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Abstract

Let L be a finite extension of Q,, and p, be an n-dimensional semi-stable non crystalline p-adic representation
of Galy, with full monodromy rank. Via a study of Breuil’s (simple) L-invariants, we attach to py, a locally
Qp-analytic representation II(pr) of GL, (L), which carries the exact information of the Fontaine-Mazur
simple L-invariants of pr,. When p;, comes from an automorphic representation of G(Ap+) (for a unitary
group G over a totally real filed F'* which is compact at infinite places and GL,, at p-adic places), we prove
under mild hypothesis that II(py) is a subrerpresentation of the associated Hecke-isotypic subspaces of the
Banach spaces of p-adic automorphic forms on G(Ag+). In other words, we prove the equality of Breuil’s
simple L-invariants and Fontaine-Mazur simple L-invariants.
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1. Introduction and notation

This paper seeks to explore new cases in p-adic Langlands program (see [4] for a survey), where a basic
problem (and a starting point) is to find the Galois information, that is lost when passing from an n-
dimensional de Rham p-adic Galois representation pr, : Gal, — GL,(E) to its associated Weil-Deligne
representation WD(pr,), on the automorphic side, e.g. in the Banach representations or locally Q,-analytic
representations of GL,, (L). Here L is a finite extension of Q, of degree dy,, and E is the coefficient field of the
representations that we consider in this paper, which is also finite over QQ, and sufficiently large containing
all the embeddings of L in @p. In this paper, we consider the case where p; is non-critical semi-stable
non-crystalline with the monodromy operator N on Dy (py) satisfying N*~1 # 0.

Fontaine-Mazur simple L-invariants

When passing from py, (under the above condition) to its associated Weil-Deligne representation, the lost
information (beside of the Hodge-Tate weights) can be concretely described via the so-called Fontaine-Mazur
L-invariants. We study some of the Fontaine-Mazur L-invariants in this paper, which we call Fontaine-
Mazur simple L-invariants. Let D := Diiz(pr), which is trianguline and admits a unique triangulation:
(61, ,6n) (where the ¢;’s are continuous characters of L* in E*). The simple L-invariants are those
characterizing the consecutive extensions D! of R (d;11) by Rg(8;) fori € A= {1,--- ,n— 1} (which we
identify with the set of simple roots of GL,,) inside D.
In fact, since N*7! £ 0 on Dg(pr), we have that Dfﬂ is semi-stable non-crystalline, and (5,-62-111 =
ell,.;.p 0" where ky € Zso for all 0 : L < E, and ¢ denotes the cyclotomic character. We have a
natural perfect pairing (induced from the Tate pairing, cf. § 3.1):
<'7'> ~ —

Ext{, ) (Re(di+1), RE(6:)) x Hom(L*, E) == E (= H{, 1) (Re(6:5,11))), (1)
where Hom(L*, F) denotes the (dy + 1)-dimensional E-vector space of E-valued additive characters on L*
and is naturally isomorphic to Ext%so r)(RE(di+1), RE(0it1)). We let

L(pr); := L(D); C Hom(L*, F)

be the E-vector subspace orthogonal to [DZ:H] via the perfect pairing (1), which is thus dy-dimensional and
is determined by D:™! (and vice versa). Put L(pr) := L(D) := {L(D); }ien.

Breuil’s simple L-invariants

First introduce some notation. Let o € E* be such that {a,qrc, - ,qz_la} are the eigenvalues of ¢/r
on Dg(pr), where fr, denotes the unramified degree of L over Q,, and qr, := p/t. Let )\ be the dominant
weight of T'(L) (With respect to the Borel subgroup B of upper triangular matrices) associated to the
Hodge-Tate weights HT(pr,) of pr. Let St;°(A) (resp. St5*()A)) denote the locally algebraic (resp. locally Q,-
analytic) Steinberg representation of weight A, and let v%o (M) be the locally algebraic generalized Steinberg
representation of GL,, (L) with respect to P (see §1.1 for details) for a parabolic subgroup P D B (where B



is the Borel subgroup of lower triangular matrices). Let Sto°(a, A) := St (A) @ unr(«) o det, X(a, A) :=
Sty (A)®@punr(a)odet, and v (o, A) := vF (A)@punr(a)odet, where unr(«) denotes the unramified character
of L* sending uniformizers to . For i € A, denote by P; 2 B the minimal parabolic subgroup with respect
to i (i.e. i is the unique simple root of the Levi subgroup of P; containing the torus subgroup 7). The
following theorem plays a crucial role in finding the counter part of the Fontaine-Mazur simple L-invariants

in the locally analytic representations of GL,,(L) (which we refer to as Breuil’s simple L-invariants).
Theorem 1.1 (cf. Theorem 2.19). For i € A, there exists a natural isomorphism of E-vector spaces

