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Abstract

Let p be a prime number, n an integer > 2 and p an n-dimensional automorphic
p-adic Galois representation (for a compact unitary group) such that r := p| al(@;/Qp)
is crystalline. Under a mild assumption on the Frobenius eigenvalues of D := Dis(r)
and under the usual Taylor-Wiles conditions, we show that the locally analytic rep-
resentation of GL,,(Q,) associated to p in the corresponding Hecke eigenspace of the
completed HC contains an explicit finite length subrepresentation which determines
and only depends on r. This generalizes previous results of the second author which
assumed that the Hodge filtration on D was as generic as possible. Our approach
provides a much more explicit link to this Hodge filtration (in all cases), which allows
to study the internal structure of this finite length locally analytic subrepresentation.
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1 Introduction

We fix a prime number p and an integer n > 2. Let L be a number field, v a finite place
of L and (Syvu,)u,ca(r,) @ tower of Shimura varieties over L with fixed prime-to-v level U?,
where L, is the completion of L at v. Let d be the common dimension of the Sy»ry, and
assume G(L,) = GL,(L,). Let p, be an irreducible Galois representation associated to some
automorphic representation 7w of G(Ay) and assume that U" is small enough so that the
Hecke eigenspace

ling H ey (Svov,, @p) ] (1)
Uy

associated to 7 is non-zero. It is expected, and now established in many cases, that is
a direct sum of finitely many copies of m,, the v-factor of the automorphic representation
7, which is a smooth irreducible representation of GL,(L,) corresponding to (the F-semi-
simplification of) the Weil-Deligne representation WD (pr ,) associated to pr == prlgazs/L.)
by a suitable twist of the local Langlands correspondence for GL,(L,). Here, to define
WD(px.) one distinsguishes two cases. If v{p then WD(p,,) was defined by Deligne a long
time ago in [De73]. If v | p, then WD(p,,) was defined by Fontaine a little less time ago
in [Fo94]. One key difference is that, while in the former case WD(p,,) (hence m,) and
prv contain essentially the same data, in the latter case an important piece of data is lost
when going from p,, to WD(p,,) or equivalently m,: the Hodge filtration on Dagr(px») =
(Bar ®q, ) S8 Ee/E0) which, roughly speaking, is the true p-adic part of p,,. Where did
that Hodge filtration go on the GL, (L, )-side?

From now on we assume v | p. In practice, it is convenient to replace @p in 1’ by
a sufficiently large finite extension E of QQ, (depending on 7). To get the missing Hodge
filtration, it is expected that one should replace by the Hecke eigenspace

H(Sy», E)[n] (2)

of the (so-called) completed cohomology group H 4(Syv, E) as defined in [Em01]. This is a
p-adic Banach space over E endowed with a continuous action of GL,(L,). When d = 0 or
d = 1, which are in practice the main cases where the GL, (L, )-representation has been
seriously studied so far, H 4(Syw, E) is just the p-adic completion of hﬂ HE ...(Spey,, E) with
respect to its invariant lattice h_n>q HE ...(Spev,, O). In these cases, the above expectation is

a theorem in various situations and under various assumptions on G, L or p,, notably (the
following list is not exhaustive): G = GLy and L = Q ([Brl0], [Col0], [Em10], [CDP14],



[IDLB17], [Pa25]), G is a quaternion algebra, L is totally real and p,, is semi-stable non-
crystalline ([Dil3]), G is a compact unitary group in 3 variables, L is totally real, L, = Q, and
Pr.v 18 semi-stable non-crystalline with Hodge-Tate weights (2, 1,0) ([BD20]), G is a compact
unitary group, L is totally real, L, = Q, and p,, is crystalline with a very generic Hodge
filtration on Dagr(px») (JDi25]), G is a unitary similitude group in 2 variables, L is CM and
pr.w 18 potentially semi-stable non-crystalline of parallel Hodge-Tate weights (1, 0) (JQS25]).
Except when (G, L) = (GLg, Q) (where a lot is known), the continuous G(L,)-representation
(2) remains a mystery, and the strategy in the above cases is to show that it contains an
explicit finite length locally Q,-analytic G(L, )-subrepresentation which “contains” the Hodge
filtration on Dag(px.v)-

One breakthrough of [Di25] is that it has no restriction on n and it concerns the crystalline
case (which is somehow the first case one wants to treat). However it assumes that the Hodge
filtration on Deyis(prn) = (Beris ®q, pr0) @/ is as generic as possible (precisely: all
refinements are non-critical), which is a quite strong assumption. The aim of the present
work is twofold:

(i) remove this genericity hypothesis on the Hodge filtration;

(ii) give a more explicit construction of the (not so explicit) finite length locally Q,-analytic
subrepresentation in [Di25] which allows a much better understanding of its internal
structure, in particular of its link to the Hodge filtration.

Recall from [BHS19] that allowing non-generic Hodge filtrations causes the appearance of
new constituents in the GL,(L,)-socle of called companion constituents. Hence the
present work can also be seen as a sequel to [BHS19] as we use this socle and go beyond it
(though eventually we only need companion constituents associated to simple reflections).
We now give with more details the results of this work.

We fix G a unitary group in n variables over a totally real number field F'* such that G
splits over an imaginary quadratic extension F of F* and is compact at all infinite places
of F'* (in particular we have d = 0). We assume that all p-adic places of F'* split in F.
We now write o for the above place v |p and do not assume anything on the field F,}. We

choose a place { of F' above g which determines an isomorphism G(F)) = GL,(F) =
GL,,(F5). In that situation H°(Sye, E) is the Banach space S(U®, E) of continous functions
G(F\G(AY,)/U® — E with continuous action of GL,(F) by right translation. For

technical reasons, instead of S (U%, E) for U? sufficiently small, it is more convenient to set
US = UP [, pvsp GLn(Op+) with U? sufficiently small and use the p-adic Banach space

S, (U, E) = (S(U”, E) ®p (Qujpurppo(7,)")) Hewse o)

where o(7,) is a fixed GL,(Op+)-type at v, see (170) (in the paper we also fix distinct
arbitrary Hodge-Tate weights at v | p, v # g, see loc. cit., we ignore this in the introduction).



We fix 7 an automorphic representation of G(Ap+) such that S, (U, E)[x] # 0, p, is
absolutely irreducible and p, 5 is crystalline. We write K := F, g = F5, [ the degree over
I, of the residue field of K, r := p, 5 (= Pw|Gal(T5/F§)) and D := Dg;s(r) which is a filtered
¢-module. For each embedding o : K — E (assuming E large enough), the extension of
scalars ®k ,F gives a filtered ©f-module D, of dimension n over E. We let {©0, -, ¢Yn-1}
(arbitrary numbering) be the eigenvalues in E of the Frobenius ¢/ on D, (increasing F if
necessary), which do not depend on 0. We require the following mild genericity assumption
on the p;: pjport & {1,p'} Vi # k. Let S.(U?, E)[x]% be the locally Qp-analytic vectors
of the continuous representation S, (U, E)[x]. One of the main results of this work is:

Theorem 1.1 (Corollary . Assume the Taylor-Wiles assumptions (see Hypothesis
. The isomorphism class of the locally Q,-analytic representation §T(U@, E)[m]%-an,
hence also the isomorphism class of the continuous representation §T(U", E)[r], determine
the isomorphism classes of all the filtered ©f -modules D, for _all embeddings o. In par-
ticular if K = Q, the representations S,(U®, E)[r|%® and S,(U?, E)[x] determine the
Gal(Q,/Q,)-representation 1 = p, 5.

It is very likely that the locally Q,-analytic representation §T(U ¢ E)[r]%a completely
determines the full filtered ¢-module D (with its filtration on D ®q, K) when K # Q,,
and thus the Gal(K /K)-representation r, but this seems much harder and is currently not
known even for n = 2. The proof of Theorem consists in finding an explicit finite length
subrepresentation of S, (U#, E)[r]% 2" which we can relate to the Hodge filtration on the D,.
We describe this subrepresentation and its properties below when K = Q, (for simplicity).

The locally Q,-algebraic vectors of S.(U?, E)[x]% are of the form (Talg(D) @pen1t)em
where 7o, (D) is the irreducible locally Q,-algebraic representation of GL,, (K') over £ associ-
ated to the p-module D and its Hodge-Tate weights by the local Langlands correspondence
(see (21))), m is an integer > 1, ¢ the p-adic cyclotomic character and ®ge™! is short for
®@pe" lodet (¢ is seen as a character of K* via local class field theory). The representation
(Talg(D) @ e"1)®™ does not see the Hodge filtration on Dygr (D). It is natural to look for
the latter in S, (U#, E)[x]%* which is known to be strictly larger than (Trag(D) @ e~ 1H)®m
(see for instance [BH20, Thm. 1.1} or [BHSI9, Thm. 1.4]). Unfortunately the results of
loc. cit. still do not produce a subrepresentation of §T(U ¢, E)[r]% 3 which determines the
Hodge filtration (except when GL,(K) = GL2(Q,), which is a quite special case).

During many years the first author looked for possible extra constituents
in S.(U?, E)[x]%* likely to determine the missing Hodge filtration, without success. In
[HHS25], the authors made the remarkable discovery that, when n = 3 and r is split reducible,
§T(U ¢ E)[r]% 2 contains a copy of T (D) ®g ™! which is not in its socle. Very recently,
one of us discovered in [Di25] that, at least when all refinements on D are non-critical for
all embeddings K < FE (recall a refinement is an ordering on the set {yq,...,¢,_1}), the
representation S (U?, E)[x]% contains in its third layer a number of copies of Tag (D) ®p



e"~1 which is exponentially growing with n. One may wonder if these new locally algebraic

constituents carry any information on the Hodge filtration. It turns out they do: the resulting
subrepresentation of S, (U, E)[x]% 2" has the form (7(D)®pge™ 1)®™ where m(D) determines
the Hodge filtration on all D, (see loc. cit.). One aim of this work is to extend the definition
of m(D) to any D. We explain this in the case K = Q,, which we assume from now on.

To make more natural the definition of 7(D), we first need some heuristic background,
which already underlies [Di25] and for which we assume m = 1. If one is optimistic, one
could hope for a natural isomorphism of finite dimensional E-vector spaces (as for GL2(Q,))

2

Ext! (r,r) < Extly, g, (S- (U, E)[x]%, 8, (U, E)[x]&=). (3)

Gal(Qp/Qp)

Via we let Extj(r,r) CExtéal(@ Qp)(r,r) be the kernel of the natural map to
Extéy,, (g, (Taig(D) ®p €1, 8,(U?, E)[x]%") and define

méal(@/(@p)(r, r) := BExt} (r,7)/Exty(r,7).

Gal(@/@p)

Then (i3) would induce an embedding

ool ? n—-1 Q@ -an
ExtGal(@/@p)(r, ) —> ExtéLn(@p) (Walg(D) ®pe" !, S (U, E)[r]% ) (4)

With even more optimism, we could expect that is actually an isomorphism. Now assume
we know an explicit subrepresentation mz(D)®pe™ ! C S, (U?, E)[r]% 2 strictly containing
Tag(D) ®p "1 Then the natural morphism given by functoriality (+ twisting by " 1)

Ext(l;Ln(Qp) (Taig(D), 7r(D)) —> ExtéLn(Qp) (Tag(D) ®@p "1, S, (U, E)[x]%?)

would induce a morphism tp, : ExtéLn(@p)(ﬂalg(D), mr(D)) — E_Xtéal(@ /g, (> 1) which itself
would induce a GL,(Q,)-equivariant embedding (for formal reasons)

(WR(D) —— (Tag(D) ®p ker(tD)))®Eg”—1 SN §T(U“, B)[x] % (5)

where m(D) = mr(D) — (ma(D)®gker(tp)) is the tautological extension associated to the
subspace ker(tp) C ExtéLn(Qp)(ﬂalg(D), mr(D)). Note that, if Ext;(r, r) C Extéal(@/(@p)(r, T)
is the subspace of de Rham (equivalently here crystalline) extensions, one could hope that

also induces an isomorphism between Ext;(r, r) and the subspace of extensions such that
their image in ExtéLn(Qp)(Walg(D) ®p "1, S (U, E)[x]%) lies in the subspace of locally
algebraic extensions EXt;lg(ﬂ'alg<D) Qpe" ! Tag(D) ®@pe™t). As taking De;s gives a natural
map Exty (r,7) — Ext (D, D) = Ext}, (Tag(D)®pe" ", Tag(D)®pe" ") where Ext),(D, D)
means extensions as p-modules, we see that Ext(l](r, r) would also be the kernel of this map.
This is how we define Extj(r, ) in the text, see (118]).



In real life, we do not have a priori an isomorphism as in . But for a specific explicit
wr(D), we do construct by hand a morphism tp as above such that ker(tp) is big. The
fact that such a mg(D) with a big ker(tp) exists was discovered by the second author in
[Di25] when D has no critical refinement and was unexpected (for instance ker(tp) = 0 when
n = 2). Moreover, the resulting 7(D) turns out to “contain” the Hodge filtration on D.
We also do not have for free the embedding (again because we do not have (4))), but we
can still prove by ad hoc methods that at least a certain direct summand 7(D)’ ®@p "
of 7(D) ®p "' embeds into S,(U?, E)[x]% " (when the refinements on D are not too
critical we have 7(D)” = 7(D)). Fortunately this direct summand still determines the Hodge
filtration. Moreover, using this direct summand together with results of Z. Wu, we can prove
that we do have an isomorphism a posteriori. Note that in the proofs it is much more
flexible to work with the (¢, I')-module over the Robba ring M(D) := D,;,(r) associated to
r in [CCOg|, [Be0RI] instead of r itself (recall Extéal(@/(@p)(r, r) = Ext(, p(M(D), M(D))).

Let R := {s1,...,5,-1} be the set of simple reflections of GL,, (this is the “R” of mg(D)),
our representation mg(D) is:

mr(D) i= Tug(D) —— (DO s1n)

where I runs through the subsets of {¢q, ..., ¢n_1} of cardinality in {1,...,n—1}, C(1, s/1)
is the socle of an explicit locally analytic principal series (see (22))) and where the subex-
tension mag(D) — C(1,s)y) is split if and only if C(/,s)) is a companion constituent
(since dimpg ExtéLn(@p)(C([, s11), Taig (D)) = 1 this uniquely determines mz(D)). Note that
Tr(D) ®p "t € §,(U%, E)[x]% " by [BH20, Thm. 1.1] with [BHSIO, Thm. 1.4]. We then

prove:

Theorem 1.2 (Theorem [2.4.6). There is a canonical surjection of finite dimensional E-
vector spaces

=1
tp : Extar, (g, (Tate(D), r(D)) — Extgag, /g, (7 7)

such that dimgker(tp) =2" — 1 — @

Note that ker(tp) = 0 if and only if n = 2. Theorem [1.2]is proved in [Di25, Thm. 1.3]
when all refinements on D are non-critical, but its proof heavily uses this non-criticality
assumption. In this work we prove Theorem in two steps which both do not require
non-criticality (and provide a different proof even when D has no critical refinements):

(i) We prove that there is a surjection depending on a choice of log(p) € E (Proposition

with Proposition [2.2.7)
tp : Extly, g, (Tae(D), Tr(D)) —» Extl,(D, D) @ Homgy (D, D) (6)

where Homp; (D, D) is the endomorphisms of E-vector spaces which respect the Hodge

filtration and where the kernel of @ has dimension 2" — 1 — @



(ii) We prove that there is an isomorphism depending on a choice of log(p) € E (Corollary
2.4.5)

Extl(D, D) @ Homgu(D, D) <= Ext{, @0, (> 7) (7)
such that the composition (still denoted) ¢p :=(7)o(6)) does not depend on any choice

(Theorem [2.4.6) and coincides with [Di25] Thm. 1.3] when all refinements on D are
non-critical (Corollary [2.5.6). This is the map tp of Theorem [1.2]

Let us give a few details on the surjection @, which is new and important because this is
where we link the Hodge filtration to the GL,(Q,)-side. For each i € {1,...,n — 1} we fix
an isomorphism of E-vector spaces (in the spirit of [BD23| (1.1)], see Remark [2.2.1]):

ExtgLn(Qp)(@ O(I, 5,), mg(D)) ;> /\’;i D 8)

[|=i

sending ExtéLn(Qp)(C(I, s11); Tag(D)) to N} " of the (n — i)-dimensional subspace of D of
p-eigenvectors with eigenvalue ¢ I (see ) Fori € {0,...,n—1} let Fil®™>*D C A} 'D be
the first (one-dimensional) step of the filtration on A, *D induced by the Hodge filtration on
D, that we see as a subspace of EXt%}Ln(Qp)(@m:i C(1, s)1)), Tag(D)) via (&) when i > 0. Then
mr(D) is isomorphic to the tautological extension of @?:_11(( D - CU, si)) @ Fil"™ D) by
Taig(D). The map @) then factors as follows (writing Ext' for Ext%}Ln(Qp)):

Ext! (maig(D), 7R (D)) = Ext!(maig(D), maig (D)) €D (5”“(#&@(13)7 (B cl.si0) @p Filr™D))
=1

[I|=1

n—1 .

