p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE
REPRESENTATIONS OF GL,

YIWEN DING

ABSTRACT. Let K be a finite extension of Qp, and p be an n-dimensional
(non-critical generic) crystabelline representation of the absolute Galois group
of K of regular Hodge-Tate weights. We associate to p an explicit locally Q,-
analytic representation 7 (p) of GL,(K), which encodes some p-adic Hodge
parameters of p. When K = Q,, it encodes the full information hence recip-
rocally determines p. When p is associated to p-adic automorphic representa-
tions, we show under mild hypotheses that 71 (p) is a subrepresentation of the
GL,,(K)-representation globally associated to p.
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The locally analytic p-adic Langlands program for GL,,(Q,) aims at building
a correspondence between n-dimensional p-adic continuous representations of the
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abosulte Galois group Galg, of @, and certain locally analytic representations of
GL,(Qp). In particular, it is expected to match the parameters on both sides via
the conjectural correspondence.

On the Galois side, the p-adic Galg,-representations are central objects in
the p-adic Hodge theory, and are classified by Fontaine’s theory. Among these
representations, the de Rham ones are particularly important, as they include
those arising from geometry ([42]). The p-adic Langlands program for de Rham
representations is expected to be compatible with the classical local Langlands
correspondence (e.g. see [23]). More precisely, by Fontaine’s theory, for a de
Rham representation p over a p-adic field E, one can associate an n-dimensional
Weil-Deligne representation r, which furthermore corresponds, via the classical
local Langlands correspondence, to an irreducible smooth representation gy (r)
of GL,,(Q,) over E. If p has regular Hodge-Tate weights h = (hy,--- , h,), then
the locally algebraic representation

Talg (T, h) = 7y (r) ®g L(h — 0)

is expected to be the locally algebraic subrepresentation of the conjectural locally
analytic representation 7’ (p) associated to p, where § = (0, —1,--- ,1 —n) and
L(h — ) is the algebraic representation of GL, (Q,) of highest weight h — 6. One
can clearly recover r (up to F-semi-simplification) and h from the representa-
tion of 7y (r, h). However, passing from p to (r,h), one loses the information of
Hodge filtration of p. A fundamental question in the p-adic Langlands program is
to find the missing information on Hodge filtration on the automorphic side, say,
in the conjectural locally analytic representation *(p). After the pioneer work of
Breuil ([9][11]), the question was settled for GLy(Q,) by Colmez, establishing the
p-adic Langlands correspondence ([29]). It remains quite mysterious for general
GL,(Q,). In this paper, we address the question for (non-critical generic) crys-
tabelline Galg,-representations p, those that become crystalline when restricted
to the absolute Galois group of a certain abelian extension of Q,.

For simplicity, we assume in the introduction that p itself is crystalline.
Then by Fontaine’s theory, p is equivalent to the associated filtered ¢-module
Deis(p). We assume the p-action is generic (and we simply call such p generic),
which means the y-eigenvalues o« = (a;) on Deis(p) are distinct, and aiOé;1 #p
for i # j. In this case, r = &}, unr(«;) and we denote r by a. The classical
local Langlands correspondence in this case is simply given by

Tom (@) = (Indgg?((@%’)’) unr(a)n)>
where unr(a) = unr(a;) X ---unr(ay,), n =1X |- ' K. .| are unramified
characters of 7'(Q,), and B~ is the Borel subgroup of lower triangular matrices.

. |n71
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Let Fil}; denote the Hodge filtration, which is a complete flag in Ds(p) as h is
regular. Let e; € Dis(p) be an eigenvector for ;. Under the basis {e;}, Fily; is
parametrized by an element in T\ GL,, /B, which we call the p-adic Hodge param-
eter of p. Recall that p is called non-critical if Fil}; is in a relative general position
with respect to all the n! ¢-stable (complete) flags. When n = 2, T\ GLy /B is
a finite set of cardinality 3. So there are at most 3 isomorphism classes' of p,
distinguished by the relative position of Fil}, with the two p-stable flags. The
information is reflected by the extra socle phenomenon on the GL3(Q,)-side. In
this context, Breuil formulated a conjecture concerning the locally analytic so-
cle of GL,,, which characterizes the relative positions of Fil}, with the ¢-stable
flags. The conjecture was subsequently proved (under Taylor-Wiles hypotheses)
by Breuil-Hellmann-Schraen ([20]). However, a significant difference between the
cases n = 2 and n > 3 lies in the extra parameters for non-critical p (with fixed
(o, h)): when n = 2, the non-critical p is unique, whereas for n > 3, there are
additional (new) parameters for non-critical p (as T\ GL,, /B is now an infinite
set). We refer to Example 2.9 for a concrete example of n = 3.

In the paper, we reveal these p-adic Hodge parameters on the GL,,(Q,)-side.
It turns out it is convenient to work with (¢, I')-modules over the Robba ring
instead of Galois representations. Denote by ®T',.(c, h) the set of isomorphism
classes of non-critical crystalline (¢, ')-modules overlying « of regular Hodge-
Tate weights h. Under the basis of p-eigenvectors {e;} in the precedent paragraph
(noting that Des(D) = @I, Ee;, as p-module, for all D € ®I',.(a, h)), the set
Ol (a, h) can be identified with a Zariski open subset of T\ GL,, /B. For each
D € OI',c(, h), we associate an explicit locally analytic GL,,(Q,)-representation
m1(D) (see Theorem 1.3 below for the construction). We have:

Theorem 1.1. (1) (Local correspondence) For D € ®I'y.(a, h), socar, (g,) (D) =

Tag(a, B), and m (D) — mae(a, h)@@n_%_l). Moreover, for D' € ®T'y.(a, h),
m (D) = w1 (D") if and only if D' = D.

(2) (Local-global compatibility) Suppose p is automorphic for the setting of
[24] (or the setting in § /.2.2), and let T(p) be the unitary Banach representation
of GL,(Qp) (globally) associated to p. Assume Dyig(p) € ®Tye(a, h). Then for
D € ®lu(a, h),

(D) = 7(p)™ if and only if D = Dyig(p).
In particular, T(p)*™ determines p.”

1The étaleness of p will imply that some of these classes may not occur. In most general cases, there is
typically a unique isomorphism class. But note if we relax the étaleness condition, and consider crystalline
(¢, ')-modules instead of p, all these classes can appear.

2Note that the information that Dyig(p) is non-critical is determined by 7(p)*" by [12, Thm. 9.3].
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The quotient Tag(a, h)®C" "5 -1 of 7 (D) appears in the “third” layer
in its socle filtration. Let 7y, (D) be the minimal subrepresentation of 71 (D) such
that the composition mpyin(D) — 71 (D) — mae(a, h)®( is surjective.
The representation 7, (D) has a much cleaner structure. For example, its socle
filtration has only three grades (see § 3.2). Note that one can replace everywhere
m1(D) in the statements by i, (D). The extra locally algebraic constituents in
the cosocle of 1 (D) were unexpected, not to mention their huge multiplicity. It is
one of the reasons why it took a long time to find the Hodge parameters. In fact,
the work grows out from the finding of such extra constituents while excluding
such constituents for GLy in [36] . We remark that the existence of the extra
locally algebraic constituent was first proved by Hellmann-Hernandez-Schraen in
the split case for GL3(Q,) ([45]).

For a finite extension K of Q,, we also construct a locally Q,-analytic
representation m (D) of GL,(K) such that socgr, k)™ (D) = Tae(a,h) and

(D) — Tag(a, h)@(Qn_w_l)[K:Qp]. The local-global compatibility result still
holds. But a major difference is that when K # Q,, m(D) just determines the
filtered p/-module De;s(D), (where f is the unramified degree of K over Q,) for
each embedding ¢ : K — F rather than D itself. For example, when n = 2,
m (D) are all isomorphic (for different D € ®I',.(a, h)) but there are still extra
parameters, see for example [10, § 3] [36, Conj. 1.7].

We make a few additional remarks on Theorem 1.1.

on_ n(n2+1) _1)

Remark 1.2. (1) Very little was known about such a local correspondence when
n > 3. We highlight some related results. When n = 3, in [15], we showed how
to recover the Hodge parameters in the semi-stable non-crystalline case (given by
the Fontaine-Mazur L-invariants) in the locally analytic GL3(Q),)-representations
and proved a local-global compatibility result in the ordinary case. When the Weil-
Deligne representation r associated to p is indecomposable, the (largely open) con-
jecture on Ext' in [14] (see also [16]) suggests a way to recover the p-adic Hodge
parameters on the automorphic side. In contrast, the (non-critical) crystalline
case was somewhat more mysterious, as such parameters are entirely new for
n > 3. We finally mention that the results for GL3(Q,) were presented in the
note [35] (not intended for publication), which may help readers quickly under-
stand the story.

(2) The phenomenon where the Hodge parameters lie in the extension group
of certain locally algebraic representation by certain locally analytic representation
traces back to Breuil’s initializing work in [9].

(3) Similar results are also obtained in the patched setting. Let 1., be the
patched Banach representation over the patched Galois deformation ring R of
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24]. We show that if there is a mazimal ideal m, of Roo[1/p| associated to p such
that T [m, '8 £ 0, then for D € ®L(a, h), 71 (D) < Il[m,] if and only if
D= Dyy(p).

(4) We finally remark the representation m (D) should still be far from the
final complete locally analytic GL,(Q,)-representation associated to D (so we
choose not to use the notation 7(D)).

We now give the construction of 7 (D). We first look at the Galois side. For
eachw € S, let Ext. (D, D) be the extension group of trianguline deformations of
D with respect to the refinement w(a) (see the discussion above (2.12)). Recall
there is a natural (weight) map #, : Extl (D, D) — Hom(T(Q,), E), sending
D to ¢ such that D is trianguline with parameter unr(w())z®(1 4 ve) (that
is a character of T(Q,) over E[e]/€?). The map k,, is surjective (e.g. see [3,
Prop. 2.3.10]). One can show that Kerx,, as a subspace of Ext%%r)(D, D), is

independent of the choice of w, denoted by Extj(D, D) (cf. Lemma 2.11). For a
subspace Ext}(D, D) C Ext%%F)(D, D) containing Exty(D, D), set
Exty(D, D) := Ext}(D, D)/ Ext}(D, D).
We have hence a bijection
K : Bxt, (D, D) = Hom(T(Q,), E).

By [27], the following “amalgamating” map is surjective (see also [49] [44], noting
it is already surjective before quotienting by Extj(D, D) on both sides)

(1.1) Bues, Ext, (D, D) — Ext(, (D, D).
Remark that here we use that all the refinements of D are non-critical.

Now we look at the GL,,(Q,)-side. For each w, consider the locally analytic
principal series PS(w, a, h) := (IndEE’E((@%) unr(w(a))zPe 1 0f)* where ¢ denotes
the cyclotomic character. The explicit structure of PS(w, «, h) is well-understood
by Orlik-Strauch ([58]). For example, socgr,,(q,) PS(w, @, h) = m,,(a, h), which

has multiplicity one as irreducible constituent of PS(w, a,h). For w € S, con-
sider the composition

Cw : Hom(T(Qp), E) — Ext¢y, (g, (PS(w, o, h), PS(w, a, h))

— EXté}Ln(Qp) <7Talg (o, h), PS(w, a, h)),

where the first map sends ¢ to (IndgE’E&%) unr(w(a))z(e7! 0 0)(1 + )™, and
the second map is the natural pull-back map. Using Schraen’s spectral sequence
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([62, (4.37)]), one can show that (, is in fact bijective. Now we amalgamate
these principal series: let mw(a,h) be the unique quotient of the amalgama-

tion @fjji&/\) PS(w, a, h) of socle mye(a, A) (which was introduced and denoted

by m(D)® in [21, Def. 5.7]). For each w € S, there is a natural injection
PS(w, a, h) < 7(a, h) which induces an injection

ExtéLn(Qp) (Taig(a, h), PS(w, o, h)) — ExtéLn(Qp) (Talg(c, h), m(, h)).

We denote by Ext, (ma4(a, h), 7(a, h)) its image. The following “amalgamating”
map is also surjective (see Proposition 3.8 (2) and compare with (1.1)):

(12) Duwes, EXt’llv (ﬂ-‘cﬂg (Q7 h)v ﬂ-(ga h)) - EXtéLn(Qp) (7Ta1g (Q7 h), W(ga h))

The following theorem is crucial in the paper:

Theorem 1.3 (cf. Theorem 3.21, Theorem 3.34). (1) For D € ®I',.(a, h), there
is a unique (surjective) map tp : EXt%}Ln(Qp)(ﬂ-alg(Q; h),7(a, h)) — mz%r)(D, D)
such that the following diagram commutes:

ues, Exty(D, D) 7 & g Extl (mug(a, b), w(a, b))

(m)l (1‘2)1

S— t
Ext(%r)(D, D) +2— EXtéLn(@p)(Walg(% h),m(a, h)).

Moreover, dimg m@,F)(D, D) = w—l—n, dimpg ExtéLn(Qp)(walg(g, h), w(a, h)) =

2" +n — 1 hence dimg Ker(tp) = 2" — @ 1

(2) For D, D" € ®I',.(a, h), Ker(tp) = Ker(tp) if and only if D = D'.
Remark 1.4. Consider the composition

(kw') —1 (1.1) ——1
(1.3)  @ues, Hom(T(Q,), E) b @,cq, Bxt, (D, D) - Bxty, (D, D).

~

By Theorem 1.3 (1), the map (1.2) induces an exact sequence
0 — Ker(1.2) — (Cw)wes, (Ker(1.3)) — Ker(tp) — 0.

As the maps (1.2) and (,’s are all independent of D € ®',.(c, h), Theorem 1.3
(2) implies that Ker(1.3) also determines D. This fact (purely on Galois side) is
of interest on its own right.
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The representation 7 (D) is then defined to be the (tautological) extension
of Tag(a,h) ®p Ker(tp) = mag(a, h)eC" =5 -1 by 7(a,h). More precisely,
choosing a basis {v;} of Ker(tp) with & (v;) the associated extension of m,, (e, h)
by 7(a, h), m1(D) is the amalgamated sum of these &(v;) along 7(a, h), which is
clearly independent of the choice of {v;}. The structure of 7(a, h) is complicated
(see for example [21, § 5.3]). However, the theorem actually holds with 7(a,h)
replaced by its subrepresentation given by the first two layers in its socle filtration,
which has a much easier and cleaner structure, see Theorem 3.21 and § 3.1.2.
The extension of T (e, h) ®p Ker(tp) by this subrepresentation actually gives
Tmin(D) in the discussion below Theorem 1.1. Theorem 1.1 (1) is then a direct
consequence of Theorem 1.3.

One can deduce from Theorem 1.3 (1):

Corollary 1.5 (cf. Corollary 3.25). The map tp induces a bijection
~ =1
(1.4) tp: EXtéLn(Qp)(Walg(Q, h), m (D)) — Ext, (D, D).

Before discussing the proof of Theorem 1.3, we first explain the proof of
the local-global compatibility (Theorem 1.1 (2)). For this, we will use an alter-
native formulation of Theorem 1.3 given as follows. Let "™ (resp. 7"") be
the (universal) extension of m,(a, h) ®p ExtéLn(@p)(ﬂalg(g, h), 7(a, h)) (resp. of
Tatg(a, h) @ p Exty, (Tag(a, h), m(a, h))) by m(a,h) (defined in a similar way as
in the discussion below Theorem 1.3). By (1.2), 7"V is generated by all the
subrepresentations 7" for w € S,,. On the Galois side, let Rp be the universal
deformation ring of deformations of D over Artinian local E-algebras and m be

its maximal ideal. The quotient mam(p, D) corresponds to a local Artinian

E-subalgebra Ap of Rp/m?, and mL(D, D) corresponds to a quotient Ap,, of

Ap. Using the isomorphism ¢, o k,,, there exists a natural action of Ap ,, on 7Y

such that x € mAD,w/m,%xD,w & E_mju(D, D)Y = Ext! (ma4(a, h), m(a, h))" acts via

univ
w

Y s (@, h) ®p Extl (mag(a, h), (e, h)) — Tag(a, h) — 7

The following corollary gives a reformulation of Theorem 1.3 (1).

Corollary 1.6 (cf. Theorem 3.36, Corollary 3.37). There exists a unique ac-
tion of Ap on ™™V such that for each w € S,, the Ap-action on its subrep-
resentation ™Y factors through the natural Ap.,-action. Moreover, we have
WI(D) ~~ 7Tuniv [mA

Suppose we are in the patched setting as in Remark 1.2 (4), and let D =
Diig(p). Let a be an ideal of Ryo[1/p] with a D m? (cf. Remark 1.2 (3)) such

ol
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that the composition Ap — Rp/m?* — R, [1/p]/a is an isomorphism (see the
discussion below (4.3)). Working with the patched eigenvariety of [19], and using
Emerton’s adjunction formula [39], we can obtain Ap x GL,(Q,)-equivariant
injections ™ — T [a] for all w € S,,, where the Ap-action on the right hand
side comes from the R -action (noting Rp is isomorphic to the universal Galois
deformation ring of p). These injections “amalgamate” to an Ap x GL,(Q,)-
equivariant injection

(1.5) T s Tl [a].

~/

By Corollary 1.6, it induces an injection ¢ : (D) = 7%V[m, ] < T [a+my, ] =
[m,]. Now for D’ € ®I'\.(a, h), if m(D’) — I[m,], one can prove (cf. the
proof of Corollary 4.8) that it factors through the injection (1.5), i.e. we have
(D) — 7" — M [a]. As Ap(— Rp/m?) acts on II,[m,] hence on its sub
7 (D) via Ap/ma, and (1.5) is Ap-equivariant, 7;(D’) < 7" has image con-
tained in 7"V[m4 | = 7(D). Since 7;(D’) and 7, (D) have the same irreducible
constituents with the same multiplicities, this implies 71 (D) = (D).

We now discuss the proof of Theorem 1.3. First, the case of n = 2 is
clear, as now #®I' (o, h) = 1, tp is bijective, and 7 (D) = 7(a,h) (which is
the locally analytic GL2(Q,)-representation associated to D, see [51] [30]). For
general n > 3, we use an induction argument. For simplicity, in the rest of the
introduction, we restrict to the case of n = 3. This case already presents the key
arguments. Let D; (resp. C}) be the (unique) non-critical (¢, I')-module of rank
2 over Ry of refinement o' := (v, o) and of Hodge-Tate weights h' := (h; > hy)
(resp. h? := (hy > hs)). Then for any D € ®T,.(a, h), D admits two filtrations:

F: 0— Dy — D — Rp(unr(az)z") — 0,
4. 0— Rp(unr(as)z™) — D — C; — 0.

Similarly as in (1.1) by considering the paraboline deformations with respect to
Z and ¢, we have a natural map

(1.6)  fo = (f#, fu) : Extiop (D1, D1) @ Exty,p(Cr. C1) — Exty, (D, D),

sending D; (resp. Cy) to a (or any) deformation D of D of the form (whose
image in mz%r)(D,D) does not depend on the choice): 0 — Dy — D —
R e (unr(asz)z") — 0 (resp. 0 — Rpjqe(unr(ag)z") — D — C; — 0).
The kernel of (1.6) is particularly important for our application. For (131, 6’1) €

Ker(1.6), let D be a deformation of D whose image in m@r)(D, D) is equal to
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f#(D1) = —f4(C1). Then D admits two different parabolic filtrations (of satu-
rated (¢, I')-submodules over R gq/e2). We refer to this as a higher intertwining
property (see § 2.4). The following theorem is purely on Galois side, and follows
from an explicit description of Ker(1.6) together with a reinterpretation of the
p-adic Hodge parameters of D given in § 2.2.

Theorem 1.7 (cf. Corollary 2.34). For D, D’ € ®T',.(a, h), D = D’ if and only
if Ker(fp) = Ker(fp/).

We move to the automorphic side. Using parabolic inductions, one can
show there is a natural map

(L7) ¢ Extgy, (mag(a’, '), m(Dh)) & Extgy, (mag(a’, h*), m1(Ch))

_(_Czﬁﬁ) EthGLg (Targ (@, ), w(a, h)).

For example, (7 is constructed using (Ind 3 —Runr(a)e?)™®, for P~ = (L2 o)

and Cy uses (1 at, )- Moreover, (1.7) is surjective (roughly because 7(, h) can
be “amalgamated” from the two corresponding parabolic inductions). We refer
to Proposition 3.13 for details.

Now a key fact is that for any D € &', (e, h), Ker(¢) is sent to Ker fp (cf.

(1.6)) via the isomorphism for n = 2 (cf. (1.4)):

tD1,C1 : EXtéLg (ﬂ-alg (Qla hl)? ™ (Dl)) D EXtéLg (ﬂ-alg (glv h2)7 T (Cl))

(tpystey) =—1 =1
el EXt(Lp,F) (Dl, Dl) & EXt(@,I‘)<Cl7 Cl)

~

The map tp in Theorem 1.3 (1) can now be easily constructed: there is a unique
map tp such that the following diagram commutes

Ext} (ma1 (gl,hl)ﬂrl(Dl)) ¢ 1
@Exfgig (Waglg(gl,hz)ﬂn(C&)) - EXtGL3 (Tralg (Q, h)’ ﬂ-(g’ h))

tD1701J/N ltD

=1

Ext Di1,D ——1

>0 (D1, D1) Ip » Ext (D, D).
@Ext<¢’F)(Cl,C1)

It is not very difficult to check tp satisfies the properties in Theorem 1.3 (1),
and we refer to the proof of Theorem 3.21 for details. Theorem 1.3 (2) is
then a consequence of Theorem 1.7, as Ker(tp) = ((tp, ¢, (Ker(fp))) (noting
tp, o, (Ker(¢)) € Ker(fp) for all D' € ®I',.(a,h)). Remark the existence of
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the extra one copy of (e, h) in 71(D) (for n = 3) then comes from the fact
dimg Ker(fp) = dimg Ker(1.7) + 1.

We refer to the the context for the more precise and detailed statements.
One main difference from what’s discussed in the introduction is that we mainly
work with my;, (D) instead of m1(D) in the introduction, which has a cleaner
structure but requires a bit more on Orlik-Strauch representations.

Acknowledgement. [ thank Xiaozheng Han, Zicheng Qian, Zhixiang Wu for
helpful discussions. I especially thank Christophe Breuil for the discussions and
his interest, which substantially accelerates the work, and for his comments on
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2. HODGE FILTRATION AND HIGHER INTERTWINING

2.1. Notation and preliminaries. Let K be a finite extension of Q,, F be
a finite extension of @, containing all the embeddings of K in Q,. Let X :=
{0 : K — E}, and di := [K : Q). For k = (k,)sex,, € Z*¥, denote by
2 =T, e, 0(2)" the (Qp-)algebraic character of K* of weight k. Let
|- |k : KX — E* be the unramified character such that |wy|x = p~ K@l for
a uniformizer wy of K, where K| is the maximal unramified subextension of K
over Q. Let Galg be the absolute Galois group of K, and ¢ : Galg — Z) — E*
be the cyclotomic character. We normalize the local class field theory by sending
a uniformizer to a (lift of the) geometric Frobenius. In this way, we view € as a
character of K, which is equal to Ng,q,(-)| - |x-

For a locally K-analytic group H (e.g. H = K*), set Hom(H, E) to be the
E-vector space of locally Q,-analytic E-valued characters on H, Homgy, (H, E)
the subspace of smooth (i.e. locally constant) E-valued characters on H. Let
be the Lie algebra of H (over K). For x € Hom(H, E), by derivation, it induces
a Q,-linear map h — E hence an E-linear map dx : h®q, £ — E. It is clear that
X € Homg, (H, E) if and only if dy = 0. For 0 € Xk, we call x locally o-analytic
if dy factors through h ®x, E — E. Set Hom,(H, F) C Hom(H, E) to be the
subspace of locally o-analytic characters. Note we have dimg Homg, (K*, E) = 1,
dimg Hom, (K>, F) = 2 and dimg Hom(K*, E) = 1 + dk.

Let Rk g be the E-coefficient Robba ring for K. For a continuous character
X 1 K* — E*, denote by R g(x) the associated rank one (¢, I')-module over
Rk (see for example [47, § 6.2]). Note R g(x) is de Rham if and only if x
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is locally algebraic. We write Ext’ (and Hom = Ext°) without “(¢,T')” in the
subscript for the i-th extension group of (¢, I')-modules (cf. [50]). For de Rham
(p,T')-modules M and N, denote by Ext;(M, N) C Ext!'(M, N) the subspace of
de Rham extensions. For a (¢, I')-module M, we identify elements in Ext'(M, M)
with deformations of M over Ry giq/e2. Indeed, the E[e]/e*-structure on M €

Ext'(M, M) is given by letting € act via ¢ : M — M LN VSV

We denote by Wi (M) the (semi-linear) Galg-representation over Bjy ®q,
E associated to M (cf. [7, Prop. 2.2.6 (2)]). There is a natural decomposition
Wii(M) = @gen Wik (M) with respect to Bjg ®q, F = @gen,Big Ok E.
Denote by D (M) := Wi (M) = @yen, Wik , (M) = @yen, Dig (M),
We will frequently use the following lemma.

Lemma 2.1. Let M be a (p,I')-module over Rk g, N be a (¢,I')-submodule of M
such that rankg, . (N) = rankg, ,(M). Then there is a natural isomorphism of
E-vector spaces: H?%F)(M/N) = HO(Galg, WL (M)/Wis(N)). Moreover, when
M is de Rham, this isomorphism identifies H(O%F)(M/N) with DIz (M)/Dix(N).