Hom (L™, E) — Ext%}Ln(L) (v%o(a,g), St?ln(a,g)), (2)

where the Ext! is taken in the abelian category of admissible locally Qp-analytic representations of GL,,(L).

We refer to Remark 2.20 (ii) for an explicit description of the isomorphism. Let V' be an E-vector subspace
of Hom(L*, E) of dimension d, i € A. Let {1, ,14} be a basis of V, and we put

Si(, A, V) 1= i, A, ¥1) Bsian(an) il A, 1h2) Bspan ()« Bsten(ann) Silas A, 1q),
where ¥;(a, \,1);) denotes the image of ¥; via (2). Thus %;(a, A, V) is isomorphic to an extension of

v% (o, \)®9L by St2(a, A), and is independent of the choice of the basis of V. We put

2(047 Aa ‘C(pL)) = @’észn(a’A) Si(O&, A? ‘C(pL)Z)

This is a locally Q,-analytic representation of GLy, (L), and is isomorphic to an extension of @;¢ A’U% (v, A)dL
by St2(a, A). By (2), £(a, A, L(pr)a) carries the exact information of {a, A, £(pr)}, i.e. the information on
the Weil-Deligne representation associated to pr, the Hodge-Tate weights of pr,, and the simple L-invariants

of PL-

Local-global compatibility

The precedent discussion is purely local. Suppose now pr appears on the patched eigenvariety [12] (hence
we also assume the so-called Taylor-Wiles hypothesis, see § 4.1.1 for details). In this case, one can associate
to pr, an admissible unitary Banach representation ﬁ(pL) of GL,, (L) as in [14] (where the method is global),
which is expected to be the right representation (up to multiplicities) corresponding to pr. We have (e.g.
by global triangulation theory, see Proposition 4.7)

St (1, A) —— H(pr)- (3)
The following theorem is the main result of the paper (see Theorem 4.10, Remark 4.13 (i))
Theorem 1.2. Keep the assumption, the injection (3) extends uniquely to a morphism
(v A, L(pr)) — T(pr). (4)
Moreover, for i € A, ¢ € Hom(L*, E), (3) can extend to a morphism
Ri(on A, 4) — T(py)
if and only if Y € L(pr);.



This theorem implies that L£(pr) can be explicitly read out from ﬁ(pL). We remark that the map (4) is
injective if socqr,, () X(a, A) is exactly St7°(a, A), which is actually true for GLa(L) and GL3(Qp). The
author does not know whether it is true in general. However, one can show (a, A, £(pz)) actually comes
by push-forward from an extension X(a, A, L(pr)) of @icavy (a, \)®9L by a certain X(a,A) C St(a, A).
And we have socgr,, () 2(a, A, L(pr)) = St;° (o, A). We refer to (63) for the structure of X(a, A, L(pr)), and
to Theorem 4.10 for a similar statement for (o, A, L(pL))-

A similar result of Theorem 1.2 in modular curve case was proved by Breuil ([5]) using modular symbols,
and played a crucial rule in Emerton’s proof of Mazur-Tate-Teitelbaum exceptional zero conjecture (cf.
[20]). Ome can expect the results (or the methods) of this article have applications in the study of p-adic
L-functions.

Sketch of the proof
We give a sketch of the proof of Theorem 1.2. It is sufficient to prove the second part of the theorem.
Let i € A, and ¢ € L£(D);, the uniqueness of the L-invariants (i.e. the “only if” part) follows from the

existence (i.e. the “if” part) and the global triangulation theory. We sketch how to obtain a non-zero map
i, A) — (pr) if 0 # ¢ € L(D);.

We first prove a result on triangulation deformations of pr. Let %tprLl denote the rigid space over E pa-
rameterizing trianguline deformations of p; (note also that since N"~! = 0, p; admits a unique trian-
gulation). We have a natural tangent map dk : %}fg (Ele]/e?) — Hom(T(L),E). For i € A, denote by
ki : Hom(T'(L), E) — Hom(L*, E), (¢j)j=1,.. n — ¥; — ¥i41. The following proposition is of interest in it
own right (cf. § 3.4).