5 ExtL(D,D)EP (@ Homp (/\' D, Fil;“axD)>
=0

—  Extl(D,D) @ Homp;(D,D)

where the first isomorphism depends on a choice of log(p), the second uses and a natural
duality (see (40])) and the last surjection is linear algebra (see the proof of Proposition [2.2.4]
in particular Step 3). Up to isomorphism the map @ does not depend on the choices of the

isomorphisms (see Proposition [2.2.7]).

The proof of is entirely on the Galois side. To prove that (7)o(6] in (ii) does not
depend on the choice of log(p) is a bit subtle and essentially relies on the important Lemma

2.2.9

Though we stick to the crystalline case in this work, we expect the surjection tp to exist
(and to have a description analogous to @) without assuming r crystalline once one has a
suitable mr(D) (remembering r is always de Rham with distinct Hodge-Tate weights).

Recall 7(D) is the tautological extension mg(D) —— (ma.(D)®@pker(tp)). For S a subset
of R, we let w(D)(S) C m(D) be the maximal subrepresentation which does not contain any
C(1,s)y) for 57 ¢ S in its Jordan-Holder constituents. Defining tp as in (@ is very useful
for proving the following theorem:



Theorem 1.3.

(i) The representation w(D) has a central character and an infinitesimal character (Corol-

lary[2.3.9).

(i) The representation w(D)(S) has the form

Taig(D) —( @ (C’(I,su‘))) - (Walg(D)®(E$i€S (’[))+1—dim(rpsc))

I s.t. S‘]‘GS

(with possibly split extensions as subquotients) where rpy. is the full radical of the
standard parabolic subgroup of GL,, associated to the simple roots not in S (see ).

(iii) Let0 = Fil~"1*1(D) C Fil™"~1(D) C --- C Fil™" (D) C Fil™"(D) = D be the Hodge
filtration on D. The isomorphism class of w(D)(S) determines and only depends on
the Hodge-Tate weights {h;,0 < j < n — 1} and the isomorphism class of the filtered
w-module D endowed with the partial filtration (Fil™"(D),i such that s; € S). In
particular w(D) determines (and only depends on) the Gal(Q,/Q,)-representation r

(Theorem .

We refer to (ii) of Remark for an explicit representation theoretic way to “see”
the Hodge filtration of D on m(D). In fact loc. cit. is just a sample, there are other similar
ways to see the Hodge filtration which seems “widespread” in 7(D) and “overdetermined”
by (D). Note that (6]), (an analogue of) and Theorem are proven for arbitrary K
replacing the filtered p-module D by the filtered ¢/-module D, for an arbitrary embedding
o: K —FE.

A refinement R = (¢;j,, ..., ¢j,) is said to be compatible with a subset I C {¢o, ..., ¥n_1}
if I ={@ji,--9j,} ToR one can associate a permutation wy € Sy, and R is non-critical
if and only if wx = wy := the longest permutation in S, (see for instance [BHS19, § 3.6]).
We say that a subset [ is very critical if there exists a refinement SR compatible with I such
that s;; appears with multiplicity at least 2 in all reduced expressions of wpwg. In that
case we can prove that the same actually holds for all refinements compatible with I (see
Definition [2.6.2). We then prove that 7(D) has the form (see Proposition

w0y @ (D (CUsy) — D))

I very critical

12

(D)

(for a certain direct summand 7(D)") where all extensions on the right are non-split. Since
dimp Extgy, g,) (Tag (D), C(I,5111)) = 1, the isomorphism classes of w(D) and 7(D) deter-
mine each other, in particular 7(D)® still determines r by (iii) of Theorem . Note that
7(D) = 7(D)" if there are no very critical I, which always holds when n < 3.

We then conjecture:



Conjecture 1.4. The injection (mae(D) ®p ™1™ — S.(U?, E)[x]% extends to a
GL,,(Qy)-equivariant injection:

(n(D) ®@p " 1™ —s S (U?, E)[x]%™.

See Conjecture for a more precise statement. The following is our main result
towards Conjecture [1.4

Theorem 1.5 (Theorem and Theorem [3.6.3)). Assume the Taylor-Wiles assumptions
(see Hypothesis . There exist integers my > m for I very critical and a possibly split

extension
®(DY)" —— (@ (CUsy) — mae(D) ™) (9)

I very critical

(still with non-split extensions on the right) satisfying the following properties:

(i) the representation (@ contains as a subrepresentation

=D @ (B Csn)™):

I very critical

(i1) there is a GL,(Q),)-equivariant injection

<(7T(D)b)@m . < D (CUsy) — Walg(D))EBmI)) S

I very critical

— S,(U%, B)[x]%*" (10)
extending (Tag(D) @p " 1) — S.(U?, E)[7]%*" and such that
Homar, (g,) (Taig(D) ©p "1, S, (U®, B)[x]%*/Y) =0
where Y denotes the image of (@)

Again, Theorem is proved in the text for any extension K (not just K = Q,).
Although strictly speaking this is not implied by Conjecture|1.4] we expect all m; in Theorem
to be m (see Conjecture . But proving that the middle extension in @ is split and
that all m; = m (which would give (D)%™) seems hard, even for n = 4. We could only
gather indirect evidence via the Bezrukavnikov functor of [HHS25, § 7.2], see the end of § .

Let D' be a filtered ¢-module with distinct Hodge-Tate weights and Frobenius eigenvalues
satisfying the same genericity assumption as D. We expect that, if there is an injection
(D)’ — S.(U?, E)[r]%2", then D' = D, but we cannot prove it. However we can prove it
for certain D’ (Proposition . Theorem then easily follows from this (with [BHS19,
Thm. 1.4]) and from the embedding (7(D)")®™ < S,.(U#, E)[x]%*" induced by (see
Corollary .



We now give some details on the (long) proof of Theorem (in the case K = Q,).
We prove it in two separate steps: first we prove an injection (7(D)’ ®p e 1)®m
S (U®, E)[r]%" then we use it to prove an injection as in .

Let us start with 7(D)’. Here, the strategy is the same as in [Di25] but now we have
to deal with (not too) critical refinements. Let R, be the local complete E-algebra pro-
representing framed deformations of r over artinian E-algebras and mp_ its maximal ideal.
There exists a local Artinian E-subalgebra Ap of R,/ m%r of maximal ideal my4, such that

~ ~ 1
(mRr/m%T)v - EXtéal(@/Qp)(n r) — (ma,)" = EXtGal(@/Qp)(Ta r).

Let Tr(D) be the tautological extension of 7, (D) ®p ExtéLn(Qp)(ﬂalg(D), mr(D)) by mr(D).
Replacing (D) by 7,(D) := nr(D) N 7(D)’ (intersection inside 7(D)), define in a similar
way 7,(D). Then it is easy to check that m,(D) is a direct summand of (D), and using the
map tp of Theorem we can define a natural GL,(Q,)-equivariant action of Ap on Tg(D)

preserving 7, (D), see (214]). It is formal to check that the subrepresentation Tr(D)[m4, ] of

elements cancelled by my4,, is 7(D), and likewise 7,(D)[m4,] = 7(D)’.

Using [CEGGPSIG, § 2| as slightly enhanced in [BHS171, Thm. 3.5], recall one can patch
the localization S-(U¥?, E); into a continuous R..(7)-admissible GL,(Q,)-representation
I (7) (where Ry (7) is the patched deformation ring of type 7, at v|p,v # p) such that

Mo (7)™ ] = S, (U, E)[m] &

where I, (7)%=("-2n is the subspace of IlI.,(7) of locally R (7)-analytic vectors in the
sense of [BHSITI, § 3.1]. It is not difficult to define an ideal a, of R.(7)[1/p] such that
I (7)o (man[7] Tl (7) B (Ma0[q,] and Ap[1/p] = Reo(7)[1/p]/0x, see . In partic-
ular Tl (7)f=("-an[q ] is equipped with a GL,(Q,)-equivariant action of Ap induced from
the action of Ry (7). To prove Conjecture it would be enough to prove that there is a
GL,(Q,) x Ap-equivariant injection

(Fr(D) @p ") s T ()10

and then take the subspaces killed by m,4,, on both sides. Though we think that such an
injection exists, we do not know how to prove it (essentially because we do not know how to
deal with very critical I). But we do have:

Proposition 1.6 (Proposition|3.5.4). Assume the Taylor- Wiles assumptions (see Hypothesis
. The injection (Tag(D) @p ™ 1)®™ — T (7)F>M20[7] extends to a GL,(Q,) x Ap-
equivariant injection

(7o(D) @p ™ 1)®™ s T (7) B (Man[q ],
hence to a GL,(Q,)-equivariant injection:

(1(D)> ®@p " H)®™ e Mo (1) D20 7] 22 S (UP, B)[m] %,

10



Let us give the steps for the proof of Proposition For I C {¢o,...,¢n_1} (of car-
dinality in {1,...,n — 1}) let 7;(D) = mag(D) — C(I, s7) (unique non-split extension)
if C(1,s|y)) is not a companion constituent, m;(D) = wae(D) ® C(I,s)) if C(I,s)y) is
a companion constituent (see (51), (52)). Define 7;(D) as the tautological extension of
Tag(D) ®p ExtéLn(Qp)(ﬁalg(D),7r1(D)) by m(D). Then 7,(D) is an amalgamated sum of
the 7;(D) for those I which are not very critical (see for a precise description), and
each 7;(D) is preserved by the action of Ap inside m,(D). Hence it is enough to prove that
(Talg(D) ®@p " 1)®™ — T (7)F= (7] extends to a GL,(Q,) x Ap-equivariant injection
for each such [/

(71(D) @ "1™ s T (7) Rl o0, (11)

and then amalgamate.

Showing lies at the heart of the proof of Proposition . Fix I which is not very
critical, ¢ := |I| and R a refinement compatible with I. To R, we first associate a point zgp
(see (201))) on a parabolic eigenvariety £, (7); (see below where it is denoted Ex (&, 7),.i
as in the text we fix arbitrary distinct Hodge-Tate weights at p-adic places not p and do
not assume K = Q,). Here the parabolic subgroup is the maximal standard parabolic P; of
GL,, containing all simple roots except e; — e;11. The advantage of using such a parabolic
eigenvariety is that (i) the point xy is smooth on &, (7); (Corollary and (ii) the
adjunction formulae we use (see (258), (266]) involve much less constituents.

Let us explain ([11)) when C(I,s;) is a companion constituent (the case where C'(I,s;) is
not a companion constituent being somewhat similar to the non-critical case in [Di25, § 4.1]).
Consider the following subspace of the E-vector space of additive characters Hom(7'(Q,), E)
(where T is the diagonal torus of GL,,):

Hom,(7T(Q,), E) := Hom, (T(Q,), E) @ Hom(GL,(Q,), E) € Hom(7'(Q,), F)
Homgm (GLr (Qp),E)

where “sm” means locally constant. We can identify Homy(7(Q,), £') with a subspace of
ExtlT(Qp) (0, 0m) = Hom(T'(Q,), E') where 0w is the locally algebraic character of T'(Q,) asso-

ciated to xx (see ), and define ’59{70 as the tautological extension of dn®pHom(7(Q,), E)
by dx. We then we prove a T'(Q,) x Ap-equivariant injection

o @ 5™ — Jp (Moo ()20, ])

where Jp is Emerton’s locally analytic Jacquet functor with respect to the upper Borel of
GL,. Using the adjunction formula of [Brl5, Thm. 4.3] with the fact I is not very critical
and the description of 7;(D) in that case (see (238))), we then deduce (see (272) which
crucially uses Lemma .

Finally it remains to explain how we prove the injection . We do not know the
multiplicity m; of the companion constituent C(I,s|;)) inside S.(U?, E)[x]%*" when I is

11



very critical, but a close examination of the (delicate) induction in the proof of [BHS19,
Thm. 5.3.3] shows that m; > m. As this is not stated in loc. cit. we prove it in Appendix
(where we also prove that C'(I, s|7) has multiplicity exactly m when C(1, s|7)) is a companion
constituent but I is not very critical, see Proposition . With the last statement of
Proposition , we obtain a GL,(Q,)-equivariant injection

@Dy ere ) @ (P Cs)™™) — S0 B (12)

I very critical

It formally follows from (the proof of) Proposition that we also have
Homgr,, (q,) (Tag (D) @p "1, 5, (U, E)[x]%/(1(D)’ @5 ")) =0

which by dévissage implies an injection

Extéy,, o, (Tag(D) ®p e, (7(D)” @p "))
— EthGLn(Qp) (ﬂ-alg(D) QE En—l7 S'\T(U@’ E) [ﬂ-]@p'an>. (13)

On the one hand the left hand side of is easily checked to have dimension m(n + @)
(Corollary , on the other hand Z. Wu proves in Appendix |B| that the right hand
side has dimension smaller or equal than m(n + W) (Theorem [B.1). Hence is an
isomorphism (and, assuming m = 1, the injection is really an isomorphism!). Using
with the isomorphism and dimpg ExtéLn(Qp)(C(] . 8111)s Talg(D)) = 1, we easily deduce
and the last statement of Theorem (see Theorem [3.6.3)).

Every section and subsection has a few introductory lines explaining its contents, and we
have tried to provide full details in the proofs (which explains the length of this text). We
end up this introduction with the main notation (some of which have already been used).

In the whole text we fix an integer n > 2, a finite extension K of @, with maximal
unramified subextension Ky, and a finite extension £ of Q, such that |X| = [K : Q,] where
Y= {K — E}. Welet f :=[Ky: Q) and Ox C K, O C E the rings of integers
of K, E respectively. For a € E* we let unr(a) : K* — E* be the unique unramified
character which sends any uniformizer of K to o and we write | - |x := unr(p=/). We let
val : K* — Q < E the p-adic valuation normalized by val(p) = 1 and log : Oj — K the
p-adic logarithm. We recall that any choice of log(p) € E allows o olog : O — E to be
extended to the whole K* (for o € ). We normalize the reciprocity map of local class field
theory by sending uniformizers of K to (lifts of) the geometric Frobenius. We denote by
e : Gal(Q/Q) - Gal(Q™/Q) — ZX — E* the p-adic cyclotomic character and still write
e for its restriction to any subgroup of Gal(Q/Q), for instance Gal(K/K). We again write
e: K* — E* for its precomposition with the reciprocity map K* — Gal(K*"/K).

We let Rx be the Robba ring for K (see for instance [Be081, § I.2] except that we
prefer the notation Ry to Biig, ). For an artinian E-algebra A, for instance A = E or
A = Ele]/€* = the dual numbers, we let Ry 4 := Rix Qg, A = Ri,p Qp A.

12



If G is a p-adic Lie group over K ([Sclll § 13]) and o € ¥ we denote by Homg,, (G, E) C
Hom, (G, E) C Hom(G, E) the (respectively) locally constant, locally o-analytic and locally
Qp-analytic group homomorphisms from G to E with its additive structure. Note that
they are E-vector spaces. For instance dimp Hom(K*,E) = 1+ [K : Q,] with a basis
given by (val,7 olog for 7 € ¥) where log is extended to K by any choice of log(p), and
dimg Hom, (K>, E) = 2 with a basis given by (val, o o log).

