — (In dgl”(l;()) (¢)172/\(1+w6))@p—an.

Composed with the pull-back map for an injection j : m,(¢, h) < PSi(w(¢),h) and using [24,
Lem. 2.26], it induces a map

Hom(T(K),E) — ExtéLn(K)(walgw, h),PS;(w(¢),h)). (3.4)

Composed furthermore with the push-forward map via the injection PS;(w(¢),h) < mi(¢,h)
(associated to j), we finally obtain a map

Cw : Hom(T(K), E) — Extgy, (5 (Taig (¢, h), m(4, h)). (3.5)
Note that the map (, does not depend on the choice of ;.
Proposition 3.5. (1) For w € S,,, the map (3.4) is bijective. In particular,

dimp Extgy, (g (Taig (6, b), PS1(w(), b)) = n + nd.

(2) For w € Sy, Cw\Homg,(T(K)’E) is equal to the composition of (3.2) with the injective push-
forward map Ext%}Ln(K) (Talg (¢, B), Ta1g (@, b)) — ExtéLn(K) (Ta1g (¢, b), 71 (0, h)).

Proof. (1) follows by Schraen’s spectral sequence [44, Cor. 4.9] and [23, Lem. 2.26]. (2) is clear (see
Remark 3.6 below). O

Remark 3.6. The map (, can also be obtained by using Emerton’s functor IGL’(Z())(—). In
fact, by definition (and using [24, Lem. 2.26]), it is not difficult to see for ¢» € Hom(T(K), E),
ISE’(LI({I?) (w(p)nz?(1+1pe)) C (IndGL’Z(I? ()02 (1+4p€)) L= is an extension of wag (¢, h) by a cer-
tain subrepresentation V- of PS1(w(¢), h). Then (1) is just the image ofIGL"KI)()( ()2 (141pe))
of the push-forward map via V- — PSi(w(¢), h) — m1(s, h).

Proposition 3.7. (1) We have an exact sequence

0 — Extgy, (i) (Malg(6: b), Taig (¢, b)) — Extéy, (o) (Taig (0, B), ™1 (9, b))

— P i=1, n—1,0€ELK EXtéLn(K) (ﬂ'alg(d), h), (g([, Sip-)) — 0. (36)
IC{l, n—1}#I=i

In particular, dimg ExtéLn(K) (Talg (¢, h), T (¢, b)) =n+ (2" — 1)dk.
(2) The following map is surjective:

(Cw)

t(]ﬁ,h : EB’LUESn HOHI(T(K), E) EXtGL (K) (ﬂ-alg(qsv ) T (¢7 h’)) (37)
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Proof. The sequence follows by dévissage, and it suffices to prove the second last map in (3.6) is
surjective. For w € S, using dévissage, we have an exact sequence

0— EXt%}Ln (K) (Walg(qS’ h)7 Talg ((;5’ h)) — EXt%}Ln(K) (Walg(¢7 h)7 PSl(w(¢)7 h))

— @i:l,wz,n—l EXt%;Ln(K) (Walg(d)a h)7 cg(w, Si,a))' (3'8)
oELK

By comparing dimensions (using Proposition 3.3 (1), Proposition 3.5 (1) and Lemma 3.4 (1)), the
last map in (3.8) is surjective. The following diagram clearly commutes

EXté}Ln(K) (Falg(¢7 h)? PSl(U)(QZS), h)) — @i:l,--- ,n—1 EXt%}Ln(K) (Walg(¢7 h)? %(’wv Si,o))

oEX K

| !

EXtéLn(K) (Walg(¢ﬂ h)? 7T1(¢7 h)) > D i=1, ,n—1,0€X ‘ EXtéLn(K) (Walg(¢7 h)7 CK(L Si,a))
IC{1, n—1} #I=i
(3.9)

where all the vertical maps are injective. With w varying, it is easy to deduce the bottom map is
surjective. The dimension part follows then from Lemma 3.4 (1) and Proposition 3.5 (1). Finally,
varying w, the image of the right vertical map in (3.9) can “cover” the target. (2) follows. O

Remark 3.8. By Proposition 3.5 (1) and [24, Lem. 2.26], for w € S, we have
G+ Hom(T (), ) < Bty ) (mts (6, 1), P(w(6), ).

Denote by w(p, h) the unique quotient of @?Els(’é) B PS(w(¢), h) of socle (¢, h) (cf. [15], which
alg\ P

is the representation mw(p)™ of loc. cit.). The representation m (¢, h) is in fact the first two layers
in the socle filtration of w(¢, h). Moreover, using again [24, Lem. 2.26], we have

EXt%}Ln(K) (Tralg(d)v h)? 1 (Qb, h’)) —N_> EXt%}Ln(K) (Walg(¢7 h)u W(QZ)’ h)) (310)

Proposition 3.7 (2) hence holds with (¢, h) replaced by 7(¢, h).
Denote by
EXt; (ﬂ-alg((ﬁa h)’ 7T1(¢7 h)) C Ethl]’(ﬂ-alg(qba h)a 771(¢7 h)) C EXt%u (ﬂ-alg (¢7 h)? 1 (¢? h))

the respective image of Ethlalg(Walg(¢, h), mu4(¢, h)), ExtéLn(K)(walg(@ h), Te(¢, h)), and Im((y)

for w € S,,. We also use the notation Ext}w for Extl whenever it is convenient for the context
where 7, is the B-filtration of @', ¢; associated to w. We have hence an isomorphism

Co + Hom(T(K), ) 5 Bxtl (zag(é, h), m1 (6, h).
By Proposition 3.3 (2), for wy,wy € Sy, the following diagram commutes

Homg (T(K), E) —“1s

UJ2w1_1 l"'
Cuy

Homy (T(K), E) —2+ BExt}, (mag(¢,h), 71 (¢,h)).

~

EXt;/ (Walg(d): h), T (¢7 h))

‘ (3.11)
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3.1.3 Parabolic inductions

Let P D B be a standard parabolic subgroup of GL,, of Lp = diag(GLy,,---,GLy,). Let #p be
the Weyl group of Lp. Let #p be a P-filtration of @] 1d>1 and ¢z, ; 1= @, for ¢; € gr; Fp (where
the order of these ¢; does not matter here). Fori = 1,--- ,7,let h' := (W, 4y 141, » By )-
Applying the constructions in § 3.1.2 to (¢.7,,, h?), we Obtain GL,, (K)-representations maig (¢ 7, 4, h'),
T (d7p 4 h') etc. Consider the parabolic induction

GLn K K3 Q —an
(Ind 3= (R 71 (67 1, h))e ™t 0 07) 7™ 5 oy (6, ). (3.12)
Lemma 3.9. Fori=1,--- ,n—1,0 € ¥g and I C {1,--- ,n}, #I =i, €(I,si,) appears as
GL (K)

an irreducible constituent of (Ind (&l 11(¢7pi, B))e 0 QP)Qp_an if and only if one of the

following conditions holds: o
(1) there exists k € {1,---,r} such that (ny +---4+np—1) +1 < i < (ny+---+ng) — 1 and
{71 ¢j €Filgp 1} CIC{j| ¢ €Filgy i},
(2)i=mn1+---+ny forsomek=1,--- ,r—1, and I = {j | ¢; € Fily, Fp}.

Moreover, each of such constituents has multiplicity one, and lies in the socle of
GL,(K) ST i _ —an
(Ind 32 (R 71 (6710 B))e™ 0 07) 27 oty (6, B). (3.13)
Proof. Using [42], we see the constituents for ¢ in (2) appear with multiplicity one in

(I By g (97,0, 08”) @7 (s (Ind 2Ly Ry 1 (07,0, W) o07) 2 7).

For ¢ in (1), consider the following subquotient of (3.12):

(nd=7 (@5 a7 h))RE(1, 55,0)1)e L 0 67) %" (3.14)
7
where € (I, si )i, denotes the corresponding representation in the cosocle of w1 (¢, i, h'). Using
(3.1) for €(1, s )k, the transitivity of parabolic inductions, [42, Thm.] and [41, Thm. 1], we see
that the socle of (3.14) is just € (I, s;») with multiplicity one. It is not difficult to see these give
all the €(1, si,) appearing in (1), and they all have multiplicity one. It rests to show all these
constituents lie in the socle of (3.13). By the definition of 7r1(¢>(,@7i,hi) (and the transitivity of
parabolic induction), it is easy to see all such constituents come from certain principal series. We
can then use Proposition 3.1 to conclude. O

Denote by Sz, the subset of the constituents € (I, s; ), those that satisfy one of the conditions
in Lemma 3.9. Then (IndgL’&(())(ﬁ;lm(qbgrpm h"))e~ 1o OP)Qp_an contains a unique subrepresen-
tation TIp ((ba ) such that SOCGLn(K) TFp (¢7 h) = Walg(¢7 h) and TFp (¢7 )/Walg(¢7 ) = (()”GSg t .
It is easy to see the (tautological injection) Ty (¢, h) — 72, (¢, h) uniquely extends to 7z, (¢, h) —

m1(¢, h).
Proposition 3.10. We have

dimp Exty, o) (Talg (6, B), 77, (6, h)) = 0+ dicr + dic Y (2" = 2).
i=1

And the following push-forward map is injective

EXtéLn(K) (ﬂ-alg(gba h)v ﬂ-ﬂ\p (gba h)) — EXtéLn(K) (ﬂ-alg(qsv h’)7 771(¢7 h’)) (315)
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Proof. We have an exact sequence by dévissage

0 — Extiy, (1) (Tatg (6, 1), W70 (6, 1)) — Extiy, () (Mg (6, ), m (¢, 1))
— Extg, () (Talg (0, h), ®ggs» €). (3.16)

(3.15) follows. By Proposition 3.7 (1), the last map in (3.16) is surjective. The first part follows
then by a direct calculation using Proposition 3.7 (1), Lemma 3.4 (1) and Lemma 3.9. O