Proposition 1.3. %erl s formally smooth of dimension 1 + "(";l)dL, and the composition k; o dk factors

through a surjective map %ffLi(E[e]/EQ) — L(pr)i-

We unwind a little on the construction of II(pz). As in [14], we have a continuous Banach representation
I of GL, (L) which is equipped with a continuous action of certain patched Galois deformation ring Roo
commuting with the GL,,(L)-action. By [12], one can then construct the so-called patched eigenvariety X, (p)
(where 7 is a certain global residue Galois representation) from the Jacquet-Emerton module Jpg(ITZ=—2m)
(where “(-)f==21" denotes the locally R..-analytic vectors, cf. [12, § 3.1]). We have a natural embedding
(by construction) X,(p) — T x (Spf Rso)™®, and hence a natural morphism w : Xp(p) — T, where T
denotes the rigid space over E parametrizing continuous characters of T'(L). Assume that we can associate
to pr, a classical point x = (x, m,) € X,(p) with m, the corresponding maximal ideal of Rs[1/p] (and x a
locally algebraic character of T'(Q),) attached to pr, see § 4.2 for details), and we put (pr) := oo [my], the
E-vector subspace of vectors annihilated by m,. Consider the tangent map of w at z:

dws : Tx,(p)e — Tf,w(a;) =~ Hom(T'(L), E).

By a study of the geometry of X,(p) at  (similarly as in [11, § 4], but much easier), we can deduce from
Proposition 1.3:



Corollary 1.4. The composition k;odwy factors through a projection of E-vector spaces Tx,z).e = L(pr)i-

By the corollary, there exists ¥ € Imdw, with ;(¥) = ¢. Together with the construction of X, (), one
obtains an injection of T'(L)-representations

X ®@p Ly — Jp(Ig=""") {m, } ()

where {m;} denotes the generalized eigenspace, i.e. the subspace of the vectors annihilated by a certain
power of m,, and where 1y denotes the extension of two trivial characters attached to W. The non-critical
assumption on py, then implies that (5) is balanced in the sense of [22, Def. 0.8]. We can then apply
Emerton’s adjunction formula (cf. [22, Thm. 0.13], and we adopt the notation of loc. cit.) to get a non-zero
morphism

154 (05" ®@p 1y) — M=~ {m, }. (6)

By some locally analytic representation theory (and unwinding the bijection in (2)), one can actually show
that (6) induces a non-zero morphism

Yi(a, A, 1p) — TTRe—a0 iy ],

We finally remark that the global context that we are working in is not important for the above arguments.
Actually a key point above in finding the Fontaine-Mazur L-invariants in the space of p-adic automorphic
representations is Corollary 1.4, which one can expect to hold in more general setting (e.g. with X,(p)
replaced by the classical eigenvarieties, see Remark 4.5, 4.13 (ii)). We refer to the body of the text for more
detailed and more precise statements.
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1.1. Notation

Let L (resp. E) be a finite extension of Q, with Or, (resp. Og) its ring of integers and wy, (resp. wg) a
uniformizer. Suppose E is sufficiently large containing all the embeddings of L in Q,. Put

ZL::{U:IN—)QTP}:{U:L%E}.

Let valg(+) (resp. val,) be the p-adic valuation on Q, normalized by sending uniformizers of Oy, (resp. of
Zp) to 1. Let df, := [L: Q,] = |ZL], er, := valy(wy) and fr, := dp/er,. We have q, := p/t = |0 /=y

For a Lie algebra g over L, 0 € ¥, let g, := g ®1, E (which is a Lie algebra over E). For J C X, let
87 := [Iyes 9o- In particular, we have gs, = g ®q, E.