We refer to [ST03] for the background on the abelian categories of admissible locally
o-analytic representations and admissible locally Q,-analytic representations of locally K-
analytic groups. We denote by ExtéLn( K)o ExtéLn( k) the respective (Yoneda) extension
groups in these categories, and by ExtéLn( K)o, 2 ExtéLn( ),z the subgroups with a central
character. When the representations are locally Q,-algebraic, we write Ext,ilg for the group
of locally Q,-algebraic extensions. For smooth, locally o-analytic and locally Q,-analytic
parabolic inductions, and their properties, we use without comment the work of Orlik-Strauch
[OS15]. If Ry and Ry are two representations of a topological group which are (topologically)
of finite length, we denote by Ry — R, an arbitrary (possibly split) extension of Ry by R;.

We let T be the diagonal torus of GL,,, B the Borel of upper triangular matrices, N
its unipotent radical and B~ the opposite Borel. For P a standard parabolic subgroup
of GL,, we let Np be its unipotent radical, P~ the opposite parabolic and Lp the Levi
subgroup. For i € {1,...,n — 1} we let P, C GL, be the maximal standard parabolic
subgroup associated to all the simple roots of GL,, except e; —e;;1. For a connected reductive
algebraic group H over K, we let Hy, := (Resg g, H) Xspecq, SPeCE, Hy := H Xgpeck,s SPeCE
for o € ¥, and recall that Hy, & ngz H,. For a lie algebra [ over K we let [z 1= [®q, I/ 5
DB, (®koE) and [, := @k ,E. Welet g := gl,(K), b the subalgebra of upper triangular
matrices, n its nilpotent radical and t the diagonal matrices. We let tp, (resp. np,) be the full
(resp. nilpotent) radical of the Lie algebra of P; over K, [p, := the Lie algebra of Lp, over K
and 3p, the center of [p. We denote by R := {s1,...,5,-1} the set of simple reflections of
GL,, < the Bruhat order on S, relative to R and lg the length on S,, relative to R.

If V is a topological E-vector space we denote by V'V its continuous dual. If V" has no
specified topology, we tacitly endow it with the discrete topology and in that case V'V is its
linear dual. For a left T'(K)-module V', we let ¢t € T'(K) act on V'V by (tf)(—) := f(t(—))
where f € Hompg(V, E) (in particular if dimg V' =1 we have VY 2V as T(K)-modules).

Acknowledgements: We thank Roman Bezrukavnikov, Valentin Hernandez, Benjamin
Schraen and Zhixiang Wu for discussions, and Stefano Morra for his comments. We also
thank R. Bezrukavnikov for his note [Be25|, V. Hernandez and B. Schraen for their com-
putational work on the Bezrukavnikov functor, and Z. Wu for providing Appendix |B| The
second author is partially supported by the National Natural Science Foundation of China
under agreement No. NSFC-12231001 and No. NSFC-12321001, and by the New Cornerstone
Foundation.
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2 The locally analytic representations (D) and 7(D)’

To any filtered p-module D with distinct Hodge-Tate weights for each ¢ € ¥ and with a
mild assumption on the eigenvalues of ¢ we associate a locally Q,-analytic representation
7(D) and a subrepresentation (D)’ C (D), and we show that both determine and only
depend on the collection of filtered ¢/-modules D ® Ko®E, 0|k, ®id FE for 0 € ¥. This section is
purely local.

2.1 Preliminary material

We give important definitions and results that will be used in the next sections.

We fix a regular filtered ¢-module (D, ¢, Fil*(Dg)) with D free of rank n over Ky ®q, E
and Dg := K ®, D. We write D = [[ .. D, where
D, := Dg QK ®q, E,ooid E.
We obviously have for o € X
D ®kyE.0|x,0d E — Dy (14)

so that we can endow D, with the E-linear automorphism ¢/ (which still acts on the left
hand side, contrary to ). The ¢/-module D, does not depend on o up to isomorphism and
we denote by {¢; € £, 0 < j <n—1} its eigenvalues (for an arbitrary but fixed numbering).
We assume that they satisfy

pior (LT} Vi#k (15)
The (decreasing exhaustive) filtration (Fil"(Dg))nez on Dg can also be written
Fil"(Dg) = [ Fil"(D,)
ocEY

where (Fil"(Dgy))nez is a (decreasing exhaustive) filtration on D,. We recall that regular
above means that, for each o € X, (Fil"(D,))nez is a full flag on the n-dimensional E-vector
space D,. We denote by hg, > hy s > -+ > h,_1, the integers in Z such that

Fil ™"t (D,) C Fil ™ ™(D,) Y0 < j <n —1,
so we have
0 = Fil™"»-t=*(D,) C Fil "1 (D,) C --- C Fil "< (D,) C Fil " (D,) = D,  (16)

and

dimg Fil ™" (D,) = n — j. (17)
The minus sign comes from the fact that, when D = Deis(p) 1= (Bewis ®g, p)GAE/E) for
p a crystalline representation of Gal(K/K) over E, the integers hj, are the Hodge-Tate

weights of p “in the o-direction”. Hence for each ¢ € ¥ we have a filtered ¢/-module
(D,, ¢!, Fil*(D,)). Let us recall the following elementary lemma:

14



Lemma 2.1.1. The isomorphism class of the filtered p-module (D, p, Fil*(Dyg)) is deter-
mined by the isomorphism classes of all the filtered o/ -modules (D, o', Fil*(D,)) for o € ¥
if and only if K = Q,.

Proof. When K # Q,, the E-vector space Hom, (D, D) (:= endomorphisms which commute
with ) is strictly smaller than the E-vector space [ ], ., Hom,(D,, D,), hence scaling in D
is strictly more restrictive than scaling in each D,. This easily implies the lemma (we leave
the details to the reader). O

For ¢ € ¥ we define an action of the Weil group Weil(K/K) on D, by making w €
Weil(K/K) act by =" where a(w) € fZ is the unique integer such that the image of
w in Gal(F,/F,) is the a(w)-th power of the absolute Frobenius z ~ z?. The resulting
Weil representation does not depend on o € ¥ and we let 7, be the corresponding smooth
representation of GL, (K) over E by the local Langlands correspondence normalized as in
[BSO7, § 4]. Concretely it is the following smooth unramified principal series:

T, e (Indgﬁ’g%) (unr(p0)] - [ R unr(pr)] - [} K-+ K unr<son1>)) (18)

and we recall that, thanks to , the representation is irreducible and does not de-
pend up to canonical isomorphism on the ordering of the eigenvalues of ¢/ (see e.g. [Rel0),
§ VIL.3.4]).

Force Y and je {0,...,n—1} welet \;, := hj, —(n—1—7) (note that Ao, > A1, >
- > Ap—1,5) and we write A\, : T(K) — E* for the character:

tO n—1
€ T(K) — [[o(t;) V. (19)
tnfl 7=0

We denote by L(\,) the irreducible o-algebraic finite dimensional representation of GL,, (K)
over F of highest weight A, with respect to the upper Borel B(K). Here o-algebraic means
that K is seen in E via the embedding 0. We then define the (irreducible) locally o-algebraic
representation of GL,(K) over E:

rue(Da) i= 7y @ LO\) (20)
and (for later use) the (irreducible) locally Q,-algebraic representation of GL,(K) over E:
rag(D) 1= 7, & (85 L (). (21)
Foro € ¥ and i€ {1,...,n— 1} we write s;,-A\y : T(K) — E* for the character:

Lo

e T(K) 4( I1 a(tj)A“’)a(til)’\’*”1a(ti))‘i17"“. (22)

t'f'L—l ]#l_l)l
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Here {s14,..., 8010} is the set of simple reflections of GL,, X, E and s;,-A, is the dot
action on the weight A\, with respect to B Xk, E. For i € {1,...,n — 1}. Recall that a
refinement is an ordering (¢j,, ..., ®;,) of the set of eigenvalues {¢;, 0 < j <n —1}. For
a fixed refinement (¢;,, ..., p;,) we consider the following locally Q,-analytic representation
of GL,(K) over E:

Qp-an
GLn(K n .
SOCGL, (K) (IndB_é{)) (unr(;)] - [ " Runr(e,)| - %" K- K unr(wjn))sw)\g) . (23)

Proposition 2.1.2. Let 0 € X,

(i) Fori e {1,...,n—1} the representation is irreducible admissible and up to isomor-
phism only depends on the set {@;,,...,p;} (or equivalently on the set {©j;,..,...,¢;.})
and not on the full refinement (¢j,, ..., ¢j.)-

(i) For i,i'" € {1,...,n — 1}, two different sets {¢j,,..., 05}, {@j,--- 95} give two
non-isomorphic representations in .

Proof. (i) is a special case of [BH20|, Lemma 5.5(i)] (with admissibility following from) while

(i) is a special case of [BH20, Lemma 5.5(ii)]. O

ForoeX ie{l,...,n—1} and I C {g;, 0 <j <n— 1} of cardinality ¢ we denote by
C(1, i)

the irreducible locally Q,-analytic representation in . Since is irreducible, C(, s;,)

is also the socle of (Ind?j’zg)(unr(%lﬂ TR R unr(g;,)sie s Ae)7 . In particular

C(I,s;) is locally o-analytic. Note that i is determined by I (as ¢ = |I|), but it is convenient
to keep the simple reflection s;, in the notation. An obvious count gives that (for o fixed)
there are 2" — 2 distinct representations C'(I, s; ).

Definition 2.1.3. Let I C {¢;, 0 < j <n — 1} of cardinality i € {1,...,n — 1}. We say
that a refinement (y,,,..., ;) is compatible with I if I = {¢;,,...,¢;} (as a set).

Remark 2.1.4.

(i) Let I C {p;, 0 <j <n—1} of cardinality ¢ € {1,...,n — 1}. For two different refine-
ments (@, - - -, %5,), (@51, -, ;) compatible with I there is a canonical isomorphism
between the corresponding two representations using [OS15, Prop. 4.9(b)] com-
bined with the canonical intertwining operators between smooth principal series, see
[Rel0), § VII.3.4]. Because this isomorphism is canonical, we need not worry about the
choice of compatible refinements in this work.

(i) It follows from [OS15, Prop. 4.9(b)] that the representation

Qp-an
GLn (K n . »
socar, a0 (I (wnr(,)| - 1 B une(py,)| - 57 B - B unr(;,)) Ao

is the locally o-algebraic representation m,,(D,) in for any refinement
(@irs - Pin)-
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Lemma 2.1.5. Letc e ¥, i€ {1,...,n—1} and I C {p;, 0 < j <n—1} of cardinality i.
We have equalities

dimp Extgy,, ) (Taig (Do), C(1, 8i0)) = dimg Extey, 10y (C(1, 8i0), Taig(Dg)) = 1
and (canonical) isomorphisms
EXt%}Ln(K),(f(Walg(Do)aC([> Si,o)) — EXt%}Ln(K)(Walg<DU)>C(Ivsi,tT))
EXt%}Ln(K),AC([a Si,o)s Talg(Dy)) — EXtéLn(K) (C(1, 8i,0); Targ (D))

Proof. The first statement can be deduced from [BQ24, Prop. 5.1.14] with [BQ24, Lemma
3.2.4(ii)]. For the second it is enough by the first to prove in each case the existence of a non-
split locally o-analytic extension. Let L™ (—\,), L™ (—s;-A,) the simple modules of highest

weights — Ay, —si oA, (respectively) in the category OSf_g of [OS15], § 2.5]. Then this follows for
instance from [Or20), Cor. 3.2.11] applied with M the unique non-split extension of L™ (—s; ,-
Ao) by L™(—=X,) (resp. of L=(=X\y) by L™ (=Si0-As)), see [BQ24, Lemma 3.2.4(ii)]. O

Lemma 2.1.6. Let o € ¥. To each refinement (p;,, ..., ;) one can associate isomorphisms
of finite-dimensional E-vector spaces

Hom (T(K), ) @i 10,1y Hom(K™, E) - — Extey,, (1) (Mg (Do), Tatg (Do)

N (24)
Homgy, (T'(K), E) @Homsm(KX,E) Hom, (K>, FE) — EXté}Ln(K),a(ﬂ'alg(Do% Tatg(Ds))

which induce an isomorphism Homg, (T(K), E) — Exty, (mag(Do), mag(Do)). Moreover in
the first case of the dimension is n + [K : Q,] and in the second n + 1.

Proof. The first isomorphism in follows from [Di25, Prop. 3.3(1)] (where a refinement
there is a permutation w € S,,). The second isomorphism is then easily deduced from it. Let
us at least define the maps. Recall that the E-vector space Hom (K™, E) (resp. Hom, (K*, E))
has dimension 1+ [K : Q,] (resp. 2), see § [ We define a canonical injection

Hom(K™, E) < Extey, 5 (Taig (Do), Taig(Dy)), % = Taig (Do) @p (1+ (¢ o det)e)  (25)
where 1 + (¢ o det)e is the character on the dual numbers Ele]/(e?)

GL, (K) 5 K = (B[ /()" = Eld/(&2). g+ 1+ (det(g))e.

Note that the image of Hom, (K™, F) via 1) clearly falls in EX)EIGL”(K)J(TFalg(DU), Tag(Do))-
Recall also that the E-vector space Homgy, (T'(K), F) has dimension n. Let ¢ : T(K) — E*
be the character

6 = wm(p,)| - i Bunr(py,)| 5" B R unr(py,), (26)

we define another canonical injection
Homsm(T(K)a E) — EXt%}Ln(K),a(Walg(Da)v 7Talg(Dcf))
Y o— (Indg iy (¢ @5 (1+ )™ @p LX) (27)
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where 1+ e is seen as an (FE|e]/(€?))*-valued character of B~ (K) via B~ (K) — T(K). The
two injections and are easily checked to coincide on Homg, (K>, E'), which gives
locally Q,-algebraic, or equivalently (here) locally o-algebraic, extensions. O

Remark 2.1.7. One can also easily derive from Lemma and from [Di25, (3.6)] an
isomorphism of (n — 1)-dimensional E-vector spaces which depends on the choice of a refine-
ment:

Homgy, (T'(K), E)o - EXtéLn(K),a,Z(Walg(DU)’ Taig(Do)) - EXtéLn(K),Z(Walg(DU)a Taig(Ds))
where Homg, (K™, E)y := ker(Homg, (T(K), E) — Homg, (K, F)) via K* — T(K), a —
diag(a).

See § for the definition of the maximal parabolic subgroup P, C B,i € {1,...,n—1}.

Proposition 2.1.8. Leto € ¥, i€ {l,...,n—1}, I C {p;, 0 <j <n—1} of cardinality i
and (@, ..., ;) a refinement compatible with I. Let Vi be a locally o-analytic representa-
tion of GL,,(K) over E which is isomorphic to a non-split extension of C(I, s;y) by Tag(Dy)
(see Lemmal[2.1.5) and fix an injection 1 : mag(D,) < V7. Then associated to (V1) and the
above refinement there is a canonical isomorphism of (n + 2)-dimensional E-vector spaces

Homg, (T(K), E) P Hom,(Lp(K),E) =5 Bxtéy, g0, (Tag(Do), Vi) (28)

Homem (Lp, (K),E)

which extends the second isomorphism in (for the fized refinement) via Hom, (K>, E) &

Hom,(Lp,(K), E) and EXtéLn(K)’U(ﬂ'alg(Dg),Walg(Dg)) < Ext(l;Ln(K)p(walg(Dg),V[). More-
over the restriction of (28) to Hom,(Lp,(K), E) only depends on (V,¢)

Proof. To simplify the notation we write 7, instead of m,4(D,). We first define the injection
Homg, (T'(K), E) — ExtéLn(K),a(ﬂalg, V) as the composition

noting that the second map is indeed injective since Homgr,, (k) (Walg, Vi/mag) = 0. For the
rest of the proof, we proceed in three steps.

Step 1: We define locally o-analytic representations R; and m; 4.
Let ¢ as in (26)) and define the (admissible) locally o-analytic parabolic induction

" Lp (K) sm oran
Ry = (Indgj( s ((1 T N Li()\g))> (29)

where L;(),) is the irreducible o-algebraic finite dimensional representation of Lp, (K) over
E of highest weight A\, with respect to Lp, (K) N B(K). Define

. L i(K) sm
Wi,alg = (IndLii(K)ﬁB*(K)gb) ®E Li(/\a>7
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(which is locally o-algebraic) then as in (ii) of Remark

Lp. (K) o-an
T alg = SOCLPZ.(K (IHdLP EK K)¢/\U)

and by loc. cit. and we have m,, = socar, k)£t With the notation of [OS15] we have

Ry & FS¥ (U(a) 91y L (o), 6) )

where L; (—\,) is the simple module of highest weight —\, in the category OZ{’g” of loc. cit.
Note that by considerations analogous to (i) of Remark changing the refinement by
another refinement compatible with I modifies m; 5, and [R; by representations which are
canonically isomorphic to them.