Set Ext}g;P (malg (¢, h), m1(4, h)) to be the image of (3.15). Note by [24, Lem. 2.26], the following
natural map is bijective:

Ext%}Ln(K) (Talg (¢, h), 77, (¢, h))

By Schraen’s spectral sequence [45, Cor. 4.9], there is a bijection

EXt}/p(K) ( &gzl Walg(¢=gp,i7 hi)? ®::1W1(¢(,@‘P,i; hz))

= Bty ) (Tag(6,B), (Ind ) (B m (67,5, 0~ 0 67) 270,

Using (3.17) and (3.15) and the natural map

H EthGLni (K) (Walg((ﬁﬂp,iy hl)7 1 (qbfp,i) hl)) — EXt},P(K) ( ®§:1 Walg(Qbézp,i, hz)7 IZ7,':171-1 (stp,h hl))
i=1

(3.18)
sending (7;) to the completed tensor product @::1%i over Ele]/e?, we finally obtain a map

Cf‘:p : HEXt%}an(K) (Walg(¢fp,i7 hi)7ﬂl(¢ﬂp,i7 hz)) — EXtLTP (Tralg(¢7 h)77r1 ((Z)v h)) (319)

i=1
For w € S,, let 7, be the B-filtration of @} ;¢; associated to w. Suppose 7, is compatible
with Zp. It is clear that PS;(w(¢),h) is a subrepresentation of 7z,(¢,h) (e.g. by compar-
ing constituents and using Lemma 3.4 (1)), hence (by dévissage) Extl (maz(¢,h), m1(4,h)) <
EXttlé’?p (ﬂ'alg((b, h)v 771(¢7 h))

Proposition 3.11. The map (z, is bijective. Moreover, for any w such that the associated B-
filtration T, is compatible with Fp, the following diagram commutes

~

[[;—; Hom(T(K) N Lp;(K), E) — Hom(7T(K), E)
~l ~l (3.20)
[Ty Extl, | (Tutg (670 B), m1(65 b)) —— Exth, (masg 6, h), i (6, b))
where T, ; s the induced B N Lp-filtration on gr; Fp.

Proof. The commutativity of the diagram follows by definition and the transitivity of the parabolic
induction. By similar arguments as in the proof of Proposition 3.7, one sees

@ Extqlu(walg(qb, h), 71(¢,h)) — Ext{lgp (malg (¢, h), m1(p, h)) (3.21)

Tw compatible with Zp

is surjective, hence so is (#,. By comparing dimensions, ( #, is bijective. O
’ Fp y SFp
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Remark 3.12. We see the map (3.18) is actually bijective.

Denote by Extly, /(mag (¢, h), m1(¢,h)) the image of [[i_; Ext) (mag(¢7,.4,h), m1(¢7,4,h"))
under (z,. By Proposition 3.11, and (3.11), the following diagram commutes (assuming .7,,
compatible with .#p):

Homp,y (T(K), E) —“s Extls (mug(@,h), (9, )

~

wgw;1l~ H (3.22)

Homp,y (T(K), E) —2s Extls (mug(@,h), (9, )

~

We finally discuss some intertwining properties related to § 2.4. Let ¢! := ¢; X --- K ¢, _1 :
T,1(K) - EX, h! := (hy,--- ,h,_;) and h? := (hy,--- ,h,) which are dominant weights of
th—15,. We have locally Qp-analytic representations of GL,—1(K):

Walg(¢la hl) - ﬂ-l((ﬁl? h1)7 7ralg(¢27 h2) Cm (¢17 h2)7
and parabolic inductions

GLn(K) 131 h,,\Qp—an GLn (K) hy .n—1 1 1,27\ Qp—an
(Inde(K) (m1(¢", h") @ e) M gp2™) "™ and (Indpz,(K) Pz Ky (¢h, h?)) T

Let .% be the filtration @?:_11 i C @ 1¢; and ¢ be the filtration ¢, C @] ,¢;. By Lemma 3.9,
C(1,si,) appears in mgz(p, h) (resp. in my(¢,h)) if and only if i = 1,--- ,n — 1, 0 € Xg and
Ic{l,---,n—1}, #I =i (xesp. I = L U{n} with I, C {1,---,n—1} and #I =i—1). In
particular,

(77 (6, h)/maig(6, h)) N (7 (¢, h) /Targ (¢, 1)) = 0.

The following proposition is straightforward (where the exactness of the last sequence follows by
comparing dimensions)

Proposition 3.13. There is a natural exact sequence
0— Walg(qsv h’) — Wﬁ(qbv h’) D ﬂg(¢, h’) — T (¢7 h’) — 0.

Consequently, we have a natural exact sequence

0— EXt;/ (Walg(¢7 h’)) 1 (¢7 h’)) —
Exty (Tag (6, B), 71(6, k) @ Ext (a1 (¢, h), m1(4, b))
— Extéy,, o) (Talg (6, B), 71 (6, B)) — 0.

Remark 3.14. Applying Proposition 3.11 and Proposition 3.10 to .% and 4, we have
(7 Extar, (o) (mag(6!, BY), m (6, b)) x Hom(K*, E) = Extly (maig(¢, b), ™1 (¢, b)),

Cf? : EthGLn_1(K) (ﬁalg(¢1, h2)> 1 (¢17 h2)) X HOII](KX ) E) _N_> EXt};(TFa]g(gﬁ, h’)’ ™ (d)v h))
and dimp EXt,l?(”Talg(¢7 h’)? W1(¢7 h)) = EXté("Talg(¢7 h), Wl((ﬁ, h)) =n-+ 2n71dK.
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3.1.4 Locally o-analytic parabolic inductions

Let 0 € ¥k. Let A\, be the o-component of A, and A7 := (A;);~,. We also view them as weights
of ty, in the obvious way. For i = 1,--- ,n—1, 1 C {1,--- ,n}, #I =i, let w € S, such that
w({l,---,i}) = I. We have

C(1,510) = Fo" (L7 (=si0 - N), w(9)n)) 2 Fr (L (=510 - Aa), w(9)n) @5 L)

Note we have fg%” (Ly (—=Sio-As), w(P)n)) — (Indg%fég) w(¢)nz®e A )72 which is hence locally
o-analytic, i.e. is locally Qp-analytic and the induced gl, 5, -action factors through gl, ,. Let

T1,0(¢, ) be the subrepresentation of (¢, h) given by the extension of & —1,.. n—1 € (I,5si0)
IC{1, n} #I=i
by Taig(¢, A). Similarly, for w € Sy, we let PS; ,(w(¢),h) C PSi(w(¢), h) be the subrepresentation

consisting of w1 (¢, h) and €(w, s;,) for i =1,--- ,n — 1. It is easy to see

PS1 o (w(9), h) = PS1(w(¢), h) N (Indj (Y w(g)nz*7)7"" @ L(\7) — PS(w(9), h).

Moreover, 71 ,(¢,h) is the unique quotient of GBZ’GIS(Z) N PS1 . (w(¢), h) of socle mag(¢, h). In par-
alg\ P,

ticular, 71 5 (¢, h) is U(gy 0\ {o})-finite, i.e. U(gs,\{s})v is finite dimensional for any v € 71 »(¢, h).
In fact, 71,5(¢, h) is no other than the maximal U(gys,\ (o} )-finite subrepresentation of 71 (¢, h).

For U(gy,\{o})-finite representations V', W, we denote by Extl(V,W) c ExtéLn(K)(V, W) the
subspace of extensions, those that are U(gs; .\ {o} )-finite. Let Hom, ,(T'(K), E) := Homy (T(K), E)N
Hom, (T(K), E) (where Hom, (T (K), E) is the subspace of locally o-analytic characters).

Lemma 3.15. We have dimp Exty (maig (¢, b), Taig (¢, b)) = n+1, and (3.2) induces an isomorphism
Homg. g (T(K), E) = Exto (Tag(¢, h), Tag(¢, h)).

Proof. As Extey, () 7(Talg(0: 1), Taig (¢, 1)) C Extiy, (maig (¢, h), maig (4, h)) (by (3.3)), we have an
exact sequence (similarly as in [10, Lem. 3.16])
0 — Extéy, () 2 (Taig (¢, h), Taig (¢, h)) — Exty (maig (¢, h), Taig (6, h)) — Homy(Z(K), E) — 0.
The first part follows. The second isomorphism follows by comparing dimensions. O
Proposition 3.16. Let w € S, the map (3.4) induces an isomorphism

Hom, (T(K), B) = Exty(ag(¢, h), PS1.0(w(9), h)). (3.23)

Proof. For ¢ € Hom,(T'(K), E), by similar arguments as in the proof of Proposition 3.3, we see

ISET(LI({I)Q (w(gﬁ)nzk(l + 1be)) is a subrepresentation of

Bos w(@)n (1 + 1) ™ @ LX),

hence is U(gy,\o})-finite. Together with Remark 3.6, we obtain the map (3.23). By the above
lemma, Lemma 3.4 (1), and an easy dévissage

(Ind

0— EXt}; (ﬂ'alg((zsv h)a 7Talg(‘ba h)) — EXté (Walg(¢7 h)a PSl,a(w(¢)7 h))
— &1 Ext) (malg (6, h), € (w(6), si0))

we see dimpg Exty(mag (6, h), PS1»(w(¢),h)) < 2n. By comparing dimensions (noting (3.23) is
clearly injective), (3.23) is bijective. O
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Remark 3.17. By the proof and comparing dimensions (using Lemma 3./ (1)), we see
EXt}; (Walg<¢v h’): cg(w(¢)7 31‘,0)) — EXt%}Ln(K) (Walg(¢a h)7 Cg(w((ﬁ), Si,a))-

Denote by Extl(mag(¢,h),m1(¢,h)) (resp. EXt};—,g/(ﬂ-alg(d)v h),71(¢,h))) the image of
Ext? (mag (6, h), 71 5(¢,h)) (resp. Extl(mag (¢, h), mag(6,h)) ) via the (injective) push-forward map.
It is easy to see

Ethlf,g’ (Falg(gb, h), m1 (¢, h)) = Ethly’ (Walg(¢, h), m1 (¢, h)) N Ethlf (Walg(¢a h), 71 (¢, h)).