Let A be the set of simple roots of GL,, (with respect to the Borel subgroup B of upper triangular matrices),
and we identify the set A with {1,---,n — 1} such that i € {1,--- ,n — 1} corresponds to the simple root
(z1,--+ ,2pn) € t+— x; — 41, where t denotes the Lie algebra of the torus T" of diagonal matrices. To I C A,
we can associate a parabolic subgroup Pr of GL,, containing B such that I is equal to the set of simple roots
of L, the unique Levi subgroup of P; containing T' (thus Ppn = GL,, Py = B). Let N; be the nilpotent
radical of Py, Z; the center of L; and Dy the derived subgroup of L;. Let P; be the parabolic subgroup
opposite to Py, and N; be the nilpotent radical of P;. Note that L; is also the unique Levi subgroup of P;
containing 7. Let N := Ny, N := Ny. Let g, ps, nz, l7, p;, 07, t be the Lie algebra over L of GL,, P, Ny,
L;), Pr, Ny, T respectively, and let b := pg, b := Py, n:=ny and n = ny.

Let A :== (Ao, -+, Ano)oex, be aweight of ty, . For I C A ={1,--- ,n—1}, we call that ) is [-dominant
with respect to B(L) (resp. with respect to B(L)) if Ny > Xit1,0 (resp. Aiog < )\HLJ) for all ¢ € I and
o € ¥r. We denote by XIJr (resp. X ) the set of I-dominant integral weights of tg with respect to B(L)
(resp. with respect to B(L)). Note that Ag € X if and only if —\ € X; . For A € X, there exists a unique
irreducible algebraic representation, denoted by L(A);, of Res(ép L with highest weight A, i.e. L(A);VI 2
is one dimensional on which ts, acts via A\. Denote x := L(A)y. If A € XX, let L(}) := L(A)a. Let

I CJCA, and suppose A € Xj, then we have L(A)]}[I(L)HL‘](L) =~ L(A)g.

Let A be an integral weight, denote by M()) := U(gy,) BU(bs, ) A (resp. M()) := U(gy,) DU (o, )A), and
L

let L(A) (resp. L())) be the unique simple quotient of M () (resp. of M())). Actually, when A € X1, L())
is finite dimensional and isomorphic to the algebraic representation L()) introduced above (hence there is
no conflict of notation). If moreover A € X{ (i.e. —A € X) we have

L(-3) = L)

Denote by # (= S,,) the Weyl group of GL,,, s; the simple reflection corresponding to i € A. Let #%, = S
be the Weyl group of Resép GL,. For 0 € L, let #, be the o-th factor of #5,, which is isomorphic to #/,
and let s; , € #, be the simple reflection corresponding to i. For S C ¥, denote by #s := [[,cq #5-

Let A be an affinoid E-algebra. A locally Qp-analytic character ¢ : L* — A* induces a Qp-linear map

L— A z— %5(exp(tx))|t:0,

and hence induces an E-linear map
Leg E= [[ E— A
oEX
Thus there exist wt(d), € A for all o € X, called the o-weight of ¢, such that the above map is given by
(ao)oexy, 7 Dgex, Go Wi(6)o. And we call wt(0) 1= (wt(6)os)oex, the weight of §. For a weight A of ts,
over E, we see x) is just the algebraic character of T'(L) of weight A.



For a topological commutative group M, we denote by Hom(M, F) the E-vector space of continuous additive
E-valued characters on M. If M is a locally L-analytic group, denote by Hom, (M, F) the E-vector space
of locally o-analytic characters on M (i.e. the continuous characters, which are moreover locally o-analytic
as E-valued functions on M).

We normalize the local class field theory by sending a uniformizer to a (lift of the) geometric Frobenius. In
this way, we obtain a bijection
Hom(L*, E) = Hom(Galy, E).

Denote by ¢ the cyclotomic character of Galy over E.

If A is a commutative ring, M an A module and I an ideal of A, we denote by M[I] C M the A-submodule
of elements killed by I and by M{l} := Up>1 M[I"].

For simplicity, we let G = GL,,(L), and Z be the center of GL, (L). When I is a singleton {i}, we also use
i to denote I for subscripts (e.g. P; = Py;y).

2. Breuil’s simple L-invariants

In this section, we study the extensions of some locally analytic generalized Steinberg representations. We
show that such extensions can be parameterized by Breuil’s simple L-invariants.

2.1. Preliminaries

We recall some useful notation and statements on locally analytic representations.

2.1.1. Locally analytic representations

Let H be a strictly paracompact locally Q,-analytic group (where strictly paracompact means that any open
covering of H can be refined into a covering by pairwise disjoint open subsets), and denote by D(H, E) the
locally convex E-algebra of E-valued distributions on H (cf. [34, Prop. 2.3]). Let M(H) denote the abelian
category of (abstract) D(H, E)-modules. Note that one can embed H into D(H, E) by sending h € H to
op == [f — f(h)] with f € C*(H, E), where C*"(H, E) denotes the E-vector spaces of E-values locally
analytic functions on H.