Proof. The first part follows from a straightforward generalization of the proof of
[16, Lem. 5.1] to finite extensions K of Q,. For the second part, applying (—)%x
to the exact sequence of Bjj-representations 0 — WiL(N) — WhH(M) —
Wik (M)/WIL(N) — 0, it suffices to show the natural map H'(Galyx, Wi (N)) —
H(Galg, Wi, (M)) is injective. But this follows from [53, Lem. 2.6]. O

Let M be a crystabelline (¢,I')-module of rank d over Rxp. We can
associate to M a filtered Deligne-Fontaine module (Dygst (M), Dar(M)) such that
o Dy(M) = (W, (M) ®p, Beis)x" which is free of rank d over K}, ®q, £
equipped with a commuting K{-semi-linear action of ¢ and Gal(K'/K),
K'is an abelian extension of K, and K| is the maximal unramified exten-
sion of K’ (over @,), and where W, (M) is the B, = BYL -representation
associated to M ([7, Prop. 2.2.6 (1)]),
o Dar(M) = (Wik(M)[1/t])% = (Dpy(M) Qg K" GIKK) g free of
rank d over K ®q, F, equipped with a Hodge filtration Fily of K ®q, E-
submodules (not necessarily free).

By [23, Prop. 4.1], to Dyst(M), one can associate a Weil-Deligne representation
r(M) over E. We call M generic if r(M) generic, which means r(M) is semi-
simple and isomorphic to ®¢_ ;¢; with qﬁiqﬁj_l # 1,| - |k for ¢ # j. In fact, M
being generic crystabelline is equivalent to the existence of smooth characters ¢;
for i = 1,--- ,d such that M[1/t] & & Rk p(¢;)[1/t], and gbiqu_l #1,]- |k for
i # j. An ordering of (¢1,--- ,¢4) is refereed to as a refinement of M. Indeed,
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an ordering w(¢) = (dw-101), -+, Puw-1(a)) for w € Sy, corresponds uniquely to
a filtration .7, = {Z'}, increasing with i, of saturated (p,[')-submodules on
M such that (gr', M)[1/t] = R g(du-1))[1/t]. We frequently view w(¢) as a
(smooth) character of T'(K') (the torus subgroup of GL4(K)) for any w € S;. We
also call these characters of T'(K) refinements of M.

Let h := (hi)izl,m,d = (hU)JEZK = (ha,l > 2 ha,d)JEEK be the HOdge_
Tate-Sen weights of M (normalized such that the weight of the cyclotomic char-
acter is 1). Let w € Sy, we call the refinement w(¢) (or Z,) non-critical if the
Hodge-Tate-Sen weights of grf% M are exactly h; (which are hence decreasing
with growth of 7). We call M non-critical, if all the refinements of M are non-
critical. We denote by ®T',.(¢, h) the set of isomorphism classes of non-critical
crystabelline (p,I')-modules of refinement ¢ and of Hodge-Tate-Sen weights h.
Finally, we say M has regular Hodge-Tate-Sen weights if h is strictly dominant,
ie. hi,o > h’i-i-l,o' for all o € Y.

Suppose M is generic crystabelline with refinement ¢. For a subset r =
{ri, -+ ,r} € {1,---,d}, denote by M, (resp. M*) the saturated (¢, I')-submodule
of M (resp. the quotient of M) which has a refinement given by (¢,,,- -+, ¢, ). So
M* = M /M. with r® = {1,--- ,d} \ r. While M, and M* depend on the chosen
refinement, this will not cause ambiguity: in all instances where they appear, the
context will specify the refinement in use. Assuming M is non-critical, M, and
M?™ are non-critical as well for any r (noting any triangulation of M, or of M*
extends to a triangulation of M). In this case, the Hodge-Tate-Sen weights of
M, (resp. M¥) are (hy,--- ,hg) (resp. (hg_pi1,--- ,hg)).

Throughout the paper, we will use e—e to denote an extension of two
objects (such as (g, I')-modules, or GL,,(K)-representations etc.), where the left
object is the sub and the right the quotient.

2.2. A reinterpretation of Hodge parameters. In this section, we give a
reinterpretation of (some) p-adic Hodge parameters of a generic non-critical crys-
tabelline (¢, I')-module.

Let Qb = (d)i)i:l,m,n be generic, and h = (hg)oezK = (hi>i:1,--~,n = (hg,l >
hoo > -+ > hoy). Let D € ®I'(¢,h). Let Dy := Dy ,m1y and Cp =
DiLn=1} e have two exact sequences:

(2.1) 0 — Dy — D — R p(pnz™) — 0,
0 — Rip(pn2™) — D — C; — 0.

Let tp be the composition Dy < D — C). As Hom(Dy, Rk g(¢,2™)) =0, ¢p is
injective.
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Proposition 2.2. (1) We have dimg Hom(D,, Cy) < 2.

(2) We have dimg Hom(Dq,C1) = 2 if and only if n > 3, and for any
ie{l,---,n—=1}, r:={1,--- ,n— 1} \ {i}, we have (D1)" = (C1), (for the
refinement (¢1, -+, dn_1)). Moreover, if these hold, fori € {1,--- ,n— 1}, the
composition

(23) (078 Dy —» (Dl)r = (Ol)r — 01.

are pair-wisely linearly independent as elements in Hom(Dy, Cy).

Proof. (1) If n = 2, it is clear that dimg Hom(Dy,C;) = 1. Assume n > 3, and let
r={1,---,n — 3}, and consider (C}),, which is the saturated submodule of C
of rank n — 3 over R g with a refinement (¢4, -+, ¢n—3). As Cy is non-critical
of Hodge-Tate weights (hy,---h,), (C}), is non-critical of Hodge-Tate weights
(hy, -+ ,h,_2). Thus (C}), is isomorphic to a (non-split) successive extension of
R p(¢z+1) for i =1,--- ,n — 3. Consider

0 — Hom(Dy, (C}),) — Hom(Dy,Cy) — Hom(Dy, Cy/(CY),).

Any map in Hom(D;, (Cy),) clearly factors through (D;)*, the latter being iso-
morphic to a (non-split) successive extension of R g(¢;2+2) fori =1,--+ n—3.
By an easy dévissage, using h, 12 < hyi41 and the fact

(2.4) Hom(Ry 5(¢2™), Ric.g(¢h2"2)) = 0if ¢, # ¢ or ky < ko,

we deduce Hom((D4)", (C}),) = 0 hence Hom(Dy, (C}),) = 0. Again by an easy
dévissage, we have dimp Hom(Dy,Cy/(Cy),) = dimg Hom(Dy, (C;)n=2n=3h) <
2. Hence dimg Hom(Dy, Cy) < 2.

(2) We first prove “if”. As (Dy)" = (C))y, it is clear that «; are well defined
(as in (2.3)) and pair-wisely linearly independent. Together with (1), we deduce
dimg Hom(Dy,C;) = 2. Conversely, assume Hom(D;,Cy) = 2, and let ¢q, o
be a basis of Hom(D;,Cy). Let i, r be as in (2). Consider the induced map
fi i Ri.p(¢:i2™) <= Dy % C). As dimp Hom(Rg g(¢:i2™), C1) = 1, there exists
a non-zero linear combination ¢ = ajt; + aste such that ay f1 + asfo = 0. So (the
non-zero) ¢ factors through a non-zero map (D;)" — C;. As both (D;)" and C)
are non-critical, by comparing the weights and using (2.4), we deduce the map
has to factor through an isomorphism (D) = (C}),. O

Remark 2.3. By Proposition 2.2 (2), Hom(Dy, C,) is always two dimensional
whenn =3, orn =4 and K = Q,. In general, its dimension may be one or two
depending on the specific Dy and CY.



14 YIWEN DING

Consider the cup-product
(2.5)  Ext'(Rir(¢nz™), D1) x Hom(Dy, Cy) — Ext' (R £(¢n2™), Ch).

Proposition 2.4. Under the cup-product, E[D] C [tp]*, and we have an equality
if K =Q,. In particular, when K = Q,, D is determined by D, Ci, ¢, and tp.

The last statement in Proposition 2.4 can be formulated precisely as fol-
lows: for a crystabelline (¢, I')-module D of rank n over R, .z, suppose D; is a
saturated submodule of D', C} is a quotient of D’ and (¢, - - - , ¢,,) is a refinement
of D' (noting (¢1,- -, ¢n_1) is already determined by D;). If the composition
tp: Dy — D" — (C} is equal to ¢tp up to a non-zero scalar, then D' = D.

Proof. As tp factors through D, the map induced by the pairing (—, tp) (in (2.5))
is equal to the following composition

(2.6)  Ext'(R(¢nz™),D1) — Ext!(R(¢n2"), D) — Ext'(R(¢n2™), Cy).

The first map sends [D] to zero, hence (D, tp) = 0. In fact, by dévissage, the
kernel of the composition is isomorphic to Hom(Rx g(¢,2"),C1/Dy), which,
by Lemma 2.1, is furthermore isomorphic to Dj;(C})/Dig(D}), where C] =
(& ®RK,E RK’E(gZﬁT_LlZ_h") and Di =D ®RK,E RK’E(Qﬁ;lZ—h"). As Ci (resp. Dll)
has Hodge-Tate-Sen weights {h; —h,,},—> ... ,, (resp. {h; —h,,},—1 .. ,_1), we have
dimg DIz (C1)/Dix (D)) = dk. In particular, when K = Q,, the kernel of (2.6)
is exactly generated by [D]. This finishes the proof. O

In the rest of the section, we discuss what information of D can be detected
by ¢p for general K. The reader who is mainly interested in the Q,-case can skip
to the next section. Fix o € ¥k, and define T,(h) to be the weight such that

h:i T=0

To(h)ri = {h T#o

proposition is a direct consequence of [6, Thm. A]. We include a proof (of (1))
using similar arguments as in [36, Lem. 2.1].

which is in particular constant for 7 # . The following

Proposition 2.5. (1) Let D € ®T',.(¢, h), and let 0 € X. There exists a unique
(p,')-module (up to isomorphism) D, over Rk g such that D,[1/t] = D[1/t],
D C D,, and the Hodge-Tate weights of D, are T,(h).

(2) Let D, D, be as in (1). The injection D — D, induces a natural
isomorphism of Deligne-Fontaine modules Dy (D) = Dpst(D,), such that the
induced map Dar(D) — Dar(D,) is a morphism of filtered K ®q, E-modules,

satisfying Dgr(D)y — Dar(Dy) (as filtered E-vector space).
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Proof. Let (W.(D), Wiz(D)) be the B-pair associated to D (cf. [7, Thm. A]). By
Fontaine’s classification of Bqgr-representations [43, Thm. 3.19], there is a unique
Bl ®q, E-representation A = @ cx, A, such that Wi (D) ¢ A € Wii(D)[4]
Wik (D), T=0
(th™nBix @k, E)*" 1#0
to the B-pair (W,.(D),A). This construction satisfies all the claimed properties
in (1). (2) follows from (1) and [6, Thm. A]. O

Lemma 2.6. Let D, D, be as in Proposition 2.5. For each w € Sy, w(¢)z% "
1s a trianguline parameter of D,.

and A, = . Let D, be the (¢, I')-module associated

Proof. Consider the composition R, E(stfl(l)Zhl) «— D < D,. It is not difficult
to see the saturation of the image in D, is just RK,E(gbwq(l)zT“(h)l), and we have
D[Rk p(¢w-11)2") = Do /Ri,5(dp-11)2*"™*). Continuing with the argument,
the lemma follows. 0

We have hence a (surjective) map
(2.7) T, : Oyo(¢, h) — OLue(6, T, (h)), D+ D,.

Let D1y := (Dg){1,. n—1y and Cp, = (D)t m=1} (for the refinement ¢).
By Lemma 2.6, it is not difficult to see D, (resp. Cj,) has Hodge-Tate-Sen
weights (T, (h)1, -, To(h)n_1) (resp. (T,(h)a, -+ ,T,(h),)). In fact, we have
D, =%,(D;) and C}, = T,(C}) (where T, is defined in a similar way as (2.7)).
Consider Hom(D, ,,C},). Note it is non-zero as it contains the composition
tp, : D1 = D, - C,. By similar arguments as in Proposition 2.2, we have:

Proposition 2.7. (1) dimp Hom(D, ,,C4,) < 2.

(2) We have dimg Hom(D, ,,C1,) = 2 if and only if n > 3, and for any
ie{l,---,n—1}, r:={1,--- ,n—1}\ {i}, we have (D1,)" = (C1 ) (for the
refinement (1, , ¢n_1)). Moreover, if these hold, for i € {1,--- ,n — 1}, the
composition

(28) Qo - DI,O' — (DI,O')T = (Cl,cr)'r' — Cl,a-

are pair-wisely linearly independent as elements in Hom(D; ,, C4 ).

Proposition 2.8. For the cup-product
Ext!(Ri p(¢nz"™), D1y) x Hom(D; ,,Cy ) — Ext!(Ri p(én2™), Cis),

we have [up,]* = E[D,]. In particular, D, is determined by Dy o, C1 5, ¢ and
Lp, n a similar sense to that discussed following Proposition 2.4.
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Proof. Taking the cup-product with ¢p_ is equal to the following composition
(2.9)  Ext'(R(¢n2"), D1y) — Ext'(R(¢nz""), Dy) — Ext'(R(¢nz""), C1 ),

which is the push-forward map via ¢p,. We see (D,,itp,) = 0. On the other
hand, by dévissage and Lemma 2.1, Ker(2.9) is isomorphic to

(210)  Dip(Cro ®ryp Rice(dy'27")) /Dip(Dro @ricp Ric(d,'27M)).

By comparing the Hodge-Tate-Sen weights (and noting the weights of D, and
(1, for embeddings different from o are the same), we easily see that (2.10) is
one dimensional. Hence Ker(2.9) is generated by [D,]. O

Example 2.9. We give an example to illustrate how tp, determines D, (or
equivalently the Hodge o-filtration of D). Suppose n = 3, K unramified and D
is crystalline (generic non-critical) of reqular Hodge-Tate-Sen weights h. In this
case we have Dis(D) = Dyr(D) = @resy Deris(D)r, where each Deyis(D)r is a
filtered ¥ -module. Fiz o € Y. Note that we have an isomorphism of filtered
QOdK -module Dcris(Da)a = Dcris(D)U-

Let oy, aa, g be the three distinct eigenvalues of 0% on Deis(Dy ), (for any
7). Lete;, be an c;-eigenvector in Deis(Dy)o, hence Deis(Dy)y = Eey @ Ees @
Fesy. Forj =0, dx—1, we have Deis(Dy) yorron-i = E@?(€1,0) B Ep? (e2,5) P
Eyi(es,) (where Frob denotes the absolute Frobenius), and Deyis(D1 o) gopron—i =
Epi(e1,) ® Epl(esy) for j =0, ,dix — 1, which is equipped with the induced
Hodge filtration. As D1, is non-critical, multiplying e », €2, by non-zero scalars,
we can and do assume Fil™™ D.s(D1 5)0 = Fil/ Deis(D1g)os —h1o < j < —hay,
is generated by ey, + ea,. As D, is non-critical for all the refinements, mul-
tiplying es, by a non-zero scalar, we can and do assume Fil"™™ D.i(D,)s =
Fil/ Deis(Dy)o, —hoo < j < —hs,, is generated by ey + ap,es + es. The fil-
tered % -module Deis(Dy)o is in fact parametrized (and determined) by ap, €
EN\A{0,1}: we have

Dcris(Dcr)cr ,] S _hl,a
Fllj DCriS(Da’)o’ _ E(el,a + 6270) EB E<€1,cr + a/DU€2,cr + 6370) _hl,cr < ,] S _hQ,U
E<61,0' + ap,€2s + 63,0') _hQ,U <) S _h3,o'
0 ] > —h370
j Dcris Do T . S _hnT ..
For 7 # o, we have Fil/ D.s(Dy), = (Do)rJ 7. So D, is indeed

0 Jj > —hy,
determined by the single parameter ap, (in contrast, D itself has many more pa-
rameters, when K # Q,). Note that for —hs, < j < —hs ., Fil™ Dis(Cl0)e =
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Fil/ Dis(C15)o is generated by €1, + ap,es, (as it is equipped with the quotient
filtration). The map tp, uniquely corresponds to the morphism of filtered px -
modules tp, : Deis(D1.6)o = Dais(Clo)s sending e, to €;, fori=1,2. We see
ap, can be read out from the relative position of the two lines Fil™™ Dis(Ch o)
and LDU(FilmaX DcriS(DLJ)U) in Deis(Ch o). Thus ap, (hence D, ) is determined
by tp, .

2.3. Deformations of crystabelline (¢, [')-modules. Let D € ®I',.(¢,h). In
this section, we collect some facts on certain deformations of D.

2.3.1. Trianguline and paraboline deformations, I. We first consider trianguline
deformations. For a character y : K* — E*, recall we have natural isomorphisms

(2.11) Hom(K™, E) — Extyex (X, X) — Ext'(Rip(x): R,z (X)),

sending v to x(1 4 ve) then to Rk g e (x(1 + ve)).

For w € S, denote by Ext! (D, D) C Ext'(D, D) the subspace of triangu-
line deformations with respect to the refinement w(¢). More precisely, for De
Ext'(D, D) (viewed as a (¢, T')-module over Ry piq/e)), D € Ext! (D, D) if and
only if D is isomorphic to a successive extension of R kBl /e (P10 2™ (1 + 1s€))
for 1; € Hom(K*, E). In this case, we call the character w(¢)z"(1 + we) (with
W= (1, ) of T(K) over Ele]/e? the trianguline parameter of D with
respect to w(¢). Let k, be the following composition:

(2.12) Ky @ ExtL (D, D) — ExtlT(K) (w(p)2™, w(¢)2") = Hom(T(K), E),

where the first map sends D to its trianguline parameter with respect to w(¢), and
the second map is induced by (2.11). We also denote Ext. (D, D) by Extiu(qﬁ) (D, D)
or Extl, (D, D) where .7, is the filtration on D associated to w(¢) whenever it is

convenient for the context. The following proposition is well-known (cf. [3, § 2]
[54, § 2]).
Proposition 2.10. (1) dimgExt'(D, D) = 1+ n%dg, dimg Ext}(D,D) = 1 +
%d;( and dimg Extl (D, D) = 1+ @d;( for all w € S,.

(2) For w € S,,, Ky, is surjective.

(3) For w € S, Ext;(D, D) C Ext! (D, D) and is equal to the preimage of
the subspace Homgy, (T(K), E) via k..
Proof. The K = Q,-case is given in [3, Prop. 2.3.10, Thm. 2.5.10]. We sketch

a proof for general K. As D is non-critical, Hom(D, D) = E. We also have
Ext*(D, D) = 0 since D is generic. By [50, Thm. 1.2(1)], dimg Ext'(D, D) =
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1+ n2dg. By [54, Cor. 2.53] (noting any de Rham deformation of D is automati-
cally potentially crystalline), dimg Ext;(D, D) = 1—}—@@(. By [54, Prop. 2.41]
and the proof, dimg Ext. (D, D) = 1—|—@d;< and k,, is surjective for allw € S,,.
Hence dimg Kerk,, = "("T_l)d;( + 1 —n. By [54, Lem. 2.56], Ext,(D,D) C
Ext, (D, D) for all w. It is also clear k,(Ext;(D, D)) C Homg,(T(K), E). By
comparing dimensions: dimpg Ext;(D, D) = dimg Homg, (T(K), E)+dimg Ker &,
(3) follows. O

Recall there is a right action of S, on T'(K): w(ay, -+, an) = (aw), ** ; Gwn))
for w € S,,. It induces a left action of S,, on Hom(T'(K), E): (wy)(ay, - ,a,) =
Y(@w(), Q). 1t is clear that Homgy, (T(K), E) is stabilized by the action.

Lemma 2.11. Let wy,ws € S, the following diagram commutes
Ext!(D, D) —“ Homg,(T(K), E)

(2.13) H “’Q“’fllw
Ext}(D, D) —2 Hom,(T(K), E).

Proof. The lemma is well-known, but we include a proof for the convenience of
the reader. It suffices to prove the statement for the case where wyw; ! is a simple

reflection, say, s;. Let D e Ext;(D,D) and suppose /iwi(lN)) = (Yi1, -, Yin)-
By definition, D admits triangulations:

RK,E[E]/€2<¢w;1(1)2h1 (1 + 2/%‘,16))—' ) ‘—RK,E[E]/e2 (¢w;1(n)zh1 (1 + wi,nE))~
Note by assumption w;*(j) = wy *(j) for j # k, k+ 1. Consequently, for j < k or
j >k +1, we have Filf%1 D= Filf%2 D, since Hom (Fillj%1 D,D/ Fillj_%2 D) =0.

As Hom (RKEH/GQ (Pur1)z™ (L + Y116)), ﬁ) ~ Fle]/e?, using dévissage
for 7,,, we easily deduce that if £ > 1,

Hom (RK’E[E]/GQ (qﬁw1—1(1)zh1 (14—@[11’16)) , RK,E[E}/@ (q§w2—1(1)zh1 (1—0—1#2716))) = E[E]/GQ,

hence H{, 1y (R pig/e (14 (111 =21 )e)) = Elel /€ (noti~ng wy (1) = wy'(1)). So
Y11 = 1Po,1. We can then consider the R g 2-module D/RK,E[E]/@ (wa;l(l)zhl (1+
Yn 1€)) equipped with the filtrations induced by 7, and .7,,. Continuing with
the above argument, we have ¢, ; = 1 ; for j < k.
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For j = k, we have (noting Fil{};i D= Filf;;; D)

Hom (RK,EM r (Bt 2™ (14 P1ke)) D/ Fil';! 5) >~ Ele] /€.
Using dévissage for 7, (and the fact wow; ' = s;.), we get

Hom (R(¢w;1(k)zh’“(1 + ¢17ke)),R(qbw;(kﬂ)zh’““(l + o pi1€))) = Ele] /€,

hence 1}, = g p41. Exchanging 7, and 7,,, we get ¥a ) = Y1 p41-
For j > k + 1, using the same argument as in the case of j < k with D
replaced by D/ Fil’}ﬁ D, we see 11 j = 1) ;. This concludes the proof. O

Let Exty(D, D) := Ker k,, (for some w € S,, a priori). By Proposition 2.10
(3), Exty(D, D) C Ext;(D, D). Using Lemma 2.11, we see Extj(D, D) = Ker ky,
for all w € S,,. Moreover, by Proposition 2.10 (1) (2), we have

n(n —1)
2

For Ext.(D, D) C Ext'(D, D) (with * = g,w, ...), if Ext.(D, D) D Ext}(D, D),
we set

(2.14) dimg Exty(D, D) = dg +1—n.

Ext.(D, D) := Ext!(D, D)/ Ext}(D, D).

We have hence isomorphisms
(2.15)  Bxt, (D, D) =% Hom(T(K), E), Ext,(D,D) -~ Homa,(T'(K), E).

Note also
n(n+ 1)
2

Let Ext_}],(D, D) C Ext*(D, D) be the subspace of de Rham deformations up to
twist by characters of K* over (Ele]/e?)*. Similarly, set

(2.16) dimy Ext (D, D) = di + n.

(2.17) Homy(T(K),E) :={¢ € Hom(T(K),E) | Iy : K* = E
such that 1) — ¢y o det € Homg,, (T'(K), E)}.
One easily deduces from Proposition 2.10 (3) that for all w € S, Ext;,(D, D) cC

Ext. (D, D) and is equal to the preimage of Homy (T(K), E) under k,. Thus
dimp Ext,,(D,D) = 1+ (@ + 1)dgk. Moreover, (2.13) holds with “g” and
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“sm” replaced by “g””. Using the fact that D is non-critical, by [27, Thm. 3.19]
(for K = Q,) and [54, Thm. 2.62] (for general K) (see also [49] for the (n = 2)-
case, noting the proposition also follows from Corollary 2.33 below and an easy
induction argument), we have

Proposition 2.12. The natural map @yes, Exty (D, D) — Ext'(D, D) is sur-
jective and induces a surjective map @wesnmL(D, D) — ml(D, D).

Now we consider general paraboline deformations of D. Let B the Borel
subgroup of GL, of upper triangular matrices, P D B be a standard par-
abolic subgroup of GL, with the standard Levi subgroup Lp D T equal to
diag(GL,,, -+ ,GL,,). A filtration

Fp:0=Fil; DCFily DC - CFil;, D=D

of saturated (¢, I')-submodules of D is called a P-filtration if M; := rank g1’y D =
n;. A deformation D of D over Ele/€?] is called an F#p-deformation, if D admits
a filtration Fil_}P D of saturated (¢, T')-submodules of D over Ry g/ (which
means Fili% D is free over Rk el /62) such that grf% D is a deformation of M;
over Ry piqe- Denote by Extl (D,D) C Ext'(D,D) the subspace of Zp-
deformations. By [27, Prop. 3.6, Prop. 3.7] (which is for K = Q,, but all the
arguments generalize directly to general K, see also the proof of Proposition 2.17
below), we have

Proposition 2.13. dimg Ext}P(D, D)=1+4+dxdimP =1+dg Zlgz‘gjgr nin;.
The natural map

(2.18) Ky Bxtly (D, D) — [[Ext!(M;, M),

=1

sending D to (gr'z, ﬁ)i:h..,m is surjective.