Proposition 3.18. (1) We have an exact sequence

0 — Exty (maig (¢, h), mag (¢, ) — Extl(mag (6, b), 71 (¢, b))

— D =1, n—1,0e2k EX'E%;L”(K) (Walg(¢7 h), Cg(L Si,a)) — 0. (3'24)
IC{1, 1}, #1=i

And dimg Ext} (g (6, h), m1(¢, b)) =n + 2" — 1.
(2) The map (5.7) induces a surjection
tqb,h : Dwes, HOIIIU(T(K), E) I EXt;(ﬂ-alg(qba h), 771(¢) h’))
(3) The following map is surjective

@TEZK EXtﬂl'(ﬂ'alg((ﬁ7 h)7 1 <¢7 h)) — EXt(l}Ln(K) (ﬂ-alg<¢7 h): 7Tl(¢7 h’)):

and induces an isomorphism

Drexy (Exti(mag (6, h), m1(¢, b))/ Exty(tag(e, h), m1(6, b))
— EXt%}Ln(K) (Walg(¢7 h), m(¢, h))/ EXt;(ﬂ—alg(¢a h), 71 (¢, h)).

Proof. (1) The left exactness is clear. For w € S),, we have a commutative diagram

Ethlf (ﬂ—alg((bu h), PSLO’(¢7 h)) I @izl,m mn—1 EXtéLn(K) (Walg(gby h), Cg(w(¢)7 Si,cr))

l |

EXt}y (Walg(¢a h)a 7rl,a(¢7 h)) > Di=1, n—1 EXtéLn(K) (Walg(¢7 h)a Cg(w(gb)’ Si,a))-
The top map is surjective by the proof of Proposition 3.16 (and Remark 3.17), so is the bottom
map. The first part follows. The second part is clear.
(2) follows by the same argument as in the proof of Proposition 3.7 (2).

(3) The first part follows easily by comparing the exact sequences (3.6) and (3.24). The second
part follows by comparing dimensions (the both sides having dimension (2" — 1)d). O

Now let P be a standard parabolic subgroup of GL,, and .#p be a P-filtration on ¢. We
use the notation in § 3.1.3. Let 7z, ,(¢,h) := 7mz,(¢, h) N 71 -(¢,h), which is the maximal
U(gs,\{o})-finite subrepresentation of 77, (¢, h). Then mz, ,(#,h) is an extension of the direct
sum of €(I,siq) € Sz, (for the fixed o) by mae(¢, h). We denote by Ext},“gp (malg (@, h), m1 (o, h))
the image of Ext} (Ta1g (¢, h), w7, »(¢,h)) via the (injective) push-forward map. As previously, we
also write Ext},,w for Ext(lf”%. One easily sees

EXt¢17,37p (ﬂ-alg(qba h)7 1 (¢’ h)) = EXt; (Tralg (¢7 h)’ 7T1(¢7 h)) N EXt(l??p (ﬂ-alg(gba h)a T (¢7 h))
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Proposition 3.19. (1) We have dimg Ext;yp (Taig (¢, h), mi(p, b)) =n+r+>7 (2" —2).
(2) (3.19) induces an isomorphism

[T Excth (raig (620 05 B), w1 (S0 30 B)) — Bixct) 5, (Tatg (6, B), w1, M), (3.25)
=1

Moreover, for any w such that the associated B-filtration Z, is compatible with Fp, the following
diagram commutes

[I;_, Hom,(T(K) N Lp;(K), E) - Hom, (T(K), E)
szl EXt;’%)’i (ﬂ-alg(qbgzp,h hl)u Wl,U((ybgP,i? hz)) — EXt;,w (Falg(¢, h’)7 7'('170-((]5, h))

where T, ; is the induced B N Lp-filtration on gr; Fp.

Proof. By dévissage and Lemma 3.9, we have dimp Ext},’yp (Talg (¢, h), w1 (P, h)) < ntr4> 7 (27—
2). By similar arguments as in the proof of Proposition 3.16, we see (3.19) restricts to an injective
map as in (3.25). By comparing dimensions, (3.25) is bijective and (1) follows. The second part of
(2) follows easily from (3.20). O

Finally, let .% and ¢ be as in Proposition 3.13. We have
Proposition 3.20. There is a natural exact sequence
0— 7Talg(gb? h’) — ﬂzg‘\,a(gb’ h) S 7T{¢70-(¢, h) — Wl,a(gb’ h) — 0.

Consequently, we have a natural exact sequence

0— EXti.jg/(Tralg((yba h’)7 1 (¢a h)) —

EXt}f,y (Tralg ((;5’ h’)’ 7['1(d), h’)) ® EXt}r,% (Walg(¢7 h)? T (¢a h))
— Exty (malg (¢, h), m1(6, h)) — 0. (3.26)

Proof. We only need to show the surjectivity of the second last map in (3.26). But it follows by
comparing dimensions. ]

3.2 A p-adic Langlands correspondence in the crystabelline case

3.2.1 Construction and properties

In this section, we associate to D € ®I',¢(¢,h) a locally Qp-analytic representation mmiy(D) of
GL,,(K) over E, which determines the Hodge parameters of D, discussed in § 2.2 (hence determines
D when K = Q).

Consider the following composition

- Kw t¢7h
Bues, Bxtyy (D, D) % @5, Hom(T(K), E)~5 Extly, () (aig(¢,h), m (6, h)).  (3.27)
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Theorem 3.21. The natural map @wesnm;(D,D) — Tml(D,D) factors through (3.27), i.e.
there exists a unique map

=1
tp : ExtéLn(K) (Talg (¢, B), m1 (¢, b)) —> Ext (D, D)
such that @wegnmi)(D, D) — ml(]_), D) is equal to tp composed with (3.27).

Proof. We prove the theorem by induction on n. It is trivial for n = 1. Suppose it holds for n — 1.
As in § 2.4, let Dy € ®T' (4", hY) (resp. C; € ®T'ne(p', h?)) be the corresponding saturate (g, T)-
submodule (resp. quotient) of D, and %, ¢ be the associated filtrations on D. For w € S,,_1, the
following diagram commutes (cf. (2.9)):

Hom(T(K),E) —— Hom(T}(K), E) x Hom(K*, E)

ﬁw} (Hw,id)}

(D,D) —2— Ext,(D1,D;) x Hom(K*, E)

l

xtz(D,D) —=— Ext (D1, D) x Hom(K*,E).

By induction hypothesis, the map @wesn,lm;(D1, Dy) —» Tml(Dl, D) factors through the fol-
lowing map (defined similarly as in (3.27))

=1
td)l,hl : @wesnflEth(DlaDl) I EXt%}Ln_l(K)(ﬂ-alg(qslah1)77rl(¢1>h1))'
Using Proposition 3.11, we deduce that @wesnflmiu(D,D) — m}(D,D) (— ml(D,D))
factors through Ext’ (mag(¢,h), mi(¢,h)). Let S,_; = {w € S, | w(n) = 1}, that is a sub-
set of S, of cardinality (n — 1)!. By a similar discussion with D; replaced by C7, the map

@ues,  Exty(D, D) — Exty(D, D) < Ext' (D, D) factors through Ext) (ma(¢, h), 71 (¢, h)). By
(3.11) and (2.6) (with g replaced by ¢’), it is not difficult to see the following diagram commutes:

EXt;/ (7Talg (¢> h)? 1 (Qs, h)) — Ethﬂi (ﬂ-alg (¢7 h)7 1 ((]5, h))

! |

Ext} (ag(6, h), m (¢, h)) —— Ext (D, D).
Hence by Proposition 3.13, the composition
Extls (T (6, B), 71 (6, b)) & Extl (aig (¢, h), 71 (¢, b)) — Ext (D, D) & Exty (D, D) — Ext' (D, D).
factors though a map
tp : Extly g (maig(é,h), m1(¢,h)) — Ext (D, D). (3.28)
Next, we show tp satisfies the property in the theorem. By construction, the map

@w65n71US;71mL(D7 D) — ml (D7 D)
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factors through tp. It suffices to show for the other w € S, Eixtzlu (D,D) — ml(D, D) also factors
as

Ext, (D, D) 2 Hom(T(K), E) <2 Extly o) (Taig (¢, h), m1(9, b)) 2 Ext' (D, D). (3.29)

Suppose hence w(n) =i with 1 <i < n. We have

Hom(T(K), E) & &"~} Hom(Z,(K), E) & Hom(Z(K), E), (3.30)
where Zs, C T is the centre of the Levi subgroup (containing 7') of the standard maximal
parabolic subgroup Ps; such that s; ¢ Wp,,. Forany j =1,--- ,n—1, fi! (Hom(L,(K), E)) C
Eixt}%%j o (D, D) (cf. Corollary 2.16), where .7 P, is the Py, -filtration associated to the B-filtration

I (such that 7, is compatible with %, P., ). Let w; be an element in the Weyl group of L p,, such
that w;(i) = 1 or w;(i) = n (whose existence is clear). By Corollary 2.16 (2) and (3.22), we have a
commutative diagram

=1 w Cw
Extﬁpsjjg,(D, D) —= Homp, o(T(K),E) —"= Extgy, () (Taig(¢, h), m1(¢, h))

H |~ H

—1 Raw ;w <w~w
Extgz, g(D,D) —— Homp, ¢ (T(K),E) —— Extéy, () (Talg (6, 1), 1(0, h)).