Let V be a locally (Qp-)analytic representation of H over E (cf. [34, § 3]), the continuous dual V'V is
naturally equipped with a D(H, E')-module structure given by

(- w)(v) = u(lg — wlg™"v)]) (7)

for p € D(H,E), w € VY and v € V. Note that the function [g — w(g~'v)] on H lies in C%~2*(H, E), so
the action in (7) is well defined.



Let V, W be locally Qp-analytic representations of H over E. As in [37, Déf. 3.1], we put
Eth‘I(V" W) = EXt;\A(H) (W\/a Vv)? (8)

where the latter denotes the r-th extension group in the abelian category M(H). Let Z’ be a locally Q,-
analytic closed subgroup of the center Z of H, and x be a locally Qp-analytic character of Z’, we denote by
M(H)z ,, the full subcategory of M(H) of D(H, E)-modules on which Z’ acts by x~! (where the Z’-action
is induced by Z' < H < D(H, E)). If Z' acts on both V and W via the character x/, we put

EXt?I:’I,Z’:X(V7 W) = EXtTM(H)Z/’X (W\/, VV)
where the latter denotes the r-th extension group in M(H)z . In the case where Z' = Z, we denote
M(H)y == M(H)zy, and Exty (VW) := Extly ,_ (V,W). In the case where H/Z' is also a strictly
paracompact locally Qp-analytic group, and H = H/Z' x Z' (as Q,-analytic manifolds), we have a natural
equivalence of categories between M(H )z 1 and M(H/Z'). Hence in this case we have

EXt%yzlzl(‘/a W) = EXt;I/Z/(VV, W)

Proposition 2.1 ([37, Cor. 3.3]). Let V be a finite dimensional locally Qp-analytic representation of H
over E, then we have (cf. [37, Cor. 3.3])

Exty (1,V) = Hy, (H, V)
where H,, | (H, V') denotes the r-th locally analytic group cohomology defined by Casselman and Wigner ([15]).
By [7, Lem. 2.1.1] and the proof, we have

Lemma 2.2. Let V and W be admissible locally Qp-analytic representations of H over E, and let M €
Ext}w(H)(WV, VV). Then M is a coadmissible D(Hy, E)-module for a certain uniform pro-p open compact
subgroup Hy of H. Hence MY (equipped with the strong topology) is an admissible locally Qp-analytic
representation of H.

Keep the notation and assumption of Lemma 2.2, by equivalence of categories ([35, Thm. 6.3]), we see
that Extl,(V, W) consists of admissible locally analytic representations which are extensions of W by V. If
moreover, Z' acts on both V and W via y, then Ext}q’ Z’:X(Vv W) consists of extensions of W by V on which
7' acts via .

Let D*°(H, E) denote the strong continuous dual of the E-vector space (equipped with the finest locally
convex topology) of locally constant E-valued functions on H, which is in fact the quotient algebra of
D(H, E) by the closed ideal generated by the Lie algebra of H. The map h +— §;, induces in fact an injection
H — D>*(H,E). Let M(H)*™ denote the category of abstract D°°(H, E')-modules, which is thus a full
subcategory of M(H). For a locally analytic representation V of H, it is easy to see V¥ € M(H)®> if and
only if the H-action on V' is smooth. For a locally Qp-analytic closed subgroup Z’' C Z, let x be a smooth
character of Z’, we denote by M(H)%?X the category of D*°(H, E)-modules on which Z’ acts via x~!, and
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M(H)S == M(H )OZOX Let Rep™(H) (resp. RepZi_, (H )) denote the category of smooth representations
of H over E (resp. smooth representations of H over E on which Z’ acts via the character y). We have the
following functor

Rep™(H) — M(H)®,V VY (9)

where V'V denotes the abstract dual of V, which coincides with the continuous dual of V (as D*(H, E)-
modules) if V is equipped with the finest locally convex topology, and where the D> (H, E)-action on V" is
given by the same way as in (7). This functor is fully faithful. By [38, Cor. 0.2], we have