For w € S,, we call the B-filtration .7, (associated to w(¢)) compatible
with Zp, if 7, induces a complete flag on Fil_}P D for all 7. In this case, we
have Exty, (D, D) C Extl; (D,D). For i =1,---,r, we let Z,; be the induced
filtration on M; (= gr'z, D).

Corollary 2.14. Keep the above situation.
(1) Extl (D, D) is the preimage of [, Ext}%}i(Mi, M;) via kz,. In par-
ticular, K, induces a surjective map Kz, : Exty (D, D) — [[._; Extl, (M;, M;).
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(2) The map Kz, sends Exty(D, D) to [i_, Exty(M;, M;) and induces iso-

morphisms

: Exty, (D, D) = [] Ext' (M;, My),

=1

(2.19) K#p
and Bxt,,(D, D) = T[;_, Exty, (M;, M,).

Proof. The first part of (1) is by definition, and the second part follows from
Proposition 2.13. It is clear that the following diagram commutes

Ext,, (D, D) — []i_, Exty, (M;, M;)
(2.20) lnw l(,igw’i)
Hom(7T(K),E) —— [[;_, Hom(T;(K), E)

where 7; is the torus subgroup of GL,,. The first part of (2) follows. By (1) and
Proposition 2.12, (2.19) is surjective. However, by Proposition 2.13, (2.14) and

(2.16) (applied to the M;’s), we have dimpg m}%(D, D) =drdim(BNLp)—n =
S dimpg ml(Mi, M;). Hence (2.19) is bijective. The final isomorphism follows
by similar arguments. t

Let Extlz, (D, D) be the preimage of [];_; Ext}, (M;, M;) via (2.18). Set

(2.21) Hompy(T(K),E) := {¢ € Hom(T(K),E) | 3p : Z1,(K) = E
such that 1) — ip o dety, € Homg, (T(K), E)}.

It is straightforward to see dimg Homp,(T(K),E) = n + rdg. The following
corollary generalizes (2.13).

Corollary 2.15. (1) Let w € S,, such that Z,, is compatible with Fp, then
Ext, ,(D,D) C Ext, (D, D).

(2) Let wy,wy € S, such that T, T, are compatible with Fp (s0 wyw; "
lies in the Weyl group #p of Lp), we have a commutative diagram

Exty, (D, D) — Hompgy(T(K), E)

~

Exts, ,(D,D) —2s Hompy(T(K), E).
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Proof. (1) follows from the fact Ext;,(Mi, M;) C Ext}%’i(Mi,Mi) and Corollary

2.14 (1) . By Corollary 2.14 (2), we have E_m;P7g,(D, D) = H:ZIE_XJE;/(Mi, M;).
(2) then follows from the commutative diagram (2.20) and Lemma 2.11 (applied
to each M;, and with “g”, “sm” replaced by “g""). O

2.3.2. Trianguline and paraboline deformations, II. Let D € ®T',.(¢,h). We con-
sider some partially de Rham deformations of D. The reader who is mainly inter-
ested in the Q,-case can skip this section. Recall for J C Xk, and a (¢, I')-module
M over Ri,p, M is called J-de Rham, if dimg Dqr(M), = rankg, , M for all
T € J, where Dyr(M), = H°(Galg, Wi, (M),[1/t]). Note the property is clearly
inherited by taking subquotients. For a (¢, I')-module M over Ry g, denote by
W(M) = (W, (M), Wi (M)) its associated B-pair ([7]). By [54, Thm. 5.11], there

are natural isomorphisms for ¢+ = 0, 1, 2,
(2.22) H{, (M) = H'(Galg, W(M))

where H'(Galg, W (M)) denotes the i-th Galois cohomology of the B-pair M, see
53, § 2.1].
Throughout the section, we fix ¢ € Y. For an extension group Ext;(D, D),

we denote by Ext,,(D,D) C Exty(D,D) the subspace consisting of D that

are Y \ {o}-de Rham. If Ext;(D,D) D Extj(D, D), then it is clear that
Ext, (D, D) D Exty(D, D) and we set

Ext, (D, D) := Ext!,(D, D)/ Ext}(D, D) C Ext,(D, D).

Lemma 2.16. We have dimg Ext} (D, D) =1+ @(d;( — 1) +n?

Proof. Using the notation of [33, § A}, the isomorphism (2.22) (for i =1, M =
D®g,..zD") induces an isomorphism Ext’ (D, D) = H;EK\{U}(GalK, W(D®ry s
DY)) where DY := Homg, (D, Rk r). Thelemma follows then from [33, Cor. A 4]

(noting D ®g,. , DV has Hodge-Tate-Sen weights {h,; — hr;} res, ). The re-
ig=1, 1
quired assumption holds because D is generic. O

Let P be a standard parabolic subgroup, and .#p be a P-filtration on D

with gr’; D =: M;. The surjection £z, (2.18) induces a map

(2.23) Ky Bxt) 5 (D, D) — [ [ Exth(M;, M;).

=1
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Proposition 2.17. (1) We have dimp Ext} 5 (D, D) = 1 + (dg — 1)1 +
dim P.
(2) The map (2.23) is surjective and induces an isomorphism

(2.24) Ext, s, (D, D) = [ Ext, (M;, M)

i=1
Proof. Let Homz,(D, D) be the (p,I')-submodule of Homg, (D, D) = D®xg,,
DV consisting of the maps f such that f(Filf;;P) C Fili@P fori =1,---,r. Sim-
ilarly as in [27, Prop. 3.6 (ii)] and using the notation of [33, § A], we have

Ext},’yP(D,D) = H;EK\{U}(GalK,W(HomgP(D,D))). Since D is non-critical,

it is straightforward to see Homg, (D, D) has Hodge-Tate-Sen weights {h,; —
h:j}res, where the indices (i, j) correspond to entries of the matrix gl, lying
in p, the Lie algebra of P. By [33, Cor. A.4] (noting that the (¢,I")-module
Homg, (D, D) satisfies the assumptions in loc. cit. as D is generic), we calcu-
late dimp H;ZK\{U}(GalK, Wik (Homg, (D, D))) = 1+dg dim~P = o dim(BN
Lp) = 1+ (dg — 1)@ + dim P. (1) follows. For any D € Ker(2.18), us-
ing Corollary 2.14 (1), (2.20) and Proposition 2.10 (3), we see D is de Rham.

Hence Ker(2.18) C Ext, 5, (D, D). Let N be the unipotent radical of B. As
dimg Ext, 7, (D, D) — dimp Ker(2.18) = r + (dx — 1) dim(N N Lp) + dim Lp =
St dimg Ext} (M;, M;), (2.23) hence (2.24) are surjective. Finally we have
equalities dimpg Ext, 7,(D,D) = n + dim(B N Lp) = 31, dimmi(Mi,Mi)
which complete the proof of (2). O

Combining Proposition 2.17 (2) with Corollary 2.14 (2), we get:
Corollary 2.18. Let 7, be a B-filtration compatible with Fp (see Corollary
2.14). The map kg, induces a bijection E_xt;w(D, D) = H:ZIE_)GJ}T%Z(M“ M;).

For a rank one de Rham (¢, I')-module R g(x) (implying y is locally
algebraic), by [33, Lem. 1.15], (2.11) induces by restriction an isomorphism

(2.25) Extl(Rr (), Rr.e(x)) = Hom,(K*, E).
By Proposition 2.17 (2) applied to P = B, we obtain:

Corollary 2.19. Forw € S,, K., (2.12) induces an isomorphism Ext, (D, D) =
Hom, (T(K), E).

We will show later (in Corollary 2.40 below) the induced map
(2.26) Dues, Bxty, (D, D) — Ext(D, D)
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is surjective (and the same holds with Ext' replaced by ml). Consider now
certain extension groups of D, := T, (D) (cf. (2.7)).

Proposition 2.20. (1) We have dimg Ext'(D,, D) = 1 + n?dx-.

(2) We have dimpg Ext;(DU, D,)=1+ @

(3) Let P be a standard parabolic subgroup of GL,,, and Fp be a P-filtration
of D, with gr; Fp = M,,. We have dimg Ext}%(Dg,DU) =1+ dgdim P and
Exty(D,, Dy) C Extiy, (Dy, Dy). Moreover, the following natural map (defined
similarly as in (2.18)) is surjective

(2.27) Exts, (D, Dy) —> [ [ Ext" (Mo, Mi,).

=1

Proof. (1) follows from [50, Thm. 1.2 (1)] as Hom(D,, D,) = E, Ext*(D,, D,) =
0. (2) follows from (1), [33, Cor. A.4] and dim H°(Galx, Wik (Do ®r, , DY);) =

n? T#o0o L )
(nt1) . The statements in (3) except Ext (D,, D,) C Extz,(D,, D)
5= T =o0.

follow by the same argument as in the proof of [27, Prop. 3.6, Prop. 3.7]. By
(33, Cor. A 4], Ext; (Filf% D,, D,/ Fil'z, D,) =0fori=1,---,r — 1. Hence if

D, € Ext;(Do, D, ), it must map to zero under the natural map
Ext'(D,, D,) — Ext'(Fil;, D,, Do/ Filly, D,).

Thus D, has the form [M I—Mg] where M, 1 (resp. Mg) is a deformation of Fﬂ}% D,
(resp. of D,/ Fﬂ}% D,). Iterating the argument for M, we inductively deduce

D, € Ext}; (D, D,). O
Remark 2.21. Recall for each w € S,,, w(¢) is also a refinement of D, and we
still use 7, to denote the associated B-filtration on D,. Applying Proposition
2.20 (3) for P = B and Fp = T, we have dimg Ext} (Dy, Dy) = 1 + dK@
and a natural surjection

(2.28) ko 1 Extl(D,, Dy) — Hom(T(K), E).

The preimage of Homgy, (T(K), E) hence has dimension equal to (1 —i—dK@) —

ndg =1+ dK@. Together with Proposition 2.20 (2), we see when K # Q,,

Ext;(DU, D) is properly contained in the preimage of Homgy, (T'(K), E).
For ¥k \ {o}-de Rham deformations of D,, we have:
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Proposition 2.22. (1) We have dimg Ext}(D,, D,) = 1+ n?.
(2) Let P be a standard parabolic subgroup of GL,,, and Fp be a P-filtration
of Dy with g’y Dy = M;,. Then dimp Ext], 7 (D,,D,) =1+ dim P.

Proof. By [33, Cor. A.4], (1) (resp. (2)) follows from Proposition 2.20 (1) (resp.
(3)) and the fact that for 7 # o, dimg H°(Galg, Wi, (Homg, . (Dg, D,))-) = n?
(resp. dimp H(Galyx, Wik (Hom#,(D,, D,)),) = dim P). Here Hom#,(D,, D,)
is defined in a similar way as in the proof of Proposition 2.17. O

Now we consider the relation between deformations of D and those of D, .
The following proposition follows from the same argument as in the proof of
Proposition 2.5, accounting for the E[e]/e?-structure. We leave the details to the
reader.

Proposition 2.23. For any (¢,T)-module D € Ext'(D, D) over R gle/e, there
is a unique (p,T)-module D, € Ext'(D,, D,) over R gl satisfying that Dc
D,, D[1/t] = D,[1/t], and the Sen o-weights of D, are equal to those of D, and
the Sen T-weights (over E) of D, are constantly hrw for T # 0.

We obtain hence a natural map
(2.29) T, : Bxt'(D, D) — Ext'(Dy, D,), D — D,.

It is clear that this operation preserves (partial) de Rhamness and filtrations
of saturated submodules. In particular, T, restricts to a map Ext!(D,D) —
Ext!(D,, Dy), and to a map Ext}%(D, D) — Extlyp(Da, D,), where Fp on D,
is defined by Fil;, D, = T, (Fil’;, D).

Proposition 2.24. (1) For* € {g,0,{0, Zp}}, the induced map T, : Ext.(D, D) —
Extl(Dg,, D,) is surjective, and has the same kernel as (2.29).
(2) The following diagram commutes

(2.24

Ext! 5 (D, D) — 22 T, Ext!(M;, M)
(2.30) lg(, i‘:

(2.27) r
Ext; 70D, Dy) — TTi_, Ext! (M; ., M;,).

Moreover, the map Ext,, 5, (Dy, Dy) — [Ti_; Exty(M; o, M;) is surjective.

Proof. First, any D e Ker(2.29) is de Rham, as it is contained in the de Rham
(p,T')-module D, @ D,,. Hence Ker(2.29) coincides with the kernel of any maps in
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(1) (see also Proposition 2.20 (3)). Consider the composition (where the second
map is the natural pull-back)

(2.31) Ext'(D, D) == Ext'(D,, D,) — Ext'(D, D,).

As Hom(D, D) = Hom(D, D,) = Hom(D,, D,) = E, the kernel of the second
map in (2.31) is isomorphic to HY, 1 ((Dy ®ry, DV)/(Do Oryepp DY)~
Dix(Ds @Ry p DY)/ Dip(Ds ®ry, DY) = 0 where the vanishing follows eas-
ily by comparing the weights. Thus Ker(2.29) = Ker(2.31). The composition

(2.31) coincides with the natural push-forward map via D — D,. We deduce by
dévissage that Ker(2.31) is isomorphic to H{, (Dy ®ryp DY)/ (D @ry , DV)).
Using Lemma 2.1 and the easy fact dimg D (Do g, DY) = w + (dg —
1)n? and dimg Djp(D ®g,, DY) = Wd;(, we deduce dimpg Ker(2.29) =
dimp Ker(2.31) = (dg — 1)@ By the dimension results in Proposition 2.10
(1) (resp. Proposition 2.13, resp. Proposition 2.17 (1)) and Proposition 2.20 (2)
(resp. Proposition 2.22 (1), resp. Proposition 2.22 (2)), the difference in dimen-
sions between the source and target spaces in (1) is exactly (dx — 1)@ for
* = g (resp. * = o, resp. * = {0,.Zp}). This proves (1). The commutativity of
(2.30) follows directly from the definition of ¥,. The second part of (2) is then
a consequence of (1) applied to each M; (with * = o) and of the surjectivity of
(2.23) (see the first part of Proposition 2.17 (2)). O

Corollary 2.25. Let wy,ws € S, the following diagram commutes
Ext}(D,, Dy) —= Homg,(T(K), E)
| |
Ext!(Dy, D,) —2+ Homg,(T(K), E),
and the horizontal maps are surjective.

Proof. The commutativity follows by the same argument as in Lemma 2.11. For

w € S, we have a commutative diagram (where the right square corresponds to
(2.30) for P = B and Zp = .7,)

Ext, (D, D) ——— Ext,, (D, D) — Hom,(T(K), E)

232 J= Js |

Ext;(DU,DU) SN Ext},,w(Dg,DU) —— Hom,(T(K), E).
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The surjectivity of k,, in the corollary follows from Proposition 2.10 (3). O

Let Exty(Dy, D,) C Ext}(Dy, Dy) be the kernel of k,, : Ext}(D,, Dy) —
Homgy, (T'(K), E) (for one or equivalently any w € S, by Corollary 2.25). Note
that unlike the case for D, this subspace is strictly contained in the kernel of
(2.28) when K # Q, (see the last sentence in Remark 2.21).

Corollary 2.26. We have Exty(D, D) = T, (Exty(D,, D,)), and T, restricts to
a surjection Exty(D, D) —» Exty(Dy, Dy).

Proof. By Proposition 2.24 (1) (and the proof), Ext;(D, D) = S;l(Ext;(Dg, D,)).
The corollary then follows from the definition of Exty’s and (2.32). O
Ext3(Do,Do)

For Ext}(D,, Dy) O Ext}(Dy, D,), set Bxty(Dy, Dy) i= prprld. By
Xig\ Vo, Vo
(the first statement of) Corollary 2.26 and Proposition 2.24, we easily deduce:

Corollary 2.27. Forx € {0,9,{.Fp,0}}, the (surjective) map T, : Ext}(D, D) —
Exti(Dy, D,) induces an isomorphism T, :mi(D, D) = mi(DU,DU). More-
over, there is a natural commutative diagram

Bxty 5 (D, D) 2% [T, Bxti(M;, M)

TOJ/N S:O-J,N

Exty, 7, (Do, Do) — Tl Bxty (Mg, Mig).
2.4. Hodge filtration and higher intertwining. Let D € ®T',.(¢,h). The
existence of S,-distinct trianguline filtrations of D corresponds to an intertwin-
ing phenomenon on the automorphic side. We adapt the term “intertwining”
to describe the non-uniqueness of saturated (p,I")-submodules in such mod-
ules. Analogously, higher intertwining in this section refers to the non-uniqueness
of filtrations of saturated (¢, I')-submodules over Ry gjq 2 for a (¢,I')-module
over R gpgse. By Corollary 2.15 (2), higher intertwining relations exist for
De Ext}R g,(D, D). In this section, we show a special class of paraboline defor-
mations of D admits higher intertwining (cf. Theorem 2.32 below). Moreover,
the Hodge parameter, reinterpreted as in § 2.2, can be revealed in such higher
intertwining relations.

Let Dy, C; be asin § 2.2. Let .% be the filtration D; C D, and ¢ be the fil-
tration Ry g(¢,2™) C D, which correspond to the exact sequences (2.1) (2.2) re-
spectively. By Proposition 2.13, we have dimp Ext'z(D, D) = dimg Exty, (D, D) =
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14 (n®> = n+ 1)dg. And there are natural surjections (identifying Extl« (d,0)
with Hom(K*, F)):

(2.33) kg = (kzi1,kz2): BExt:(D, D) —» Ext'(Dy, D;) x Hom(K*, E),
Ky = (Kg1,kyo): Exty(D, D) — Ext'(Cy, C) x Hom(K*, E).

We introduce certain subspaces of Ext'(Dj, D;) and Ext'(C;,C;). For ¢« €
Hom(Dy, Cy). Consider the pull-back and push-forward maps:

(2.34) + : Ext!(Cy, Dy) — Ext!(Dy, Dy), ¢* : Ext'(Cy, Dy) — Ext!(Cy, C)).

Set Ext!(Dy, D) := = (Ext*(Cy, Dy)), Ext! (Cy, Cy) := o+ (Ext' (Cy, Dy)).
Lemma 2.28. Suppose dimg Hom(Dy,Cy) = 2, and fori € {1,--- ,n— 1}, let
; be as in (2.3). We have dimg Ext}, (D1, D1) = (n — 1)(n — 2)dg. Moreover
forj S {17 ,TL—].}, .]7&27

dlmE (EXtii(Dl, Dl) N EXtij (Dl, Dl)) = (n - 1)(n - S)d[( + dK — 1.

Consequently, dimg (Ext, (Dy, Dy)+ Ext(lxj (D1, D)) =1+ n(n—2)dg. Finally,

the same statement holds with Dy replaced by CY.

Proof. We only prove it for Dy, C being similar. Fix the refinement (¢, -+, ¢,_1)
of Dy and Cy. Let r := {1,---,n — 1} \ {i}. The map «, factors through
Ext'(Cy, Dy) — Ext'((Dy)*, D;) — Ext'(D;, D;) where the corresponding sur-
jectivity and injectivity follow easily by dévissage. So Ext;i(Dl, D) is just the
image of Ext'((Dy)*, D;) in Ext!(Dy, D;), and is the kernel of the natural pull-
back map r; : Ext'(Dy, Dy) — Ext'(Ryp(#:;2%), D;). We directly calculate
dimy Ext'((D;)*, D;) = (n — 1)(n — 2)dg, and the first part follows. For i # j,
consider the following composition (of natural pull-back maps)

(2.35) Ext’(Dy, Dy) =% Ext'((D1)gy, D1) ELN (Ext"(Ri.p(d:z"™)

® Rip(¢5,2™), D1)) = Ext'(Rip(¢:2™), D1) @ Ext! (R g(¢;2™), D1),
whose kernel is clearly Ext,, (Dy, D) ﬂExt}Xj (Dy, D). By dévissage, k;; is surjec-
tive and Ker(k; ;) = Ext'((D;)"/, Dy), hence has dimension equal to (n — 3)(n —

Vdg. Let My := Dy ®ryp, (D1)};; and My := Dy @p,, (Rep(¢;'27™) @
Ri.p(¢; 'z7™)). By dévissage, we have

0— H?%I‘)(Ml) — H?%F) (MQ) — H(O%F) (Mz/Ml) — H(lkpyr‘)(Ml) — H(l%r)(MQ)
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where the last map coincides with f; ; in (2.35). We have dimg H&I)(Ml) =1,
dimpg H(O%F)(Mg) = 2, and by Lemma 2.1, dimpg H?%F)(MQ/Ml) = dimp D (Ms)—
dimp Df (M) = 2(n—1)dk — (n—1+n—2)dy = dg. So dimg Ext}, (D1, Dy) N
Ext,, (D1, D1) = dimpg Ker(x; ;) + dimg Ker(fi ;) = (n — 1)(n — 3)dg + dx — 1.
This proves the second part of the lemma. O

Proposition 2.29. Let « € Hom(Dy, CY) be an injection.

(1) dimg Ext!(Dy, Dy) = dimg Ext}(Cy,Cy) = 1+ (n — 1)(n — 2)dk.

(2) Ext}(Dy, Dy) C Ext}(Dy, D1) and Ext,(Cy, C1) C Ext, (Cy,Ch).

(3) For ' € Hom(D;,C,), Extl(Dy,Dy) = Ext!(Dy,D;) if and only if
Ext,, (Cy,Cy) = Ext} (Cy, C1) if and only if ' = av for some a € E.

Proof. We only prove it for D; with C] being similar.
(1) By dévissage, we have

0— H&;,I‘)(Dl ®RK,E Di/) — H(Oap,F)(<D1 ®RK,E D¥>/<D1 ®RK,E Ci/))
— H(lgo,F)(Dl ®RK,E CI/) — H(lzp,F)(Dl ®RK,E D¥)7
where the last map can be identified with .~. By Lemma 2.1, we have
dlmE H(Ocp,l") ((Dl ®RK,E D¥>/<D1 ®RK,E Oi/)) - dlmE DS—R(Dl ®RK,E Di/)

n(n —1) (n—1)(n—2)
;- 2

— dimg D(—;R(Dl ®RK,E Ci/) = dg = (TL - 1)dK
Hence dimgpIm:™ = (n —1)?dg — (n = Ddx +1 =1+ (n — 1)(n — 2)dg.

(2) The map ¢~ clearly induces ¢, : Ext;(Cl, D) — Ext;(Dl, D). For any
M € Ker(:™), Di®Dy € M implies M is de Rham. So Ker ™ C Exty(Cy, D;) and
is equal to Ker ;. By [33, Cor. A.4] applied to the B-pair associated to D @z,
CY (which satisfies the assumptions of loc. cit. by the generic assumption on
D), we have dimp H} (D) ®r, , CY) = (n — 1)*dx — Wléﬂdf( = @d;«
Together with dimg Ext,(Dy,Di) = 1 + leﬂd;( (cf. Proposition 2.10 (1))
and (1), we see ¢, is surjective.

(3) The case where dimg Hom(D;,C;) = 1 is trivial. Assume henceforth
dimg Hom(Dy, C) = 2 (which implies n > 3 and Lemma 2.28 can apply). Sup-
pose /' ¢ E[i], then // and ¢ form a basis of Hom(D;,C,). If Extl (D, D;) =
Ext, (D1, Dy), we then easily deduce Ext}, (Dy, D) C Ext,(Dy, Dy) for all i =
{1,---,n —1}. However, for i # j, by Lemma 2.28, dimp(Ext, (D1, D) +
Extij(Dl, D)) =1+ n(n —2)dg > dimg Ext! (D, D;), a contradiction. O
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Let T} be the torus subgroup of GL,,_1, and ¢! := ¢; X --- XK ¢,,_1. Let
h':= (hy,--- ,h,_;), and h? := (hy,--- , h,). For the refinement ¢' (of D; and
(1), we have maps

Ext!(Dy, Dy) —% Homgy(T1(K), E), Ext}(Cy, Cy) =2 Homg, (T} (K), E).

Lemma 2.30. For M € Ext (Cy,D1), kg 01y (M) = kg0 (M), where i is

the restriction of 1* to Ext,(C1, D1) (see the proof of Proposition 2.29 (2)).

Proof. By definition, there is a natural injection 7 : ¢ (M) < 7 (M) which sits

g
in the following commutative diagram

0—>D1—>L;(M) > Dy > 0
0 —— C1 —— f (M) y O 0.

Moreover, 7 is R, piq/e-linear if ¢ (M) and ¢ (M) are equipped with the natural
Rk, E[q/e-action. Suppose

Kl OLg_(M) = (¢1, SR 7¢n—1)7 Rg1l O L;_(M) = (1/}/17 ’¢7”L—1>'

Then ¢, (M) (resp. ¢} (M)) is isomorphic, as (¢,I')-module over Ry giq/e, to
a successive extension of RK’E[G}/Ez(gbizhi(l + 1€)) (resp. RK,E[el/ez(qbizhi“(l +
Yle))) for ¢ = 1,--- ., n — 1. One sees inductively that 7 induces injections
R g/ (02" (1 + tie)) — R pgye (2™ +1(1 + ¢le)) of (p,I')-modules over
Rk gl Hence ¢; = ¥; for all 4. O

We fix crystabelline (¢, I')-modules D; and C, where D; has Hodge-Tate-
Sen weights h' and C} has weights h?, and both have a generic refinement ¢!. De-
note by ®I',.(D1, C1, ¢r) C PLye(, h) the subset of isomorphism classes of (¢, I')-
modules D such that Hom(Dy, D) = Hom(D, C4) = E. Assume ®T',,.(D1, Cy, ¢y,)
is non-empty. For an injection ¢« € Hom(Dy, C}), we set .#, to be the following
set

(2.36) {(Dy,Cy) € Ext}(Dy, Dy) x Ext}(Cy,CY) |
IM € Ext!(Cy, Dy) s.t. o= (M) = Dy, — (M) = Gy }.