<%Ps7- 7gl

It is clear that wjw € S,—1 U S)_;, hence the map miujw(D,D) — ml(D,D) is equal to
tD © (Gu;w © Kw,w)- In particular, its restriction on E—th% g/(D, D) is equal to tp o (Cujw © Kuwjw) =
550
tp o (Cw © Ky) by the above commutative diagram. As mi}(D, D) is spanned by m}% y (D, D)
Sji

and Hom(Z(K), E) (e.g. using (3.30)). We obtain the factorisation as in (3.29). This concludes
the proof. O
Remark 3.22. (1) When n > 2, Ext'(D, D) = ml(D,D) and tp is bijective.

(2) The same argument holds with (¢, k) replaced by mw(¢p, h) (with the same tp under the
isomorphism (3.10)).

Let £(D) := Ker(tp). By comparing dimensions (Proposition 2.11, Proposition 3.7 (1)), we

have
n(n+1)

—1)dg.
9 )k

dimg L(D) = (2" —
The following lemma is clear.

Lemma 3.23. For any w € S, L(D) N Ext}v(walg((b, h), 71 (¢, h)) = 0.

Let Tmin(D) (resp. ms(D)) be the extension of L(D)®gmalg(¢, h) (= maig (¢, h)@(zn_n(";l) —Ddx)
by m1(¢,h) (resp. 7(¢,h)) associated to L(D) (see also Remark 3.22 (2)). We have
s (D) = Tmin (D) S, (g,0) T(@, ). (3.31)

In the sequel, we will mainly work with mpi, (D), noting that most of the statements generalize to
7gs(D) without effort. We have an exact sequence

0 — Homgr, (k) (Talg (6, A), £(D) @ Taig(¢, h)) — Extey, g (Taig(¢, A), 71 (¢, h))
— Extey, () (Talg (65 A); Tmin(D)).-
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By Lemma 3.4 (2), one sees the last map is surjective. For a P-filtration .#p on D, we denote by
Extzlgzp (Ta1g (¢, A); Tmin (D)) the image of Ext}gp (malg (¢, A), w1 (¢, h)). The following proposition is
then a direct consequence of Theorem 3.21.

Corollary 3.24. Let D € ®T'y (¢, h). The representation mymin(D) is the wunique extension
n_ n(ntl) . . . .
of Taig(, )" D) )y by m1(¢, h) satisfying the following properties:

e We have socqr,, (k) Tmin(D) = Tag (¢, h), and
SOCGL,, (K) (Wmin(D)/Walg(¢7 h)) = S0CGL, (K) (Wl(qﬁ? h)/ﬂalg(¢a h))-
o There is a bijection
tp : Ext (D, D) < Extly, (1) (atg (9, B): Tauin (D))
which is compatible with trianguline deformations: for any w € Sy, we have

Exty(D, D)  —2— Exth(mag($, k), Tmin(D))

- N

Hom(T(K), E) —%— Hom(T(K), E).

Denote by Ext;(walg(qﬁ, h), Tmin (D)) the image of Ext;(ﬂalg((b, h), 71 (¢, h)). Using Lemma 3.23,
we have:

Corollary 3.25. The map tp induces isomorphisms
JE— ~
Ext, (D, D) = Ext,(maig (¢, B), Tmin(D))

and miv(D, D) = Exty (Talg (¢, h), Tmin(D)) for all w € S,,.

n(n-1) n(n—1)

Let xp be the character z2-i=1 x 2 Iy ¢i of K*. We have A"D = Ry p(xpe 2
Let &) be the central character of U(gl, 5, ) associated to the weight .

|

Proposition 3.26. The representation mmin(D) has central character xp and infinitesimal char-
acter &).

Proof. We only prove the statement for the infinitesimal character, the central character being
similar. Let Zx be the centre of U(gl,y, ). Recall we have the Harish-Chandra isomorphism
HC : Zx = U(tg,)”»X, where WKk is the Weyl group of Resgp GL,, isomorphic to S%, and
where we normalize the map such that a weight p of ty, corresponds to §,1¢, . In particular, the
weight h corresponds to x». Let X¢, (resp. Xy) be the tangent space of Zx (resp. U(ts,)) at &)
(resp. at h). The map HC induces a bijection HC : X}, = X,

For D € Ext!(D, D), the Sen weights of D (over E[e]/€?) have the form (h; , +a;s€) yex, - We

i=1,--.n
obtain hence an E-linear map Ext'(D, D) — Xy, D (@i). The map is trivial on Ext}](D, D),
thus induces an E-linear map
dsen : Ext (D, D) — Xp.
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By considering the Zx-action, we have a natural map (for example using similar arguments as in
[10, Lem. 3.16])

dinf : EXt%}Ln(K) (Falg(¢7 h)? ™ ((Z)v h)) — Xg)\
The proposition (for the infinitesimal character) will be a direct consequence of the commutativity

of the diagram:
din
EXtéLn(K) (Walg(ﬁba h)7 771(¢, h)) - 7 Xﬁ;

tpl HC*ll (3.32)

Ext (D, D) ey X
However, for each w € 5, it is easy to see from the explicit construction that the following diagram
commutes

Ext.(D, D) ey Xy

i el
Exty, (Talg (¢, h), m1 (¢, h)) it X,

From which and Theorem 3.21, the commutativity of (3.32) follows. O

We next discuss the compatibility of tp (and mmin(D)) with parabolic inductions. Let P D B
be a standard parabolic subgroup of GL,, with Lp equal to diag(GLy,,---,GL,,). Let .%p be a
P-filtration of D, M; := gr; #p, which is a (p,I')-module of rank n;, fori =1,--- 7.

Proposition 3.27. Keep the above notation, tp restricts to a surjection
=1
tD,fp : EXt.lﬁp (Falg(¢7 h)? 1 (d)v h)) EXttg“p (D7 D)

Moreover, the following diagram commutes

r i 3 (tMi) r =1
Hz’:l EXtéLni(K) (ﬂ-alg((ﬁyp,i? h )7 Wl(éyﬁi? h )) B Hi:l EXt(cp,F) (Mi7 MZ)
~l(3.19) Nl (3.33)

ip,7p

=1
Extls,, (mag (6, k), m1(¢, b)) DZey Exty, (D, D).
In particular, the parabolic induction (5.19) induces a natural isomorphism

@I L(M;) = L(D) .z, == L(D)N Exti% (Ta1g (¢, b), 1 (0, h)). (3.34)

Proof. The first part follows from (3.21). The commutativity of the diagram follows from (2.9) and
(3.20). 0

Remark 3.28. Let Tyin, 7, (D) C mmin(D) be the extension of mag (o, h)@erzl(dK(Qni_ni(nfl)_1))

by m1(¢, h) associated to L(D)z,. By Proposition 3.27, Twmin #,(D) is the mazimal subrepresen-

tation of mmin(D) which comes from the push-forward of extensions of mag (¢, b) by 7z, (¢, h) via

77y (¢, h) = w1 (¢, h). We have ISEAELI((I)()(QZ'ﬂ:lW(Mi) ®@pe olp) < Mminzp (D). Moreover, (3.53)

induces a commutative diagram
r i (tMi) r =7l
[Timy EXté}Lni(K) (Talg (@.7p.i, B'), m1 (M) — [Ties Ext, ry (M, M;)

- -

tp,# ]
Ext, (Taig (¢, h), Tmin, 7, (D)) £ Extz, (D, D),
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where Extigzp (Talg (¢, B), Tmin, 7, (D)) is the image ofExtézP (Ta1g (¢, b), 1 (@, h)) via the push-forward
map, and where the left vertical map is obtained in a similar way as (3.19).

Let 0 € ¥ i. By Proposition 3.18 and Corollary 2.19, (3.27) restricts to a surjection
=1
Sues, Exty (D, D) —> Exty (maig(¢, h), 71 (6, h)). (3.35)

We have the following corollary:

Corollary 3.29. Let D € ®I',.(¢, h), and 0 € Y.
(1) The map (2.11) factors through the restriction of tp:

tpo: EXti—(Walg(¢7 h)7 ! <¢7 h’)) - mi(Dv D)

(2) Let P be a standard parabolic subgroup and Fp be a P-filtration on D. Let tp #, » be the

restriction of tp , to Extclrjp (Talg (¢, b), (0, b)), we have a commutative diagram

(tM,L',o'

r i i ) r Tl
[T, Exty (Talg (.70, B), T (0705, B')) —= Ty Ext, (M, M;)

~l(3.25) ~J

tD,? ,o —1
EXt}J’,ﬂp (ﬂ—alg(¢7 h’)7 7T1(¢7 h)) L EXto.“o;P (D, D)
In particular, Kertp 7, , = ®j_; Kertyy, .,
Proof. (1) follows by Theorem 3.21 (and Corollary 2.40). (2) follows from (3.33). O

Let £(D)y :=kertp ,. It is clear that £(D), = L(D) N Ext:(mag (6, h), 71 (¢, h)).

Corollary 3.30. We have ®yex, L(D), — L(D).

Proof. Consider the induced map
- =1 =1
i : Extiy,, ) (Taig(¢,h), m1 (¢, h)) / Excty (maig (¢, h), mi (¢, h)) —» Ext (D, D)/Ext,(D, D),

ipo : Extl (Tag(6, 1), m1 (¢, b))/ Ext} (maig (¢, h), m1(6,h)) — Exty (D, D)/Ext,(D, D).