Proposition 2.3. Let V, W € Rep™(H) be admissible representations. Then the functor in (9) induces

natural bijections
EXtrRepoo (H) (V, W) = EXtTMOO(H) (WV, VV), Vr € Zzo

Remark 2.4. Let Z' be a locally Qp-analytic closed subgroup of Z such that H = H/Z' x Z' as Q,-
analytic manifolds, and let x be a smooth character of Z' over E such that x can lift to a smooth character
of H. We have an equivalence of categories Rep%?ZX(H) = Rep™(H/Z'), V + V ®g X, which induces
M (H)z 2 M>X(H/Z'). Let V, W € Repg_, (H) be admissible, by the above discussion and Proposition
2.3, we deduce

ExtTRep?:X(H)(V, W) 2 Extlyoe gy, (WY, V), Vr € Zxo. (10)

"
2.1.2. Locally analytic generalized Steinberg representations

Let A € XX, and I C A. We put (recall G = GL,(L))

G — G
IZ (A) = (Indﬁl
-G — G
B, A) = (Indﬁl

L(A)I)@p_an,
1)™ ®@g L(A).

(L)
(L)

Note that by [33], i% (A) is actually the locally algebraic subrepresentation of ]I%I (A). If J D I, we have
. . . G G G G
natural injections ]IP] (A) — ]IE (A) and B, (A) — P, (A). Put
) = 18 /(YIS ),

JI

vF Q) = G W/ ).
JoI
We put Stz (A) := vE(}), Sty7(A) := vF (A), H%l = ]I%I (0), z'%l = i%I (0), v%nl = v%ri (0), and U% = v%i 0).
For ao € E*, put ]I%I (o, ) := H% (A) ®p unr(a) o det where unr(«) : L* — E* is an unramified character

. . . . G . . .
sending uniformizers to c. We define representations zﬁl(a, A), U%I;(a, A), v%‘; (o, A), St2"(ar, A) in a similar

way. The following theorem can be easily deduced from the classical result for smooth representations, by
tensoring with L()).



Theorem 2.5. Let A\ € XX, I C A, we have a natural exact sequence of locally algebraic representations of

G:

0=igN) = P G N> P & N—=-=m PG A)2iE Q) ey ) =0 (1)
ICKCA ICKCA ICKCA
IA\K[=1 [A\K[=2 |K\I|=1
We also have an analogue in the locally analytic setting:

Theorem 2.6 ([32, Thm. 4.2]). Let A € XX, I C A, we have a natural exact sequence of locally Q,-analytic
representations of G:

0-IEN) - P & N— P N — P IEQ-IEQ)>e() >0 (12)
ICKCA ICKCA ICKCA
IA\K[=1 [A\K[=2 |K\I|=1
2.1.3. Locally S-analytic representations
Let V be a locally Q,-analytic representation of G over . Recall that V' is equipped with a natural Q,-linear
action of g given by

d
X(v) = T exp(tX)vli=o,

for X € g and v € V. This action extends naturally to an E-linear action of gy;, on V. For S C ¥, a vector
v € V is called locally S-analytic, if the gy, -action on v factors through gx; v is called U(gg)-finite, if the
orbit U(gs)v is finite dimensional over E. It is clear that if v is locally S-analytic then v is U(gy, \g)-finite.
The representation V' is called locally S-analytic (resp.U(gg)-finite) if any vector v € V is locally S-analytic
(resp. U(gg)-finite).

Let V be an E-vector space of compact type, and let C@p_an(G7 V') denote the E-vector space of locally
Qp-analytic V-valued functions on G. This space is equipped with a natural locally convex topology (cf.

[34, § 2]) and with a natural right regular locally Q,-analytic action of G. The G-action on C%~33(G, V)
induces a Qp-linear action of g (hence an E-linear action of gy, ):

(XF)(9) = % F(gexp(tX) o (13)

for X € g, f € C%3(G,V), and g € G. We have another Q,-linear action of g (inducing an E-linear
action of gy, ) on C&~%(G, V) given by:

d
(X Dlo) = & flesp(~1X)g)lco (14)
for X € g, f € C%*(G,V), and g € G. For S C ¥, denote by C5~2"(G, V) the subspace of locally

S-analytic V-valued functions, i.e. the functions annihilated by all Xy, \s € gs;\s5 <> g%, via the action in
(13) or equivalently via the action in (14) (since (X - f)(g) = (Adg(X)f)(g))-
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Let I C A, recall that the Orlik-Strauch functor (cf. [33], see also [8, § 2]) associates, to an object M in the

BGG category Ong’ZL together with a finite length smooth admissible representation 7 of L;(L) a locally
Qp-analytic representation ]:%(M ,m) of G.