If © = p for some D € OI',.(Dy,Ch, ¢p), we write Sp := .#,,. The following
corollary is a direct consequence of Proposition 2.29 (3) and Proposition 2.4.
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Corollary 2.31. We have ., = £, if and only if ' = av for some a € E*.
In particular, for D, D' € ®I',.(D1,Cy, ¢n) we have Ip = I if and only if
tp = atp fora € EX. When K = Q,, this is equivalent to D = D'.

Theorem 2.32 (Higher intertwining). Let D € @'ywe(D1, C, ¢5) and D € ExtL (D, D)
with kz(D) = (D1,¢) (c¢f. (2.33)). The followings are equivalent:

(1) D € Ext'(D, D) N Ext} (D, D).

(2) D1 ®x, ., » Reje(l —te) € Ext], (D1, D).

Moreover, if the equivalent conditions hold, then kg2(D) = 1 and there ex-
ists M € Ext'(Cy, Dy) such that Dy = vp(M) ®g, sy Rk g/ (1 +ve) and

/ﬁgg@(D) = LE(M) ®RK,E[5]/52 RK,E[e]/52(1 + Zﬂe)

Proof. Twisting D by 1 — 1be, we can and do assume H@‘Q(ﬁ) = 0. By definition,
D € Exti, (D, D) if and only if it lies in the kernel of the composition

(2.37)  Ext'(D,D) — Ext'(Rip(¢n2™), D) — Ext'(Rg.p(¢n2™), Cy).
Similarly, Ext’; (D, D) is equal to the kernel of the composition
Ext!(D, D) — Ext'(D, Rg.p(¢n2™)) — Ext! (D1, Ri p(pn2™)).
By dévissage, one can deduce an exact sequence
0 — Ext'(D, D;) — Ext:(D, D) — Ext' (R g(¢n2™), Rk p(dnz"")) — 0.

As k72(D) = 0, D lies in the image of Ext!(D, D;) — Ext': (D, D). Let M, €
Ext'(D, D;) be the preimage of D. Consider the composition

Ext'(D, D) < Ext'(D, D) — Ext'(Rg g(6,2™), D) — Ext' (R g(¢nz™), Ch).
It is straightforward to see it is equal to the composition
(238) Eth(D, Dl) — Eth(R]QE(QSnZhl), Dl) —LEL} Eth(RK7E(¢nZh1), Cl)

So D lies in the kernel of (2.37) if and only if M, is sent to zero via (2.38).
However, using dévissage, we see the kernel of ¢p in (2.38) is isomorphic to

HY, 1y (Ric,p(6,'27™) ®ry p (C1/D1)), which, by Lemma 2.1, has dimension

dimpg D:R(RKVE(QS;lZth) ®RK,E Cl) —dimg DXR(RKyE(QZ);lZihl) ®RK,E Dl) = 0.
So tp in (2.38) is injective. We see (under the assumption ¢ = 0) that (1) is
equivalent to that M lies in the kernel of the first map of (2.38), which is equal
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to Ext'(C1, D;) by dévissage. This is furthermore equivalent to that D, lies in the
image of the composition Ext'(Cy, D;) — Ext'(D, D;) — Ext'(D;, D;), which
is no other than ¢;,. The other parts are straightforward. 4

Corollary 2.33. We have dimg(Ext’; (D, D)NExty, (D, D)) = 14(n?—2n+2)dx-.
Consequently, the following natural map is surjective:
(2.39) Ext;(D, D) @ Exty (D, D) —» Ext'(D, D).

Proof. By Theorem 2.32, dimp(Ext’; (D, D)NExty (D, D)) = dimg Hom(K*, E)+
dimp Ext, (D1, D) + dimg Ker(kz) (cf. (2.33)). By Proposition 2.29 (1) and
Proposition 2.13, it is equal to (1 +dk) + (1 + (n — 1)(n — 2)dg) + (-1 +
(n —1)dg) = 1+ (n* — 2n + 2)dg. Together with Proposition 2.13, we see
dim g (Ext (D, D)+Ext¢(D D)) =2(1+(n(n—1)+1)dg —1+(n?—2n+2)dy =

14 n2d 2" dimy, Ext! (D, D). The second part follows. O
Let V(Dl,Cl) (Ext' (Dy, Dy)xHom(K*, E))a&(Ext (Cy, Cy)xHom(K*, E))
( M Ext 5 #(D,D) @Eth(D’ D)), and £L(D, Dy, Cy) be the subspace consist-

ing of those ((Dl,z/;) (a, —w)) € V(Dy, Cy) such that (131@73 2 Ric gl (1—
ve), C1 O, sl OB/ 2(1+ ve)) € Ip (cf. (2.36)).
Corollary 2.34. (1) Let D, D" € ®T',.(D1,C1, ¢,), L(D', D1,Cy) = L(D, Dy, Ch)
if and only if tpr = avp for some a € E*. When K = Q,, this is equivalent to
D =D

(2) For D € ®T',.(D1,Ch, ¢,), there is a natural ezact sequence

K,E[e]/€e2

(2.40) 0 —s L£(D, Dy, Cy) — V(Dy,Cy) —s Ext (D, D) — 0.
Proof. (1): The “if” part is trivial. Suppose L£(D', Dy,C1) = L(D, Dy, Ch). Let

Dy € Ext, (Dy,D1) M € Ext'(Cy, D;) be a preimage of D, (via 13) and C :=
—1}(M) € Ext,_(Cy,Cy). We have by definition and assumption

((D1,0),(Cy,0)) € £(D, Dy, Cy) = L(D', Dy, Cy).

There exists hence D) € Ext}D, (D1, Dy) such that [D}] — [Dy] € Ext(Dy, Dy).
As Extj(Dy, Dy) C ExtLlD,(Dl,Dl) (by Proposition 2.29 (2)), this implies D; €
Ext, (D1, D1). So Ext, (Di,Di) C Ext, (Di,Di) hence Ext, (Dy, D) =
Ext,, (D1, D) by symmetry and ¢pr € EXtp by Proposition 2.29 (3).

(2) Quotienting (2.39) by Extj(D, D) yields a surjection V(Dy,C;) —»
ml(D, D). By Theorem 2.32, the kernel is exactly £(D, Dy, C}). O
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Now we consider Xk \ {o }-de Rham deformations for general K. Let D, , =
T, (Dy) and Cy , = %,(Cy) (cf. (2.7)). Let 1, € Hom(D; ,, C1 ). We have similar
maps as in (2.34), which induce, by restricting to Xk \ {o}-de Rham extension
groups,

v, Extl(Ch,, Diy) = Extl(Dig, Dig), tf : Extl(Cl 4, Dig) — Extl(Ch4, Clo).

Let Ext, (D1y, D1y) :=Im(:;), Ext} (Ci,,C1,) :=Im(.}). Denote by

(2.41) %, :={(D1,,C.,) € Extl (D1 ,, Dy ,) x Ext! (C10,C,) |
IM € Ext}(C4, Dyy) with o (M) = Dy o, =5 (M) = Cy 4}

Similarly as in Proposition 2.29, we have:

Proposition 2.35. Let 1, € Hom(D, ,,C,,) be an injection.
(1) dimg Ext, (D14, D1,) = dimpExt, (C1,,C1,) =1+ (n—1)(n—2).
(2) Ext, (D1, D1 ) C Ext, (D14, D1,) and Ext}(C14,Ch o) C Exty (Cro,Cie).
(3) For i, € Hom(D; ,,C4,), Ext};(DLU,DLU) = Ext}g(DLU,DM) if and
only if Extbl,a(C'LU,C'Lo) = Extfg(C’LU,C'l,o) if and only if I = ai, for some
a € E*.

Proof. We still only prove the statements for D;,. By [33, Cor. A4],
dlmE EXt}T(CLJ, Dl,o) = (TL — 1)2dK — ZTEEK\{O'} dlmE DIR(DI,J ®RK,E CKU)T =
(n — 1)%. By similar arguments as in the proof of Proposition 2.29 (1), the ker-
nel of Ext'(Cy,, D1,) — Ext'(D;,, D1,) has dimension (n — 1) — 1. But any
element in this kernel contains D, , @ D, hence is de Rham. We see it is the
same as Ker:, and Ker (L;|Ext;(cl,g,D1,[,))~ (1) follows. Using [33, Cor. A.4],

dimp Exty(C1,s, D1,5) = @ Together with Proposition 2.20 (2) and compar-
ing dimensions, the induced map Ext;(Cl,U,DLU) — Ext;(DLU, D, ) is surjec-
tive. (2) follows. (3) follows from similar arguments as in the proof of Proposition
2.29 (3) using an analogue of Lemma 2.28 for Ext)  with a;, given as in (2.8)
(when dimg Hom(D, ,,C; ) = 2). Note the dévissage arguments in the proof of
Lemma 2.28 work when Ext'’s are all replaced by Extl’s, by [33, Prop. A.5]. We

leave the details to the reader. O

For D, € ®I'y (D14, C1 4, ¢n) (which is the subset of ®I'y.(¢, Z,(h)) de-
fined similarly as ®I'u.(D1,C1, ¢n)), set Sp, = ., (cf. (2.41)) where p,

is the composition Dy, — D, — Ci,. We have by Proposition 2.35 (3) and
Proposition 2.8:



34 YIWEN DING

Corollary 2.36. For D,, D, € ®I'o(D1,,C1 4, ¢n), we have Ip, = Fp, if and
only if Dy = D!

v 75(Do, Dy) — Ext,(D1 4, D1,) x Hom,(K*, E), and
kg Bxty 5. (Do, Dy) = Ext}(C1,4,C1) x Hom, (K>, E) (cf. (2.27) and (2.25)).
The following theorem follows by the same argument as in the proof of Theorem

2.32 (note that all the dévissage arguments used in loc. cit. work if Ext'’s are
all replaced by Ext.’s by [33, Prop. A.5)).

Consider kg : Ext?

Theorem 2.37. Let D, € Ext z(Dy, D,) with k5(Dy) = (Dy1,). The fol-
lowings are equivalent:

(1) D, € Ext} >(D,,D,) NExt},(D,,D,),

(2) Dl,cr Or 7?/E[e 1/€2 (1 - ¢6) € EXt (Dl,oa Dl,cr)-

K,El€]/€e2
Moreover, if the equivalent conditions hold, then /ﬁgg,g(f)a) = 1Y and there exists
M € Exty(Ciy, Di) such that Dy 2= 1 (M) @, . 5 Ripidse(1+ve) and

H{g@(ﬁ ) LD (M) ®73 2 RK’E[G]/gz(l + we)

Set V(D1y, Chy)y = (E_m},(DLU,DLU)xHomU(KX, E))&(Exty (Chp, Ch o) X
Hom, (K™, E)) and L£(D,, D1 », D2 ), to be the the subspace consisting of those
((f?l,g, V), (5’1,0, —w)) € V(D1,4,C14)s such that (cf. (2.41))

(Dl,a ®RK,E[e]/52 RK,E[G}/ez(l - iﬂﬁ)a Cl,a’ ®RK,E[€]/E2 RK,E[G}/GQ(l + 1/16)) € jDo"

By Proposition 2.8 and the same arguments as in Corollary 2.34, we have:

Corollary 2.38. (1) Let D,, D! € ®I',,.(D1,4,C1 5, ¢n), then L(D. . D, ,,C1,) =
L(Dy, D1 4,C1 ) if and only if D, = D! .
(2) There is a natural exact sequence

(2.42) 0 —> L(D,,D14,Chy) — V(D1o,Cio)e — Ext.(Dy, Dy) — 0.
Set V (D, Ch), to be
(Ext, (Dy, Dy) x Hom, (K*, E)) & (Ext,(Cy,Cy) x Hom, (K>, E)) C V(Dy,Cy),

and L(D, Dy, Ch)y := L(D, Dy, C)NV (D1, Ch)s C V(D1,Ch). Note V(Dy, Ch), =
E_Xtij(D, D) & E_Xt;g(D, D) by Proposition 2.17 (2).
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Proposition 2.39. The functor T, induces a commutative diagram of short exact
sequences

0 —— £L(D,Dy,C})y —— V(D\,C))y —— Ext.(D,D) — 0

z[,JN zal~ s[,JN
0 — L£(Dy,D10,C10)e — V(Diry,Cio)e — Bxto(Dy, Dy) — 0

where the top sequence is induced by (2.40).

Proof. All the maps are clear, and we have seen in the above corollary that the
bottom sequence is exact. The left exactness of the top sequence is clear. It is also
exact in the middle because of the definition of £(D, Dy, C}),. By Corollary 2.27,
the two right vertical maps are both isomorphisms. The proposition follows. [J

Corollary 2.40. The map (2.26) is surjective. And the same holds with D
replaced by D,.

Proof. By the above proposition, mij(D, D)&® m},g(D, D)=V (Dy,C)y —
E_Xti(D, D) is surjective. Using Proposition 2.17 (2), Corollary 2.18 and induction
on the rank n, one deduces @wesnE_Xti—,w(D, D) — E_Xt},(D, D) is surjective. As

Exti(D, D) C Ext;w(D, D) for any w € S, we see (2.26) is also surjective. The
statement for D, follows by similar arguments or using Corollary 2.27. O

3. LOCALLY ANALYTIC CRYSTABELLINE REPRESENTATIONS OF GL,(K)

3.1. Locally analytic representations of GL,(K) and extensions.

3.1.1. Notation and preliminaries. We introduce some (more) notation on the
GL,-side. Recall T' is the torus subgroup of GL,, and B D T is the Borel sub-
group of upper triangular matrices. For a standard parabolic subgroup P > B
of GL,, let Lp D T be its standard Levi subgroup and P~ its opposite par-
abolic subgroup. Denote by t C b C p C gl, the corresponding Lie alge-
bras over K. Let 6§ := (0,---,1 —4,---,1 —n). For a parabolic subgroup
P, let n;, € Z>; such that the simple roots of Lp are given by {1,--- ,n —
1P\ A{ni,ne +nq, -+ ,ny+ - +n._1} (so Lp = GL,, x GL,, x ---GL,,). Let

QP = (07...’07_n17...7_n17...7_(n1+...+nr_1>’...7_<n1+...+nr_1))
—— \ ~ ~— Y

ni na Ny
(so @ = 6P), that we view as an algebraic character of Lp. For simplicity, for
i€ {l,---,n— 1}, we denote by P; the associated maximal parabolic subgroup

such that its standard Levi subgroup L; D T has simple roots {1,--- ,n—1}\{i}.
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For a Lie algebra g over K, denote by gs, :

:g® E HUEEK9®KUE_
[Ies, 8o For a weight u of tg,., denote by M~ (u) :==

(glmEK) ®U(b£K K and
let L= (p ) be its unique simple quotient. If p is anti-dominant (i.e. p,1 <
Uoo < -+ < g, for all o € Xg, where p = (,um) oen ), then L~ () is finite

dimensional and isomorphic to the dual L(—pu)Y, Where L( i) is the algebraic
representation of Resgp GL,, of highest weight —u with respect to Resgp B.

For an admissible locally Q,-analytic representation V' of GL,(K), by
[59], its continuous dual VY is naturally a module over the (Q,-analytic) dis-
tribution algebra D(GL, (K), F), which, equipped with the strong topology, is
a coadmissible module over D(H, E) for a(ny) compact open subgroup H of
GL,(K). For admissible locally Q,-analytic representations V;, Va of GL,(K),
set ExtéLn(K)(Vl,Vg) = ExtiD(GLn(K)VE)(VQV,VIV), where the latter is defined in
the abelian category of abstract D(GL,(K), E)-modules. By [14, Lem. 2.1.1],
ExtéLn( K) (V1, V2) is equal to the extension group of admissible locally Q,-analytic
representations of V; by V5. If Vi, V, are locally algebraic, set Extllalg(Vl,Vg)

to be the subgroup of locally algebraic extensions. Any representation V in
Extg,, Ny K (V,V) is equipped with a natural E[e]/€? structure where € acts via

VoV Svavy

Suppose ExtGLn( x)(V1, V2) is finite dimensional over E. For a subspace U C
ExtéLn( 1) (V1, V2), we can associate a tautological extension of Vi @ g U by V3 (for
example see the discussion below Theorem 1.3). When U = ExtéLn(K)(Vl?Vg),
we call the corresponding extension the wuniversal extension of V; (or V} ®pg
EXtéLn(K)(Vh V2)) by Va.

Let ¢ = ¢ K- K¢, : T(K) — E* be a smooth character. We call ¢
generic if ¢Z¢_1 # 1, ]|k for i # j. Forw € Sy, let w(@) := ¢py1) M- - - K pyy-1(n)
Let 0p = |- |’}< '...X | |2 K] ... K| - |1 be the modulus character of B(K)
ond 1= 18 [ 8 8] [ = [ [0 00, Let un(@) o= (S gn),
which is an absolutely irreducible smooth admissible representation of GL,, (K )
when ¢ is generic. Moreover, when ¢ is generic, Iy, (¢) = Iy (w(@)) =: Tem(@)
for all w € S,,, which is in fact the smooth representation of GL,,(K') correspond-
ing to the Weil-Deligne representation @' ,¢; in the classical local Langlands
correspondence.

3.1.2. Principal series. We collect some facts on the locally ,-analytic principal
series of GL,(K).
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Let h be a strictly dominant weight of ts,., put A := h — @] = (); | =
his+i—1) o€Tx which is a dominant weight of t. Let ¢ be a generic smooth

=1, ,n

character of T(K). Put mae(¢, h) := 7y (¢) @ L(A) (£ Iim(w(¢)) @p L(A) for all
w € S,,), which is an irreducible locally algebraic representation of GL,,(K). For

w € Sy, put PS(w(¢),h) := (IndgL*ég) (¢)nz?)Qean = (Indgg’(‘ﬁg) w(p)zP (e o

0))Qp_an. We have (where F"(—, —) denotes Orlik-Strauch functor [58]):

Proposition 3.1. Let w € S,,.

(1) The irreducible constituents of PS(w(e), h) are given by {€(w,u) :=
Fln (L= (—u- \), w(gb)n)}u:(%)esgm, which are pairwisely distinct. Moreover, if
lg(u) =1, then € (w,u) has multiplicity one.

(2) SOCGLn(K) PS(W(¢), h) = Ism(w<¢)) ®E L()\) = Walg(QS? h)

(3) S0t o) (PS(w(0). B) a0 b)) = &, _ g 6w, u).

lg(u)=1
(4) For w' € S,, and u,u’ € SI¥xl with 1g(u) = lg(u') = 1, €(w,u) =
C(w',u') if and only if u = u' = s;, for somei € {1,--- ,n—1} and 0 € X,

and w(w')™ lies in the Weyl group of Lp,.

Proof. (1) and (4) follow from [58, Thm.] (together with some standard facts on
the constituents of the Verma module, see for example [46, Chap. 6]). (2) (3)
follow from [57, Thm. 1]. O

Forie {1,--- ,n—1},1et I C {1,--- ,n} be a subset of cardinality i. By
Proposition 3.1 (4), all the representations € (w, s;,) with w({1,--- ,i}) = I are
isomorphic, which we denote by €(/,s;,). Moreover, €¢(1,s;,) are pairwisely
distinct for different s;, or I. For w € S, with w({1,---,i}) = I, we have (by
[57, Thm. 1])

(3.1) C(1,8;,) = SOCGLH(K)(IndGL"%) 2% A ()L,
Lemma 3.2. Let w € S, such that w({1,--- ,i})=1.

(1)We have Homyq,) (2~ w(¢)ndp, Jo(€(1,5:,))) = E, where Jp(—)
denotes the Jacquet-Emerton functor for B (cf. [38]).

(2) We have IGL’(}({I){)( “sicdw(d)n) 2 E (1, s;,.), where ]GLE}((I)()( ) is Emer-

ton’s induction functor [39, § (2.8)].

Proof. By [58, Thm.], it is easy to see any irreducible constituent of PS(w(¢), h)
is a subrepresentation of a certain locally @Q,-analytic principal series, hence is
very strongly admissible by [39, Prop. 2.1.2]. (1) then follows by [12, Thm. 4.3,
Rem. 4.4 (i)]. By loc. cit. and [57, Thm. 1], Homy(g,)(z %= *w(¢)nds, Jp(€)) =
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0 for any irreducible constituent € of (IndgE’E%) zsie M (p)n) @ with € #

%(I,5;,). The natural map z=%i=*w(p)ndp — Jp ((Indggrég) z~ 5 M (g)n) Geam)

hence has image contained in Jz(% (I, s;,)). By definition of ISEE‘I%()(—) (cf. [38,
§ (2.8)]), (2) follows. O

Let PS;(w(¢),h) be the unique subrepresentation of PS(w(¢),h) of socle

I (w(¢)) ®g L(A) and cosocle @i=1,.. n-1% (w, s;,) (with the tautological injec-
D

tion PS;(w(¢),h) — PS(w(¢),h)). a”le“hifoughout the section, we fix isomorphisms
(3.2) matg(¢, 1) = L(A) ®p Lun(w(9)) (= PSi(w(¢), h)).

for all w € S,,. The amalgamated sum @;’Jjgs@’/\) PS;(w(¢),h) admits a unique
quotient, denoted by (¢, h) of socle mag(¢, h). By Lemma 3.1 (3) (4), m1(¢, h)

is given by an extension of @i—1,... n—1,0ex,€ (I, sis) ((2" — 2)dx constituents in
IC{1, n} #I=i
total) by mae (¢, h). Note we have a tautological injection

(3.3) Taig(¢, h) — 71 (), h).

We study the extension group of m(¢, h) by m (¢, h).

Proposition 3.3. (1) For w € S, and ¢ € Homy(T(K), E) (cf. (2.17)), we

have I8 (w(@)nz= (1 + ve)) € Extlyy, o) (Tag(@, h), ma(6, b)) (using (3.2)).
Moreover, the following map is a bijection:

(3.4) Gw - Homg (T(K), E) — EXt%}Ln(K) (ﬂ'alg((ﬁ? h), Walg(¢: h’))’
v T (w2 (1 + ),

and induces Homa, (T(K), E) = BExty,, (Tag(®, h), mag(¢, h)). In particular,
dimp Ethlalg (Walg(gba h), Tag (0, h)) = n, dimg EXt%;Ln(K) (Tatg (0, h), Taig (0, h)) =
n + dK.

(2) For wy,ws € S, the following diagram commutes:

Cuwy
Homg/ (T<K)7 E) —_— EXté}Ln(K) (Walg(¢7 h’)7 7Talg<¢7 h))

~

69 wer- |

Cwgy
Homg/ (T(K)7 E) — EXtéLn(K) (Walg(QS? h’)7 Walg(¢7 h’)) :

~
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Proof. For 1 = 1y + b o det with 11 € Homg,,(T'(K), E) and 1y € Hom(K*, E),
it is easy to see the natural map

w()n2 (1 + $e)dp — Jp((Indi=115 w(@)n=* (1 + ve)) &™)
— (Ind5 (5 w(@)2 n (1 + pe) o

factors through the subrepresentation (IndgL'ZK)) w(P)n(1+11€)) ™ RpL(N) @ g/
(1 4 )y o det). By definition ([39, § (2.8)]), we see

Tty (w(@)n2 (1)) 2 (Ind g w(@)n(1-41€)) ™ © LN @i e (1 thoode).

Together with the isomorphism I, (w(¢)) @ L(A) = mae(¢, h) (3.2), it gives a
well-defined element in ExtéLn(K)(ﬂalg(gb, h), mag(¢,h)). By [62, Prop. 4.7], we
have (where Z C GL,, denotes the centre, and the subscript “Z” stands for fixing
central character)

(3.6)  Exti, z(Tag(¢,h), mag (9, ) — Extay, (1) 2(Tatg (6, h), T (6, ).

By classical smooth representation theory, the restriction of ¢, induces an iso-
morphism Homyy, (T(K)/Z(K), E) = Exti, 7(Tag(¢, h), mag(¢, h)) (so the lat-
ter has dimension n — 1). Using similar arguments as in [15, Lem. 3.16] (and
the aforementioned discussion), we obtain a commutative diagram of short exact
sequences (we omit GL, (K), (¢, h))

Homgy, (T(K)/Z(K), E) — Homy (T(K), E) — Hom(Z(K), E)

| Je |

EXtIZ(Walg,’/Talg) — Extl(ﬁalg,walg) — Hom(Z(K), E)

So (,, is a bijection and dimg ExtéLn(K) (Talg(@, 1), Ta1e (¢, h)) = n + dg. For (2),
it suffices to prove the statement for ¢’ replaced by “sm”. This is a classical
fact. Indeed, let H (resp. H; = G,,) be the Bernstein centre over E asso-
ciated to the smooth representation 7y, (¢) of GL,(K) (resp. ¢; of K*) (cf.
24, § 3.13]). By [24, Lem. 3.22], for each w € S, there is a natural map

Jw = T, Spec Hy-1(;y — SpecH sending a point (¢;) € []", Spec Hy-1() to
the point (associated to) (IndgL(KK)(W" 105)m)®™ of H. Moreover, the tangent
map of J,, at (¢,-1(;)) coincides with (,,. The intertwining property implies that

for wy, ws € Sy, Jw, = (wowi ') o J, where wow; ' here denotes the morphism
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I[= Spec’leA(i) — IIm SpeCngl(i)» (¢7) — (¢/w2w - ))'
the corresponding tangent maps of J,, Ju,, We deduce the commutativity of
(3.5) (with ¢’ replaced by “sm”). This concludes the proof. O

Remark 3.4. Note that (,, is in fact independent of the choice of (3.2).