As EXt;(?‘(’alg(¢, h), 71(¢,h)) N L£(D) = 0, we have isomorphisms £(D) = Kertp and £(D), —
Kertp . Using Proposition 3.18 (3), the map @®yex, Kertp, — Kertp is injective. By comparing
dimensions, it is actually bijective. We deduce the natural map @yex, L(D)s — L(D) is injective.
Again by comparing dimensions, it is bijective. O

Using the isomorphism Ext}, (Talg (@, h), 71 5(0, h)) = Ext},(walg(qﬁ, h), 71(¢,h)), we view L(D),
as subspace of Ext (ma1g(¢, h), 71,5(6, h)). Set Tmin(D), to be the extension of £(D), ®p Talg (¢, h)

by 71,,(¢, h). We have hence
ceEX K

7Tmin<D) = @ 7Tmin<l))cr-

Talg (¢)7h)

And Tmin (D), is exactly the maximal U(gl, 5\ (»} )-finite subrepresentation of myin (D). Let P be a
standard parabolic subgroup and .#p be a P-filtration, then myin #, (D)o = Tmin, 75 (D) Tmin (D)o
is just the extension of m,s(¢, h) ®g Kertp #, » by m1,0(¢,h).
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Let D, = %,(D) (2.3). Consider the composition

=1 w Cw
tohy * Bues, Exty (Do, Do) = e, Hom (T(K), B) ~<2 Ext! (maig(é, h), 71,0 (6, h)).

Let tp, = %5 otp,s, hence Kertp, = Kertp, by Corollary 2.27 (1). The following corollary is an
easy consequence of Corollary 3.29 and Corollary 2.27:

Corollary 3.31. (1) The natural surjection @wesnm;7a(Dg, D,) — Tm},(Dm D.) (c¢f. Corollary
2.40) factors through

=1 te he tpy, ——1
@wESnEthJ(Dm DO‘) L) EX’E},(TFa]g(Cf), h’)a 7['1,0((;53 h’)) L) EXta(Doa DO’)

and tp, induces an isomorphism
tp, —=—1
Exty (aig (6, h), Tmin(D)o) —= Ext,(Dg, Dy). (3.36)

(2) Let P be a standard parabolic subgroup, Fp be a P-filtration on D, (which corresponds to
a P-filtration on D, still denoted by Fp). We have a commutative diagram

(tas;

Ty Bt (67,6 B), 00700 )) 2 Ty Bty (M, M)
~|629) ~| (3.37)
Extl z, (mag(6.h). Tio(0.h) 27 Exth 5, (Do, Do),
where tp, #, is the restriction tp_ . In particular, (5.25) induces an isomorphism
®j_y Kerty, , — Kertp, 7, (3.38)
Remark 3.32. Similarly as in Remark 3.28, (3.37) induces a commutative diagram

(tm

: ivo) —1
HZ:l EXt}r(Walg(gbﬁpﬁvhz)vwmin(Mi)o) - H::l EXta(Mi,mMi,o)

Nl Nl (3.39)

Dy, =1
EXt;—}(g‘P (Walg(QSa h)a Tmin,Zp (D)cr> N £ Eth,yp (Dcr> Do)
where Ext(lrjp (Ta1g (¢, B), Tmin, 7, (D) o) is the image of Ext}T,yP (a1g (¢, B), 71 6 (¢, h)) via the push-
forward map, and where the left vertical map is obtained in a similar way as (3.19).

Theorem 3.33. Let D, D' € ®T',(¢, h), and 0 € Xg. Then Tmin(D)o = Tmin(D)o if and only if
D, = D!. Consequently, mmin(D) = Tmin(D’) if and only if Dy = D, for all 0 € Y.

Proof. We prove the theorem by induction on n. The case where n < 2 is trivial. Indeed, in this
case, Tmin(D)s are all isomorphic, and D, are all isomorphic as well, for D € ®I';,.(¢, h). Suppose
it holds for n — 1. Let Dy (resp. D]) be the saturated (¢, T')-submodule of D (resp. of D’) of rank
n—1, and Cy (resp. C7) be the quotient of D (resp. of D), both with the associated Weil-Deligne
representation 69?;11 i. Let F (resp. F', resp. ¥, resp. ¥’') be the filtration D; C D (resp.
D} C D', resp. R p(dn2P) C C1, resp. R p(¢pnz™) C D). AS Tmin(D)o = Tmin(D')o =: 7, we
have Tin,# (D)o = Tmin,7 (D)s =: 7~ and Tming(D)s = Tming’ (D)o =: 7 (see Remark 3.28 and
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the discussion below Corollary 3.30). Hence by Corollary 3.31, in particular the isomorphism (3.38),
we have Tmin(D1)o = Tmin(D])o and Tmin(C1)e = Tmin(C])e (as GLj,—1(K)-representations). By
induction hypothesis, D1, = D; , and C1, = (.

Let £ be the kernel of the following natural map (induced by 7% < 7)

Exty (matg (¢, 1), 7) © Bxty (T (6, h), 7) — Exty (maig(6, h), 7). (3.40)
We have a commutative diagram of exact sequences (see (2.22) for the bottom one)
0 —— c ——— Exty (mag(¢,h), 7) & Exty (marg(é, h), 1) ——— Exty (mag(¢, h), 7) —— 0
! | .t
0 — L(Dg,D1,5,C1,) — V(D1,s,C1.0)o ———  Ext,(Ds, D) (.3;7 0

where the middle (bijective) map is induced by (3.39). We deduce £L = L(D,, D1 »,C1 ). Similarly,
replacing D, by D, we obtain £ = L(Dy, D1,4,C1,). Note the middle map in (3.41) does not

change when D, is replaced by D). Hence £(Dy,Di4,C1) = L(D,,D;4,C1,) as subspace of
V(D1,4,C1,)o. But this implies D, 2 D! by Corollary 2.38 and Proposition 2.39. O

3.2.2 Universal extensions

We give a reformulation of Theorem 3.21 using deformation rings of (¢, I')-modules, which will be
useful in our proof of the local-global compatibility.

Let D € ®T',(¢,h). Let Rp be the universal deformation ring of deformations of D over local
artinian E-algebras. Let Rp, be the universal deformation ring of 7,-deformations of D (i.e.
the trianguline deformations of D with respect to the refinement w(¢)), and Rp 4 be the universal
deformation ring of de Rham deformations. For a continuous character § of T'(K), denote by Rs
the universal deformation ring of deformations of § over local artinian F-algebras. If § is locally
algebraic, denote by R;, the universal deformation ring of locally algebraic deformations of §. All
of these rings are formally smooth completed local Noetherian E-algebras. For a completed local
Noetherian E-algebra R, we use mp to denote its maximal ideal and we will use m for simplicity
when it does not cause confusion. We have natural surjections

Rp — RD,w - RD,g7 Rs —» R5,g-

For w € S,,, we have a commutative Cartesian diagram (of local Artinian E-algebras) induced by
Kw (2.5)
Ryygyen/m? —— Ryg)zn g/m*

| l

RDVW/T'II2 —_— RD,g/mQ.
Let H be the Bernstein centre over E associated to msm(¢) (see for example [18, § 3.12]), and ﬁ(b
be the completion of H at 7w(¢). We have isomorphisms

Hp = Ru(gyng — Rug)rg

where the first sends a smooth deformation x of w(¢)n to (IndgE?gg) X)>°, and the second is given
by twisting 7z ®. By Lemma 2.12 and Proposition 3.3 (2), the composition

AO = 7:[\¢/m2 —N—> Rw(¢)zh7g/m2 — RD,g/m2
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is independent of the choice of w. We let Ap := Rp/m? XRp, Ao and Ay = Ran/m2 XRp,
Ap. The tangent space of Ap (resp. A,) is hence naturally isomorphic to ml(D,D) (resp.
mi}(D, D)). By Proposition 2.13, the natural morphism Ap — [],, Ay is injective. We always
identify Ext%p( K) (6,0) with Hom(T'(K), E). Hence the tangent space of A,, is naturally isomorphic
to Hom(7T'(K), E'). We let Z,, be the kernel of Ap — A,,.

Let 71 (¢, h)"™ (resp. 71 (¢, h)") be the (universal) extension of ExtéLn(K) (Talg(@,h), m1 (o, h))®E
7"-aulg((ﬁ? h) (resp. of EXt1lU(7Talg(¢7 h)77rl (¢7 h)) QF 7Ta1g(¢7 h)) by U ((Z)v h) For w € Sn? denote by
S 1= w(¢)zPe~1oh, and "™V the universal extension of ExtlT(K)(dw, 0w)®pdy (2 Hom(T(K), F)®pg

dw) by 0.

Lemma 3.34. The induced representation Ig?’(ﬁ)()ggniv

Extgy,, (k) (Talg (¢, h), PS1(w(9), k) by PS1(w(¢), h).

is the universal extension of mae(¢, h) ®p

Proof. By Remark 3.6, Ig?’(“‘}f)()ggniv is an extension of ye(0, h)@(”(dK 1) by a certain subrepre-
sentation V' of PSi(w(¢),h). However, using Proposition 3.5 (1) and the surjectivity of the last
map in (3.8), we see V has to be the entire PS;(w(¢),h). Using again Proposition 3.5 (1), we see

Igl_“?%{) g;},m" is in fact the universal extension. O

We have hence an isomorphism of GL,, (K )-representations

GL, (K) FTuniv ~ univ
IB—([(Q)% ©ps, (w(e),n) T1(¢, h) — 71 (¢, h)y™. (3.42)

There is a natural action of A, = R4 ,n/m? on SV where € MR, b /m%%w ~ Hom(T'(K), E)Y

. (¢)=h
acts via

z: 6™ — Hom(T(K), E) ®p 0p — S — 6201
Hence Ig%’&%og;mv is equipped with an induced Rs, /m?-action. Similarly (¢, h)'"" is equipped
with an action of A, given by
X 7['1(¢, h)}Lluniv I Ethly (Walg(¢a h)a 7['1(¢, h)) RF 71'<'5u1g(¢a h) = 7Talg(gba h) — 771(¢7 h)g}niv. (3-43)

for € my, /m?, = Hom(T(K), E)¥ % Extl,(mug(¢, ), m1 (¢, h))". The injection I 714 34 <

7(¢, )" (induced by (3.42)) is Ay-equivariant. The following theorem is a reformulation of The-
orem 3.21.