Step 2: We define a canonical injection Hom, (Lp,(K), E) < Ext%;Ln(K)J(Walg, V) asso-
ciated to (V7,¢).
Fix an injection ¢ : ma, < R; (unique up to scalar in E*) with R; as in . Since the
unique extension of L~ (—M\,) by L™(—$;,°As) occurs as a quotient of U(g,) Bz L7 (=)
(see the proof of Lemma and [Hu08, Thm. 9.4(b)(c)]), it easily follows from with
the dimension 1 assertion of Lemma that there is a unique injection ¢y : V; < R; such
that 19 01 = ¢t1. Moreover, we have a canonical injection obtained as the composition of the
following two injections

Hom, (Lp,(K), E) < Ext,,- (K)(m algs Tialg) < ExtGL )0 (R1, Rr)

GL, (K o-an
¥ — wz,alg@)E (1+ve) +——(In nd,,” (ﬁ{))m’ang@E (14 e))

(31)

where 1 + e is the character P (K) — Lp (K) — (E[e]/(€%))* < E[e]/(¢*) on the dual
numbers analogous to . The second map in is induced by the parabolic induction
and is injective by (the proof of) [Em07, Lemma 0.3] applied with P = P;. The composition

HOIHU Lp g Ex tGL R[,R[) — EXtGL (K)o (ﬂ'algaRI) (32)

where the second map is induced by the pull-back ¢; : 7., < Ry is still injective using
[Em06], 0.13] combined with [Em07, Lemma 0.3]. A dévissage using [Di191, Lemma 2.26(2)]
(together with [HuOS Cor. 5.2]) shows that the push-forward ¢y : V7 < R; induces an
isomorphism Extér, x ()0 (Tatg, V1) — Extgy,. (K)o (Talg; Br), hence precomposing its inverse
with (32]) gives an injective map

Hom, (Lp, (K), E) — ExtéLn(K)’a(ﬂalg, Vi). (33)

Replacing ¢ by A¢q for A € E* and changing 1, accordingly, it is an easy exercise left to the
reader to check that the map only depends on the injection ¢ and the fixed refinement.
But in fact modifying the latter by another refinement which is compatible with I and
using the compatibility of intertwinings operators with (smooth) parabolic induction ([Rel0),
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Prop. VIL.3.5(ii)]), we see that does not depend on the fixed refinement (compatible
with 7). Finally, when restricted to Hom, (K™, E) via the determinant Lp, (K) — K*, one
also checks that lands in ExtéLn(K)’U(walg,walg) (it is given by ¢ — Ta, @5 (1 + e)
where 1 + te is seen as an (E[e]/(¢*))*-valued character of GL,(K) via the determinant)
and is compatible with .

Step 3: We prove the statement of the lemma.
When ¢ € Homg,(Lp, (K), E), by an argument similar to the one in the proof of [Di25]
Prop. 3.3(1)] the injection factors through

(Ind g7 5 (I, (- a0y @)™ @ (1+ €)™ @ L(A
=~ (In dGL"(K (6 @5 (14 6))™ @p L(A\,)

where 1+1)¢ on the right hand side is seen as a character of B~ (K) via B~ (K) — P, (K) —»
Lp (K). It follows that the injection induces an injection

Homsm(LPi(K)a E) — EXtéLn(K),a (ﬂ-alga 7Talg)

(via ExtéLn( K)o (Talg, Talg) <y Extg, (1) 0 (Talg, VI)) which is compatible with the injection

Homg, (T'(K), E) — ExtéLn( K)o (Talg; Talg) I (via the mJectlon Homgy, (Lp, (K),E) —

Homg,, (T'(K),E)) for any refinement compatlble with I, see (27). Together with (31), we

deduce a morphism as in which only depends on (V) and (@jrs- - 95,). Now, it

follows from the second isomorphism in with the end of Step 2 ind the fact that
51

Hom, (K>, F) & Hom, (Lp,(K), E) is not surjective) that the image of (31)) is not contained

in ExtéLn( K)J(Walg, Talg). Using Lemma [2.1.5( this implies the surjectivity of |D We also
deduce a short exact sequence

0— EXtéLn(K),cr(ﬂ-alg? Talg) — EXtéLn(K),a(ﬂ-alg?‘/I) — EXtéLn(K),a(WalgyI/Walg) —0

and dimg ExtéL ( 7ra1g, Vi) = n + 2 (using the last assertion of Lemma |2 As the
left hand side of (28) is easﬂy checked to also have dimension n + 2, we ﬁnally obtaln an
isomorphism as in loc cit. O

Remark 2.1.9. It is a consequence of , and the last statement of Proposition m
that to (V7,¢) as in loc. cit. there is associated a canonical isomorphism of 1-dimensional
FE-vector spaces

Hom, (Lp,(Ok), E) /Homg (05, E) — Extqy, (k) o (Taig(Do), Vi/Tag(Ds))  (34)

where Hom, (Oj, E) embeds into Hom, (Lp,(Ok), F) via the determinant Lp,(Ok) — Oj.

The GL,_; in the next statement is the second factor of Lp, = (GOLi GL?H).
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Proposition 2.1.10. For o € ¥, i € {1,...,n—1} and I C {p;, 0 < j < n—1} of
cardinality © we have a perfect pairing of 1-dimensional E-vector spaces:

Extar, (i) o (Tate (Do), C(I, 81.0)) X Extay,, 1) o (CL 8i0), Tatg (Do)
— Hom, (GL,_;(Ok), E).

Proof. To simplify the notation we write m,, instead of m,(D,). Consider the GL, (K)-
representation C(1, s;,) ®p ExtéLn(K)ja(C(], Sio)s Talg) With trivial action of GL,(K) on the
1-dimensional factor Ext¢y, (1),0(C (1, 8i,0), Talg). 1t is formal (and left to the reader) to check
that there is a canonical isomorphism of 1-dimensional F-vector spaces

EXtéLn(K),U(O(L Si,c)s Talg) ®F EXtéLn(K),a(C(L Sisr)s Talg)”
= ExtéLn(K)vg (C(I, Sio) @F EXtéLn(K)’U(C([, Sio)s Talg)s Walg). (35)

We denote by v; the image of the canonical vector of the left hand side. We choose a
representative V7 of vy, which is thus isomorphic to a non-split extension of C'(I, s; ) by Talg.
By definition V7 also comes with an injection ¢ : may < V; and an isomorphism

K2 VT — C(1, 8i0) Qp ExtéLn(K)ﬁg(C(I, Sir), Talg)- (36)

The canonical surjection Lp, — GL,,_; onto the second factor induces a canonical injection
Hom, (GL,_;(Ok), E) — Hom,(Lp,(Ok), E)

which composed with the surjection

Hom, (Lp,(Ok), E) - Hom,(Lp,(Ok), E)/Hom, (O, F)
gives a canonical isomorphism of 1-dimensional E-vector spaces

Hom, (GL,_;(Ok), E) — Hom,(Lp,(Ok), F)/Hom, (O}, E). (37)

Combined with applied to V; as above and using x, we deduce canonical isomorphisms

Hom, (GL, ;(Ok), E) — EXtéLn(K)J (Tratg, C (I, 8:5) ®EEX’C%;L”(K),U(C([, Sixo), Talg))
— EXtéLn(K)p(Walg’ C([> si,o)) ®EEXt%}Ln(K),U(C<Iv Si,a)v Walg) (38)
where the second isomorphism is analogous to and purely formal. It is also formal to

check that the isomorphism does not depend on the chosen representative V; of v;. This
gives the canonical perfect pairing of the statement. O

Remark 2.1.11. A similar proof to that of Proposition [2.1.10)) also gives a perfect pairing
with Hom, (GL;(Ok), E) instead of Hom,(GL,_;(Ok), E), that is, with the first factor of
0

LPi - (GOLZ GLn,Z‘)'
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For o € ¥ we have a canonical isomorphism of 1-dimensional E-vector spaces
FE — Hom,(GL,_;(Ok), E), 1+ o ologodet. (39)

To simplify the notation we simply write log € Hom,(GL,,_;(Ok), E) for the image of 1 in
(39)). For later use, we also write val := val o det € Homg,, (GL,—;(Ok), E). It follows from
Proposition that for each o € ¥, i € {1,...,n — 1} and [ of cardinality i we have a
canonical isomorphism of 1-dimensional E-vector spaces:

Extar, (5,0 (Taig (Do), C(1, 8i0)) — Extar, (5,0 (C(1, Si0), Talg(Do)) " (40)

One can also reformulate in the following way, which will be useful in § the isomor-
phism & in induces an isomorphism

EXté}Ln(K),aOTalg(Da)a Vi/Tag(Do))
= Exter, ()0 (O, 8i0), Taig (Do) @5 Extiy, (1,0 (C(1 8i0), Taig(Ds))  (41)

such that the image of log € Hom,(GL,_;(Ok), E) in Ext(lgLn(K)p(walg(DU), Vi/Tag(Ds)) by
and is sent by to the canonical vector of the right hand side of .

2.2 The map tp, and the representations 7(D,), (D)

We define a crucial E-linear map tp, (Proposition and use it to define the locally
c-analytic representation 7(D,) of GL,(K) over E (Definition [2.2.6). We then prove that
7(D,) only depends on the isomorphism class of the filtered ¢/-module D, (Corollary(2.2.13)).
We finally define the locally Q,-analytic representation 7 (D).

We keep all the notation of § 2.1} In this section (except at the very end) we moreover
fix an embedding o € ¥. In order to construct 7(D,,), we first need to fix some choices. We
then prove that, up to isomorphism, 7(D,) does not depend on these choices.

We fix a basis (eq,e1,...,e,-1) of p/-eigenvectors of D, such that ¢/(e;) = g;e; for

0 < j <n —1, the choice of which won’t matter (we should denote e; by e;, but there will

be no ambiguity since o is fixed). For I C {y;, 0 < j <n—1} of cardinality i € {1,...,n—1}
we set )

er = /\ije[@j € /\EDU' (42)

In fact the vector ey is only defined up to sign, but we will only use the vector space Fe; in
the sequel. We then fix for each I C {¢;, 0 < j <n — 1} of cardinality ¢ € {1,...,n — 1}
an isomorphism of 1-dimensional E-vector spaces (using Lemma [2.1.5)

er Exthy, k)0 (CL, Si), Tag(Dy)) — Eepe (43)

where I¢ is the complement of I in {1,...,n — 1}. We define for each i € {1,...,n — 1}:

gi 1= @51 ; ExtéLn(K)’g(@C(I,sip),ﬁalg(DUD = /\E_ D,. (44)

[]=i |I|=i
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Remark 2.2.1. The isomorphisms ¢; and &; do not come out of nowhere since, at least
when K = Q,, they can be made functorial, see [BD23, Thm. 5.16(ii)] with [BD23), (5.32)].
However, we do not need here the (quite delicate) functor of loc. cit. (which anyway remains
to be defined when K # Q,), as it turns out that it is just enough for our purpose to choose
arbitrary isomorphisms of E-vector spaces €; for each I.

Fori € {1,...,n—1} we define the following 1-dimensional E-vector subspace of A% "D,

Fil"™D, := Fil" ' (D,) AFil""27(D,) A--- AFil " (D,)

~ i A 4
5 Ny Fil™e(D,) C N,'D, (45)

where the isomorphism follows from and . The following statement will be used
later (its easy proof is left to the reader).

Lemma 2.2.2. Let I C {p;, 0 < j <n—1} of cardinality i € {1,...,n—1}. The coefficient
of ege in Fil™D, is non-zero if and only if Fil™"*(D,) N (@, ., Ee;) = 0.

pjel

We now define several locally c-analytic representations of GL,(K) over E. For i €

{1,...,n — 1} consider the morphisms of (finite dimensional) E-vector spaces (writing i,
for ma4(Dy))

EXtGL (K)o @C (1, 8i0), Walg) QF EXtGL (K)o GBC (1,5i0) Walg)
[1|=i |I|=i

—) EXtGL (K ( @C ] SZ o—)) ®E EXtGL (K @C _[ S’L O’) Wa]g) Wa]g>
|[I|=1 [|=i

— EXtér, x0 ( @C I,5i,)) @5 Fil™ DU,Walg) (46)

[I|=i

where the first isomorphism is canonical and formal (as in the proof of Proposition [2.1.10),
the action of GL,(K) being trivial on the factor Extg;, (10,0 (B=iC (I, sw) Tag(Dy)) and
where the second morphism is the push-forward induced by the composition (see . 44)) for €;)

Rl D, = N\ ‘D, 5 Extly, K)o (@C (I, i), Tatg(D )) (47)
=i

We denote by 7, (D,) a representative of the image of the canonical vector of the left hand
side of by the composition (46) and by ¢; : mae(D,) — 7s,(D,) the corresponding
injection. For I C {p;, 0 < j <n—1} of cardinality ¢ € {1,...,n—1} we denote by 7;(D,)
the pull-back of 7y, (D,) along the canonical injection

C(1, 51.0) @5 Fill™ Dy — (@ CU, 51,) ) @ FIl™ D,
\T|=i
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The representation m;(D,) also comes with an injection ¢; : mae(D,) — 71(D,) (and a
surjection 7;(Dy) — C(I, s;0)®pFiL** D, ), the composition ma.(Dy) — m1(D,) — 75, (Dy)
being ¢;, and we have a canonical isomorphism

P m(D,) =57, (D) (48)

|I|:i,7ra1g(D[,)
where m,,(D,) embeds into m;(D,) via ¢;.

Let us unravel . Denote by Vi(D,) the pullback of the representation V; below (35)
induced by the composition

s1max "
Fil™® D, @ Extiyr, (0.0 (D C(I, $10) Taig (Do) = Extéy, 1) o (C(1, 1.0), Tag (Do) (49)

\I|=i

where the surjection is the canonical projection sending all ExtéLn( 1),0(C(J; 8i o), Talg) to
0 for J # I. Then one easily checks comparing and that there is a canonical
isomorphism

Vi(Ds) — m1(Ds) (50)

which is the identity on mue(D,) and on the quotient C(I,s;,) ®g Filj"*D,. It follows
from the structure of V;(D,) and from that we have a canonical isomorphism when the
coefficient of eje in the line Fil;*™* D, of A} D, is non-zero

Vi — (D) (51)
and a canonical isomorphism when this coefficient is 0
mae(Do) P(C T, 510) @p FilF*D,) — 7/(D,) (52)

(these conditions do not depend on any choice for the vector er). Going back to (48]) we
deduce a canonical isomorphism

<7ra1g<Da> — ( DCU.si) @n Fil?aXDa)) D (P si) epFi=p,)

[|=1 []=i
non—split split

— 7ms,(Dy)  (53)

where the subsets I in the first (resp. second) direct summand are those such that the
coefficient of eje in Fil;"™ D, is non-zero (resp. is 0). Note that, although the second direct
summand in can be 0 (for instance when the filtration Fil*(D,) is in a generic position),
the first is always strictly larger than m,.(D,) (because Fil"*D, is non-zero) and each
extension in subobject there is non-split. Finally for any non-empty subset S C R of the set
R of simple reflections of GL,, we define the amalgamated sum

ms(De) = €  7.(D) (54)

Siesvﬂ'alg(Do)
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where the sum is over i € {1,...,n — 1} and m,(D,) embeds into 7, (D,) via ¢; (thus
75 (Do) = 751y (Do))-

Remark 2.2.3. When K = Q, the representation 7, (D,) is the representation denoted
(Fo 0 E)THFIP™) with a = e; — e;41 in [BD23, Thm. 5.16].

Whereas all ExtGL (K)o I . . could be replaced by ExtGL k) by Lemma
2.1.5}, in the following crucial proposition we do need ExtGL (K)o

Proposition 2.2.4. There is a surjection of finite dimensional E-vector spaces which only
depends on the (g;); in and on a choice of log(p) € E:

tp, 1 Extdy, ()0 (Tag (Do), 7r(Dy)) — Extl;(Dy, Do) @) Hompa(Dy, Dy)

where Ext;f means the extensions as ©f-modules and Hompy means the endomorphisms of
E-vector spaces which respect the filtration Fil*(D,).