Lemma 2.7. Let I C A, S C ¥, Wg a finite dimensional algebraic representation of prg, and 7 a
finite length smooth representation of Li(L). Then we have a natural isomorphism of locally Q,-analytic

representations of G (note the natural projection gs,, — gs induces OZIIg’S C Ong’EL)

)Sfan

fgI(U(gs) DU, ) Wsr ) = (Ind%} WY @pm

(L)

Proof. For S’ C 3, denote by 97 ¢ the kernel of the natural projection U(ggs/) ®U, &) L = 1 (where the

two “1” denote the trivial representation of U(p; /) and U(gs) respectively). We have an exact sequence
B . N
I OaIIgEL (USIHg U(QEL) = U(gs) ®F U(gEL\S)):
¢
0= 75,08 @ (U(gs) ®ug, o) Ws) = Ulos,) @ug, 5,) Ws = Ules) ®ug, o) Ws = 0.

Let f € (Ind%I(L) W ®p W)Qp_an. It suffices to show that f is locally S-analytic if and only if f is
annihilated by Ker ¢, where the action of U(gs,) ®uy y Ws on f is induced by (see [33] [8, § 2] for
details)

bryp

(X @w)- f)(=) =w((X - f)(=)) € CH® G, ), (15)
for X ® w € U(gy, ) ®g Wsg, g € G.

Let ng,- -+ ,ny be a basis of ny 5\ g over E. Using the isomorphism U(gs,\g) = U(n;x,\s) ®F U(ﬁLzL\S),
we see 07y, \g is the E-vector space spanned by ni'---nF ® 1 with e; € Zxg for all i, and Zi.“:l e; > 0.
Thus, if f is locally S-analytic, then X - f = 0 for all X € 0;5,\s ®r U(gs), and one can easily check
by (15) that f is annihilated by Ker ¢. Conversely, if f is annihilated by Ker ¢, we can deduce, using the
above description of 0;5,\g and (15), that n; - f=0 for i = 1,.-- k. However, using f(pg) = pf(g) for
any p € Pr(L), g € G, and the fact that the action of P;(L) on WY ®p 7 is locally S-analytic, we deduce
Y-f=0forallY € p;x,\g. Hence X - f =0 for all X € gs,\s = n75,\s D Pry,\s, i-e. [ is locally
S-analytic. This concludes the proof. O

Remark 2.8. By Lemma 2.7 and the proof, (15) induces an action of U(GS)@’U(E,’S)WS on (Ind%I(L) Wi®p
W)Sfan satisfying
(Xs@w)- [)(=) =w(Xs- f(=)) € C5G, ),

S—an
for Xs @ w € U(gs) D U(p;.s) Ws and f € (Ind%I(L) WY ®p 7T) .

Let Mg € Ong’s, Wy be a finite dimensional representation of p; ¢ which generates Mg, and let ¢g denote
the natural projection U(gs) ®u, o) Ws — Ms. Let m be a finite length smooth representation of L(L)

over F.

brs
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Lemma 2.9. We have an isomorphism of locally Q,-analytic representations of G (cf. Remark 2.8 for the
action “”):

Fp (Mg, m) = {f € (Ind§ | Wi @pm) ™ | Y-f=0,VY cKergs}. (16)

(L)

Proof. Consider the projection U(gs, ) ®uq Wg LA Mg. Using the isomorphism

Prs,)
U(gs,) ®ug, ., ) Ws = (Ulgs) ®ug, o) Ws) @6 (Ulgs,\8) @U@, ., 1)

one easily sees

Ker(¢) = (U(gs) ®uG, 5) Ws) @pr5,\s + Ker(ds) @p (Ulgs,\s) BUFr 5, \5) 1) =: Ker(¢)1 + Ker(¢)s.
By definition, we have

Fp (Mg,m) = {f € (Ind§ | W @pm)& ™|V f=0,VY eKe(s)}. (17)

(L)
By Lemma 2.7 and the fact Ker(¢)2/(Ker(¢); NKer(¢)s) = Ker(¢g), we easily deduce the right hand side
of (16) and (17) coincide. The lemma follows. O

Lemma 2.10. Let Mg € Ong’S C Ong’zL, X be a dominant weight of ts,\s, and 7 be a finite length
smooth representation of Li(L). We have an isomorphism of locally Qp,-analytic representations of G (note

Ms @p L(~AS) € OL0™0 ):
]—“%I (Ms ®p L(=)%),7) = ]—“%I(MS, ) @5 L(AS).