Theorem 3.35. There is a unique Ap-action on 7 (¢, k)™ such that for all w € S, we have an
Ay % GLy, (K)-equivariant injection

(¢, h)y > 1 (0, B) [T,

w

Proof. By Theorem 3.21, we define an Ap-action by letting x € mAD/m,24D ~ ml(D,D)V .
EXt%}Ln(K) (Walg(QSa h), 7r1(g[>, h))v act via

T T (¢7 h)univ — Eth(ﬂ—alg(d)a h)a 771(¢7 h)) QFE Walg((ﬁ: h) i> Walg(¢7 h) — 7T1(¢7 h);luniv' (344)

It is clear that the action satisfies the property in the theorem. The uniqueness follows from the
fact w1 (¢, h)"™V is generated by (¢, h)uM. O

Corollary 3.36. We have min(D) = m1(¢, )™V [my4,].
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4 Local-global compatibility

4.1 The patched setting

Let I1 be the patched Banach representation in [18] (for GL,(F") = GL,(K)), which is equipped
with an action of the patched Galois deformation ring Ry, = R%@oE R%, (where p is “p” and p is
the local Galois representation 7 of loc. cit.). We refer to loc. cit. for details. Let

& — (Spf RS)™& x T x (Spt RS, )" (4.1)

be the associated patched eigenvariety (see [24, § 4.1.2], that is an easy variation of the patched
eigenvariety introduced in [13]), M be the natural coherent sheaf on £ such that there is an
T(K) x Rx-equivariant isomorphism (see [13, § 3.1] for “Ro — an”)

(&, M)V = Jp(ITHee—om),

Recall a point © = (py.p, 0z, my) € (Spf R%)rig x T x (Spf RS,)"8 lies in & if and only if

Homy( gy (0, Jp(ITE ") [m,]) # 0

where m; = (p ,, my) is the associated maximal ideal of Ro[1/p].

Let XU

tri

(p) — (Spf RﬁD)rig x T be the trianguline variety [13, § 2.2], and ¢, be the twisting map
Lp (SprE)rig x T 5 (Spf Rﬁm)rig x T, (Pps x) = (pp, xOB(€08)).

Recall (4.1) factors through an embedding (cf. [13, Thm. 1.1], see also [34][38]).

£ — 1, (Xem(p)) x (Spf RE,)™, (4.2)

which identifies & with a union of irreducible components of the latter. Recall dim X :(p) =

n2 + dg "D (cf. [13, Thm. 2.6]).

Let p : Galg — GL,,(E) be a continuous representation such that p has a modulo p reduction
equal to p and that D := Diig(p) € PI'ne(¢,h) (¢, h given as in § 2.2). Let m, C Rg[l/p] be the
maximal ideal associated to p, and suppose there exists a maximal ideal m® of RS, [1/p] such that
oo [m]'a8 £ 0 for m = (m,, m®), the corresponding maximal ideal of Roo[1/p]. By [18, § 4], we have
oo [m]'¥le = 7). (6, h). This implies that for any refinement w(¢),

Ty = (-’Z‘w,@amp) = (pa 0wdB = w(QS)Zh&B(E_l © 9),mp) €t

As D is non-critical, all these (classical) points z,, are non-critical. In particular, Xi;(p) is smooth
at the points ¢p(Zw,e) (cf. [13, Thm. 2.6 (iii)]) and (4.2) is a local isomorphism (noting it actually
holds for all points of regular integer weights by [14]). As (Spf R%)™® is also smooth at m® (e.g.
see the proof of [23, Cor. 4.4]), £ is smooth at all z,,. By [12, Lem. 3.8] and the multiplicity one

property in the construction in [18], we see M is locally free of rank one at all x,,.
Let 7 := (m3, m¥) - Roo[1/p], and we study IIEe=22[Z]. For w € Sy, let U = U, x U® C
1y (X qi(P)) x (Spf R&,)™ be a smooth affinoid neighbourhood of ., such that . ¢ U for w’ # w.

Let mg,  be the maximal ideal of O(Uy) at @y, ,. Consider Mgz, := M/(m2 , +m¥), which is a
finite dimensional E-vector space and equipped with a natural 7'(K)-action. In fact, m,, , C O(U,)
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is the ideal generated by m, C Rg[l /p] hence m? , tm? C O(U) is the ideal generated by Z. By
definition, there is a natural T(K) x Ro.-equivariant map

MY — Jp(Ee—m)(7). (4.3)

We also have a T(K) x Roo-equivariant exact sequence

n(n+1)

0 — MY — MY, — (MY ) +de — 0.
In particular, as T'(K)-representation, MY is isomorphic to an extension of (5,05)" T4~ =2 b
P T y
0woB.

Lemma 4.1. The map (4.3) is balanced, hence by [27, Thm. 0.13] induces a GL,(K) X Ruo-
equivariant injection

Lo - g (MV ®p 05') — =227,

Proof. The lemma follows by the same argument as in [24, Lem. 4.11], based on the fact z,, is
non-critical (hence does not have companion points of non-dominant weight). O

Recall the completion of R%] at p is isomorphic to RE (cf. [35]). For w € S,, denote by

R%’w = RE@’R,JRDM (recalling Rp = R,). As x,, is non-critical, the completion of XtDm( ) at @, is

naturally isomorphic to R%’w. Then M3, is a free R%’w /m2?-module of rank 1, hence is isomorphic

to Ny @24, R% w/még for a rank one free A,-module N,,. Equipping N, with the natural T'(K)-
’ D,w

action (using T(K) — Ay) twisted by dp, then N, = §2"Vp. The induced surjection MY — Ny

is A, x T(K)-equivariant, and induces an A,, x GL, (K )-equivariant surjection

GLn GLn unlv
fuo s 1S (K (MY ©psgt) — I5 (;()hs

Proposition 4.2. (1) Ker f,, = m,,(¢, h)@(”L"*n(n;l)dK).
(2) vp(Ker f,,) C TTE<=31[T] is independent of the choice of w.

Proof. Similarly as in Remark 3.6, we see et B- ( K (MV QF 551) is isomorphic to an extension

n(n+1)
of Ta1e(0, h)@(n +205 d) by a certain subrepresentation V' of PS;(w(¢),h). As f, is surjective,
we see by Lemma 3.34 that V = PSi(w(¢),h). By comparing the multiplicities of m4(¢, h), (1)
follows.

Consider Mgz, 4 := Mz, @R, /m2 Rp.4/m? (equipped with the natural Ro, x T(K)-action), and
Nu,g .= Ny®a, Ao (equipped with the natural Ay xT'(K)-action, where the T'( K )-action is given by
T(K) — Ay — Ap). Set (5‘““" to be the universal extension of Extlalg(éw, dw) ®F Oy by dy, then we
have N;Xy o 51‘11]‘71;"53, We have a T'(K) X Ro-equivariant isomorphism Mz, 4 = Ny g @4, RD,g/mQ.
By Lemma 4.1, the T(K) x Roc-equivariant map My < Jp(I1f==2m)[7] is also balanced. We
have hence a commutative diagram

Tg iy (M3, o @5 05") —— I (MY, @ 651) —"— T[]

B—(K) Tw,g (K)
fw,gJ/ fwl
GL» (K) Funiv GLn (K) Funiv
[B—(K) 0 Ip= (K) Ou
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Note that ISI:E}((I)() (MY, ;) is an extension of mag(¢,h) >+ dy) by Tag(¢,h). It is easy to
see Ker f, ;, — Ker f,, (e.g. by comparing the multiplicity of mag(¢,h)). On the other hand,

using [18, Lem. 4.18, Thm. 4.19], we see the image of IGL?(I)Q (MY, ,®F 65") under ¢y, is exactly

[TB~—an[7]lale the Jocally algebraic subrepresentation of ITfe~—an[Z],

Recall we have a commutative diagram of rings

7:l\¢/m2 E— RD7g/m2
Awg E— RD,g/mQ.

By [18, § 4] and the theory of Bernstein centre, the top map induces a surjection

fo : == Z]™E —s ((c-indgy " () ) ©)%° @y H/m2) @p L) = Tatg(, )™

where O is the (1-dimensional) smooth irreducible representation of GL,,(Ok) associated to the

Bernstein component of sy (¢) and recall H = Endqr, (k) ((c—indgizggi) ©)>). We see the fol-
lowing diagram commutes

IG5 (MY, 4 ®5 05") 2 THemm(7)ls

oo |

GLn (K) cuniv ~ univ
Ity o — s g, )Y,

Thus ¢, (Ker f,) is equal to Ker fy, and (2) follows. O

Corollary 4.3. We have (Imt,,)[m] = PS;(w(¢), h).

Proof. By the proof of Proposition 4.2, the injection g (¢, h) — %=~ [m] — T[22 [7] extends
to
PS;(w(¢),h) — I="""[7]. (4.4)

As xz,, is non-critical, all the irreducible constituents PSi(w(¢),h) except mae(¢,h) can not be
a subrepresentation of ITZ=~2"[7]. We deduce the image of (4.2) lies in IT1Z~~3[m] (noting this
also follows from results of [15]). By [12, Lem. 4.16], we have (where {—} denotes the generalized
eigenspace):

Jp (I [m))[T(K) = 0u0p] — Jp(IE ™" [m]){T(K) = 6,05}

which is hence one dimensional. We then deduce the injection PS;(w(¢),h) < (Imy,)[m] is
bijective. O

Let 7 be the subrepresentation of 1% ~31[Z] generated by Im v, for all w € S,,, and V; := Ker f,,
(for any w). It is clear that 7 is stabilized by Roo

Theorem 4.4. We have an isomorphism equivariant under the action of GL,(K) x Ap: 7/Vy =
71 (¢, )™, Moreover, the isomorphism induces 7[m] = m(¢p, B)"™V[m4,] = mmin(D).
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Proof. We first show 7/Vy 2 m1(¢,h)"™" as GL,,(K)-representation. The injection mag (¢, h
12> —an[m] uniquely extends to an injection 71 (¢, h) « I1Z~~3[m] (using Corollary 4.3, or [
By Corollary 4.3, its image is contained in 7. The composition

(_)

)
15)).