By considering

Lemma 3.5. For any ¢(1,s,,), we have:

(1) dimp Extéy, (€1, 8i0), Taig(¢, b)) = dimp Extgy, (Tag(¢, b), €1, s:,)) = 1.
(2) Let Tag(o, h) € ExtéLn(K)(ﬂalg(gb, h), Tas(¢, h)) be non-split, then the follow-
ing pull-back map (via Tag(P, h) — Tag(@, b)) is a bijection:

(3.7) EXt%}Ln(K) (Tag (9, h), € (1, 8i0)) — EXt%}Ln(K) (Talg (0, B), C (1, 8i))-

Proof. (1) follows from [22, Prop. 5.1.14] together with [22, Lem. 3.2.4 (ii)] (when
K = Q,, the part on ExtéLn (€(1,5i0), Tag(¢, h)) was proved in [16, Cor. 5.9]).
We give a proof of (2) and an alternative proof of the second equality in (1)
using Schraen’s spectral sequence [62, Cor. 4.9] (for G = Resgp GL,). First,
note by the same argument below [62, Cor. 4.9], the separatedness assumption
in [62, Cor. 4.9] is satisfied for either m,4(¢, h) or any Tae(¢,h) in (2) (noting
by Proposition 3.3 (1) and the proof, T.s(¢, h)|sw, k) is locally algebraic). Let
§ = z7% w(¢)n. By [62, Cor. 4.9], we have a spectral sequence

(3.8)

EXt], o) (Hy(N™(K), Taig(¢, h)), 0) = Bxtlr? o) (mag(@, h), (Ind=7l) 6)%r o)

where N~ is the unipotent radical of B~. Recall for characters x, x’ of T'(K) over
E, we have ExtiT(K)(X, X') = 0 for all 7 if x # x/. This, together with [62, (4.40),
(4.41), (4.42)] and the classical fact Jy-(Ism(P)) = Dyres, w'(¢)n (where Jy-(—)
denotes the classical Jacquet module for N7), imply that for p + ¢ = 1, the only
non-zero term on the left hand side of (3.8) is Homyp gy (H1 (N7 (K), Tag (¢, h)), 6) =

Homy(x)(8,6) = E. So Extly, ) (Tae(¢, h), (Indig=1}y) 6)%—21) = £, By (3.1)

and [34, Lem. 2.26], the natural push-forward map is an isomorphism:
EXt{yr, a0y (Tatg (6, 1), €1, 51.0)) = Extly ) (Tag(6,h), (Indg715) )% 2). This
proves the second equality in (1). Similarly with m,,(¢, h) replaced by a1 (¢, h),

we get

(3.9) ExtgLn(K) (Fatg (6, h), € (1, 5:4))
= Extly,, ) (Faig (6, h), (Indy 1) 270 A (g)m) @)
= Homy() (w(@)nz"*" (1 + te), w(d)nz""?)
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where ¢ = (! (Tag(¢,h)) € Homy (T(K), E). As Tag(¢, h) is non-split, ¢ # 0
hence the right hand side of (3.9) is one dimensional over E. However, by an
easy dévissage, (3.7) is injective hence has to be bijective. O

For w € S,,, consider the natural map
Hom(T(K), E) — Extey, k) (PS(w(¢), h), PS(w(¢), h))

sending ¢ to (Indgg'g%) w(g)nz*(1 + he))@ 2 Composed with the pull-back

map for (3.2) and using [34, Lem. 2.26], it induces:
(3.10) Hom(T'(K), E) — Extey, ) (mag(¢, h), PSi(w(¢), h)).

Composed furthermore with the push-forward map via the injection PS; (w(¢), h) —
m1(¢,h) (associated to (3.2), see also (3.3)), we finally obtain a map

(3.11) Cw : Hom(T'(K), E) — ExtéLn(K)(ﬂalg(ng, h), (4, h)).

Note that the map (,, does not depend on the choice of (3.2).

Proposition 3.6. (1) For w € S,,, the map (3.10) is bijective. In particular, we
have dimg Extéy, ) (Taig (¢, B), PS1(w(9), b)) = n + ndk.
(2) Forw € Sy, §w|Homg, (T(K),B) 15 equal to the composition of (5.4) with the push-

forward map EXt%}Ln(K) (Ta1g (0, ), Taig (0, b)) — EXtéLn(K) (Targ (¢, b), m1(0, h)).

Proof. (1) follows from similar arguments as in the proof of Lemma 3.5, using
Schraen’s spectral sequence [62, Cor. 4.9] and [33, Lem. 2.26]. We leave the
details to the reader. (2) is clear (see also Remark 3.7 below). O

Remark 3.7. The map (, can also be obtained by using Emerton’s functor
IEI:?I((I)Q(—). In fact, by definition (cf. [39, § (2.8)]) and using [34, Lem. 2.26],

it is straightforward to see for ¢» € Hom(T(K), E), Ig%’(}(f){) (w(p)nz* (1 + 1be)) C

(Indg%?gg)w(gb)nz)‘(l + 1be)) &0 s an extension of Tag(d, h) = Ln(w(¢)) ®g
L(\) by a certain subrepresentation V' of PSy(w(¢), h). Then (,(¢) is just its
image of the push-forward map via V- — PS;(w(¢), h) — w1 (o, h).

Proposition 3.8. (1) We have an ezact sequence

(312) 0— EXtéLn(K) (Walg<¢, h’)v 7Talg(¢a h)) — EXtéLn(K) (Walg<¢, h’)? 7T1(¢7 h))

— D =1, n—1,0eEXK EXt%;Ln(K) (Walg(¢7 h)7 (g(]) Si,0)> — 0
Ic{l, - n—1}#I=i
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In particular, dimg ExtéLn(K)(ﬂalg(gb, h), (o, h) =n+ (2" — 1)dk.
(2) The following map is surjective:

(313)  ton: Bues, Hom(T(K), E) 5 Bxtly ) (Taig (6, B), 71(0, ).

Proof. We omit the subscript “GL,(K)” in the proof. The sequence follows by
dévissage, and it suffices to prove the second last map in (3.12) is surjective. For
w € S, using dévissage, we have an exact sequence

(314) 0— Eth(Walg(¢7 h)7 Walg(¢7 h)) - Eth(Walg(QS? h)? Psl(w(¢)a h))
— @izt n—1 Bxt! (mag (¢, h), € (w, 5,0)).

UEEK
By comparing dimensions (using Proposition 3.3 (1), Proposition 3.6 (1) and
Lemma 3.5 (1)), the last map in (3.14) is surjective. The following diagram
clearly commutes

Ext! (ma14 (¢, h), PS1(w($), h)) ——— @iz1,... n1 Ext! (ma1g(¢,h), € (w, s;,0))

ocEX K
(3.15) [ £

Ext! (m14(6,h), 71 (¢, h) —— @ j=1... n1,0es,c Ext! (mag(d,h), €(1,si0)).
1C{l, - -1}, #I=i

Varying w, the image of the right vertical map can “cover” the target. Together
with the surjectivity of the top map, we see the bottom map is also surjective. (2)
follows by the first statement in Proposition 3.6 (1) and (3.12). And the dimension
part in (1) follows then from Lemma 3.5 (1) and Proposition 3.6 (1). O

Remark 3.9. By Proposition 3.6 (1) and [34, Lem. 2.26] (and using (3.2)), for
w € S, we have ¢, : Hom(T(K), E) = ExtéLn(K)(walg(gzﬁ, h), PS(w(¢), h)). De-
note by w(¢, h) the unique quotient of @:jj’(;’h) PS(w(¢), h) of socle mag (¢, h) (cf.

21, Def. 5.7], which is the representation 7(p)™ of loc. cit.). The representation

(¢, h) is in fact the first two layers in the socle filtration of w(¢, h). Moreover,
using again (34, Lem. 2.26], we have

(3'16) EXt%}Ln(K) (Walg(¢> h)’ Wl((ba h)) — EXt%}Ln(K) (Walg(¢’ h)v 7T(¢7 h’))
Proposition 3.8 (2) hence holds with m (¢, h) replaced by 7w(¢, h).
Denote by

EXt;(ﬂ-alg<¢a h)7 7Tl(¢v h)) C Ethly’ (ﬂ-alg((ﬁa h)a 1 (¢7 h)) C EXt}u(Tralg((ba h)a Wl((b; h))



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL,43

the respective image of Extllalg(walg(qﬁ, h), Tae (6, h)), Ext%;Ln(K)(walg(qS, h), Tae (6, h)),
and Im(¢,) for w € S,. We also use the notation Exty, for Ext,, whenever it is
convenient for the context where .7, is the B-filtration of @& 1¢1 associated to
w. So (, (3.11) induces an isomorphism

(3.17) (o : Hom(T(K), E) — Ext, (mag(¢, h), 71 (¢, h)).
By Proposition 3.3 (2), for wy, ws € S, the following diagram commutes

HOIIlg/ (T(K), E) & EXt (Walg(qba h)v 7T1(¢, h))

(3.18) wa;Iy H
Homg (T(K), E) —“2+ Ext!,(may(6,h), m1(6,h)).

3.1.3. Parabolic inductions. Let P D B be a standard parabolic subgroup of GL,,
with Lp = diag(GL,,, -, GL,,). Let #p be the Weyl group of Lp. Let Zp be a
P-filtration of ®} ;¢; and (b,ép i = ®¢; for ¢; € gr; Fp (where the order of these
¢; does not matter here). Fori = 1,--- 7 let h' := (hy, 1om,_ 415 > By rins )
No= My totms 1 +1.00 s g toinio + 1 — 1) pexy - Applying the constructions
in §3.1.2 to (¢z,,,h'), we obtain GL,,(K)-representations may(d.z,;, h'),
7T1(¢yp7i,hi) etc. Note when n; = 1, we have Walg(qf)gsz,hl) = Wl(gbgpz,h’)

Gy gty 22t mim1 . We fix an isomorphism (IndGL” )(&“ (Talg (074, 0'))e™

P—(K)
6" )lalg = Ta(¢, h) (where the supscript “lalg” means locally algebraic induc-

tion) and (then) fix isomorphisms g (¢7,:, h') = Ln(wi(ds,,)) @5 L(A) for
all ¢ and w; € S,, such that the composition (noting the first isomorphism
is obtained by the transitivity of parabolic induction) I, (w(¢)) ®p L(A) =

(In dGL" K) (&f sm(wi(d.7,4)) ®p L(A))e™ o Qp)lalg = (¢, h) coincides the
fixed 1somorphlsm (3.2) for all w € #p. Consider the parabolic induction

(319) (Indp i (B mi(¢zp5,h))e ™! 0 7) %
(IndGL?(K (&r 17Ta1g(¢/1> ) hl)) QP)lalg = Walg(¢, h),

where X denotes the completed (injective or equivalently projective) tensor prod-
uct over F (cf. [40, Prop. 1.1.31]).

Lemma 3.10. Fori = 1,---,n—1, 0 € ¥g and I C {1,--- ,n}, #I—z’
€ (1,si,) appears as an Weduczble constituent of ( IndGL"(K)(XIl 17T1(¢7P i h))e™

K)
QP)QP " if and only if one of the following conditions holds:
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(1) there exists k € {1,---,r} such that (ny + -+ +np_q1) +1 < i <
(711 + - —|-nk) —1 and {j | ¢j S Fﬂypjk_l} clcC {] | qu € Fﬂgpjk},

(2)i=mny+---+ng for somek=1,--- ,r—1, and I ={j | ¢; € Fily, Zp}.
Moreover, each of such constituents has multiplicity one, and lies in the socle of

(3.20) (Ind 5 (R 71 (G B))e™ 0 07) 2™ g (6, h).

Proof. Let Vy := (Ind"( () (R_ My (67,4, h'))e 1 007) %20 For all i as in (2),
L™ (—5;,-A) has multiplicity one in the parabolic Verma module U(gl,, 5, K)®U(p2K)
(—A) and lies in the cosocle of Ker[U(gl, s, ) ®u(ps, ) (—A) = L7 (=A)]. Using
[58, Thm.|, we deduce the constituents for ¢ as in (2) appear with multiplicity

one in V;, and all lie in the socle of (3. 20).

Foriasin (1),let V7 := (In dgL?K ((@i:‘;.% Talg(G7p.0 hDRE (I, 55 5)5)e Lo
or )@”_an where €(I,si.)r denotes the corresponding representation in the
cosocle of m (¢, h'). By (3.1) for €(I,s;,), and the transitivity of para-
bolic inductions, V7 injects into (IndgL}‘K)) z’sivf’“w(qﬁ)n)@fan for any w € S,
satisfying w({1,--- ,i}) = I. Since the latter representation has socle €¢'(1, s; )
with multiplicity one (cf. (3.1)), so does its subrepresentation V;. It is not
difficult to see these give all the €'(/,s;,) appearing in (1), and they all have
multiplicity one. Let U be the closed subrepresentation of m(¢z, k, h*) of the
form [mae(d7p k, h* )—% (1, s;,)x], which is clearly a closed subrepresentation of
a certain principal series of GL,, (K). Using the transitivity of parabolic in-

ductions, one sees W := (IndgE”(K) (K=, Tatg(D2p.i; h))KU)e o QP)@”_an is
ik

a closed subrepresentation of (IndGL’E%) 2w (g)n)Pe with w € S, satisfying

w({l,---,i}) = I. For the latter representation, ¢(I, s; ) has multiplicity one
and lies in the socle of its quotient by 7. (¢, h). We then deduce € (I, s;,) lies
in the socle of W/m,, (¢, h) hence in the socle of (3.20).

Finally, by [58, Thm.], one sees every %(I,s;,) in the representation

r

(InleDL'(LK))(@izlmwgp’i, h'))e"lo GP)Q’)—an must come from either Vj or V7 with
I as in (1), and has multiplicity one. This completes the proof. O

Denote by Sz, the subset of the constituents € (I, s; ), which satisfy one
of the conditions in Lemma 3.10. We have

r

(3.21) #S7 = (D (2" = 2)+ (r —1))dx.

i=1
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The representation (IndgE’Eg)()(®::17T1(¢,%,i, h'))e~1oh” )Qp_an contains a unique
subrepresentation 7z,(¢,h) such that socar,(k)mz,(¢, h) = me(¢, h) and
Tap (¢, h)/Tae(¢, h) = ®yes, €. Note when P = B, Fp = 7, then T (6, h) =
PSi(w(¢),h). It is easy to see the injection mag(¢, h) — 7z, (¢, h) (cf. (3.19))
uniquely extends to 7wz, (¢, h) — m(¢, h).

Proposition 3.11. We have dimp Extéy, ) (Tag (¢, b), 75, (6, b)) = n + dgr +
di > i_1(2" —2). And the following push-forward map is injective

(322)  Extgy, k) (Taig(9, h), w7, (6, h)) — Extoy, ) (Taig (4, h), w1 (9, h)).

Proof. We have an exact sequence by dévissage

(323) 0— EXt(l}Ln(K) (Walg<¢7 h)v TZp (¢7 h)) — EXt(l}Ln(K) (Walg(¢7 h)7 7T1(¢7 h))
— Extgy, 50) (Taig (6, h), @egs 5 C).
The injectivity of (3.22) follows. By Proposition 3.8 (1), the last map in (3.23) is

surjective. The first part follows then by a direct calculation using Proposition
3.8 (1), Lemma 3.5 (1) and (3.21). 0

Set Ext (mag (¢, h), m1(¢,h)) to be the image of (3.22). The injection
Tag (¢, h) = 7z, (¢, h) induces a natural injection

(324) EXt;’ (Walg(¢7 h)v 7T1(¢7 h)) — Ethﬂ‘P (ﬂ-alg(gba h)a ™ (¢7 h))
We have natural maps

(3.25)  Ext}, ) (KI_y Tag (@700 '), KT (67,4, h7))

~r

n 7 — Qp_a‘n
— Exty, ) (Walg(qﬁ, h), (Ind3" (g?(xi:lm((;sgp,i, hi))e! o 6F) )

«— Extey, 5 (Taig (6, h), 2, (¢, h)),

where the first map is obtained by taking (Indgg’gég) — ®petod)&man and

using the pull-back via m,,(¢, h) — (Indg%&(g)(&gzlﬂalg(éy},m h'))e1 0 pP)Q—an
(cf. (3.19)), and where the second map is the natural push-forward map, which
is bijective by [34, Lem. 2.26] (and Lemma 3.10).

For (7;) € [T, EX‘L%;LM (Tatg (70,1, h"), T (b7 4, h')), consider the Lp(K)-
representation @::ﬁi (where the completed tensor product is taken over E). It is
clear that X,_, 7; admits a quotient V given by an extension of X g (@70, 0")
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by W = @ (Kj1, ;71 (b5 5, 07) g Tag(d7p:h")).  The push-forward of
i
V via the natural map W — K._ 1 (¢, h') (induced by Talg(G7p,i, ') —

TP zp i hz)) gives an element in ExtlLP(K) (@:zlﬂalg(gﬁg;},’i, hi), X, 71 (bzp i, hl))
In this way, we obtain a map

(326) H EXt%}LnZ(K) (Walg(¢=gzp,ia hl)a 7r1(¢(9‘\p,ia hl))

=1
— EXt}/P(K) ( &;:1 7T'alg((bt?'ﬂp,ia hl)a ®::17T1 (¢3“p,i7 hz))

Together with (3.25), we finally get a map:
(3.27)

T

Cﬁzp : H EXt%}Lni (K) (Walg(gé(??p,i; hl)? ™ <¢9‘P,’ia hl)) — EXt}p (Walg((ba h)> 771(¢7 h)) :
=1

For w € S, let .7, be the B-filtration of &} ,¢; associated to w. Suppose .7,
is compatible with Zp. It is clear that PS;(w(¢),h) is a subrepresentation of
w7, (¢, h) (e.g. by comparing constituents and using Lemma 3.5 (1)), hence (by
dévissage) Exty, (Tag(¢, h), 71 (¢, h)) < Extl; (Tag(¢, h), 71 (¢, h)).

Proposition 3.12. (1) The map (z, is bijective.
(2) For any w such that the associated B-filtration J,, is compatible with

Fp, the following diagram commutes
(3.28)

~

[, Hom(T(K) N Lp;(K), E) _— Hom(T(K), E)

NJ(S'”) ~l(3.17)

szl Ext_l%yi (Walg(¢ﬂp,i,hi)ﬂﬁ((?ﬁp,i,hi)) — EXtilu (Walg(¢7 h)aﬂl(ﬁba h))

where T,; is the induced B N Lp-filtration on gr; #p, and the bottom map is
induced by Cz,.

Proof. Given ¢ = (¢;) € [[;—; Hom(T(K) N Lp,;(K),E) = Hom(T(K), E), we
have (1 + ve) = Xl%z[el]/e; (1 + v;€) as character of T(K) over Ele]/e* hence as
element in ExtlT( x)(1,1). Note &?[61]/6; (1+1;€) admits an extension construction
in a similar way as given above (3.26). The commutativity of (3.28) then follows
by definition and the transitivity of parabolic inductions (see also the discussion

above (3.19)). In particular, we deduce the bottom map of (3.28) is bijective.
Note that any €' (I, si,) € Sz, is a constituent of some PS;(w(¢),h) with .7,
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compatible with .#p. By similar arguments as in the proof of Proposition 3.8,
one sees the natural map (“C” means compatible)

(3.29) D  Exty(mag(é,h), mi(¢,h)) — Extls, (g (¢, ), m1(4,h)

T C 37:13

is surjective, hence so is (#,. By Proposition 3.8 (1) and Proposition 3.11, both
sides of (3.27) have the same dimension over E hence (z, is bijective. O

Let EXt,l?py/(ﬂ-alg((ﬁa h), 71 (¢, h)) == Cz (1T, EXt;/(Walg@ﬁp,i; h'), (b7, hz)))
By Proposition 3.12 (2), and (3.18), assuming .7,, compatible with .#p, the fol-
lowing diagram commutes (cf. (2.21)):

Hompy (T(K), E) " Extly, ,(mug(¢,h), (6, 1)

(3.30) wawi” [~ H
Hompy (T(K), E) —25 Exth, (mug(¢,h), m (6, h)).

We finally dlscuss some intertwining properties related to § 2.4. Let gbl =
XK,y : T, 1(K) = EX, h! := (hy,--- ,h,_1) and h*? := (hy,--- ,h,)
Which are dominant weights of tn_LzK. We have locally Qp-analytic GLn_l(K )-
representations mae (¢!, h') C (¢!, h') for i = 1,2, and parabolic inductions

(1ndZ ), (91, )26, )22 and (Ind S5 g, 210y (01, )8,
Let .% be the filtration @& '¢; C BT ¢; and ¥ be the filtration ¢, C O, d;.
By Lemma 3.10, C(1, s;,) appears in mz(¢,h) (resp. in mg(¢,h)) if and only if
1=1,--- ,n—l, o€Xgand I C {l,--- ,n—1}, #I =i (resp. I = I U{n}
with I; C {1,--- ,n — 1} and #I; = i — 1). In particular, m1(¢, h)/mu.(¢, h) =
(m(0, )/Walg(gb h)) @ (7 (¢, h)/Tag(¢, h)). The following proposition is straight-
forward (where the right exactness of the last sequence follows by comparing
dimensions, using Proposition 3.3 (1), Proposition 3.8 (1) and Proposition 3.11):

Proposition 3.13. There is a natural exact sequence of GL,, (K )-representations
0— Walg(gba h) — Wﬁ(gb? h) D Wfﬁ(gbu h) — 7T1(¢, h’) — 0.

Consequently, we have a natural exact sequence

0— EXt;/ (Walg(¢7 h)? 7T1(¢7 h)) —

EXt}?(ﬂ-alg(gba h)a m (¢7 h)) % Ethlf (ﬂ-alg(¢7 h’)7 7T1(¢7 h’))
— EXt%}Ln(K)@Talg((ba h)? T (¢7 h’)) — 0.
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Remark 3.14. By Proposition 3.12 (1), we have a bijection
(7 Extgy (Tag(0', BY), mi(¢", B'))xHom(K ™, E) — Extl (mag(¢, b), m1(, b)),

and a stmilar bijection (g .

3.1.4. Locally o-analytic parabolic inductions. Let o € Y. Recall a locally Q,-
analytic representation V' of GL,(K) over E is called locally o-analytic if the
gl,,(K) ®q, E-action (obtained by derivation) on V factors through gl (K) ®x »
E (cf. [61, § 2]). And V is called gx,\(o}-algebraic if U(gs,\(o})v is a finite
dimensional algebraic representation of gs,\(,} over £ for all v € V. Let A, be
the o-component of A\, and A7 := (\;);2,. We also view them as weights of ty,
in the obvious way. For i = 1,--- . n—1, I C {1,--- ,n}, #I =i, let w € S,
such that w({1,---,i}) = I. We have

C1510) 2= Fpo (L7 (=sig - A)sw(@)n) = Fgor (L7 (=10 Ao), w()n) @p L(X).

Note we have Fot™(L; (—si 0 Ao), w()n) < (Indgg’(t%) w(P)nzsioAe)7a where
the sup-script “c — an” means the locally o-analytic induction. So the both
are locally o-analytic. Let m ,(¢,h) be the subrepresentation of (¢, h) given

by the extension of & i=1,..no1 E(I,Sis) by Tag(¢,A). Similarly, for w €
IC{1, n},#I=i
Sny let PSy . (w(¢),h) C PSy(w(¢),h) be the subrepresentation with irreducible

constituents my,(¢, h) and € (w, s;,) fori =1,--- ,n — 1. It is easy to see

PS1 ,(w(¢), h) = PS;(w (), h)N((Ind5 ) w(e)nz")" @5 L(X)) — PS(w (), h).
Moreover, 7 (¢, h) is the unique quotient of @fji’;N PSi . (w(¢),h) of socle
Tag(®, h). In particular, m ;(¢,h) is gs,\(s}-algebraic. In fact, 7, (¢, h) is the
maximal gy, (-}-algebraic subrepresentation of m (¢, h).

For gs,\{s}-algebraic representations V', W, we denote by Extl(V,W) c
ExtéLn( x)(V; W) the subspace of extensions, which are gs,\(,}-algebraic. Let
Hom, ,(T(K), E) := Hom, (T(K), E)NHom, (T (K), E) (recalling Hom, (T (K), E)
is just the subspace of locally o-analytic characters).

Lemma 3.15. We have dimg Ext] (ma4(¢, h), Tag(é, b)) = n+ 1, and (3.4) in-
duces an isomorphism Hom, y(T(K), E) = Ext} (Tag(é, h), Tag (6, h)).

Proof. As EXt%}Ln(K),Z(ﬂ-alg((b? h)? ﬂ-alg((b? h)) - EXt%alg(ﬂalg(¢7 h)? Walg(¢7 h)) (by
(3.6)) hence is contained in Ext} (g (¢, h), Tage(é, h)), we have an exact sequence
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(similarly as in [15, Lem. 3.16])

0— EXt%}Ln(K),Z(ﬂ—alg(¢’ h)’ Walg(¢’ h)) — Ethlr(Walg(¢v h)a Walg(¢a h))
— Hom,(Z(K), E) — 0.