Proof. To simplify the notation we write mag, 77, 7s,, Tg instead of mae(Dy), T1(Dy), 75, (Dy),
7r(Dy) respectively, and Ext. instead of ExtéLn( K)o Note that the maps induced by the
injections ma, < 7 <= 7, — 7w (when ¢ = |I]):

70-.

Ext] (Tag, Talg) — Ext} (Mg, 71) — Ext] (Tag, Ts,) — Ext} (Mo, 7r) (55)

are all injective (their kernel is 0 since Homgr,, (k) (Taig, C(I, 8i,)) = 0 for all I). Hence it is
enough to define tp, in restriction to each Ext} (g, 7,,) in such a way that its restriction

to EXt}T(ﬂ'a]g, Talg) Via EXt}T(ﬂ'a]g, Talg) N Exti_(ﬂalg, 7s,) does not depend on i.

Step 1: We define some splittings.

Let i € {1,...,n — 1}. The surjection onto the second factor Lp (K) — GL,_;(K) gives a
canonical injection

Hom, (GL,_;(K), F) — Hom,(Lp,(K), E). (56)
The choice of log(p) defines a section Hom,(O%, E) — Hom,(K*, E) to the restriction
map Hom, (K>, E) - Hom, (O, E) by sending o o log : O — E to its unique extension
to K* sending p to log(p). We obtain a corresponding section Hom,(GL,_;(Ok), E) —
Hom, (GL,_;(K), E) to the restriction Hom,(GL,_;(K), E) = Hom,(GL,_;(Ok), E). One
then easily deduces an isomorphism only depending on log(p)

(Homsm (Lp(K),E) €D Hom,(K*,E )) @ Hom,(CL,(Ok), E)

Homgm (K*,E)
— Hom, (Lp.(K),E) (57)
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such that its restriction to the first direct summand is induced by the canonical injection
Homg, (Lp, (K), E) < Hom,(Lp,(K), E) and by the determinant Lp (K) — K*, and its
restriction to the second direct summand is the composition

Hom,(GL,_;(Ok), E) — Hom,(GL,_;(K), E) — Hom,(Lp,(K), E).

Combining (applied to (V7,¢) = (my,¢r) with |I| = 4) and we recall that we have a

canonical isomorphism when 7; is non-split
Hom, (GL,_;(Ok), E) — EXté(?Talg, 1/ Talg)- (58)

Let us now choose a refinement (g;,, ..., ¢, ) compatible with I (Definition[2.1.3]). By Propo-
sition combined with and when 77 is non-split, or by the second isomorphism
in combined with when 7; is split, we deduce an isomorphism

(HomSm @ Hom, (K™, E )) GB Ext! (Tag, 71/ Talg) — Ext) (Tag, 1) (59)

Homgm (K*,E)

such that its restriction to the first direct summand is the second isomorphism in (24))

(composed with Ext! (e, Tag) N Ext} (g, 1)), hence only depends on (¢, ..., ¢;.),
and its restriction to the second direct summand does not depend on (gj,,...,¢;,) (but

depends on ¢; via the definition of 7;) and depends on log(p) via if and only if 77 is
non-split.

In fact, for any refinement (not necessarily compatible with I) we have the composition
(which depends on that refinement):

||z®

Homg, (T(K), E) € Hom,(K* E) ' Ext L (Tratgy Tatg) = Bxth (marg, 1), (60)

Homgm (K*,E)

Hence choosing an arbitrary refinement (¢;,, ..., ¢;,) we (easily) deduce from (59)), and
an isomorphism

(Homsm(T(K),E) @ HomU(KX,E)> @ (@Exti,(walg,m/walg)) —

Homgm (K> ,E) |I|=1t
Ext, (Tag, Ts,)  (61)

such that its restriction to & _, Ext! (7ag, 7r/ma1g) only depends on &; and log(p).
By the discussion before Step 1 and it is enough to define ¢p_ in restriction to

Ext},(walg, Tag) and in restriction to @\H:i Exti_(ﬂalg, T Talg) — EXt}T(ﬂ'a]g, Ts;/Talg), and to
prove that tp_ does not depend on any refinement.
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Step 2: We define tp, in restriction to Ext} (mag, Talg)-
Recall from Step 1 that the choice of log(p) gives an isomorphism

Homgy, (K™, E) @5 Hom, (O, E) —+ Hom, (K*, E)
and hence an isomorphism

Homgy, (T (K), E) @) Hom, (O, E) —~+ Homg(T(K), E) @5 Hom,(K*,E).  (62)

Homgm (K*,E)

By and the second isomorphism in (24) we only need to define ¢p in restriction to
Homgy, (T'(K), E) and to Hom, (O, E).

We start with the second. We have a canonical injection
Ext.s(Dy, Do) @ E — Extl(D,, D,) @ Hompy (D, D)

which is the identity on Extl 7(Dy, Dy) and sends A € E to the multiplication by A on D,,
which is obviously in HomFﬂ(DU, D,). We then define

tDa|Homa(O§,E) : Hom, (O, E) — 09 E — Ext}of(Dg, Dy)® E, Moolog) — 0+ A. (63)
Fixing a refinement (¢;,, ..., y;,) we now define
t Dy [Homam(T(x),5) : Homg (T(K), E) — Ext,; (D, Dy) (64)

by sending 1 = (¢, ..., 1,) € Homg, (T'(K), FE) (with ¢, : K* — E) to
(@E s ¢les) = 9i 1+ Ve(@ic)e)es,) € Bxtly (Do, D) (65)

where wy is any uniformizer of K (remembering that the smoothness of the additive char-
acter 1, implies )| ox = 0). The map p, |Homen(1(k),r) depends on a choice of refinement,

however so does the injection Homg, (T(K), E) — ExtéLn(K) o (Talg, Targ) i (27), and one
readily checks that, via the second isomorphism in (and (62)), (63)), the resulting map

Dy | Ext] (rargmarg) L Ext) (Talg, Talg) — Ext;f (D,, Dy) @ E
(< Ext;(D,, D,) @ Hompy(D,, D)) (66)
only depends on the choice of log(p) and is an isomorphism.

Step 3: We define tp,_ in restriction to ExtéLn( K)VU(Walg, Ts;/ TMalg)-

Recall that the definition of 7, right after comes with an isomorphism 7, /7, —
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(D)1= C(1, si0)) @5 Fil™ D,. We then deduce isomorphisms

EXtclf (ﬂ-alga 7T8i/7ralg) ;) EXt}T (ﬂ-alga ( @ C’(]’ Si,a)) Rp Fﬂ;naxDJ>
|I|=i

Ext, (Tag, @ C(1,s;5)) ®p Fil"™ D,

[T|=i

K

|8

EXtCl’( @ C<]’ Si,a)a 71—alg)v QF Fﬂ?axDU

\I|=i

E

(NS 'D)" exmir,

Homp( N\ D\ Fil " (D,)) (67)

(where the second isomorphism is formal). The restriction map induces a canonical surjection

I

&

Homp( N\ "Dy N\ Fil™(D,))

—» HOmE ((/\nE_i—l Fﬂihi‘o (Do-)) A Do., /\TLE_Z Fﬂfhi,a (Do_)) (68)

where (A} '~ Fil ™" (D,)) A Dy denotes the image of (A%~ Fil ™" (D,))®g Dy in N ' D,.
By (i) of Lemma below we have a canonical isomorphism

{f € Homg(D,, Fil " (D,)), f|Fﬂ_hiyg(Dg) Scalar}
~ n—i—1 —hio n—1 —hio
5 Homy (( /\E Fil~"(D,)) A D,, /\E Fil ™" (D,)). (69)

Composing the isomorphism with the surjection and the inverse of the isomorphism
(69) we obtain a surjection only depending on ¢;

. 1
th |EXtéLn(K),o (Talg:Ts; /Talg) EXtGLn(K),o' (Walgv Ts; /ﬂ-alg>

—» {f € HOIHE(DU, Filihi’(f(Da))v f’Fi]_hi,a‘(Do) Scalar} — HomFil(Daa DO’)' (70)

Finally the surjectivity of ¢p, follows from the surjectivity of and from (ii) of Lemma
below (noting that the scalar endomorphisms of D, can also be described as

{f € Homp(D,, Fil™"*(Dy)), flpy-ro0(p,, scalar}. O
The proof of Proposition [2.2.4] uses the following elementary lemma:
Lemma 2.2.5.
(i) Fori € {1,...,n — 1} we have a canonical isomorphism as in (69) given by f —

(z Ad vz A f(d) for z € N~ Fil ™" (D,) and d € D,.
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(i) Fori € {0,...,n— 1} the inclusions
{f S HOIHE(DU, Fil_hi’a (DU))a f|Fil_h’i,U(Da) Scalar} — HomFil(Dm DO’)

induce a surjection

n—1

@{f € HomE(DU,Fil_hi"’(Da)), f|Fi17hi7g(D0) scalar} — Hompgy(D,, D, ).

1=0

Proof. The proof of (ii) being straightforward, we only prove (i). Note first that the map is
well-defined since, if 2 A d = 0, one easily checks that this implies d € Fil~"(D,), and thus
we also have 2 A f(d) = 0 as f|p-rio (p,y is scalar. A quick calculation with shows that

both sides of have dimension 1 +i(n —1) over E, hence it is enough to prove injectivity.
But if 2 A f(d) = 0 for all 2 € N '~ Fil ™" (D,), d € D,, this implies that f(d) belongs to
all (n—i—1)-dimensional vector subspaces of Fil™"#<(D,,), which obviously implies f(d) = 0
(for all d). O

For later use, we recall that, fixing an arbitrary refinement, by and (for S = R)
we have an isomorphism (depending on this refinement, on the isomorphisms (7); in (43])
via the definitions of the representations (D, ), 7r(D,), and on log(p)):

(Homow(T(K), E) €D Homo(KX,E))@(@Ext},(ﬂalg(DU),WI(DU)/Walg(DU)))

Homem (K% ,E)

— Exty, (mag(Ds), 7r(Dy)). (71)
We can now define 7(D,).

Definition 2.2.6. We define 7(D,) as the representation of GL,(K) over E associated to
the image in EXtéLn(K)J(Tralg(DU) ®@gker(tp,), mTr(D,)) of the canonical vector of the source
by the composition

EXtG, (#6).0 (Talg (Do), Tr(Do)) @5 Xt (50).0 (Tatg( Do ), Tr(Do))
— EthGLn(K),a (Walg(Do) ®p EXtéLn(K),a(ﬂ-iﬂg<DU>7 Tr(Ds)), WR(DU))

— ExtéLn(K)’U (ﬂalg(Da) ®g ker(tp, ), WR(DJ))
where the first isomorphism is formal and the second morphism is the pull-back induced by
ker(tp,) < EXtéLn(K)ya(ﬂ'alg(Dg),7TR<DU)).

In the sequel we also call 7(D,) the tautological extension of mu.(D,) ®p ker(tp,) by
mr(D,).

Though the surjection tp, in Proposition depends on choices, we now prove that the
isomorphism class of the representation (D, ) in Definition does not. We first prove
it does not depend on the isomorphisms .
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Proposition 2.2.7. Up to isomorphism the map tp, does not depend on the (¢r); in
for I C {p;, 0 <j<n-—1}. In particular the representation w(D,) of GL,(K) over E does
not depend on the choice of the €;.

Proof. As in the proof of Proposition we write T, 77, T instead of ma(D,), m1(Dy),
7r(D,) and Ext} instead of ExtGL We fix log(p) € FE and two choices (¢7); and (g7);.

Let 77, mr (resp. 7y, 7} associated to (er); (resp. ( in (48), (54) (for S = R), and
tp, (resp. t, ) the corresponding map associated to {(51)1, log( )} (resp. {(e})1,log(p )}) in

Proposition [2.2.4L We prove that there is a GL, (K )-equivariant isomorphism ¥ : 75 — T
which induces a commutative diagram of E-vector spaces

w
~

Ext,, (Talg, Tr) Excty (Mg, 1)

P )

Ext_s(Dy, D) @ Hompi (D, D)

(this is what we mean by “up to isomorphism the map ¢p, does not depend on the (g/),”).
By the construction of ¢p, in Step 2 and Step 3 of the proof of Proposition and by
[“8), (B4), (71), to construct ¥ (and obtain (72)) it is enough to construct for each I an
isomorphism ¥y : 7; — 77 such that we have commutative diagrams

o ¥y
T ——m} Ext, (Mg, 71/ Talg) Exty (Talg, 77/ Talg)
LIJ/ and ' = (73)
Talg Hompg ( %ﬁiDU, Fil?laXD(,)
where Wy : 7 /Ty — 5/ is induced by Wy (and where i = |I|). There is a unique

c; € E* such that €} = ¢/er in , thus we have a commutative diagram

cr

Filmex ), Filmex ),
74
li = (74)

Ext) (C(I, 8i4), Talg) -

Then induces an isomorphism V;(D,) — V;(D,) which is the identity in restriction
to T, and the multiplication by ¢; on the quotient C'(I,s;,) ®p Fil;"**D, (see above
for V;(D,)). By this gives Uy : 1; — 7} and the first diagram in . Note that U;
is the multiplication by ¢; on C(I, s;,) ®g Fil;**D,,. The second diagram then follows since
the image of the morphism in lies in Hompg(Fese, Fil;"*D,) and since the dual of
€7, which is used in the one but last map in (see also the right part of the diagram ([78))
below), “compensates” the scalar c;. O
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We now prove that the isomorphism class of 7(D,) does not depend on log(p). As this
is more subtle, we need some preparation.

Lemma 2.2.8. Let I C {p;, 0 < j <n—1} of cardinality i € {1,...,n — 1} and let ¢; €
EXtéLn(K),U(ﬂ'alg(DU%W[(Dg)/ﬂ'alg(Do)). Assume my is non-split and write ¢; = A(ey)log
where A\j(c;) € E and log € EXtéLn(K)J(?Talg(Dg),7T[(D0>/7Talg(DU)) is the image of log €
Homp(GL,_;(Ok), E) under (58) (see below (39) for log). Changing log(p) into log(p)’
replaces cy in (@) for any refinement compatible with I by

Ar(cr)(log(p) —log(p))val + ¢;

where val € Homgy, (GL,—;(K), E) — Homg,(Lp, (K), E) — Homg,(T(K), E) (and if 7y is
split then c; does not change).

Proof. This follows from the isomorphism and from the canonical commutative diagram
EXtéLn(K),a(Walg(Do>7 Vi) — EXtéLn(K),a (Walg(Do)7 VI/Walg<Do))

(28) zT
Hom, (GL,_;(K), F) Hom, (GL,_;(Ok), E)

where Hom, (GL,_;(K), E) is seen in Hom, (Lp,(K), E) (in (28))) as in (56). O

We go on with a crucial lemma which will be used several times in the sequel.

For c € B, EXtéLn(K),g(T(alg<Do)a 71(Dy)/Tag(D,)) recall that we have defined tp (c) €
Homgy(D,, D,) in Step 3 of the proof of Propositionm Hence for each j € {0,...,n—1}
there is a unique \;(c) € E such that

tp,(c)(e;) = Aj(c)e; € EP Eeyr.
i#i

Moreover A;(c) obviously does not depend on the choice of the basis (e,...,e,—1) at the
beginning of § 2.2 The following technical but important lemma will be used several times.

Lemma 2.2.9. Let I C {¢;, 0 < j < n— 1} of cardinality i € {1,...,n — 1} and let
¢ = cr € Exty, (100 (Tatg(Do), 71 (D) /Tatg(Ds ).

(1) If j is such that @; € I then tp, (cr)(e;) =0 and thus \;(c;) = 0.