Talg(¢, h) — T[m] — 7 —> 7/Vp
is injective. Hence we obtain
Vi = Vo @ mi (¢, h) — ITfe—an(7],

For w € S, it is clear V4 NIm e, = Vo @ PS1(w(¢), h) (using Corollary 4.3). We deduce that 7 is
isomorphic to an extension of a certain copy of mae (¢, h) by V1. We claim

socar, (i) (7/Vo) = mag(¢, h).

Indeed, if not, there will be an extension of the form Vo—ma1(¢, h) lies in TI~20[Z]. Applying the

. . . _ g n(n=1)
Jacquet-Emerton functor, the extension will produce an extension of 6,6 g by (6,6 B)@("2 nt T d)

Jp (Vo) (for any w), which has to lie in M . We deduce the extension Vo—maig(¢, h) lies in Im(cy,).
However, we have

socar,, (k) (Im tw / Vo) = socar,, (k) m1(¢, h)™ 2 maig (¢, h).

Consequently, 7 /Vp has to be a subrepresentation of 71 (¢, h)™V. As 7 /Vj contains all I SE?I({[)()
it is not difficult to see 7/Vy = w1 (¢, h)"niv.

Now consider the Ap-action on 7 induced from the natural R /m%-action (inherited from the
R-action). By [18, § 4] (and the proof of Proposition 4.2), Vj is annihilated by m4,, in particular
Ap-stable. The quotient 7/V{ hence also has an Ap-action. Remark this action comes from the
Roo-action hence has a global nature. We need to show this action coincides with the local one
given in Theorem 3.35. However, for each w € S, we have IEI:’&((I)()SBU“N — (7/Vo)[Zw], (Where
T, is the kernel of Ap — Ap,,), and the injection is Ap ,-equivariant (by Lemma 4.1). By the
uniqueness part in Theorem 3.35, we deduce 71 (¢, h)™V = 7 /1 is indeed Ap-equivariant.

univ
oy,

We prove the second part. Using 7[m] NV = 0, we see the surjection 7 —» 1 (¢, h)"™ induces
an injection 7w[m] — w1 (¢, h)"™Vmy,] = mmin(D). We show it is a bijection by comparing the
multiplicities of m(¢, h) of both sides. We have a natural exact sequence

0 — T2 [m] —s [1Heomen (7] L 1fiee—on ) @0 4n%dic),
It is easy to see 7 C f1 (Walg(gzb, h)@(”2+”2df< )). We have hence an exact sequence
0 — 7[m] — 7T — Taig (¢, ) B 1K) (4.5)
Hence the multiplicity of m,,(¢, h) in 7[m] is at least

1+(n2—n+n(n2_1)dK)—|—(n+(2"—1)dK)—(n2+n2dK):1+(2n_n(n_‘_l)

Hence 7[m] < mpin (D) has to be an isomorphism. O
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Remark 4.5. (1) By the proof, the last map in (4.5) is surjective.

(2) By [15], the map mag(¢, h) — I~ [m] uniquely extends to (¢, h) — II="2"[m]. Using
(5.31), we deduce an injection
T (D) — B2 ]y],

Remark that (D) should still be far from the entire TIE==2%m].

Corollary 4.6. Keep the situation as in Theorem /.4. The representation mmin(D) is the mazimal
subrepresentation of II=2[m] given by extensions of mag(¢, k) by m1 (¢, h).

Proof. Tt suffices to show any such extension (with (¢, h) C ITfe~2%[m]) is contained in 7. But
it is clear as 7 contains 71 (¢, h)"™V and ITf=—an[T)lals, O

By the corollary and Theorem 3.33, we have

Corollary 4.7. Keep the situation, then I1%~=2[m] determines {Dy}oex, for D = Dyig(p). In
particular, when K = Qy, it determines p.

4.2 Some other cases

We discuss the local-global compatibility in the space of p-adic automorphic representations for
certain definite unitary groups (with fewer global hypotheses than §4.1).

4.2.1 Some formal results

We first discuss some corollaries of the results in 3.2. Let D € ®T',.(¢,h) and Ext{;(D, D) be a
certain subspace of Ext!(D, D). For w € S,, set Ext%]’w(D, D) := Ext{;(D, D) N ExtL (D, D). We
assume the following hypotheses.

Hypothesis 4.8. (1) dimp Ext};(D, D) = "X and Ext},(D, D) N Ext}(D, D) = 0.
2) For w € S, dimp Ext};, (D, D) = ndg and the following induced map is surjective
U,w

Buwes, BExty, ;7(D, D) —» Exty(D, D).
Denote by ExtlU’w (Tatg (¢, h), w1 (¢, h)) the image of the composition
Extds (D, D) — Exty,(D, D) = Extl, (mag(, h), 1 (¢, h))

which is injective by Hypothesis 4.8 (1). Denote by Ext};(mals (¢, h), 71 (¢, h)) the subspace gener-
ated by Ethlj7w(7Ta1g(¢, h), 71(¢,h)) for all w € S,,.

Corollary 4.9. (1) The map
tqﬁ,h : Quwes, Ethlf,w(ﬂ-alg(qba h)? 1 (¢a h’)) = Duwes, Ethlf,w(D’ D) - Ethlf(D’ D)
(uniquely) factors through a surjection

tpu : Ext{(Tag(e, b), w1 (4, h)) — Ext{;(D, D).
(2) We have Kertpy — Kertp.
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Proof. By Hypothesis 4.8 (1), the following composition is injective:
Ext} (D, D) — Ext'(D, D) —» Ext' (D, D).
As the following diagram obviously commutes

©w Extly (D, D) —— ®,Ext, (D, D) — = @y Extl(mug(¢, h), m (¢, h))

| !

Exty(D,D) —— Bxt (D,D) 2 Extly o (mag(6,h),m(6,h))

(1) follows. It is clear that Kertp y = Kertp NExt{ (mag(¢, h), 71(¢, h)) C Kertp. By Hypothesis
4.8 (1) (2), the composition

Ext{;, (D, D) =% Hom(T(K), E) — Hom(T(Ok), E) (4.6)

is an isomorphism. Let Ext{; (mag (6, h), PS;(w(¢), h)) be the image of Extlljvw (D, D) under (0 Ky,
which has dimension ndx. We have by dévissage an exact sequence

0 — W — Ext{(Tag (6, h), PS1(w(¢), h)) — @izl,...z,n_l Ext! (Tag (6, h), € (w(9), si0)), (4.7)
oELK
where W is a subspace of ExtéLn( ) (Talg (¢, h), Taig (¢, h)). As (4.6) is bijective, it is not difficult

to see the last map in (4.7) is surjective hence dimg W = dy. Similarly, Ext};(mag(¢, h), m1 (¢, h))
lies in an exact sequence

0— W — Ethlj(ﬂ'alg(QZ)» h)7 T (¢a h)) — D =1, n—1,0e2g EXtGL (K) (Walg(¢7 ) %(L Si,a))a
IC{l n—1},#I=i
(4.8)
where W/ D W is a subspace of ExtéLn( K) (7alg (¢, h), ma1g (¢, h)). By the surjectivity of the last map
in (4.7), we deduce the last map of (4.8) is surjective as well. Hence dimp Ext%,(walg(gé, h), 7 (¢, h)) >
ndg + (2" — 2)dg. Consequently dimg Kertpy > (2" % — 1)dg = dimgKertp. (2) fol-
lows. ]

Set 71 (¢, h)BY (resp. 71 (¢, )umv) to be the tautological extension of

EthU(Walg(¢7 h)? 7T1(¢7 h)) ®E Walg(¢, h) (resp. EXtU,w(Walg(¢7 h)? ! ((z)a h)) ®F Walg(¢7 h))

by 71(¢,h). Let Rp /m? (resp. Rp y./m?) be the quotient of Rp/m? (resp. Rp.,/m?) associated
to Extl; (D, D) (resp. Ext(1]7w(D,D)). Let Rw(¢)zh7U/m2 be the quotient of R, ).n associated to
the image of Ext}Jyw(D, D) — Ext%(K) (w(¢)2", w(p)z?). We have a natural isomorphism

Rw(¢)zh,U/m2 5 Rp py.w/m?. (4.9)
Consider IEE’&(())W“W By similar argument as in the proof of Lemma 3.34 and (the surjectivity
of the last map in) (4.7), GL’(’I(())cSumV is isomorphic to the universal extension of mae(¢, h) ®g

Ext} (malg (¢, h), PS1(w(4),h)) by PSi(w(¢),h). Moreover, similarly as in § 3.2.2, we have a
GL,(K) x Rp yw/m*-equivariant injection

GL, univ univ
IBL((I)()‘S v m(d b)),

where the Rp ,-action on the left hand side is induced by its action on 5‘““" using (4.9) and the
Rp yw-action on the right hand side is given in a similar way as in (3.43). The following corollary
follows by similar arguments as in Theorem 3.35 and Corollary 3.36.
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Corollary 4.10. (1) There is a unique Rp y-action on w1 (¢, )M such that for all w € S, there
is a GLy(K) X Rp y.w-equivariant injection (¢, h)ﬁ“juV — 1(¢, h)IV (L]

(2) We have (¢, h)‘[}niv[mRD,U] = Tmin(D).

4.2.2 Local-global compatibility

We prove a local-global compatibility result in a non-patched setting. We briefly introduce the
setup and some notation.