The first part follows. It is clear that (3.4) induces the map in the lemma by
restriction, which is hence injective. However, both the source and target spaces
have the same dimension n + 1, so the map is bijective. O

Proposition 3.16. Let w € S, the map (3.10) induces an isomorphism
(3.31) Hom, (T(K), E) — Ext} (mag(0, h), PSi,(w(¢), h)).

Proof. For ¢ € Hom,(T(K), E), by similar arguments as in the proof of Proposi-
tion 3.3, ISI:’(}((I)() (w(@)nz*(141p€)) is a subrepresentation of (Ind?j’ég) w(P)nze (1+
€))7 ®@p L(A7), hence is gy, \(s)-algebraic. Together with the description of
(3.10) in Remark 3.7, we deduce (3.10) induces the injective map in (3.31) by

restriction. We have an exact sequence by dévissage

(332) 0— EXt}; (Walg<¢> h)7 7ralg(¢7 h)) — EXté(Walg(qﬁa h)a Psl,o(w(d))a h))
— @15 Ext, (mag(¢, h), €(w(9), si0)).

By Lemma 3.15 and Lemma 3.5 (1), dimpg Ext} (7, (6, h), PS; , (w(¢), h)) < (n+

1) + (n — 1) = 2n. However, the source of (the injective) (3.31) has dimension
2n, so (3.31) must be bijective. O

Remark 3.17. By the above proof, we see the last map in (3.32) is surjective
and EXt}T(ﬂ'a]g<¢7 h’)v (g(w(gb)’ Si,U)) = EXt%}Ln(K) (Tralg<¢7 h’)7 (g(w(qb)a Si,a))-

Denote by Ext;(ﬁalg(gb,h),m(gb,h)) (resp. EXt}T’g/<7Ta1g(¢,h),ﬂ1(¢,h)))
the image of Extclf(ﬁalg(gb, h), m ,(¢,h)) (resp. Ext},(walg(gb, h), T (¢, h)) ) via

the (injective) push-forward map. It is easy to see

Ext, o (Tag (¢, h), 71 (¢, h)) = Exty, (Tag (¢, h), 71 (¢, h))NExt, (ag (¢, ), 71 (¢, h)).

Proposition 3.18. (1) We have an exact sequence

(333) 0— EXti (Walg(¢> h’)v ﬂalg(qbv h’)) — EXt; (ﬂ-alg(¢7 h’)> 7T1(¢7 h’))

—> D i=1, n—1 EXt%}Ln(K) (Walg(gﬁ, h), CK(I, Si,o)) — 0.
IC{1, 1}, # 1=

And dimp Ext} (m4(¢, h), m1(¢, b)) =n + 2" — 1.
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(2) The map (3.13) induces a surjection typ @ @yes, Homy(T(K), E) —
EXt}T(ﬂ-alg(qﬁ? h)7 U1 (¢7 h)) .

(3) The following map is surjective
(3'34) Dreng EXt7l-<7ralg(¢7 h)> 7T1(¢7 h’)) — EXtéLn(K) (ﬂ-alg((b’ h)? 1 (¢7 h’>>7

and induces an isomorphism

(335) Drexk (EXt}—(ﬂ-alg<¢7 h’)v 7T1(§25, h))/ EXt;(ﬂ'alg(gb, h), ™ (¢7 h)))
—= Extay, k) (Mg (6, b), 11(9, b))/ Exty(Tag(6, h), m1(, h)).

Proof. (1) follows by the same argument as in the proof of Proposition 3.8 (1).
(2) follows from Proposition 3.16 and Remark 3.17 by the same argument as in
the proof of Proposition 3.8 (2). The first part of (3) follows easily by comparing
the exact sequences (3.12) and (3.33). It is clear that (3.34) induces (3.35), which
is hence surjective. However, both the sources and target spaces have the same
dimension (2" — 1)dx by (1) and Proposition 3.3 (1), Proposition 3.8 (1). So
(3.35) is bijective. O

Now let P be a standard parabolic subgroup of GL,, and #p be a P-
filtration on ¢. We use the notation in § 3.1.3. Let 7z, ,(¢,h) := 712.(¢,h) N
T1,0(¢, h), which is the maximal gy, .\ {»}-algebraic subrepresentation of 7z, (¢, h).
Then 7z, ,(¢,h) is an extension of the direct sum of €(1,s;,) € Sz, (for the
fixed o) by Tae(¢,h). We denote by Ext(lfyp(ﬂalg(gb,h),ﬂl(gb,h)) the image of
Ext} (mag(¢, h), 77, » (¢, h)) via the (injective) push-forward map. As previously,
we also write Ext,, , for Ext,, ;. . One casily sces Ext,, 5, (Tag(¢,h), m1(¢,h)) =

EXtclr(ﬂ-alg(gb? h)? 7T1(§Z5, h)) N EXti”/’p (Tralg<¢7 h)7 7T1<¢7 h))
Proposition 3.19. (1) We have dimg Ext) z, (Tag(®, h), (4, h)) = n +r +
2 iz (27 = 2).

(2) The isomorphism (3.27) induces an isomorphism

(336) H EXtcly (Walg<¢é‘?p,i7 hz)’ Ut (gbﬁp,i» hz)) —N_> EXtir,;ZP (Walg(gba h)7 Uy (¢’ /\))
=1

Moreover, for any w such that the associated B-filtration 7, is compatible with
Fp, the following diagram commutes

~

[I;-; Hom,(T(K)N Lp;(K), E) — Hom, (T(K), E)

~l(3.31) ~l(3.31)

H;:l Ethlnyw’i (Walg(gbfp,i» hz)7 7T1,o(¢§p,z‘, hz)) L) Ethlnw (ﬂ-alg(gba h)7 7Tl,a<¢7 h’))
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where T, ; is the induced B N Lp-filtration on gr; Fp.

Proof. By dévissage, Lemma 3.10 and a similar argument as in the proof of
Proposition 3.16 (noting for a fixed o, #{€(1,s,,) € Sz,} = D> i_1(2" —2) +
(r—1)), we see dimp Ext,, 5, (Tag (¢, h), (¢, h)) < n+r+>7 (2" —2) and that
(3.27) restricts to an injective map as in (3.36). Its source space has dimension
n+r+3Y,._ (2" —2) by Proposition 3.18 (1). We deduce (3.36) is bijective and
(1) follows. The second part of (2) follows from (3.28). O

Finally, we have similarly as in Proposition 3.13:

Proposition 3.20. Let .# and 4 be as in Proposition 3.13, there is a natu-
ral exact sequence 0 — Tae(¢, h) — Tz o (0, h) B Ty (P, h) = T (P, h) — 0.
Consequently, we have a natural exact sequence

(3.37) 0 — Extl y(mag(4, h), w1 (¢, b)) —

EXtclr,ﬁ<7Talg(¢a h),m1(¢, h)) @ EXtclf,%(Walg(@ h), 71 (¢, h))
— EXt};<7Talg(¢7 h)a 1 (¢7 h’)) — 0.

3.2. Hodge parameters in GL, (K )-representations.

3.2.1. Construction and properties. In this section, we associate to D € ®I',.(¢, h)
a locally Qp-analytic representation myi, (D) of GL, (K) over E, which determines
those Hodge parameters of D reinterpreted in § 2.2 (hence determines D when

K =Q,).
Consider the following composition (see (2.15) and (3.13) for the maps)

(3.38)
——1 Kw ty.h
Bucs, Exty,(D, D) " @,cs, Hom(T(K), E)~% Extly, o) (maig(¢, h), w1 (6, h).

The following theorem is crucial for the paper.

Theorem 3.21. The natural surjection @wesnmL(D,D) — ml(D,D) (cf.
Proposition 2.12) factors through (3.38), i.e. there erxists a unique map

(3.39) tp : Exthy, ) (Tag(¢, h), m (¢, h)) — Ext (D, D)

such that @weSnE_thlu(D, D) — E_th(D, D) is equal to tp composed with (3.58).

Proof. We prove the theorem by induction on n. It is trivial for n = 1. Suppose
it holds for n — 1. Asin § 2.4, let D; € ®T'.(¢', h') (resp. C) € ®I'y(¢!, h?))
be the corresponding saturate (¢, I')-submodule (resp. quotient) of D (where
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¢t =¢ R R¢p,q, h' := (hy, -+ ,h, 1), and b* := (hy, -+ ,h,)), and F, ¥
be the associated filtrations on D. For w € S,,_1, the following diagram commutes
(cf. (2.20)):

Hom(T'(K), E) —— Hom(71(K), F) x Hom(K*, E)

B wTw HwTN

BExt, (D, D) —>— Ext, (Dy, D;) x Hom(K*, E)

/

Ext (D, D) —— Ext' (D1, D;) x Hom(K*, E).

=

By induction hypothesis, the map @wesn_lmi)(l?l, Dy) - E_th(D1, D) factors
through the following map (defined similarly as in (3.38))

=1
toint @ Bues, Ext, (D1, D) — EXtéLn_l(K) (Walg<¢17 h'), m(¢", h')).

This together with Proposition 3.12 and (2.19) imply @wegnflmllu(D,D) —
m;(D, D) (— ml(D, D)) factors through
(3.40)  tzp: Exth(maug(e,h), m (6, h)) —» Exty(D, D) —» Ext (D, D).

Let S/, :={w € S, | w(n) = 1}, that is a subset of S,, of cardinality (n — 1)
By a similar discussion with Dy replaced by Cy, the map @, S;_IEL(D, D) —
m;(D,D) — ml(D,D) factors through ty p : Exty(mae(¢, h), (¢, h)) —

E_Xt;(D,D) — E_th(D,D). By (3.18) and (2.13) (with g replaced by ¢'), the
following diagram commutes (see (3.24) for the injections from Ext;,)

Ethly’ (ﬂ-alg(gba h)’ ™ (¢’ h)) — EXt}? (Walg(QS? h)? ™ (¢> h))

I s

t R
Extl (mue (¢, h), 71 (¢, h)) ——=2— Ext (D, D).
Hence by the second exact sequence in Proposition 3.13, the composition

EXt,lf%‘(Walg(@ h), 7 (¢, h)) © Ethlﬁ (Talg (@, h), 71 (¢, h))
— Ext,(D, D) ® Exty(D, D) — Ext (D, D)
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factors though a map

(3.41) tp : Extly, o) (Tag(é,h), 71 (¢, h)) — Ext (D, D).

Next, we show tp satisfies the property in the theorem. By construction, the map
@wesnflusgflmi)(D,D) — ml(D, D) factors through tp. It suffices to show

for the other w € 5, miu(D, D) — E_th(D, D) also factors as
(3.42)

Ext,, (D, D) “ Hom(T(K), B) < Extly; (mas(6,h), m (6, h))

(3.41)

Ext (D, D).
Suppose hence w(n) = ¢ with 1 <i < n. We have
(3.43) Hom(T(K), E) = &!~{ Hom(Z;(K), E) & Hom(Z(K), E),

where Z; C T is the centre of the Levi subgroup L; (containing 7') of the
maximal parabolic subgroup P; (with j ¢ #p,). For any j = 1,--- ,n —1,
rky (Hom(Z;(K),E)) C Extgzp oD, D) (cf. Corollary 2.15), where Zp, is the
J

P;-filtration associated to the B-filtration .7, (such that .7, is compatible with
Zp,). Let w; be an element in the Weyl group of L; such that w;(i) = 1 or
w; (i) = n (whose existence is clear). By Corollary 2.15 (2) and (3.30), we have a
commutative diagram

1 Rw w
Ext iz, (D, D) == Homp, , (T(K), E) —*— Extty, (mag(¢,h), m (6, h))

wjlw H

j— ijw Cw ;W
Extypjvg,(D,D) —— Homp, o(T(K),E) —— ExtGL (Taig(@, h), m1 (4, h)).

It is clear that wjw € S,_1 U S],_;, hence the map Ext (D, D) — E_xtl(D, D)
is equal to tp © (Cuw,w © Kuw,w). In particular, its restrlctlon to m}a o(D, D) is
equal to tp o (ijw o I{ij) =tp o ((w © Ky) by the above commutative diagram.
As mi,(D,D) is spanned by mgpﬁg/(D,D) and Hom(Z(K), E) (e.g. using
(3.43)), we obtain the factorisation as in (3.42). This concludes the proof. O
Remark 3.22. (1) By comparing dimensions (using Proposition 2.10, Proposi-
tion 3.8 (1)), we have dimg Ker(tp) = (2" — ”("2+1) —1)dxg.

(2) The same argument holds with m (¢, h) replaced by 7(¢, h) (with the
same tp under the isomorphism (3.16)).
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The following lemma is clear.
Lemma 3.23. For any w € S, Ker(tp) N Ext, (mag(¢, h), 71 (¢, h)) =0

Let mmin(D) (resp. m(D)) be the extension of Ker(tp) ®pg mag(¢, h) (=
Tatg (0, h)@@n_w_l)dff) by (¢, h) (resp. w(¢,h)) associated to Ker(tp) (cf.
§ 3.1.1, see also Remark 3.22 (2)). Note that as Endgr,)(m(¢, h)) =
Endgr, (k) (m1(¢, h)) = Endgr, (k) (Tag (¢, h) = E, either myin(D) or m(D) de-
termines Ker(¢p). We have

(344) WfS(D) = ﬂ-min(D) @m(qb,h) 7T(g25, h)

In the sequel, we will mainly work with 7, (D), noting that most of the state-
ments generalize to mg(D) without effort. We have an exact sequence

(3.45) 0 — Homgr,, (k)(Tag(9, h), Ker(tp) ®p mag (¢, h))
/o
EXtéLn(K) (ﬂ-alg((;ﬁa h)u T (¢7 h)) EXtéLn(K) (Walg(¢7 h)7 ﬂ-min(D))'

By Lemma 3.5 (2), one sees the last map fp is surjective. For a P-filtration .%p on
D, we denote by Ext}ojp (Talg (¢, ), Tmin (D)) the image of Extl 75 (Tag (0, h), (0, h))
under fp, and write Ext,, for Ext}, . Denote by Extg(walg((b h), Tmin(D)) the im-

age of Exty (mag(¢, h), 71 (¢, h)) under fp.

Corollary 3.24. The map tp induces Exty(mag(¢, h), Tmin (D)) — m;(D, D)
and Ext (Tag (¢, h), Tmin (D)) = mi,(D, D) for allw € S,,.

—

Proof. By Lemma 3.23, Ext!(m.4(¢, h), 71 (¢, h)) = Extl(mag(¢, h), mmin (D)) fo
x € {w,g}. The corollary then follows from the definition of tp, (2.15), (3.17)
and Proposition 3.3 (1).

O

The following corollary is a direct consequence of Theorem 3.21.

Corollary 3.25. Let D € ®T' (¢, h). The representation myin(D) is the
unique extension of Tag(d, h) R by m1(p, h) satisfying the following
properties:

(1) socqr, (k) Tmin(D) = Tag(e, h), and socgy, (k) (Tmin(D)/Tag (¢, b)) =

SOCGL, (K (7T1 (¢7 )/Walg(QS? h’)) .
(2) There is a bijection

tp : Exthy, o) (Taig(é, B), Tin(D)) = Ext (D, D)



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL,55

which is compatible with trianguline deformations, i.e. for w € S, the compo-
sition Hom(T'(K), F) LN Ext. (T (0, h),ﬁmin(D))gml(D,D) coincides with

Hom(T(K), E) = Ext. (D, D) < Ext (D, D).

n(n—1)
Let xp be the character z"\‘\ A ? Tl ¢ of K with [A| = Y i1, m Aig
oEX K
n(n—1)

We have A"D = R p(xpe~ 2 ). For an integral weight p of t5, ., let £, be the
central character of U(gl, y,, ) acting on L(p).

Proposition 3.26. The representation mmn(D) has central character xp and
infinitesimal character €.

Proof. We only prove the statement for the infinitesimal character, the central
character being similar. Let Zx be the centre of U(gl,y, ). Recall we have
the Harish-Chandra isomorphism HC : Zx = U(tg, )”"%, where ¥, i is the
Weyl group of Resgp GL,, isomorphic to S and where we normalize the map
such that a weight u of ts,., seen as a character of U(ty, )”™X, corresponds to
§,_giap of Zg (recalling Ol = (0,--+ |1 —n)yex, ). In particular, the weight
h corresponds to £,. Let X, (resp. Xj) be the tangent space of Zx (resp.
U(ts,)) at &, (resp. at h), i.e. Xe, ={f: Zx — Ele]/e® | f =&, (mod €)} and
similarly for Xj,. The map HC induces a bijection HC : X}, = X¢, (noting the
injection Uty )”™% < U(ts, ) induces bijections on tangent spaces, e.g. by the
explicit description of the invariants U(ty, )’ as a polynomial algebra).

For D € Ext'(D, D), the Sen weights of D (over E[e]/e?) have the form
(hio + ai,ge)‘oegK . We obtain hence an E-linear map Ext'(D, D) — Xy, D

i=1,--n

(a;r). The map sends Ext;(D,D) hence Exty(D, D) to zero, thus induces an
E-linear map dge, : ml(D,D) — Xyn. For 7 € ExtéLn(K)(ﬂalg(gb,h),ﬂl(gb,h))
equipped with the natural E[e]/e*-action, and a € Z, the operator (a—&,(a)) (on
7) annihilates 7 (¢, h) hence induces a GL,, (K )-equivariant map 7 — m,e(¢, h) —
7. As Hom(me(¢,h), m (¢, h)) = E, this map is equal to ae for some o €
E (depending on a). We deduce Zx acts on T via a character over Fle]/e?,

which corresponds to an element in X¢ . We obtain hence an E-linear map:
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ding - ExtéLn(K)(Walg(qb, h),m(¢,h)) = X¢,. The proposition (for the infinitesi-
mal character) will be a direct consequence of the commutativity of the diagram:

din
EXt%}Ln(K)(ﬂ-alg(gﬁv h)> 1 (¢7 h)) — XfA
(3.46) tDl et l
Ext (D, D) sen s X,

By the construction of ¢p, it suffices to show for all w € S,,, the following diagram
commutes

Ext, (D, D) sen s Xy

(3.47) ~l HCl

ding

EXt}U(ﬂ-alg((ﬁu h)7 ™ (¢7 h)) B X@\ :

Let ¢ € Hom(T'(K), E), and D € Extl (D, D) be a (p,T')-module over R Bld/e
of trianguline parameter & := w(¢)z"(1 + e). Let db : Ulty, ) — Ele]/€2 be
the morphism induced by 0 by derivation. Then dse,(D) = dé. By (2.12) (3.11)
and Remark 3.7, the image 7 of D under the left vertical map in (3.47) satisfies
It (onz=""""y — % By [39, (0.4)], we have dndpz—0"""" — Jp(F) — 7",
where n is the Lie algebra of N. We see Zx acts on the image of the injection
via dd o HC. Moreover, the composition dndgz=0""*" < J5(F) < 7 — Taig (¢, h)
is non-zero, since dimg Homyp(x (w((b)zhnZ*e[K:@p] g, Jp(mi(¢,h))) = E. We de-
duce the subrepresentation 7[Zx = dd o HC] strictly contains (¢, h) hence is
equal to 7 itself. So dins(7) = do o HC and (3.47) commutes. This concludes the
proof. O

We next discuss the compatibility of tp (and my (D)) with parabolic in-
ductions. Let P D B be a standard parabolic subgroup of GL, with Lp equal
to diag(GLy,, -+ ,GL,,). Let .Zp be a P-filtration of D, M; := gr, #p, which is
a (¢, I')-module of rank n;, for i = 1,--- ,r. Recall we have defined Extlyp for
both (¢, I')-modules (cf. the discussion above Proposition 2.13), and GL,,(K)-
representations (cf. § 3.1.3).

Proposition 3.27. The map tp restricts to a surjection

tD,ﬁp : Ethy‘P (Walg<¢> h’)a T (¢7 h)) - m}?p (D7 D)
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Moreover, the following diagram commutes
(3.48)

T 1 i (tMZ) r ——1
[Tici Exte, (o) (Tag(@55.6 B), (050 b)) —= TTis) Exti,py (M, M)

~l(3.27) ~l(2.19)

Ip,.7zp

—1
EXtel?p <7Talg(§b, h)a ™ (¢7 h’)) — Ethp (Da D)
In particular, the parabolic induction (3.27) induces a natural isomorphism
(3.49) @i, Ker(ty,) — Ker(tp, #,) = Ker(tp) NExtl, (Tag (¢, h), 71 (¢, h)).

Proof. By Corollary 2.14 (2), Proposition 2.12, m;P(D, D) can be spanned by

mi}(D,D) for 7, compatible with .#p. Together with (3.29), the first part
follows. The commutativity of the diagram follows from (2.20) and (3.28). O

Remark 3.28. Let Tpin 7, (D) C mmin(D) be the extension of Ker(tp #,) ®p
Taig (@, B) = Tae (0, h)@zzrzl(df(@"“ni(nfﬂ)’1)) by m1 (¢, h) associated to Ker(tp 7, ).
By Proposition 3.27, Tyin,z,(D) is the mazimal subrepresentation of mTmin(D)
which comes from the push-forward of extensions of mag(¢, h) by 7z, (¢, h) via
770 (6, h) = m1(6, h). We have Ty (S (B i (M;)) @ 52~ 1007) < Toin, 7, (D).
Moreover, (3.48) induces a commutative diagram

(tar

T 1 z) r =1
ITio EXtéLni(K)(Walg(%»‘p,nh)»”min(Mi)) — Loy Exti,ry (M, M;)

~

tD,gp

— 1
Ext, (Talg (¢, 1), Tanin, 7, (D)) 278 Exty, (D, D),

~

where Bxt (Tag (¢, B), Tuin, 7, (D)) is the image of Extz (mag (¢, h), m1(¢, h)) via
the push-forward map, and where the left vertical map is obtained in a similar
way as (3.27).

Let 0 € ¥k. By Proposition 3.18 and Corollary 2.19, (3.38) restricts to a
surjection

(3.50) Bues, ExXty,, (D, D) —> Ext) (Tug(¢, h), m (6, h)).

Corollary 3.29. Let D € ®T' (¢, h).
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(1) The map (2.26), quotienting by Exty(D, D), factors through (5.50) and
the restriction of tp:

tpo : Bxth(mag(é, h), m1(d, b)) — Ext.(D, D).

(2) Let P be a standard parabolic subgroup and Fp be a P-filtration on D.
Let tp z,, be the restriction of tp, to Extijp(ﬂalg(qb, h),m (¢, h)), we have a
commutative diagram

r i i (t i,a) r ——1
Hi:l EXt}J'(ﬂ-alg((bfp,ﬁ K )7 1 (Qbefip,% ) )) L Hi:l EXta<Mi7 Ml)

~l(3.36) ~l(2.24)

tp, o ——1
Extl 7, (Tag (¢, k), m1(6, h)) 2IR% Exty (D, D).

In particular, (3.56) induces &i_, Kerty, . — Kertp 7, ..

Proof. (1) follows by Theorem 3.21 and Corollary 2.40. (2) follows from (3.48).
(]

Remark 3.30. (1) It is clear that Ker(tp,) = Ker(tp)NExt! (mag (¢, h), 71 (¢, h)).
By Lemma 2.16 and (2.1/), dimg E_Xti(D, D) =n+ @ Together with Propo-
sition 3.18 (1), we then deduce dimp Ker(tp,) = 2" — w -1

(2) Recall we have Ext}(Tag(é, h), m1o(p, h)) = Extl(Tag(o, h), (6, b))
(see the discussion below Remark 3.17). We view hence Ker(tp,) as subspace
of Ext} (Mg (¢, h), m15(¢, h)). Set Tmin(D), to be the extension of Ker(tp,) ®p
Taig (@, h) by T (@, h). Then Tmin(D)g is just the mavimal gs,\ (o} -algebraic sub-
representation of Tmin(D).
Corollary 3.31. We have ®,cx, Ker(tp,) = Ker(tp). Consequently, Tmin(D) =
D7y Tnin (D)o
Proof. The second part follows from the first one (see also Remark 3.30 (2)).
Consider the induced maps

Extly (mug(6, h), m1(6, h))/ Ext! (me (6, h), m (6, b)) 2Ext (D, D)/Ext. (D, D),

Ext! (mug(6. 1), 1 (6, 1))/ Ext] (marg (. 1), 1 (6, 1)) 2 ExiL (D, D) /ExiL(D, D).

As Ext;(ﬁalg(gb, h), m (¢, h)) N Ker(tp) = 0 (cf. Lemma 3.23), we have iso-
morphisms Ker(tp) — Kertp and Ker(tp,) — Kertp,. Using Proposition



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL,59

3.18 (3), ®oexy Kertp, — Kertp is injective. We deduce the natural map
Boeny Ker(tp,) — Ker(tp) is injective. As the both sides have dimension
(2" — @ — 1)dgk by Remark 3.22 (1) and Remark 3.30 (1), the map is ac-
tually bijective. O

Let D, = T,(D) (cf. (2.7)), and consider (see Corollary 2.27 (1) for the

last isomorphism)
tp, =T, otpy : Ext!(mug(e, h), m (4, h)) — Ext. (D, D) =% Ext,(D,, D,).