(i1) If the coefficient of eje in Fil"*D, is 0 and if j is such that p; ¢ I then we have
tp,(cr)(e;) € EB%_,E[ Eej . In particular if the coefficient of ere in Fil***D, is 0 then
Nj(er) =0 forall j €{0,...,n—1}.
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(1it) If the coefficient of ere in Fil;"™ D, is non-zero and if j is such that p; ¢ I then
Aj(cr) does not depend on such j and is the unique scalar \;(c;) € E such that ¢; =
Ar(cr) log where log € EXtéLn(K)’U(ﬂ'?ﬂg(Dg),W](DU)/Walg(DU)) is the image of log €
Homp(GL,—;(Ok), E) (see below (39)) under (58). Moreover in that case we have

tp,(cr)(ej) — Ar(cr)e; € @ Eey (for j such that p; & I).

goj/EI

Proof. As usual we write m,,, 7y instead of ma,(Dy), 771(D,) and Ext! instead of ExtéLn( K)o

We prove (i). The image of the restriction of the morphism to Ext) (Tag, 71/ Tale)
lies by construction in the subspace Hompg(Eese, Fil™D,) of Hompg(Ay Dy, Fil™™D,).
In particular, by the definition of the morphism in (i) of Lemma , we have x A
tp, (cr)(d) = 0 in Ny ' Fil ™" (D,) = Fil™*D, for any = € Ny '~ Fil ™" (D,) and d € D,
such that x A d € @Jﬂc Eejin /\TfEfiDU. Since ¢; € I, we see that we always have x Ae; €
D, Ee; and thus

N X n—i __ —hi g n—i—1 —hi g
x ANtp,(cr)(ej) =0 in /\E Fil™"(D,) for any x € /\E Fil™" (D).
This implies that p, (c7)(e;) lies in any (n—i—1)-dimensional vector subspace of Fil "7 (D),
which implies ¢p, (cr)(e;) = 0.

We prove (ii). The last assertion follows from the first and from (i). We prove the first
assertion. Define
Fil " (D)9 := Fil " (D,) N (D Ee;r) (75)
J'#3
which has dimension > dimg Fil "7 (D,) —1 = n —i — 1 (see ) and let x be a non-
zero vector in A T Fil ™" (D)@ (which is a non-zero vector space). If the coefficient
of ere in x Ae; € N 'Dy is 0 then as in the second sentence of the proof of (i) we have
x Atp,(cr)(e;) = 0in N ' Fil™"7(D,) and thus tp_(cr)(e;) € Fil™"(D,)@, which implies
Aj(cr) = 0. If the coefficient of ere in A e; is non-zero, then = A tp,(cr)(e;) is non-zero
in N} Fil "< (D,). But if the coefficient \;(c;) of e; in tp,(cr)(e;) is also non-zero, then
necessarily the coefficient of e;e in x Atp, (cr)(e;) is non-zero, contradicting the assumption
on Fil**D,. Hence we must again have \;(c;) = 0. Thus we have

tDU(CI)<€j) c @E@j/. (76)
J#i

Let j such that ¢; ¢ I and assume there exists j' # j such that ¢; ¢ I and the coefficient
of ejr in is non-zero. As above let 2’ a non-zero vector in %ﬁileil_h“’(Dg)(j/) -

"L Fil M (D,). Since the coefficient of eze in 2’ A e; is 0 (as e; is missing), we have
«' Atp,(cr)(e;) = 0in No'D, (again the second sentence of the proof of (i)). However,
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as ej appears in tp_(cr)(e;) by assumption but ' A e; # 0 (since ej is missing in z’), we
necessarily have 2’ A tp_(cr)(ej) # 0, a contradiction. This finishes the proof of (ii).

We prove (iii). We denote by
r;: Fil™D, — Eeje (77)

the composition Fil;**D, < %_iDC, —» Feje where the surjection is the canonical projection
sending all Eeye € Nio'D, to 0 for J # I. We then have the following commutative
diagram of 1-dimensional E-vector spaces where, for each (non-obvious) arrow, we indicate
the corresponding reference and where we write C'(I) instead of C'(I, s;,), Fil"** instead of
Fil"™* D, and ® instead of ®pg:

58

Hom, (GL,_;(Ok), E 1) Talg)

LZ \

Ext] (Tag, Vi/Talg) —>Ext M (Talg, C(I®@ Eepe) =—— Extl (1,4, C (1) @ Fil™)

(77D
Le lz (78)
Ext. (C(I), Tay)" ® Bege < BExtl (C(I), o)V @Fil™™
(77
([@3)®id zT @3 Veid zT
Hompg(Fere, Feye) — Hompg(Eeje, Fil**).
(77)

Moreover it follows from (the discussion below) that, in the diagram (78)), the image of
log € Hom,(GL,_;(Ok), E) in Homg(FEejc, Fej) is the identity (note that the choices for
er and ) cancel each other). Note also that the right part of is the restriction of
to Ext! (mag, 77 /mag). Denote by

¢t € Homp(Eeje, Fil™D,) C Homy( /\"E_ng, Fill"™D,) (79)
the inverse image of id € Hompg(FEej., Fesc) under . In particular we have

€he(es) = 0for J #I° and €lere) — ere € @) Fey © /\Z’DU. (80)
J£I¢

Also the image of ej. by the composition _10 is tp, (log) € Hompg(D,, Fil " (D,))
where here log € Ext. (mayg, 77/7al) is as in the statement of (iii). Hence we have to prove

tp,(log)(e;) — e; € @D Eej when ; ¢ 1. (81)

wjr el
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We first claim that when ¢; ¢ I we have

dimg Fil ™" (D)) =n —i—1
where Fil ™" (D,)") is as in 1) Indeed, otherwise we would have Fil_hi"f(DU) C D, Eey
and thus the coefficient of eje = te; A (A /EIC\{SO }ej/) in Fil™D, = Ny ' Fil " (D,) would
be 0, contradicting the assumption. Let Fllmax Dy = %ﬁi*l Fil™"(D,)") which is a line
in A% "' Fil ™" (D,). Since the coefficient of eze in A% ' Fil ™" (D,) is non-zero, it follows

that the coefficient of eje\ g3 in Fil?lax’(j )D(7 is also non-zero and hence that for any non-zero
x € Fil;

max,()p) we have inside 5w D,

rNe; ¢ @Eej. (82)

J£Ie

By the definition of ¢p, (log) in (i) of Lemma [2.2.5] for any x € Fil]™ UD, we have ee(z A
e;) = x Ntp, (log)(e;) in Fil;***D,. By 1@} for any r € Fﬂmax( )Da we also have

ere(x Nej) —xNej € @Eej,
JAIe

hence we obtain for any = € F1lmX D,

A (tp, (log)(e;) — e;) € €D Ee,.

JAI
By (and since z A ey € @Jﬂc Eey for any j' # j), this already forces
tp,(log)(e;) —e; € EB Fej when ¢; ¢ 1. (83)

J'#i

Let j such that ¢; ¢ I and assume there exists j' # j such that ¢; ¢ I and the coefficient
of ej in (83)) is non-zero. By we have for j” such that p;» ¢ I

dimy (Fil ™ (Dy) 1 (Eejr P (€D Eer) ) ) = 1

prel

and by Lemma we have Fil ™" (D,) N (.., Eey) = 0. Hence for each j” such that

@, ¢ I there exists a non-zero f;» such that

fj" = Gj// + Z arer € Fﬂ_hi’a (Do—) (84)

prel

prel

and the elements {f;», @ ¢ I} form a basis Fil ™" (D,) (as they are obviously linearly
independent). As j # j' (and ¢, ¢ I), we see that the coefficient of e;e must be 0 in

n—i—1 n—i
(Aoper fi) Nes€ (N Fi o (D)) AD, ¢ N D,

3"#5
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By the second sentence in the proof of (i) it follows that

(At fye) Ao, (loB)(e;) = 0in A''D,.
3"#5’

But, as ej never occurs in (84) when j” # j', by and the assumption on j’ the coefficient
of ese in (/\ij,,¢1 fj») Atp,(log)(e;) must be non-zero, a contradiction. This proves . O

J"#5

Remark 2.2.10.

(i) With the notation of Lemmalet U be the image of ¢; in Homg (A ' Dy, Fil™*D,)
by (67). If the coefficient of ese in Fil**D, is 0 we have F,, (Fil***D,) = 0. If the
coefficient of eye in Fil;"™ D, is non-zero, by the paragraph below (78)) (and the sentence
below (39)) we have Fy, = Af(cr)e}e with efe as in (79), i.e. Fyy, is the unique morphism
N5 Dy — Fil™D, sending ey to 0 if J # I¢ and eje to Ar(cr) A\ v; where v; is any
non-zero vector in Fil;"*D, and Aje € E* is the coefficient of e;c in v;. In particular
we have Fy, (v;) = Are(Ar(cr)A\lvy) = Ar(cp)v; for any v; € Fil™D,.

(ii)) Arguing as in the proof of (i) of Lemma we see that we have
tDU(ExtéLn(K)ﬂ(walg(Da), 71(Dy)/Taig(D,))) = 0 if and only if the coefficient of ese is
0 in any vector of (A% 'Fil ™" (D,)) A D, if and only if for any ¢; ¢ I the coefficient
of ere\fyp;) 18 0 in any vector of N IR e (D).

We are now ready to prove that 7(D,) does not depend on log(p).

Proposition 2.2.11. Up to isomorphism the representation m(D,) of GL,(K) over E does
not depend on the choice of log(p) € E.

Proof. We write again m,,, 77, mg instead of (D, ), 71(Dy), mr(D,) and Ext! instead
of ExtéLn( K)o+ We fix isomorphisms (g7); as in and prove the stronger result that the
E-vector subspace ker(tp,) of Ext] (., mr) does not depend on the choice of log(p).

We fix the refinement (o, 1, ..., ¢n-1). By (for this fixed refinement) and by an
element ¢ € Exti_(walg, mr) can be written ¢ = cgy + ¢z + cpyy Where g, € Homg, (T(K), E),
Cz € HOHIU(OIX{,E) and cp; € @I EXt}T(Walg,’/T[/’/Ta]g). If tDJ(C) =0 in EXt;f(DU,DU) D
Homgy(D,, D, ), it follows from Step 2 and Step 3 of the proof of Proposition that
we must have tp_(csm) = tp,(cz + cpn) = 0. But tp, (cz) is a scalar endomorphism of D,
by while it follows from that tp, (cpy) € Homgy(D,, D) can never be a non-zero
scalar endomorphism. Hence we must have ¢p, (cz) = 0, which implies ¢z = 0 by (63)), and
tp,(crn) = 0. Note that tp,(cem) = 0 also implies ¢y, = 0 by the isomorphism before .
Hence we have ¢ = cpy.

Write ¢ = > ;¢; with ¢ € EXt},(ﬂ'a]g,ﬂ']/ﬂ'alg), we thus have tp, (cri)(e;) =
> rto,(cr)(ej) =0for j € {0,...,n—1}. From (i), (ii), (iii) of Lemma we deduce that
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we have in particular for each j € {0,...,n —1}:

Z Ar(er) =0 (85)
¢l
I non—split

where [ non-split means that 7; is non-split (equivalently that the coefficient of e;c in
Fil"* D, is non-zero). Now we apply Lemma , noting that when our fixed refine-
ment (@, ..., @,—1) is not compatible with a subset I, one needs to permute the (diagonal)
coordinates to,...,t,_1 of T(K) to apply loc. cit. In the end, we see that replacing log(p)
by log(p)’ replaces ¢ by ¢ + ¢ on the left hand side of (for the refinement (o, ..., ¥n_1))
where 0 € Homg, (T(K), E) is the character

to n—1
ET(K)r— > (( > /\[(c[)) (log(p) — log(p)')val(tj)> (86)
bn =0 I nfrjﬁépht

(note that the condition ¢; ¢ I comes here from the second factor GL,_;(K) of Lp (K) in
Lemma [2.2.8)). By we have 0 = 0, which shows that the subspace ker(tp,) of does
not depend on log(p). O

Remark 2.2.12. Note that, contrary to the first statement of Proposition [2.2.7, the map
tp, does depend on the choice of log(p).

Corollary 2.2.13. The isomorphism class of the locally o-analytic representation w(D,) of
GL,(K) over E of Deﬁmtion does not depend on any choice.

Proof. Let m(D,) associated to {(er)r,log(p)} and m(D,)" associated to {(g})s,log(p)’'}. Let
also m(D,)" associated to {(g})s,1log(p)}. By Proposition 7(D,) is isomorphic to
7(D,)", and by Proposition [2.2.11| 7(D,,)" is isomorphic to 7(D,)". O

Finally we end up this section with the definition of the following locally Q,-analytic
representation of GL, (K) over E:

(D)= P (Do) ®p (@rzsL(Ar))) (87)

0, Talg(D)

where the amalgamated sum is over o € ¥ and where m,4(D) (see (21))) embeds into m(Dy) Qg
(®r20L(A;)) via the composition mae(D,) — 7r(Dy) — 7(D,) (deduced from for
S = R and Definition [2.2.6)) tensored by ®,.,L(\;).

2.3 Some properties of 7(D,) and 7(D)

We prove several properties of the representations 7(D,) and 7(D), in particular we prove
that m(D,) determines the isomorphism class of the filtered ¢/-module D, (Theorem [2.3.10)).
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We keep the notation of §§ [2.1] and denote by ¢ € ¥ an arbitrary embedding.
By Lemma |2.1.5{ and we have dimpg EXtéLn(K)?U(’ﬂ'alg(Do),7TR<DU)) =2"+n— 1. Since
dimpg Ext}of(Da, D,) = n, dimg Hompy(D,, D,) = n(n+1)/2 and the map ¢p, in Proposition
is surjective, we deduce

1
dimpker(tp,) =2"—1— @
Hence, from Definition [2.2.6, we see that the representation 7(D,) has the following form:
:ymax n_1_nndl)
Tag(Do) —— (@D (CULsin0) @5 FilF*D,) ) ——— (mag(Do)** 7757 (88)
T

from which one deduces an analogous form for 7(D) by (87).

From now on S denotes a (possibly empty) subset of the set R of simple reflections of GL,,.
When S # ) recall mg(D,) is defined in and when S = 0 we set my(D,) := Tag(D,).
We let Ps C GL, be the parabolic subgroup (over K) containing B with corresponding
simple roots {a, s, € S} and rp, the full radical subgroup of Pg (hence to compare with
the notation P, before Proposition we have P; = Pp\(s,3). Recall that the injection
75(Dy) = mr(Dy) deduced from (54) induces an injection Extgr, K)o (Tatg (Do), T5(Dy)) =
ExtéLn( K).0(Tag (Do), Tr(D,)) analogous to the injections in (55)), hence we can consider

the restriction of the map tp, to ExtéLn(K o(Talg(Dy), ms(D,)). In particular, replacing
everywhere mr(D,) by ms(D,) in Definition we denote by

(Do) (5)

the representation of GL, (K) over E associated to the image in

Extér, k)0 <7Ta1g(Da) ®g ker (tp, |ExtéLn(K)’U(walg(Dg),ws(Da)))7 WS(DU)>

of the canonical vector of EXté}Ln(K),g(ﬂ_alg<Do’)7 7s(Dy)) ®p ExtéLn(K)ja(ﬂalg(Dg), 75(Dy))Y.

So we have 7(D,)(R) = m(D,) and (by Step 2 in the proof of Proposition 2.2.4)) w(D,)(0) =
Tag(Dy). We also denote by mg(D,) the representation of GL,,(K) over E associated to the
image of the canonical vector of the source by the map

EXt%;Ln(K),a(ﬂalg(Da)v WS(DU)) Y EXt%}Ln(K),a(Walg(Da)a WS(DJ))V
— EXtéLn(K),a (Walg<Da) 5] EXt%}Ln(K),J(Walg(DU)’ 75(Ds)), WS(DU))-

By construction (D, )(S) is the pull-back of 7s(D,) along the canonical injection

Tag (Do) @p ker(tp, gt

GLp (K),o

(ﬂalg(DU),ﬂg(Dg))> — 7Talg(Do) 295 EXtéLn(K),g(Walg(Do)a ms(Dy)).

Lemma 2.3.1. The representation m(D,)(S) is isomorphic to the mazimal subrepresentation
of (D) which does not contain any C(I,s;,) for s; ¢ S in its Jordan-Hélder constituents.
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Proof. One can check that there is a commutative diagram of short exact sequences

0——7m5(Dy) — Ts(Dy) — Talg(Ds) @k EXtéLn(K),a(ﬂ—alg(DU)7 7s(Dy)) —=0

0 —=7r(Dy) —=Tr(Do) — Tag(Ds) ®p EXté}Ln(K),a(ﬂ'alg(Da)a Tr(Ds)) —=0

where the vertical injection on the right is id®(injection induced by 7s(D,) < 7r(Dy)).
The pull-back of the top (resp. bottom) line induced by ker(tp, |gxis, o (marg (Do)s (D))

EXt%}Ln(K),a(Walg(Do)v WS(DJ)) (reSp- ker(tDa) — EXt%}Ln(K),a(Walg(DU)v 7TR(DU))) 18 7T<DJ)(S)
(resp. m(D,)(R) = 7(D,)). In particular we have:

m(D,)(S) — 7s(Dy) N 7(Dy)

where the intersection on the right hand side is inside 7g(D,;). This is precisely the maximal
subrepresentation of 7(D,) which does not contain the C(1,s;,) for i ¢ S. O

Note that Lemma [2.3.1] and Corollary [2.2.13| imply that the isomorphism class of the
representation m(D,)(S) does not depend on any choice (this can also be checked directly
as for w(D,)).