Let F//FT be a CM extension and G/F™ be a unitary group attached to the quadratic extension
F/F* as in [2, § 6.2.2] such that G xp+ F = GL,, (n > 2) and G(F'* ®g R) is compact. For a
finite place v of F* which is totally split in ' and ¥ a place of F' dividing v, we have isomorphisms
G(F]) = G(F5) = GL,(F5). We let S, denote the set of places of F* dividing p and we assume
that each place in S}, is split in F.

We fix a place p of F* above p, set K := Ff. We have thus an isomorphism G(F/) = GL,(K).

For each v € Sp,, v # p, let &, be a dominant weight of Resgf: GLy, and 7, : Iy — GLy(E) be an
G(F,") over O associated to & = (&)

v

inertial type. Let W¢ ; be the representation of [[, . Sp vt
and 7 = (7).

Let U® = UPUS = Lo, Us x Toes,\ o Uv be a sufficiently small (cf. [20]) compact open
subgroup of G(AL}¥) with U, = GL,(O p+) for v € Sp\{p}. We also assume that U, is hyperspecial
if v is inert in F. Let S(U®) be the union of S, and of the places v ¢ S, such that U, is not
hyperspecial. For each v € S(U#) (which splits in F), fix a place ¥ of F dividing v, and let S(U¥)
be the set of such .

For k € Z>1 and a compact open subgroup U, of G(OFJ), consider the O /wh-module

Ser(U U, Op /@) = {f : GENG(AFL) = Wer/wi | flgu) = u™' f(g), Vg € G(AF,),u € UPU,}

where USU,, acts on We - /wh via the projection USU,, — [Loes,\qpp Uv- Put

Se.-(U?,0p) =1im Se - (U?, Op/wh) = limliny S (U°U,,, O /),
k E U,

and §§7T(UK°,E) = §§,T(U@, Of) ®o, E. Then §§7T(UP,E) is an admissible unitary Banach rep-
resentation of GL,(K). Recall that §§7T(UW, E) is equipped with a natural action of T(U®) com-
muting with GL,,(K), where T(U¥) is the polynomial Og-algebra generated by the spherical Hecke
operators at places v such that U, = GL, (O FJ“)‘ We make the following hypothesis

Hypothesis 4.11. We have either (p > 2, n < 3) or (p > 2, F/F* is unramified and G is
quasi-split at all finite places of F).

Let p : Galp+ — Gn(kg) be a continuous automorphic representation with respect to We ; (see
for example [28, Def. 5.3.1]). To p, one can associate a maximal ideal m; of T(U¥). Let

Se-(U?, By = (= limlim S¢ - (UU, Op /)y ) [1/7),
E U,

which is in fact a direct summand of §§,T(U@’,E). Recall the action of T(U®) on §5’T(UP,E)5
factors through a faithful action of a certain completed Noetherian local Og-algebra Te¢ - (U¥)5.
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Let Rj () be the Galois deformation ring associated to the deformation problem (cf. [20, § 2])

(F/F*,S(U®),S(U®),0p,p,e" ™" F/R {R5. }oeswensy U {R%’Tv oes)
where RﬁDi denotes the reduced and p-torsion free quotient of the universal framed deformation
ring, and R%;’T” denotes the framed potentially semi-stable deformation ring of type (§,, 7). Recall
there is a natural surjection R; gey — Te(U¥)5 (e.g. see [28, § 5.4]).
Let p € (Spf R g(e))"® such that D := Dig(pg) € ®Tne(¢,h) with pg := plr; + Galg —
GL,(E). Let m, be the maximal ideal of R ¢(17¢[1/p] associated to p, and assume §57T(U@, E)[m,)8ls =£
0. There exists hence r € Z>; such that (see for example [17])

Tag (¢, 1) = Se - (U, E)[m, ] e, (4.10)

There is a natural map from Rp to the completion 6(Sprﬁ s(we))TE We denote by Ext};(D, D)
the image of the induced tangent map. We make the following assumption.
Hypothesis 4.12. Suppose Ext};(D, D) N Ext;(D, D) =0.

By [40] (see also [1]), the hypothesis holds when p has enormous image. By similar arguments

as in [32, Cor. 8.5], we have:

Proposition 4.13. Assume Hypothesis 4.11 and 4.12. Then (Spf Rp,S(Up))rig s smooth of dimen-
ston dK@ at p and Extrlj(D, D) satisfies the assumption Hypothesis 4.8.

Under the assumption, the map Rp — @(Spf Ry
ample the proof of [32, Thm. 8.8])

(Ue))FiE,p induces an isomorphism (see for ex-

~ 3 ) 2
Rpu O(Spf Rﬁ,S(U@))”gW/mP'

We study §5,T(U§’, E)an[mg], which is equipped with a natural action of GL,(K) X Rp .

Let & < (Spf Rﬁ7S(UgJ))rig x T be the eigenvariety to JB(:S},T(UW,E)%H). In particular, a point

(p',6) € € if and only if Homp(g (9, JB(§57T(U50, E)3%)[my]) # 0. There is coherent sheaf M over

& such that I'(E, M) = JB(§§,T(U@,E)%H)V. By (4.10), for w € S,,, we have x,, = (m,,6,0B) € €
(see § 3.2.2 for &,,). By assumption and [19], £ is étale over the weight space W (which is the rigid
analytic space parametrizing continuous characters of T'(Of)) at the points z,,, and M is locally
free of rank r at each x,,. Let U be an affinoid smooth neighbourhood of z,,, and m,,, C O(U)
be the maximal ideal associated to x,,. Using global triangulation theory ([34][38]), the étaleness
of £ at x,, and Hypothesis 4.12, we have OU)/m3,, = Rp .. Moreover, it is not difficult to

V ~ cuniv,@r
= 6w,U

see there is a T(K) x Rp ,,y-equivariant isomorphism (M/m2 ) . We obtain hence a

T(K) x Rp y-equivariant injection

(ot 08)®" > Jp(Ser (U, E)3 ™) m2).

Note that the map induces an isomorphism

(000 5) ™" 5 Jp(Se,r (U”, E)3 ™) [m2{T(K) = 6u,05}. (4.11)

Similarly in Lemma 4.1, the map is balanced and induces using [27, Thm. 0.13] a GL,,(K) X Rp u,u-
equivariant injection

GLn (K) Funiv\®r I —an
b (T Bum ) S (U, B)Z ™" [m2]. (4.12)

Let 7 be the subrepresentation of §57T(U o E)gp e [mg] generated by Im ¢, for all w.

52



Theorem 4.14. We have a GL,,(K) X Rp p-equivariant isomorphism 7 = 71 (¢, )umv T Conse-
quently, Tmin(D)®" < S¢ -(U®, E)&=a0[m ).

Proof We first show 7 = 1 (o, )uan P as GL, (K)-representation. The injection Talg (¢, h)®" —
Sg,T(U@, E) 2 [m,] extends uniquely to an injection (¢, h)®" — §577(UP,E)QP*an[mp] (using
[15] or (4.12) similarly as in the proof of Corollary 4.3). Note that Im ¢, N1 (¢, h)®" = PS; (w(¢), h)
(by the same argument as in the proof of Corollary 4.3). As in the proof of Theorem 4.4, 7 is
isomorphic to an extension of certain copies of m,(¢, h) by w1 (¢, h)®". Using (4. 12) (and the
structure of (¢, h)V), it is not difficult to see 7 has to be isomorphic to 71 (g, )umv T

For the part on the Rp r-action, it suffices to show any injection

vy (¢, )Y s SgT(Up )Qp_an[mZ]

(extending 71 (¢, h) — §§ (U2, B)&~[m ]) is Rp y-equivariant. As (¢, h)ii is generated by

IEL?(I)()cS;lU“i,V , it suffices to show the restriction of ¢ at 1 GL’(}(() )6‘“’“’ is Rp y-equivariant. It is clear

that the Rp  action on the both sides of (4.11) factors through Rpyw- On the other hand, the

restriction of + on IEL’(LI(() )5;‘011[1}’ corresponds to a unique T'(K)-equivariant injection
5umv5B — JB(SgT(U@ ) P an[mi]), (4.13)

whose image is contained in the right hand side of (4.11). However, any T'(K)-equivariant injection

55‘35’(53 s (5;‘},1}’(53)@” has to be Rp y,-equivariant, so is (4.13). Thus ¢ GL"(K)dumV is Rp,uuw-
(K) "w
equivariant for all w, so ¢ is Rp y-equivariant. This finishes the proof. O

Remark 4.15. As in Remark /.5 (2) (using results in [15]), Tmin(D)®" < §§7T(U@,E)Qp_an[mp]
extends uniquely to m(D)P" — S&T(UW, E)@—anm ],

Corollary 4.16. myi,(D)®" is the maximal subrepresentation of §57T(U@,E)Qp_an[mp], which is
generated by extensions of wag (P, h) by w1 (¢, h).

Proof. It suffices to prove any extension m,(¢, h) by m1(¢, h), that is contained in §§,T(Uﬁ’, E)m?],
is contained in 7. Let V' be such an extension. Note the composition

m1(¢,h) — V — S¢ - (U®, B)[m?]

factors through %,Aand we let ¢ be the induced injection. Suppose V is not contained in 7, we have
V @r (ph), T = Ser(UP, E)pran[mz]. Using the surjectivity of the last map in (4.8), there is an
extension V' of mag(¢, h) by maig(¢, h) such that V &, (g n), ™ = V' &r (4,n), T- However, using
(4.11) (and dimg Jp(V'){T(K) = é, } = 2), it is easy to see any such extension has to be contained
in the image of (4.12) hence in 7, a contradiction. O

Corollary 4.17. For D' € ®T'y (¢, h), mmin(D') — §g,T(U@,E)[mp] if and only if D! =~ D,
for all 0 € Sk. In particular, when K = Q,, the GL,(Q,)-representation S¢,(U?, E)%~a[m ]
determines pg.
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