For a P-filtration .#p on D, (which corresponds to a P-filtration on D, still
denoted by Fp), let tp, #, := Ty0tp 7,0, which is equal to the restriction of tp,
to Ext},,yp (Talg(@, h), m1 » (¢, h)). It is clear Kertp, = Kertp,, and Kertp, #, =
Kertp, #,.,. The following corollary is clear.

Corollary 3.32. (1) The surjective map @wE_Xt;w(DU,DJ) — E_Xt},(DJ,DJ)
(cf. Corollary 2.40) factors through tp, composed with the following composition
(which is compatible with (3.50), by (2.32))

Dues, Bxty (Do, Do) =% @yes, Hom, (T(K), E)
(C—w)> EXt}; (’/Talg(¢7 h’)> 7T1,0(¢7 h)) - EXt}y(’/Talg(gﬁa h’>7 ™ <¢7 h’))

Consequently, Kertp, depends only on D,.
(2) The statements in Corollary 3.29 (2) hold with D, M; replace by D,,
M, , = T, (M;). In particular, we have

(3.51) @iy Kerty,, — Kertp, #, = Kertp, NExt, 5, (Tag(d, h), m14(0, h)).

Similarly as in Corollary 3.25 and Remark 3.28, we have

Corollary 3.33. We have natural isomorphisms (cf. Remark 3.30 (2))
tp, : Ext!(mag(d, ), Tmin(D)o) —2% Exto(D, D) =% Exte(Dy, D).

Moreover, for a P-filtration #p on D as in Corollary 3.29 (2), we have a com-
mutative diagram (see Corollary 2.27 for the right square):
(3.52)

(tm;,o)

. JE— T - =1
H;n:1 EXtclf(”alg(Qf’gzp,i» h1)7 Wmin(Mi)U) — szl EXta(Mia Mi) — H;;l EXta(Mi,o: Mi,o)

gl ! I~

tD,L@P,o'

1 T 1
Ext) 5, (Talg (6, h), Tmin, 7, (D)o) — = Exty, 7, (D, D) ——=<— Exty, 7, (Do, Do)
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where M; o = To(M;), Tmin,zp (D)o D T1,6(0, h) is the mazimal gs,\ (o} -algebraic
subrepresentation of Tuin, 7, (D) (Rk. 3.28), and Ext,, 5 (Tag(®, h), Tmin,7,(D)o)
is the image of Extijp(ﬂalg(gb, h), T +(¢, h)) via the natural push-forward map.

Theorem 3.34. Let D, D' € O, (¢, h), and 0 € Lg. Then myun(D), =
Tmin(D)o if and only if D, = D! . Consequently, Tyin(D) = mmin(D') if and
only if Dy = D! for all 0 € Y.

Proof. The second part follows from the first part by Corollary 3.31 and Remark
3.30 (2) As EndGLn(K)(W1(¢7 h)) :) EndGLn(K)(Walg(¢, h)) = E, 7rmin<D)U =
Tmin(D')o if and only if Ker(tp,) = Ker(tp,). The “only if” in the first part
follows by Corollary 3.32 (1). We prove “if” in the first statement by induction
on n. The case where n < 2 is trivial. Indeed, in this case, myun(D), are all
isomorphic, and D, are all isomorphic as well, for D € ®T'.(¢,h). Suppose
it holds for n — 1. Let D; (resp. D}) be the saturated (p,I')-submodule of D
(resp. of D') of rank n — 1, and C; (resp. C]) be the quotient of D (resp. of
D'), both with the refinement ¢* = (¢1,--+ ,¢,_1). Let .F (resp. F', resp. ¥,
resp. ¢') be the filtration D; C D (resp. D} C D', resp. Ry p(¢nz™) C Ci,
resp. Ry p(¢nz™) C D). As Ker(tp,) = Ker(tp,), we have Ker(tp, #) =
Ker(tp,,#) and Ker(tp,,) = Ker(tp, ) by Corollary 3.32 (2). By (3.51), we
have Ker(tp,,) = Ker(tp; ) and Ker(z’fgl’a) = Ker(tc; ), hence Dy, = Dy, and
(1, = (O], by induction hypothesis.

Let 7 := Tmin(D)s = Tmin(D’),. Let 7~ (resp. 77) be the extension of
Ker(tp, #) ®r Tag(¢p,h) (resp. Ker(tp,¢) ®p mag(¢,h)) by m ,(¢,h) (which
stays unchanged if D, is replaced by D). So % < . Let £ be the kernel of
the following natural (push-forward) map

(3.53)  Exty(mu(¢,h), 77) & Bxt, (mag(¢, h), 77) —» Bxt, (mas(6, h), 7).

We have a commutative diagram of exact sequences (see (2.42) for the bottom

one)
(3.54)
=1 _ = 1 =1
L — Ext, (Walg((z’v h), 77) @ EXta(ﬂ—alg(d’: h), 7T+) — EXto(Walg(¢: h), )
l ! b
=1
»C(Dle,a7cl,a) h ” V(D1,0701,U)0 ” EXta(DayDo)

where the middle (bijective) map is induced by (3.52). We then deduce £ —
L(D,, Dy 4,C, ). Similarly, replacing D, by D!, we obtain £L = L(D,, Dy ,,C ).
Note the middle map in (3.54) does not change when D, is replaced by D! by the
discussion in the first paragraph. Hence £(D,, D, ,,C,,) = L(D.,D;,,C1,) as
subspace of V(D ,,C1,),. But this implies D, = D! by Corollary 2.38 (1). O
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3.2.2. Universal extensions. We give a reformulation of Theorem 3.21 using de-
formation rings of (¢, I')-modules, which will be useful in our proof of the local-
global compatibility.

Let D € ®T',c(¢,h). Note End,r)(D) = E. Let Rp be the universal
deformation ring of deformations of D over local Artinian F-algebras. Let Rp,,
be the universal deformation ring of .7,-deformations of D (i.e. the trianguline
deformations of D with respect to the refinement w(¢)), and Rp, be the uni-
versal deformation ring of de Rham deformations or equivalently crystabelline
deformations. All of these rings are formally smooth complete local Noetherian
E-algebras (using the fact ¢ is generic). See [3, § 2.3.5, § 2.5.3] [54, § 2| for
detailed discussions. For a continuous character § of T'(K), denote by Rs the
universal deformation ring of deformations of § over local Artinian FE-algebras,
which is also formally smooth complete local Noetherian. If § is locally algebraic,
denote by Rs 4 the universal deformation ring of locally algebraic deformations of
0. For a complete local Noetherian F-algebra R, we use mp to denote its maximal
ideal and we will use m for simplicity when it does not cause confusion.

We have natural surjections Rp — Rp., — Rpg, Rs - Rs;4, More-
over, we have natural isomorphisms of E-vector spaces for the tangent spaces
(M. /i, )" = Ext!(D, D) for + ¢ {0,g,w}, (mp,/m3,)" = Hom(T(K), F)
and (mp, /m%, )Y = Homg,(T(K), E). For w € S,, by Proposition 2.10 (2)(3),
the map (2.12) k,, induces a commutative Cartesian diagram (of local Artinian
E-algebras):

Ruygon [m* ——> Rug)en o/ m*

(3.55) { {

Rl)ﬂl,/l‘ll2 — Rqu/m?.

As in the proof of Proposition 3.3 (2), let H (resp. H; = G,,) be the Bernstein
centre over E associated to the smooth representation gy (¢) of GL, (K) (resp.
¢; of K*) (cf. [24, § 3.13]). For w € S, there is a natural morphism 7, :
[T, Spec Hy-1(; — SpecH (see the proof of Proposition 3.3 (2)), which, by
24, Lem. 3.22], induces an isomorphism between completions at closed points.
The completion of []", Spec H,,-1;) at the point w(¢) is naturally isomorphic to
Riyg),g- Let ﬁ¢ be the completion of H at mgn(¢). So J, induces T, : 7-Al¢ =

Ruo).g — Ry )-n,y Where the second map is given by twisting z~% By Lemma
2.11 and Proposition 3.3 (2), the composition

AO = ﬁ¢/m2 —j:—’) Rw(¢)zh7g/m2 — R[)hg/l’(‘l2
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is independent of the choice of w. We let Ap := Rp/m? x Rp.y/m? Ay and
Apw = Rpuw/m® Xy jmy Ao (= Ryg).n/m* by (3.55)). The tangent space
of Ap (resp. Ap,,) is naturally isomorphic to EI(D, D) (resp. EL(D, D)=
Hom(T'(K), E)). We let Z,, be the kernel of Ap - Ap,,. By Proposition 2.12,
the natural morphism Ap — [[,, Ap,w is injective.

Let (¢, h)™Y (resp. m(¢,h)™V) be the tautological extension of
EXté}Ln(K) (ﬂ-alg(qSJ h)a m (¢7 h)) ®E’7Talg(¢, h) (I'GSp. Of Ethlv(ﬂ-alg(qsv h)7 ™ (¢7 h))®E
Tag(¢,h)) by 71(¢,h) (cf. § 3.1.1). For w € S,, denote by 8, := w(¢)z"e™ 06,
and 6"V the tautological extension of ExtlT(K)(éw, dw)®Edy, (2 Hom(T(K), E)®g
dw) by 0.

Lemma 3.35. The induced representation ] (( 5‘““ 15 the universal extension

of maig(, h) ®p Extgy, (i) (Tag(, B), PS1(w(9), b)) by PSi(w(9), h).

Proof. By Remark 3.7, Ig??g;)éﬁvniv is an extension of mye(¢, h)®Mdx+h) hy o
certain subrepresentation V' of PS;(w(¢),h). However, again by Remark 3.7, as
6V is universal, any extension in the image of (3.10) comes from an extension
of Tae(¢, h) by V' by push-forward via V' — PS;(w(¢),h). As (3.10) is bijective
(by Proposition 3.6 (1)), using the surjectivity of the last map in (3.14), we see

V' has to be the entire PS;(w(¢),h). Using again Proposition 3.6 (1), we see

]GLn (K) guniv

B (K) is in fact the universal extension. O

We have hence an isomorphism of GL,, (K )-representations

(356) IGLn K)(sumv @Psl( (6).h) 7T1<¢ h) % W1(¢,h)univ.

B~ (K) w

There is a natural action of Ap,, = R 4).»/m* on 6™V where an element z €

m ~ Hom(T(K), E)" acts via z : 0" — Hom(T(K), E) Qg 0,

w<¢>zh/ Ry(g)zh
O < 5““” Hence I;- GL"(K OV is equipped with an induced R, ()P /mZ%-action.
Similarly (¢, h)"Y is equ1pped with an action of Ap,, given by

(3.57)

xT: 7T1(¢> )umv - EXt (Walg(¢7 h>77rl (¢7 h)>®E7ra1g(¢7 h) i> Walg(¢> ) — M <¢> )umv>

for @ € ma,, /m%, = Hom(T(K),E)" % Extl(mag(¢,h),mi(¢,h))". The

injection IEL?KK) OUY sy 7y (¢, h)univ (mduced by (3.56)) is Ap ,-equivariant.

For a commutative F-algebra A acting on an FE-vector space V', and an
ideal I of A, we denote by V[I] the subspace of V' annihilated by elements in I.
The following theorem is a reformulation of Theorem 3.21.
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Theorem 3.36. There is a unique Ap-action on w1 (¢, k)™ such that for allw €
Sp, we have an Ap ., X GL, (K )-equivariant injection my (¢, h)™Y < (¢, )™V [Z,].

>~

Proof. By Theorem 3.21, we define an Ap-action by letting x € mAD/miD
Ext (D, D) = Extly ) (g (¢, h), m (¢, h))" act via

(3.58)

(¢, )" — Eth(Walg(¢a h), w1 (¢, h))®@pmag (6, h) = Talg(¢, h) = (¢, b))

By definition, the restriction of tp to Extl (mag(¢,h), (¢, h)) coincides with
—1 -1
the composition Ext!(mug(6, h), m (¢, h)) 2 Hom(T(K), E) =2 Ext,, (D, D).

We deduce the action in (3.58) is compatible with (3.57) when x € Ap,, hence
satisfies the properties in the theorem. The uniqueness follows from the fact
71(¢, h)"Y is generated by (¢, h)™V for w € S,,. O

By the construction of 7y, (D), we have:

Corollary 3.37. We have Tyin(D) = 71 (¢, h)™V[ma,].

4. LOCAL-GLOBAL COMPATIBILITY

4.1. The patched setting. Let M., be the patched module of [24, § 2]. Then
o := Hom@" (M, E), equipped with the usual maximum norm, is a unitary
Banach representation of GL, (K) (where K is the field F of loc. cit.), which is
equipped with an action of the patched Galois deformation ring R, = RFD@)@ L5
(where p is “p” and p is the local Galois representation T of loc. cit.). We refer to

24, § 2.8] for details. Let T be the rigid space over F/ parametrizing continuous
characters of T'(K). Let

(4.1) & — (Spf RY)™ x T x (Spf RY, )"

be the associated patched eigenvariety (see [34, § 4.1.2], that is an easy variation of
the patched eigenvariety introduced in [19]), M be the natural coherent sheaf on £
such that there is a T'(K) X Ro-equivariant isomorphism I'(£, M)V = Jg(I1fe—an)
(see [19, § 3.1] for “Ry —an”). Recall a point = (pgp, 0z, m§) € (Spf RY)"& x
T x (Spf R%.)™ lies in € if and only if Homy(x (6., J(ITE=~2")[m,]) # 0 where
m, = (.0, m¥) is the associated maximal ideal of R [1/p].

Let Xi(p) = (Spf R5)"® x T be the trianguline variety [19, § 2.2], and ¢,

tri

be the twisting map (see § 3.1.1 for §5 and 0)

1+ (Spf RE)™ x T (Spf RY)™® x T, (py, x) = (pp xOp(e™" 0 0)).
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Recall (4.1) factors through an embedding (cf. [19, Thm. 1.1]).
(4.2) € — 1,(X(p)) x (Spf RE,)™,

which identifies £ with a union of irreducible components of the latter. Recall
dim XF(7) = n® + dp™ % (cf. [19, Thm. 2.6], where “n®’ comes from the

frarnmtg)

Let p : Galg — GL,(E) be a continuous representation such that p admits
a Galg-invariant Og-lattice whose modulo p reduction is equal to p and that
D := Dyis(p) € PI'ne(¢, h) (¢ generic, h strictly dominant given as in § 2.2). Let

m, C R7[1/p] be the maximal ideal associated to p.

Lemma 4.1. For a continuous character 6 : T(K) — E*, (p,d) € XE.(p) if and
only if § = w(¢)z" for some w € S,.

Proof. The “if” part follows the very construction (cf. [19, § 2.2]). Indeed all
these points lie in the space UZ(p)™® of loc. cit. The “only if’ part follows
from the fact that D is non-critical hence does not admit companion points of

non-dominant weight (e.g. see [20, Thm. 4.2.3], [17, Cor. 6.4.12]). O

Suppose there exists a maximal ideal m® of R [1/p] such that TI.,[m,]®®& £
0 for m; = (m,,m®), the corresponding maximal ideal of R.[1/p]. By [24,
Thm. 4.35], we have Il [m,]'"*s = 7,,(¢,h). By taking Jacquet-Emerton mod-
ules, this implies T, = (24, m?) = (p, 0,05 = w(¢)zPdp(e™! 0 0),m?) € & for
all w € S,,. By Lemma 4.1, these give all the points on £ associated to m,. By
[19, Thm. 2.6 (iii)], Xi;(p) is smooth at the points ¢, ! (#y,e,) and (4.2) is a local
isomorphism at z,,. As (Spf R )" is also smooth at m® (e.g. see the proof of
(33, Cor. 4.4]), £ is smooth at all z,,. By [18, Lem. 3.8] and [24, Thm. 4.35], we
see M is locally free of rank one at all z,,.

Let Rp := Rp®p, RE = RPD (where RE is the framed universal deformation
ring of p of deformations over local Artinian F-algebras). Let R%,w := Rp ®r,,
Rp ., for w € S,, and RD : RD ®r, Rpgy. We have commutative Cartesian
diagrams (see § 3.2.2, in partlcular the discussion below (3.55) for Ap, Ap.w, Ao,
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where m denotes the corresponding maximal ideals):

Ap —— Rp/m?> —— RT /m?

l ! }

(4.3) Apw — Rpu/m? —— R3, /m?

| ! }

AQ — RD7g/m2 — R%g/mQ.

Let a D még be an ideal of R3 such that a/mzg ®my,/m%y, = ng/m?%g
(noting my, /m%  — m g0 /ng). The composition Ap — R%/ng — RB/ais
hence an isomorphism. We use a to denote its image in R%’w and R%,g. By (4.3),
2 2 2 2 2~ 2

a/ng’w Sma,,, /My, — ng,w/mR%’w and a/mRE’g@on/on — ng,g/mRBg
Moreover, the compositions Ap,, < Rp ,/m* - Rp ,/a for w € S,, and Ay —
R%’ J/ m? — R%g /a are all isomorphisms.

Recall the completion of RE[I /p] at p is naturally isomorphic to RE =~ RY
(cf. [48]). Let a C R5[1/p] denote the preimage of a C Rp. Let a, := (a,m?) C
Roo[1/p]. So Tf=—2an[q,] is equipped with a natural Rp/a = Ap-action.

Lemma 4.2. (1) We have %=~ [m | = [12=~0[q J[my4,].
(2) HomGLn (Walg<¢> h’)? Hlozoo_an[ax]) = HomGLn (Walg<¢> h’)7 H&’o_an [mx]) =L

Proof. By definition, a + m4, = mpo hence a, +my, = m,. (1) follows. By [24,
Lem. 4.17], the Rp-action on ITf=~"[a,]"*! factors through R} ,/a. Let oy, be a
smooth irreducible representation of GL, (Of) over E associated to the Bernstein
component of 7y (¢). We have H = Endqr,, (k) (c- 1ndGL"Eg )Osm) (recalling H is

the Bernstein centre associated to mgm(¢)). Consider

M := Homgr, (k) ((c-indG" () ) o) ®p L(V), TTE>7"a,])

= HomGLn(K) (C-lndgizgg;) Osm, (HoRooo—an[ax]lalg QF L()\)V)Sm)

which is naturally an #H-module (with H acting on c- 1ndGL” g) ) Osm). Hence

Homgr,, (i) (Taig (¢, h), [T2==2[q, ]l0lg) = A[my,]. By [24, Thm. 4.19], this H-

action on M coincides with the one induced by ‘H — 7:[\(15 - Ay = Rp /o acting

on ITfe~n[q, e This implies M[my,] = Homar, (k) ((c- 1ndgE” gﬁ() Osm) @F
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LX), ITH=m0]q,]"!8[m 4, ]). However, as ideals of Rp ,/m? we have my, +a=m
hence [T2==a0q, J1al8[m , | = [[Heoman[m Jlale o 7, (4 h) (by [24, Thm. 4.3.5]). So
Mmy,] = E, proving (2). O

For w € Sy, let U = U, x U® C 1,(X(p)) x (Spf RZ)™® be a smooth
affinoid neighbourhood of z,, such that x,, ¢ U for w" # w. Let m,,  be the
maximal ideal of O(U,,) at x,,. As ., is the only point in U,, associated to p (by
assumption and Lemma 4.1), m,,, . C O(U,,) is the closed ideal generated by m, C
RZ[1/p]. Let a D m?  be the closed ideal generated by a C RZ[1/p]. Consider
M;, == M(U)/(a +m¥). By definition, we have a T(K) x R,-equivariant map

(4.4) Mz, — T~ a] 2 Jp(IE ™).

Recall as D is non-critical, the completion of Xi(p) at ¢, ' (2uw,e) is naturally
isomorphic to Rp,. As M is locally free of rank one at x,, we see Mz, =
RE ,/a. In particular, dimg Mz, = 1+ (n + ndg). The T(K)-action on Mjz,
is encoded in the Ap y-action. Indeed, T'(K') acts on the Ap,-module M;, via
the composition:

(45) T(K) — ng(;B/mQ — Rw(¢)zh/m2 = AD,w

where the first map is induced by the universal deformation, and the second is
induced by twisting dp(e~* 0 #) (which corresponds to the twist in ¢,). We equip
Ap . with the T'(K)-action as in (4.5). Then the T'(K')-representation A}, , is just

isomorphic to the universal extension g;ni"(SB (see the discussion below (3.56)).
In summary, we have a T(K) x Ap ,-equivariant isomorphism MY = 62"Vp.

Lemma 4.3. The map (4./) is balanced in the sense of [39, Def. 0.8], hence (by
[39, Thm. 0.13]) induces a GL,(K) X Re-equivariant injection

GL, (K
b IB 5un1v HROO an[ax]

where the Ry -action on IEL?KK)éumV = [GLn ((5unw5 )61 is induced by Roy —
(R%,w/a> RE (Rgo[]_/p]/m@) _> AD,w actmg on (Elvnlv(s '

Proof. The lemma follows by the same argument as in [34, Lem. 4.11], using
Lemma 4.1. O

Lemma 4.4. We have (Im¢,,)[m,] = PS;(w(¢), h).
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Proof. By Lemma 3.35, we have
(4.6) PS; (w(@), h) — I57 oumiv < 1o g, ]

By Lemma 4.2, it sends ma(¢, h) to IIf>""[m,]. By Lemma 4.1 and Lemma
3.2 (1), Homg,, (k) (PS1(w(9), h), Tfe="[m,]) = 0. For any o € m,, the induced
(GL,(K)-equivariant) map [f=~a[q,] & T[f~~21[q ] composed with (4.6) fac-
tors through PS; (w(¢), h) — I1f~~22[m_] (noting a, D m2), hence has to be zero.
So (4.6) has image in TTfe=2"[m,].

By [18, Lem. 4.16] (which directly generalizes to the crystabelline case), we
have (where {—} denotes the generalized eigenspace):

(47)  Jp(IE " [m,])[T(K) = 6,0p] — Jp(ILE™ [m,{T(K) = .05}
which is hencg one dimensional. Indeed, consider the tangent map of U, —
(Spf RY)"& x T at the point @y:

(K1, ko) : T.

Tw,p

U, — T,(Spt RS)™ x Ty, 5, T — Ext'(D, D) x Hom(T(K), E)

(where T, X denotes the tangent space of a rigid analytic space X at a closed
point z). For v € T, Uy, let 5,, be the deformation of D over Ry g e as-
sociated to k1(v). As D is generic non-critical, the global triangulation theory
(e.g. using [5, Thm. 5.3] and an induction argument) implies D, is trianguline
of parameter 0, (1 + xa(v)e). In particular, if xi(v) = 0, then ro(v) must be
zero as well. As M is locally free at z,,, we deduce Jg(ITZ>"[m,])[ms,s,] —
Jp (I~ m,])[m3 5 ], where ms, s, denotes the maximal ideal of O(T) at the
point d,,0p. But this implies Jp(I5>""[m,])[ms,s,] = Jp(IIE """ [m,])[m§ ;5 ]
for all k£ > 1. (4.7) follows.

Now if the injection PSi(w(¢),h) — (Ime,)[m,] is not surjective, by
Proposition 3.6 (1) and Remark 3.7, there exists ¢ € Hom(7T'(K), E') such that

I (w()nz*(1 + ve)) — (Ime,,)[m,]. Hence
5w0p(1 +1pe) — Jp(IIE="2m ) {T(K) = 6,05},
a contradiction. The lemma follows. O

Let 7 be the closed subrepresentation of I1%=~"[q,] generated by Im ¢, for
all w € S,. It is clear that 7 is stabilized by R... In particular, 7 has an induced
Ap-action via Ap = R3/a = Ry [1/p]/a..

Theorem 4.5. We have a GL,(K) X Ap-equivariant isomorphism (¢, h)"™ =
7 (see Theorem 3.36 for the Ap-action on i (p, k)" ).



68 YIWEN DING

Proof. We first show 7 = 71(¢, h)™" as GL, (K)-representation. It is clear that
the irreducible constituents of T are given by m..(¢, h), and all €(I,s;,) (with
multiplicities no less than one, cf. (3.1)). By Lemma 4.1 and Lemma 3.2 (1),
Homgr,, (1) (€' (1, si,p), 2" [a,]) = 0. Together with the fact 7#& = 7, (¢, h)
by Lemma 4.2 (2), we see socgr,, (k) T = Tag(¢, h). It is also clear from the defi-
nition that all €' (1, s; ) lie in the socle of 7 /m,4(¢, h), hence all have multiplicity

one by Lemma 3.5 (1). These together with ]gLE’KK)éumV C 7 for all w, imply

7 2 (¢, b)Y, |
We equip m(¢, h)"™" with an Ap-action induced by the Ap-action on

7 (induced from R.). By Lemma 4.3, the composition ]gLE‘KK)5“mV — T X

71(¢, h)"" is then Ap-equivariant hence factors through an Ap ,-equivariant in-
jection IEL?K (5“““’ — 71 (¢, h)"™V[Z,] (recalling Z, is the kernel of Ap — Ap ).
By Theorem 3.36, we see this (global) Ap-action coincides with the one given
there. This concludes the proof. O

Together with Corollary 3.37, Lemma 4.2 (1), we get

Corollary 4.6. We have a GL,(K)-equivariant injection
(4.8) Tunin(D) = mi(¢, h)"™ [ma,] 2 Flma, ] — T[] [mp] = I [m,].

Remark 4.7. By [21, Thm. 5.12], mae(¢, h) — IH""[m,] uniquely extends
to w(¢, h) — TMf~—anlm ] Using (5.44), we deduce from (4.8) an injection
(D) > T [m ] Remark that (D) should still be far from the entire
[[Ree=an[m,].