Lemma 2.3.2. We have

. n .
dimpg ker(tDa|EXtéLn<K)’U(ﬂalg(Da)aﬂ'S(Da))) = (Z (z)> + 1 — dim(rpg, ).

$; €S

Proof. When S = () the statement holds since both sides give 0, so we can assume S # ().
By Lemma and the analogue of for ms(D,) we have

: n
dimp Extey, (g0) o (Tag (Do), ms(Do)) = n+ 1+ Z < ) (89)

By the analogue of for mg(D,) together with , and we have a surjection
th |Ext1GLn(K)’O_(ﬂ-alg(Do-)77TS(Do')) : EXt(l}Ln(K),o<7Talg(DU)a TrS(Da)) - (EXti;f<Daa Do) SY E) @

Z {f € HomE(DU, Fﬂihi’o (Da))v f’Fj]_hi,a(Do) Scalar} (90)

s$; €S

where the sum on the right hand side is inside Homgy (D, D, ). By the proof of (i) of Lemma
and a straightforward computation we have

dimpg {f € Homp(D,, Fil "7 (D,)), f|Fi1—hi,U(Da) scalar} =1+i(n—i) =dim(rp, ,,) — 1
from which it is easy to deduce

dimp Y { f € Homp(Dy, Fil ™" (D,)), fluy-tew o Scalar} = dim(rp,.) — 1.

S; €S
By and the statement follows. O]
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From Lemma and the definition of 7(D,)(S), just as in (88) we deduce that the
subrepresentation 7(D,)(S) of m(D,) has the following form

Walg(Da> . ( @ (0(17 3|I|,a) R Fﬂlnll‘axDU)> - (ﬂ—alg(DO')@(ZSiES (?))—&-l—dim(TPSc))_ (91)
I's.t. s €S

Example 2.3.3.

(i) When S = {s;} (j € {1,...,n—1}) we have (3, . (M) +1—dim(rp,.) = (?) -1-
j(n —j) in (91), hence in that case 7(D,)(S) has the form

ﬂ—alg(Da) - ( @ (C([, Sjp) QF Fﬂ;—naXDa)> _— (Walg(Da)GB(?)flfj("*j))

=3

=, (D) —— (maag( D)) 71 00)
where 7, (D,) is in . Note that (?) —1—j(n—j)>0ifand only if j ¢ {1,n—1}.

(ii) When S = {s1, 5,1} and n > 3 we have (3, . (7)) +1—dim(rp,.) = 1in , hence
in that case 7(D,)(S) has the form

(71-81 (DU) @walg(Dﬁ) Tsp_1 (DG)) - 71-alg;(Dcr)‘

Together with (i) and Lemma this implies that (3, ¢ (7)) +1 — dim(rp,.) = 0

if and only if S = {s1} or S = {s,_1} (which can also be checked directly).

In the two propositions below we fix a non-empty subset S of R and ¢ € {1,...,n — 1}
such that s; € S. We have the following (surjective) composition

Extar, (i6).0 (Tatg (Do), ms(Dg)) = Extoy, 1) o (Tatg (Do) 75(Do) [ Targ (Do)
(6

€D Extar, (1) o (Tate (Do), 7, (Do) /Matg (Do)

SjES
—  Extar, 10 (Talg(Do), s, (Do) /Targ(Dsr )
(67 n—i
— Homp( /\E D,,Fil"™™D,) (92)

where the surjectivity of the first (canonical) map follows from the analogue of for
ms(D,) and  where the third map is the canonical projection sending all
ExtéLn( 5),0(Taig (Do), s, (Dy) /Talg (Do) to 0 for j # i. Recall that the last isomorphism in
depends on the choice of isomorphisms (g;); as in (43)), which we tacitly fix all along.
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Proposition 2.3.4. With the above notation, the image under (@ of the subspace
EXtéLn(K),o,inf(ﬂ-alg(DU)7 Ts(Dy)) is

Homp (( /\ZfiD(,) JFil™> D, Fil*™D,)

(in particular it does not depend on any choice).

Proof. We write T, T, Ts instead of T, (Dy), s, (D), ms(Dy) and Exty, Ext, ;¢ instead
of ExtéLn( K)o ExtéLn( K)o.mf- Lhe fact that the image of Extg, ¢(Talg, ms) under does
not depend on (g;7); (and thus does not depend on any choice) directly follows from an
examination of the proof of Proposition , in particular (73)).

Step 1: We give preliminaries.
For i € {1,...,n — 1} denote by 7}*(D,) = m° the direct summand on the left hand side of
(53) (“ns” for ‘non-split”) and deﬁne sumlarly to ((54)

g (Dy) = me = @ Ty (93)

SZGS Talg

which is a direct summand of mg. We have
Ext) (g, ms) = Extl (o, T8 @ Ext} (g, 7s/78)

and moreover Ext, (g, 7s/7%) (trivially) lies in Ext} ;,¢(Tag, Ts) (recall any extension of
Tag by any C(I, s;») has an infinitesimal character as the constituents are distinct). By
(for S instead of R) with and we have an isomorphism

Hom, (T(K), E) @ Hom, (0}, E) P ( D HomU(GLn_m(OK),E))

S|1| es
I non-split

— Ext] (mag, 72°).  (94)

(Recall that the restriction of to the first direct summand depends on the choice of
a refinement, see , and that its restriction to the second direct summand depends on
choices of (e7)r in (43) via the definition of 7% (D,) and of log(p) € E. We tacitly make
such choices, which won’t impact the proof.) Let ¥ = g, + % + > ;11 be an element in
the left hand 81de of (94) (with obvious notation) and 7(¥) a representative of its image in
Ext. (mag, 78) by (94 . Let Z, the center of the envelopmg algebra U(g,) and  : 2, — E
the (common) infinitesimal character of m,, and 7%. The image of ¥ in Ext] (m., 75) lies
in Exty ¢ (ag, 75°) if and only if z — £(z) acts by 0 on 7(¥) for all z € Z,.

Step 2: We give necessary and sufficient conditions for an element in EXté(?Talg, Ts) to
lie in Ext] ;¢ (Tayg, Ts).
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By Step 1 we can replace Ext}(mag, 7s) by Ext!(mag, 75%). Recall that the action of Z,
commutes with the action of GL,,(K) ([ST02, Prop. 3.7]) and that we have an embedding
Z, — U(t,) (the Harish-Chandra homomorphism). Write U(t,) = Eftos, ..., th-1,] =
Eltoe —&(too)s - tnm10 — E(tu—1,0)] where t;, € M, (K) has entries 1 in coordinate (j +
1,7+ 1) and 0 elsewhere. Let z € Z, then z — £(z) can be written

—

n—

z2=8(2) = ) A(2)(t0 — &(t0)) + (degree > 2 in the t;, — £(t;0))

.
Il
=)

for some \;(z) € E. Write ¢y = A(¢)o olog and ¢; = A(¢r)o o logodet (see ) with
A1), Ar(vr) € E, then it follows from the argument at the end of the proof of [Di25]
Prop. 3.26] that z — {(z) acts on (V) by
0(2) ns
T(V) = Talg — Talg — 7o — (V)
(the left surjection and the two right injections come from Ext] (., 75) and the definition
of %) where (we only consider non-split I)

n—1
()= X (A0 + X ) 1) (95)
=0 <5
S‘I‘GS
Now, there exist elements zy, 21, . .., 2,1 in Z, such that the matrix (A\;(z;));; € M, (E) lies

in GL,(E) (this follows from the isomorphism of tangent spaces X — X¢ in the proof of
[Di25, Prop. 3.26]). Since z — &(z) acts by 0 on 7(V) if and only if §(z) = 0, we deduce from
(95]) and the previous sentence the following necessary (and clearly sufficient) conditions for
the image of W to lie in Ext(lfyinf(ﬂalg, 7¢’) (we again only consider non-split I in the sums)

AW)+ > M) =0 for j=0,....n—1.
1<)
S‘I‘ES

By an obvious induction this is equivalent to

=0 and Z Ar(¢r) =0 for j such that s; € S. (96)
Ingr'l:{)ht

Step 3: We prove the statement.
Let ¥ € Homg, (T'(K), E) @(@SWGS Ext. (7ayg, 7r/7alg)) such that its image by (for S
instead of R) lies in Ext;inf(walg, Ts), equivalently such that the conditions are satisfied.
Fix i such that s; € S and fix a basis v; of the 1-dimensional E-vector space Fil;"**D,
(the choice of which won’t matter). Denote by Fy and Fy, the image of respectively W
and ¢; in Homg (AL Dy, Fili"™™ D,) by (note that vy, maps to 0). We obviously have
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Fy =) ;F,, and Fy, = 0if |I| #i. By (i) of Remark [2.2.10if || = i we have Fy,(v;) =0
when [ is split and Fy, (v;) = A\j(¢r)v; when [ is non-split. It follows that

Fy(v) =) Fy(v) = ( > AI(%))% 0,

I
I non-split
i.e. Fy € Homp((Ay 'Dy)/Fil"™D,, Fil"™D,). The fact that the image of Ext} (g, 7s)
in Homp((A\% ' Dy), Fil®™*D,) is exactly Hompz((A\y ' Dy)/Fil™™ D,, Fil™™*D,) follows again
easily from (96 as there are no other conditions on the ;. O

Remark 2.3.5. It follows from the proof of Proposition in particular Step 3, that the
image by (for S instead of R) of an element

¥ € Hom(T(K), E) D ( D Exthy, x0)o (Taig(Do), 71(Dy) /walg(pg))>

S|[|€S

in ExtéLn(K)ﬂ(walg(DU), 7s(Dy)) lies in the subspace ExtéLn(K)ﬂ’inf(walg(Dg), 7s(Dy)) if and
only if Fy € Homg((Ny'D,)/Fil™D,, Fil"™*D,) for all i such that s; € S, where Fy is

the image of ¥ in Homg(A, ' D,, Fil;**D,) by .

Recall we assumed S # . The partial filtration (Fil "7 (D,),s; € S) on D, induces a
natural decreasing filtration on /\%_lDo. For 7 such that s; € S we denote by

n n—i
Filg; ™D, € \_ D,

the one but last step of this induced filtration. When S = R (in which case (Fil"7(D,), s; €
R) is the full filtration Fil*(D,)) we just write Fil2""™*D,. In that case we have

FilZ""mexp, = Fil 1o (D,) ARl m=2e(D,) A - AFiLTh40e (D) A Fil-17(D,)
n—i—1
= /\E Fil "+ (D,)) AFil "1 (D,) (97)
(and dimpg Fil?nd'maXDU = 2). More generally, writing S = {s;,, Si,, - - - ’Si\SI} with i; < ij41

and setting ¢ := 0, we have

n7i|s‘71

Filt; ™™D, = (/\

.—hi o '_hi _1:0
Z Fil 1507 (D)) A Fil "Is1-+7(D,) (98)

E
(which has dimension 1 + (n — 4s)(¢|s] — %s)-1)) and for j € {1,...,[S| -1}
. 2nd_max o niij“rl . 7h7;j o ij+17ij71 : *hij,a ] 7h7lj, ;0
Filg; ™D, = ( /\E Fil "5+ (D,)) A (/\E Fil " (D,)) AFil -1 (D,) (99)

(which has dimension 1+ (i; — ;1) (ij41 — ;).
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Remark 2.3.6.
(i) When |S| =1, i.e. S = {i;}, note that we have in particular by

ond

FilZ ™D, = (N Fil e (D,)) A D,

and hence an isomorphism by and

ond

Hompg ((/\;—21 Dg)/FﬂS,i{ maxpy Fil?llaxDU) — ker (HomE ( /\’;—h D,. FﬂzlaxDU)

— {f € Homg(D,, Fil 17 (D,)), f|Firhil,U(Dg) scalar}).

(ii) For s; € S we could also define Filg;*D, C %ﬁiDU to be the last step of the filtration
on A% 'D, induced by the partial filtration (Fil™"7(D,),s; € S) on D,. However an
exercise analogous to or shows that we have in fact Filg;*D, = Fil;**D,.

Proposition 2.3.7. With the above notation, the image under (@ of the subspace
ker(tDo‘ExtéLn(K),U(ﬂalg(Dg),ﬂs(Dg))) of EXtéLn(K),0<7Talg(Da)aWS(DU)) is

Homp (N 'D,) /FilZ ™D, Filr>D, )

(in particular it does not depend on any choice).

Proof. As usual we write g, T, s instead of mug(Dy), 75, (D,), 7s(D,), Ext} instead of
2nd

ExtéLn(K)ﬁ and Fil "is17, Fil"™ Filgﬁj’ma" instead of Fil_hiIS\"’(DU), Fili"* D, Filg,; ™ D,.

Note first that the last statement can actually be proved directly: the same proof as in
Proposition [2.2.11] shows that the subspace ker(tp, |gxtL (r,, 7)) OF Ext! (7.4, Ts) does not

depend on the choice of log(p), and the image of ker(¢p, [gyl (ry, xs)) Under (92) does not
depend on (g7)7, as follows from the proof of Proposition [2.2.7] in particular (73)).

We denote by ¢p, s the composition

[)
Ext} (Talg, Ts/Malg) — @ Ext,, (Talg, s, /Tag) @, Hompy(D,, D,)
s;€8

and recall from the proof of Proposition 2.2.4] (in particular Step 2 of loc. cit.) that we have
a canonical isomorphism

ker(tDa |Ext(1,(7ra1g,7rs)) % ker(%Da,S)' (100)
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Write S = {s;,, Siyy-- -5 5i\5|} with i; < 441, by (100) and we need to prove that the
kernel of the surjection

o ni E+ED "
EBHOHIE(/\E DU,FHZ@X) —» Z{f € Hompg(D,, Fil "7), f’Fﬂ,hij,U scalar}
j=1 j=1
| (101)
has image Hompg((A}, " DU)/Fil?;Z' U FIL) for j € {1,...,|S]} via the projection to the

direct summand Homg((\} 7 D,), Fil"®) of the left hand side of (101)). For instance this is
clear when |S| = 1 by (i) of Remark hence we can assume [S] > 1. Since the kernel
of each HomE(/\%_”DU,Fili?aX) — {f € Hompg(D,, Fil "), flpyhis.o scalar} is clearly
contained in the kernel of (101)), using (i) of Lemma together with when j = |S]
and when j < |S], it is equivalent to prove that the image of the kernel of in
{f € Homp(D,, Fil "), flayhij.o scalar} is the subspace

J,U
f € Homp (Dg/Fil_hi\SPU, Fil_hi\s\’a), f(Fil_hi\5|—1’J/Fil_hi\5|"7) - 0} when j =|9]
102
f € Homp (Dg/Fif’”r”, Fifh"jv"), f(Fifh"f—lv"/Fifh"r") C FilihiHl"’} when j < |S]. (102)
Let
5] n—ij;
J .1max
Fy+ B+ + Fs) € Homg(/\ "Dy, Fil™)
j=1

which maps to 0 by (101) and denote by f; € {f € Homp(D,, Fil "), f|Fil_hz‘j,a scalar }

the image of F;. Using that Fil "isr" C Fil ™si-1v C ... C Fil M ¢ Fil " = D,
a straightforward induction shows that the equality fi +--- + fis; = 0 in Homg(D,, D,)
exactly forces the conditions in . More precisely the reader may draw the matrix of
each f; € Homg(D,,D,) in an adapted basis of D, for the above filtration Fil "is17 -
... C Fil™" = D, then sum up these matrices to get the matrix of f; + --- + fis) in this
adapted basis, and check that if this last matrix is 0 then this first implies f|g |Fﬂ—hi‘ spo = 0,
f|S|,1|Fﬂ—hi‘S|_1’g =0, ..., f1|Fﬂ_hi17(, = 0, and then . This proves that the image of the

kernel of (101) in {f € Hompg(Dy, Fil "), flag
The surjectivity for each j is then an easy exercise (left to the reader) by choosing suitable
[y for iy € S\ {i;}. O

scalar} lands in the subspaces ((102).

i]-,a

Remark 2.3.8. Let S’ C S C R and s; € S’. The natural injection

EXt%;Ln(K),a (Tatg (Do), w57 (D)) — EXt%;Ln(K),a (Tatg (Do), ms(Dy))

induces an injection

ker(th |ExtéLn(K),o

(Walg(Dg)Jrs/(Do—))) — ker(tp, |py (7a1g(Do )75 (D)) )- (103)

GLn (K)o
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If 7 is neither the maximal nor the minimal element in S (identifying R with {1,...,n—1}),
let i1, 1o € S be the two elements which are adjacent to ¢ with i1 < ¢ < 19. If 7 is the maximal
(resp. minimal) element in S, let i3 be the element in S adjacent to i. By Proposition m
and the discussion above Remark one can check that the images under of the two
vector spaces in are equal if and only if 41,45 € S” or i3 € S (respectively).

We denote by
EXt%}Ln(K),a,inf,Z(Walg(DU)7 ms(Ds)) C EXtéLn(K),o,inf(Walg(Da)a ms(Ds))

the subspaces of EXtéLn(K)’U(ﬂ'alg(Dg),7T5(DU)> of locally o-analytic extensions with an in-
finitesimal character and a central character (resp. with an infinitesimal character).

Corollary 2.3.9. For S C R we have

ker (tp, |gxi (ﬂalg(Dg),ws(Dg))) - EXtéLn(K),a,inf,z(Walg(Da)a 7s(Ds)),

GLn (K)o

in particular the representation w(D,)(S) has an infinitesimal character and a central char-
acter.

Proof. By Lemma it is enough to prove the statement for S = R. Let 75(D,) as in
(for S = R), as in Step 1 of the proof of Proposition it is enough to prove the
statement replacing EXtéLn(K),o(ﬂ'alg(Da),7TR<DU)) by ExtéLn(K),o(walg(DU),W%S(DU)). We
have an isomorphism similar to

(Homu(T(K), E) @ Homy (K% E)) @ ( @ Homy(GLy11(Ox), )

Homgm (K*,E) I non-split

— Bxtar, (1).0(Taig (Do), 75 (Do) (104)

Let W := Y+ non_spiie Y1) an element in the left hand side of (with obvious notation),
c(¥) its image in EXtéLn(K)yo(ﬂ'a]g<Dg),W%%Do)) under (104) and 7(¥) a representative of
c(¥). We assume tp, (c(¥)) = 0 and we want to prove that 7(¥) has a central character and
an infinitesimal character. Note that tp, (c¢(W¥)) = 0 implies ) = 0 by Step 2 in the proof of
Proposition hence we can assume W = 3, L r. We write ¢ = Ar(¢r)oolog odet
where \;(¢7) € E.

Note first that 7(¥) has an infinitesimal character by Proposition and Remark

(both for S = R) since Fil;"*D, C F il?nd'maXDg. Let us prove that 7(¥) has a central
character. Let x : K* — E* be the (common) central character of m,(D,) and 7% (D, ).
Let m(1r) a representative of c¢(¢;) € ExtéLn(K)ﬁ(Walg(Dg), 15 (Dy)), then by Step 2 in the
proof of Proposition [2.1.8] in particular (31]), the action of diag(t) — x(¢) on 7 (¢;) for t € K*
is easily checked to be given by the composition:

(1) = Tatg(Do) 28 7ae(D,) = 73(D,) = m(thr)
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where 07(t) := (n — [I|)A1(¢or)x(t)o(log(t)) (and where the left surjection and the two right
injections come from ExtéLn( K).0(Talg(Dy), T (D)) and the definition of 73°(D,)). It follows
that diag(t) — x(¢) acts on (V) by

) S0

(V) = Talg (Do Tag(Dy) = 7 (Dy) = (V).

But an easy computation yields (remember we only consider non-split [):

32 01(t) = x(0olog() (0~ )v(wr) = xlt)olox(0 > ZAI un) ©o,

which implies the statement (we can also use for S = R since we know 7 (V) has an
infinitesimal character). O

We can now finally prove one of the most important results of this section.

Theorem 2.3.10. Let S be a subset of the set R of simple reflections of GL,,. The isomor-
phism class of the locally o-analytic representation (D, )(S) determines and only depends
on the Hodge-Tate weights h;,,j € {0,...,n — 1} and the isomorphism class of the filtered
@/ -module D, endowed with the partial filtration (Fil™"(D,),s; € S).

Proof. We again write m,, 7, g, Tg for maue(Dy ), 7s,(Dy), Ts(Dy), Tg(Dy), Extl,
Ext! e for Exthy )0 EXton, (0).ome and Fil™ FilZ; ™™ for Fil">D,, Fil}; ™>D,.

From its definition the isomorphism class of the representation 7 (D, )(S) only depends on
Talg and ker(¢p, [gxtl (ry,ms))» Which by and only depends on the Hodge-Tate weights
and the isomorphism class of the filtered ¢/-module (D, (Fil ™" (D,), s; € S) (which means
no filtration at all when S = )). We now prove that the latter is determined by the iso-
morphism class of 7(D,)(S). Since the Hodge-Tate weights and the eigenvalues of ¢/ are
determined by mae(D,) (see (20)), we can assume S # ) and it is enough to prove that one
can recover the filtration (Fil™ "7 (D,),s; € S) from the isomorphism class of 7(D,)(S).

Denote by m},,mf the image of Exty, ;¢ (mag, Ts) in Exty (mag, 7s/Tayg). By Corollary 2.3.9

and using the notation in the proof of Proposition [2.3.7| we have ker(tp, s) C Ext,

o,inf*

Step 1: We prove that the isomorphism class of w(D,)(S) determines the subspaces
ker(tp,.s) C mi’mf of Ext. (malg, Ts/Talg)-
First, the isomorphism class of 7(D,)(S) determines the isomorphism class of mg, which
itself (trivially) determines the subspace Ext);¢(ma, 7s) of Ext)(mayg, 7s), hence also the

subspace E_Xtclr,inf of Ext} (g, Ts/malg). The isomorphism class of (D, )(S) also determines
the isomorphism class of 7(D,)(S)/male, hence it is enough to prove that the latter determines
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the subspace ker(fp, s). Recall that by definition of 7(D,)(S) we have a commutative
diagram (see the comment before Lemma [2.3.1)

0—— 7TS/7Ta1g - %S/%/(Z) Talg RE EXt};(Tralg; 7TS/7Talg) —0

| | ] B

0—>-7T5/7Talgé7T(DU)(S)/7Talg 7Talg ®E kel‘(tDms)—>O

where the right square is cartesian. By Lemma [2.3.11| below applied to the subspace U =
ker(Zp, ) of Ext} (Taig, Ts/Tay), We have a decomposition of vector spaces U = U; @ - - ® Uy
and an isomorphism

7(Do)(S) /7 = ( @D C(L siny0) @ Fili) €D (m @ -+ 0 70)
1¢Ty
where for j € {1,...,d} each 7, is indecomposable and the image of 7; by the composition
;< T(Dy)(S) /g < Ts/Tp — Talg @5 EXt (Talg, Ts/Talg)

is Tae ®p Uj. Since

Endar, (0 (7(De) (S)/Tag) = (6D Endew, (10(C(I, s11.0)) D (€D Ender, (7)) (106)

where each End(—) in (106)) is E, it follows that for any injection ¢ : 7(D,)(S)/Tag —
Ts /Ty obtained by composing the canonical injection in with an automorphism of
7(Dy)(S)/mag, the composition with Tg/Ty — Tae @p Ext) (T, Ts/Tag) still gives the
subspace T @p (U1 @« - - ®U,y) = mag @pker(tp, s). This proves that the isomorphism class
of (D, )(S)/mae determines the subspace ker(tp, ).

We write S = {si,,8i,,. .., 8ijg } With i; < ij11. For j € {0,...,[S] — 1} let S; :=
{Sir, -2 8,805} (50 Sjgj—1 = S and Sy = {s; , }).

Step 2: We prove that the subspaces of Ext} (g, Ts/Tals)

ker(tp, s,) C ker(tp, s,) C -+ Cker(tp, s) C Ext,

o,inf

determine the filtration
D, = Fil™"<(D,) > Fil "7 (D,) > --- > Fil "si-1°(D,) > Fil 517 (D,).

Recall first that ker(tp, gy

o (Walgv

ker(tp,.s). By Proposition [2.3.4] applied with i = 4|5y the image of Extamf
Homp(Ay ¥ Dy, Fil">) is the subspace Homp((Nyg *' D, )/Fill®, FilF®), By .

o) C keT(tn, [Extl (ryyms)) fOr 8" C S and thus ker(fp s) C

HE] sl ? Z\S\
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(with (i) of Lemma [2.2.5)), the image of HomE((/\%_i'S‘DU)/FiIET;X, Fil?llsa‘x) in Hompgy(D,, D,)
is the subspace

Homy (D, /Fil "is1*(D,), Fil "7 (D,)),
which clearly determines Fil_hi\sl"’(Da). By Proposition m applied with i = 45| and by

100) the image of ker(ip, s,) in Homp (A} ™ Dy, Fil'™) for j € {0,...,]S| — 1} is the
n—i 1274 max 1n:ymax : :
subspace Hompg((Ag lS‘Do)/Fllgj,qs‘  Fili g ). By applied with S; and , , the

n—i|s‘

image of Hompg((Ag DU)/FH?;{J_H‘&X, Fili") in Hompq(Dy, Do) for j € {0,...,[S] =1} is
the subspace
Homp (D, /Fil ™" (D,), Fil"1517 (D,))

(recall iy = 0), which again determines Fil " (D,). Dualizing, this gives all the steps of
the filtration in the statement.

Step 3: We prove the theorem.
By Lemma the isomorphism class of (D, )(S) determines the isomorphism classes of all
7(D,)(S;) for j € {0,...,]|S| — 1}. The statement then follows from Step 1 and Step 2. [

The proof of Theorem [2.3.10| uses the following formal lemma. For S a non-empty subset
of R define

Zs :={I C{¥o,--,¢n_1}, |I| =i for some i such that s; € S}.

For U a vector subspace of EXtéLn(K)J(ﬂ'alg(Dg),Ws(Dg)/ﬂ'alg(Do» define 7y C Zg as the
minimal (for inclusion) subset such that

U C @ ExtéLn(K)’U (Taig (Do), C(1, 8i11,0) @F Fﬂ"}leDa))

1€y

(vecall that w5(Dy)/Talg = D ez, O 8)110) ®p Fil7}*D, and that each EXt%}Ln(K), above

o

has dimension 1 by Lemma [2.1.5). The following lemma is longer to state than to prove
since it is purely formal, we leave its proof to the reader.

Lemma 2.3.11. Let S be a mnon-empty subset of R, U a wector subspace of
ExtéLn(K)J(walg(Dg),WS(DJ)/Walg(DU)) and denote by w(D,)(U) the pull-back of
7s(Dy)/mo(Dy) in the top exact sequence of along the canonical injection

Walg(Dg) RF U— ﬂ-alg(Do) RF EXtéLn(K)p(ﬂ'alg(Dg), WS(DU)).

Write U = Uy @ - - - @ Ugq where each U; 1s non-zero, where Iy = Iy, I1--- I 1y, and where
each U; cannot be decomposed any further (there exist such d > 1 and U;). Then we have

(D)) = (@D CU, 5.0 @5 FlED,) ) P (mi @+ @ 70)

1¢Ty
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where each m; is indecomposable and the image of m; via the composition

75 < Fs(Da)/Ta(Dy) — (D) ©i Bxthy, 1) o (Masg( Do), 75(D) /g (Do)

is the subspace Tae(Dy) @p Uj.

Remark 2.3.12.

(i)

Let S = {Si,,8i,- -85} # 0 with 4; < i;4y, it follows from the proof of The-
orem [2.3.10| (in particular Step 2) that the isomorphism class of the representation
7(D,)(S)/mag determines the isomorphism class of the filtered ¢/-module

<DU, Dy = Fil™"(D,) D Fil "17(D,) D Fil "27(Dy) D --- D Fﬂ*hasm»a(D(,))

(that is, the last step Fil ™57 (D,) is missing), but not conversely in general.

We explain more explicitly how to “visualize” the Hodge filtration from the proof of
Theorem [2.3.10, We only consider the case S = R (hence 45y = n —1). For 8’ C R
and s,_1 € S’ we denote by k,_; the natural surjection (see for example )

Kn—1: EXt%}Ln(K),a (Walg(DU)v 7TS’(DU)) - EXt%}Ln(K),o (ﬂ—alg(Da>’7Tsn71<Da)/7Talg(D0))'

In Step 2 of the proof of Theorem , we consider the subspaces 1 (ker(fp,,s,)) for
jed{l,...,n—2} (with S; = {s1,...,5;,5n-1}). Let 7 | be the tautological extension
of Talg (Do) @ kin—1(ker(tp,.s,)) by s, (Do) /Tag( Do) similarly as in Definition m
By definition, we have

) (Dy) 2 7(Dy)(S;)/m(D)(S;\ {sn-1})

and by Remark we have in fact 77 (D) = m(Dy)({3), Sn-1})/m(Ds)({s;}). We
let 78 ,(Dy) = 7y, (Do) /mag(Dy) and 7-(Dy) == Tr(Do)int/Trfsn_s} (Doint,
where for §' C R we denote by 7s/(D,)int the tautological extension of mue(D,) ®p
ExtéLn( K),0inf(Talg (Do), Ts1 (D)) by Taig(Ds). We have an increasing sequence of rep-

resentations (writing x| Talg fOr ng)fl(Da), Talg(Dy))

7T§?L)_1 — ng)_l [ S ng)_l [ S 7T§Zj12) < Fﬁ::ll)
| | 1
0 —— Mag = -+ —> Wﬁé oy ey ﬂgén—z) N Wién_l)

where the kernel of the vertical surjections are all isomorphic to ng?f,l (D,) and where
the multiplicities of m,,(D,) follow from Proposition with (for j #n —1),
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Proposition (for j = n—1). Taking the orthogonal of the image of the subspaces
tin—1(ker(tp, s,)) of Homp(D,, Fil™""12D,) via with respect to the pairing

Homg(D,, Fil™"-*D,) x D, — Fil™"-1"D, =~ E

(which amounts to the argument in Step 2 of the proof of Theorem [2.3.10)), the top

sequence in 1) corresponds to a sequence of subspaces of D, (with Wn];l(Dg) corre-
sponding to Fil "< D,)

D, = Fil™™°D, D Fil ™" (D,) D --- D Fil "»~1=i7(D,) D --- D Fil "~27(D,)
2 Fil "2 (D,)
which is precisely the Hodge filtration on D,.

We end up this section by a description of the cosocle of 7(D,). Recall that the wedge
product induces a perfect pairing of finite dimensional vector spaces

A Do x N Dy — N\ D, (108)

We say that a subset I C {@o,...,¢n_1} of cardinality i € {1,...,n — 1} is split if the
coefficient of e;e in Fil**D, C N} ‘D, is 0 (equivalently Fil;"*D, C @)sj=n—; Ee,) and is
J£I¢

cosplit if the coefficient of e; in any vector of the orthogonal (Fil>""™>D, )+ ¢ NyDy of
Fil?nd'ma"DU under (108]) is 0 (equivalently (Fil?mi_maxDa)L C Pyj=i Eey).
TAI

Corollary 2.3.13. We have

socar,)m(Ds) = mag(Ds) @ (P CU,s10))

I split

cosocar, (x)T(Ds) =~ Walg(Da)@n_l_n(n;l) @ ( @ C(I,si0)).

I cosplit

Moreover, when n > 3, if C(I,s;,) occurs in cosocar, (k)™(Dy) then C(I°, s,—;s) occurs in
socar, (k)T (Ds), and this is an equivalence when n = 3.

Proof. By definition of 7(D,) (Definition D we have socar,, (k)™ (Dy) = socqL, (k) Tr(Dy).
The first isomorphism then follows from ((53]) and (for S = R). By definition of 7(D,)
the