Corollary 4.8. The representation my, (D) is the mazimal subrepresentation of
[THee=m[m,] given by extensions of mag(d, h) by m1(¢, h).

Proof. Let V be an extension of m,,(¢, h) by 71 (¢, h) contained in IT%=~"[m,] C
[THe=20[q,]. If V is not a subrepresentation of 7, then V @y, (5 7 < [IE="2"[a,].
As 7 is isomorphic to the universal extension of 71 (¢, h) by ma. (¢, h), this implies
dimp Homgr,, (5 (Taig (¢, h), ITE="2"[a,]) > 2 contradicting Lemma 4.2 (2). So
V C NIl m,] = 7[m,] = 7[ma,] = Twin(D). O

By [20, Thm. 5.3.3] (for the crystalline case) and [17, Thm. 1.3] (for the
crystabelline non-crystalline case), the information that D is non-critical can be
determined by ITf~~2"[m_ ]. By Corollary 4.8, Theorem 3.34, we then obtain

Corollary 4.9. Keep the situation, then I1E~=2"[m ] determines {Dy}ses, for
D = Dyix(p). In particular, when K = Q,, it determines p.
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4.2. Some other cases. We discuss the local-global compatibility in the space
of p-adic automorphic representations for certain definite unitary groups (with
fewer global hypotheses than §4.1).

4.2.1. Some formal results. We first discuss some corollaries of the results in § 3.2.
Let D € ®T',.(¢,h) and Ext;(D, D) be a certain subspace of Ext'(D, D). For
w € Sy, set Exty,, (D, D) := Exty(D, D)NExt, (D, D). We assume the following
hypotheses.

Hypothesis 4.10. (1) Exty;(D, D) N Ext,(D, D) = 0.
(2) For w € S,, dimg Exty, (D, D) = nd.

Corollary 4.11. The natural map @yes, Ext&w(D, D) — Ext(lj(D, D) is surjec-
tive, and dimg Exty; (D, D) = @dﬁ

Proof. We have a commutative diagram

Dues, Exty, (D, D) » Extj;(D, D)

I I

Bues, Ext,, (D, D)/ Exty(D, D) — Ext'(D, D)/ Ext,(D, D)

where the vertical maps are injective by Hypothesis 4.10 hence the left one is
bijective by comparing dimensions (cf. Proposition 2.10 (1)), the surjectivity of
the bottom map follows from Proposition 2.12. We deduce the top and right maps
are also surjective. The second part follows then by Proposition 2.10 (1). O

Denote by Exty,(mag(¢, h), m1(¢,h)) the image of the composition (see
(2.15) and (3.17)): Exty,, (D, D) < Ext,, (D, D) 2225 Fxct! (mag(6, h), m (¢, b)),

~

where the injectivity of the first map follows from Hypothesis 4.10 (1) (recalling
Exto(D, D) C Ext;(D,D)). Denote by Exty (mag(¢, h),m1(¢,h)) the subspace
of ExtéLn(K)(ﬂalg(qﬁ, h), 71 (¢, h)) generated by Exty,(mag (¢, h), (¢, h)) for all
w € S,.

Corollary 4.12. (1) The map tyn @ Buwes, Exty,(Tag(d, h), (¢, b)) =
Duwes, Exty (D, D) — Exty (D, D) (uniquely) factors through a surjection

tpu : Exty(Tag(@, h), m1(6, h)) — Extj(D, D).

(2) We have Kertpy = Kertp (cf. (5.39)).
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Proof. We have a commutative diagram

=1 ((w ORay, )
Do Extyr,, (D, D) > ®uwBxty (D, D) ==+ @u Exty (Tag (¢, h), 71 (¢, h))

(4.9) L l l

=1 t
Exty; (D, D) ——— Bxt (D, D) 4555 Extgy () (Talg(6, h), m1(6, h).

By (4.9), tp,v = tD|Ext] (ruy(6.0),m (on)) Satisfies the property in (1). We have
(4.10) Kertpy = Kertp N Exty (mag(¢, h), m (¢, h)) C Kertp.

Denote by Ext(mag(é,h), PSi(w(¢),h)) the image of the composition

Ext},, (D, D)= Hom(T(K), E) 22 Extly (T (6, h), S (w(g), b)), which

has dimension ndy by Hypothesis 4.10 (2). By (3.14), we have an exact sequence

(4.11) 0 — W — Extyr(maig(¢, h), PSy(w(¢), h)) — @iz1,... n_1 Ext' (ma5(¢,h), € (w(9), 51.0)),
oEYX K

where W is a subspace of ExtéLn(K) (Taig (¢, h), Tae (¢, h)). By Hypothesis 4.10

(1) ((2.15) and Proposition 3.3 (1)), W N Extllalg(ﬂalg(gb, h), mae(¢,h)) = 0. So

dimp W < (n+dg) —n = dg. By comparing dimensions, the last map in (4.11)

must be surjective and dimp W = dy. Similarly by (3.12), Ext};(mag (¢, h), 71 (¢, h))

lies in an exact sequence
(4.12)
0— W/ — EXt%](Tralg(@é, h): 1 (¢, h)) — D i=1,--- n—1,0e¥k EXt%}Ln(K) (ﬂalg(¢7 h)» cg(L 5i,0))7
IC{1, m—1} #I=i

where W' O W is a subspace of ExtéLn( ) (Talg (@, ), mag (¢, h)). By the surjectiv-
ity of the last map in (4.11) and varying w (see also the proof of Proposition 3.8),
the last map of (4.12) is surjective as well. Hence dimpg Ext%,(walg@7 h), m (¢, h)) >
dg + (2" — 2)dg. As dimg Ext;(D, D) = @d;( by Corollary 4.11, we see

dimg Kertpy > (2" — @ — 1)dg = dimg Kertp. By (4.10), (2) follows. O

We set (¢, h)™ (resp. mi(¢,h)ay) to be the tautological extension
of Exty(mag(¢,h), (¢, h)) @5 mTag(¢,h) (resp. EXt%J,w(Walg(¢7 h), m1(¢,h)) ®p
Tag(¢, h)) by m(o,h) (cf. § 3.1.1). Let Apy (resp. App.) be the quotient
of Rp/m? (resp. Rp,,/m?) associated to Extj (D, D) (resp. Exty,(D,D)). Let
Ay, be the quotient of R,).n/m? associated to the image Exty (w(¢)z", w(e)2")
of Ky : Exty (D, D) — ExtlT(K)(w(qﬁ)zh, w(¢)z")( = Hom(T'(K), E)). The map

k. then induces a natural isomorphism of Artinian E-algebras:

(4.13) Avw — Apuw-
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Recall §,, = w(¢)z"(e7! 0 §). We equip Ay, with the T'(K)-action via
T(K) — R(sw/l'('t2 = Rw(¢)zh/m2 — AU,w

where the middle isomorphism is induced by twisting by e7! o #. The T(K)-

representation Ay, is isomorphic to the tautological extension 6 of Exty; (8,, 64) @

8, by 64, where Extl(8,,8,) consists of characters &, over E[¢]/e such that

dw(e00) € Extl (w(¢)z", w(¢)zP). Reciprocally, the T'(K)-representation ophy is
equipped with a natural Ay ,-action (hence an Ap y,,-action via (4.13)) as in the
discussion below (3.56) (identifying the tangent space of Ay, with a subspace of
that of Rs,). Note the natural map E[T(K)] — Rj,/m? is surjective. Thus the

action of T'(K) and Ay, actually determine each other.

Consider IEE?%()E}}“I‘U" By similar arguments as in the pfoof of Lemma
3.35 and (the surjectivity of the last map in) (4.11), Igljzf({})()éi}%v is isomor-
phic to the universal extension of ., (¢, h) ®p Exty (mae(é, h), PSi(w(¢), h)) by
PSi(w(¢),h). Moreover, similarly as in the discussion below (3.56), we have a
GL,(K) x Apy.-equivariant injection Iglj’&(f){)é}}%" — (¢, ), where the
Ap w-action on the left hand side is induced by its action on 0ffy as discussed
in the precedent paragraph and the Ap y,-action on the right hand side is given
in a similar way as in (3.57) (using also (4.13)). The following corollary follows
by similar arguments as in Theorem 3.36 and Corollary 3.37.

Corollary 4.13. (1) There is a unique Apg-action on (¢, k)i such that
for allw € S, there is a GL,(K) X Ap y.-equivariant injection m (¢, h){ay —
7T1(¢7 h)l[l]mv [Iw] . )

(2) We have m1(¢, b)Y [ma, ] = Tmin(D).

4.2.2. Local-global compatibility. We prove a local-global compatibility result in
a non-patched setting. We briefly introduce the setup and some notation.

Let F/F* be a CM extension and G/F* be a unitary group attached to the
quadratic extension F//FT (e.g. see [3, § 6.2.1]) such that G X p+ F = GL,, (n > 2)
and G(F* ®gR) is compact. For a finite place v of F* which is split in F and ¥
a place of F' dividing v, we have isomorphisms ¢ : G(F,") = G(F;) = GL,(F5).
We let S, denote the set of places of F'* dividing p and we assume that each
place in S, is split in F. For each v € S, we fix a place v of F' dividing v.

We fix a place g of ' above p, and set K := Fg = F;. We have thus an

isomorphism G(F;f) = GL,(K). For each v € S, v # g, let £, be a dominant
weight of Resg’ir GL,, and 7, : I+ — GL,(E) be an inertial type. To 7,, one
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can associate a smooth irreducible representation o(7,) of GL,(Op+) over E (see
for example [24, Thm 3.7]). Let We, be a GL,(Op+)-invariant Op-lattice of the
locally algebraic representation o(7,) ®g L(&,) (see also [24, § 2.3]).

Let U = UPUY = [1,4, U X [],es,\ o) Un be a sufficiently small (cf. [28])
compact open subgroup of G(AZ”) with 15(U,) = GL,(Op+) for v € S, \ {p}.
We also assume that U, is hyperspecial if v is inert in F. Let S be the union of
S, and of the places v ¢ S, such that U, is not hyperspecial.

For k € Z>, and a compact open subgroup U,, of G(OFJ), consider the
Op/wg-module S¢ (U Uy, Op/wy) = {f : GIFN\G(AF.) = We./@p | fgu) =
uf(g), Vg € G(A,),u € U°U,} where UU,, acts on W, /wh, via U?U,, —
[Toes,\ oy Uv- Put

Ser(U%, Op) i=lim 8¢ (U, Op/w}) = limliny Se - (UUy, Op/wh),
k k Ug

and §§7T(U§’, E) = gg,T(UP, Of) ®o, E. Then §§,T(U", FE) is an admissible uni-
tary Banach representation of GL,, (K'). Recall that S¢ . (U¥, E) is equipped with
a natural action of T(U¥®) commuting with GL,,(K), where T(U*) is the polyno-

mial Og-algebra generated by Hecke operators: Tg(j ) = |:Uvbf5 ! (1’6_j wE)l ) Uy],
vig

for v ¢ S which splits to v0¢ in F and j = 1,--- ,n, where wy is a uniformizer of
F5.

Using Emerton’s method [40, (2.3)], one can construct an eigenvariety
E(U?) from JB(§§,T(U§’, E)®an) " There is a natural morphism of rigid spaces
k : E(U?) — T. The strong dual JB(§§,T(U@, E)& =)V gives rise to a coherent
sheaf M(U¥) over £(U®). An E-point of £(U®) can be parametrized by (J,w)
where § is a continuous character of T'(K), and w is a morphism of E-algebras
T(U®) — E which corresponds to a maximal ideal m, of T(U®). Moreover,
(0,w) € £(U?) if and only if Homyp (0, JB(§§7T(U@, E)%~an[m 1)) # 0. Recall a
point (0,w) € E(U?) is called classical if Hompg (0, JB(§§,T(U@, E)4&[m,])) # 0.
In fact, by [15, (6.3)], such points are associated to classical automorphic repre-
sentations. Note also if (§,w) is classical, then ¢ is locally algebraic hence has
the form dgmdalg, Where d,, is an algebraic character of T'(K). We call a classical
point (6, w) generic if dandz'| - | 0 0 =: (¢}) is generic, i.e. ¢f(¢})" #1,]- |k for
i#j.

The following proposition is well-known.

Proposition 4.14. (1) E(U®) is equidimensional of dimension ndy.

(2) The coherent sheaf M(U®) is Cohen-Macaulay over E(U?).
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(3) E(U?) is reduced.

Proof. By [15, Lem. 6.1], for a compact open subgroup H of GL,(Of), we have
§§7T(U9,E)|H ~ C(H, E)®* for some s > 1 (where C(H, E) denotes the space of
continuous functions on H). (1) (2) then follows verbatim from [19, Lem. 3.10,
Prop. 3.11, Cor. 3.12|[18, Lem. 3.8], applying [19, § 5.2] to IT := §§,T(UP, E)Q—an,
(3) follows by the same argument as in [26, Prop. 3.9] (see also [19, Cor. 3.20]).

U

Let F° be the maximal algebraic extension of F unramified outside the
places dividing those in S, and Galgg := Gal(F°/F). Let p : Galpgs — GL,(E)
be a continuous representation satisfying p¢ = p¥®@ge! ™" where p°(g) := p(cgc) for
g € Galp g with ¢ being the complex conjugation. To p, one naturally associates a
maximal ideal m, of T(U®) generated by ((—1) (#kz)10-D/2T) — a9y where ky
is the residue field of Fy, and the characteristic polynomial of p(Frobg) (for a geo-
metric Frobenius Frobg at #) is given by X" 44" X" 14 .+a" VX 4a!" . Let w,

denote the morphism T(U®) — T(U?)/m, = E. Assume Se. (U, E)'8[m,] # 0
and D := Dy,(pg) € Pl'ue(¢,h) (with ¢ generic, and h strictly dominant, cf.
§ 2.1), where py, := p|Gal,, for a place w of F. There exists hence r € Z>; such

that (e.g. by [2, Thm. 1.1] and [15, (6.3)])
)

(414 7Talg,‘(¢: h>®r _N_) §§7T(U‘O> E) [mp]lalg'

Taking Jacquet-Emerton modules, we see z,, := (0,05,w,) € E(U?) for w € 5,
(with &, = w(¢)z®(e7! 0 #)). Moreover, similarly as in Lemma 4.1, using the
global triangulation theory (cf. [47][52]), (6,w,) € E(U¥) if and only if § = §,,05
for some w € S, (cf. [12, Prop. 9.2]).

Let Ext;;(p, p) be the subspace of Extéalpys(p, p) consisting of p such that

p° = pY@ge' ™. Forv € S,, we have a natural map Ext((p, p) — Exté, (05, 05)-
Set
Ext;’sp\{p}(p, p) == Ker [ Extj(p, p) — H Extéal% (pz, pg)/Ext;(pg, 7))
veSp\{p}

Let Exty;(D, D) be the image of the subspace Ext;’sp\{p}(p, p) via Extj;(p, p) —
EXt\%}alF~ (:057 p@) = Eth(Dv D)
©
We make the following vanishing hypothesis on the adjoint Selmer group:

Hypothesis 4.15. Suppose the composition Ext;Sp\{p}(p, p) — Ext'(D,D) —
Ext'(D, D)/ Ext, (D, D) is injective. In particular, Exty,(D, D)NExt}(D, D) = 0.
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Remark 4.16. Hypothesis /.15 is known to hold in many cases, see [1, Thm. A]
(19, Cor. 4.12] [55, Thm. A].

Let R, be the universal deformation ring of deformations p4 of the Galg g-
representation p over local Artinian E-algebras A satisfying p = pY Qg '™
Note R,y exists as Endgay,s(p) < End(D) = E. Let a, D m%pU (resp. ap D

m3, ) be the ideal associated to Ext;Sp\{@} (p, p) (resp. Exty; (D, D)). By Hypoth-
esis 4.15, Extgli,sp\{p}(p, p) = Extj(D, D). The natural morphism Rp — R,y

induces hence an isomorphism (of local Artinian E-algebras) Apy = Rp/ap —
Ryu/a,. Let pgr, . /q, be the universal deformation of p over R,y /a,. We have
a natural morphism T(U®) — R,y /a, sending T to (—1)7 (#ky)90-D/2GY)
where 5(5j) €ER,p/a, j=1,--- n satisfy that the characteristic polynomial of
PR,y /a,(Frobg) is given by X" 4 a Dxn—14 ... 4 a@ VX +3 ~(n Let ar be its
kernel. The induced morphism ']I‘(U ©)/ar — prU /a, is an 1somorphism. Indeed,
it suffices to show the morphism sends m, onto mpg, ,/a,. Consider the univer-
sal representation p of Galpg over R,;/m,. By the definition of the morphism,
we deduce the associated pseudo-character tr(p) takes values in E. This implies
tr(p) is a trivial deformation of tr(p). As p is absolutely irreducible, deforming
p is equivalent to deforming tr(p) (cf. [56, Thm. 1]). We deduce p is a trivial
deformation of p hence m,(R,v/a,) = mg,,/a,.

Proposition 4.17. Assume Hypothesis /.15 and p is absolutely irreducible. Then
E(U®) is smooth at z, for allw € S,. Moreover, Exty;(D, D) satisfies Hypothesis

4.10 (1) (2).

Proof. There is a natural family of Galp s-representations on £(U¥). We quickly
recall some of its properties that we need. Let X C &£(U®) be a sufficiently
small affinoid neighbourhood of z,, such that z,, ¢ X for w’ # w, and that
the generic classical points are Zariski dense in X. Recall to each classical point
z € X, we can associate an n-dimensional continuous representation p, of Galg g,
hence an n-dimension pseudo-character of Galpg. By [25, Prop. 7.1.1}, there
is a pseudo-character Tx : Galps — O(X) interpolating those associated to
the classical points. By [4, Lem. 5.5] and the assumption p is absolutely ir-
reducible, shrinking X if needed, Tx gives rise to a continuous representation

x : Galps — GL,(O(X)) satisfying that for all points z € X, p, = z*px is ab-
solutely irreducible. Let dx = (0x1, -+ ,d0x.,) : T(K) — O(X)* be the natural
character associated to k. Let Rk x be the relative Robba ring over O(X) for K
(cf. [47, Def. 2.2.2]). By shrinking X if needed, px has the following properties:

(i) p§ = px ®pe' ™
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(ii) For v € S, \ {p}, pxw is de Rham of Hodge-Tate weights &, — or.
(ili) The (¢,I')-module Diig(pxs) over Ry, x is isomorphic to a successive
extension of the rank one (¢, ')-modules Ry x(0x4| - [2 "TVel=i) (cf.

[47, Def. 6.2.1]) for i =1,--- ,n.

(i) follows easily from the fact that for all the classical points, p¢ = p,®@ge!™". For
a place v € S, \ {p}, p. is de Rham (of inertial type 7,) of Hodge-Tate weights
€, — 05 for all classical points z. (ii) follows then by [8, Thm. B]. Finally, as
D := Diig(ps,) is non-critical and (¢-)generic, by [5, Thm. 5.3] (and an easy
induction argument), (iii) follows (by shrinking X if needed).

Let T, be the tangent space of £(U®) at the point z,. By (i), we have
a map 1., — Extj;(p,p), sending t : Spec E[e]/e> — X to t*px. Denote by
Koy o Ty — ExtlT(K)(éwég, d,0p) the tangent map of E(U?) — T at Zu-

Claim. The induced map f., : T., — Ext;(p,p) is injective and has image in
Exty s,\(0} (0, 9):

Let v be in the kernel. So v*px = p ® p. This implies the composition
T(U*) — O(X) = Ele]/e? factors through m,. However, by (iii), k., (v) (as a
character of T(K) over Ele]/€?) is a trianguline parameter of the (¢, T')-module
Diig(v*px) over Ry giaje- Hence k., (v) = 0. But by the construction of £(U¥?),

T(U®) ®@g E[T(K)] is dense in O(X), hence the map T, RECTLETN Exty (p, p) x

Ext%p(K)(éw(SB, dw0p) is injective. We deduce v is zero. The second part of the
claim follows from (ii).

By (iii), the composition fp : T., — Exty(p, p) — Ext!(D, D) has image
in Ext. (D, D) hence (by the claim) in Extaw(D, D). Together with Hypothesis
4.15, we deduce dimp T%,, < dim Exty,, (D, D) < dimg Ext},(D, D)/ Ext (D, D) =
ndi. As dim E(U¥) = ndg, we see z, is a smooth point and dimg Exty; (D, D) =
ndg. This finishes the proof. O

By Proposition 4.14 (2), Proposition 4.17 and (4.14), M is locally free of
rank 7 at each z, for w € S,,. Let X be a sufficiently small smooth affinoid
neighbourhood of z,, and m,, C O(X) be the maximal ideal associated to z,.
We use the notation of § 4.2: Ap y, Ap vw, Avw etc. By the proof of Proposition
4.17, the composition Apy. < Apy = Rp/ap = R,y/a, - O(X)/m? is
an isomorphism (where the last map is obtained by sending an element in the
tangent space of X at z, to the associated Galpg-representation). The map
Avw = Apuw — O(X)/m?  coincides with the natural map induced by &, and
the map T(U*)/ar = R,v/a, - O(X)/m2  coincides with the one induced by
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T(U®) — O(X). We deduce a T(K) x Ap ,, y-equivariant injection
(415) Gy & (M/w2,)Y — Jp(Se, (U, B)g ") ar] LJ{T(K) = 0},

where the Ap , y-action on the left hand side is given as in the discussion below
(4.13) and it acts on the right hand side via Ap.,uv = Apvu/Zy « Apu =
Rpy/a, = T(U®)/ap. Note as in the discussion below (4.13), the action of
Ap o and T(K) determine each other. Similarly in Lemma 4.3, the map (4.15)
is balanced and induces (by [39, Thm. 0.13]) a GL,(K) X Rp ., y-equivariant
injection

GLn (K) Suniv\®r a Qp—an
(4.16) bt (Tt OE ) — Se (UP, E)3* ™" [ar].

Let 7 be the closed subrepresentation of §§7T(U e, E)g”_an[aT] generated by Im ¢,

for all w. Note 7 inherits from S’\g,T(UW, E)g”*an[a;p] a (global) Apy (& T(U®)/ar)-
action.

Theorem 4.18. Suppose Hypothesis .15 and p is absolutely irreducible. We
have a GL,,(K) x Ap i -equivariant isomorphism 7 = 7, (¢, h) ;™" (cf. Corollary
4.13). Consequently, we have Ty (D)®" — S (U?, E)&~[m ].

Proof. We first show 7 = 7, (¢, h)jr"™"®" as GL,,(K)-representation. By (4.16) and
similar arguments as in the proof of Corollary 4.4 (or using the same argument as
in the proof of [21, Thm. 5.12]), the injection T (¢, h)®" — §57T(UW, E)—an[m ]
extends uniquely to an injection (¢, h)®" — §§7T(Up, E)®~an[m . Note that
Im ¢, N7 (P, h)®" = PSy(w(¢), h)® (by the same argument as in the proof of
Corollary 4.4). As in the proof of Theorem 4.5, 7 is isomorphic to an extension of
certain copies of (¢, h) by 71 (¢, h)®". Using (4.14) (4.16) (and the structure
of 1 (¢, h)#), it is not difficult to see @ has to be isomorphic to 7 (¢, h)j ",

For the compatibility of the Ap ;-action, it suffices to show any injection ¢ :
T (¢, h)IY — Se (U, B)%~[ay] (extending (¢, h) < Se (U9, E)%&—a[m )
is Ap y-equivariant. As (¢, h)i"Y is generated by Ig%?g)()g}f;", it suffices to
show the restriction of ¢ to Ig%?l((l){)glujnju" is Ap y-equivariant. The restriction of ¢

to ISEE‘I((I){)SI‘}“;}V corresponds to a unique 7'(K)-equivariant injection

(4.17) Sy s Jp(Se(U”, E)%[a,)).

w

Its image is clearly contained in the image of (4.15) (by the definition of M).
However, any T'(K )-equivariant injection 0p/%'dp < (0f 05)%" has to be Ap y.-
equivariant (by the discussion below (4.13)), so is (4.17). Thus ¢| cL.) sy 18

5univ
B—(K) Uw
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Ap vw-equivariant for all w, so ¢ is Ap p-equivariant. The second part follows
from Corollary 4.13 (2). O

Remark 4.19. By the same argument as in the proof of [21, Thm. 5.12], the
injection Tag(¢, B)¥" — §§7T(UW,E)QP*a“[mp] uniquely extends to w(¢p, h)¥" —
§§7T(UW,E)@P’an[mp]. Similarly as in Remark /.7, we see the injec-
tion Tmin (D)% — §57T(U@,E)Qp_an[mp] (in Theorem 4.18) extends uniquely to
7 (D) > Sen(UP, B)S[m,

By similar arguments as in Corollary 4.8 (replacing Lemma 4.2 (2) by
(4.14)), we have:

Corollary 4.20. The representation my, (D)% is the mazimal subrepresentation
of Se-(U?, E)=0[m | which is generated by extensions of Tae(9, k) by 71 (9, h).

The information that D is non-critical can be read out from §§7T(U © E)m,]
by [12, Thm. 9.3]. Together with Corollary 4.20 and Theorem 3.34, we get:

Corollary 4.21. For D' € O, (¢, h), mmin(D’) — §§,T(UW,E)[mp] if and only
if DI = D, for all 0 € Yg. In particular, when K = Q,, the GL,(Q,)-
representation Se . (U?, E)~[m,] determines pg.
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