Proof. The lemma follows by similar arguments as in the proof of [33, Prop. 4.9 (b)]. First recall we have
an isomorphism of U(gy;, \ 5)-modules

(U(B5,\8) BUGrs, o) 1) @8 L(=X%) <5 Ulgs,\5) Bugs, o) L2,
sending (1®1) ®w to 1 ®w, where (U(ggL\S) R 5, \8) 1) ®p L(—)%) is equipped with the diagonal action,

and where U(p; x,\g) acts on L(=)%) via U(prs,\s) = U(gs,\s). Using this isomorphism, we deduce an

Prsoas,

exact sequence in (’)alg

0— 5,08 @8 L(=A°) = ((U(gs,\s) DUy, \s) 1) OF L(-)%) =)

- TSy 22 T \S
Ulgn\8) @upy s, ) L-A%) L5 T(=2%) = 0,

where 0757, \s ®F L(—)\%) is equipped with the diagonal U(gs,\s)-action.
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Let Wg be a finite dimensional algebraic representation of p; ¢ which generates Mg. Denote by ¢g the

projection MS = U(gs) ®up, ) Ws = Mg, and denote by ¢ the induced projection

brs

Ulgs,) ®u@,y, ) (L(-A%) @ Ws)

~ - Ps®¢7 -
= (U(gs) ®@u, ) Ws) @5 (UEs,08) BUg, o, 5) L(-A%)) = Mg @p L(=2%).

We have thus
Ker(¢) = Ker(¢%) @5 Ms + (Ulgs,\5) ®u,y;, \5) L(-A)) @5 Ker(¢s) =: Ker(¢)1 + Ker(¢)s.  (18)
By definition, we have

Fg (Ms @p L(=A%),m) = {f € (Indg , LQA®) ©0p W @pm)® ™™ | Y- f =0, VY € Ker(¢)}.

(L)
Consider the following bijection
L L) @ CY (G, WY @p ) — C® (G, L(\°) ®@p WY ®p )

sending v ® f to the map [g — ¢g(v) ® f(g)]. One can check this map induces an isomorphism of locally
Qp-analytic representations of G

L) @p (dS | WY ©pm)@ ™™ = (S || L) @ WY @p 7)™,

(L) (L)

For Y = X@v®@w € gg, ®r L(-X%) @ Ws C U(gs,) @ L(-\°) @ Ws, and v/ @ f € L(\S) ®@p
(Ind%l (L) WY ®@p )%~ one can check
(Y- (v @ ) (g) = (v@w)((=X)(gv)) @ f(9) + (9v') @ (X - f)(g))-

In particular, for n° € ny s, and

Y=ol ovelowe (Uls,s) Oup,y, s D) @6 (=A%) @5 U(gs) ©ug, o Ws

= (U(gs,\s) @0, 5,0 L2%)) ©F (Uls) @ug, 5 Ws),

one can check (note that Y’ is sent to (n®®@v—1®n°()) ®1®w via the above isomorphism, and use that
(nSu)(u') = —u(nu’) for u € L(=X%), ' € L\Y)):

(Y (o' ® M) (9) = (v@w)(=n")(g") ® f(9)) + (v @w)((9") ® (n° - [)(9)) — (n®(v) @ w)((9v") ® f(9))
= (v@w)((gv) ® (0% - f)(9)) = v(gv")w((n - f)(9))-
Let v' and f be as above. We can deduce that the followings are equivalent:

(1) «(v/ ® f) is annihilated by Ker(¢) @ Ms,
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(2) v(gv)w((X - f)(g)) =0forall X € nyx,\5, 9 € G, v € L(—A%) and w € W,
(3) X - f =0 for all X € nI,EL\S'

Since Y- f=0forall Y € p;5,\s (because W¢ ®p m is locally S-analytic for the action of Pr, see the proof

of Lemma 2.7), we deduce (3) is equivalent to that f is locally S-analytic, i.e. f € (Ind% W ®p r)S—an,

(L)

By the equivalence between (1) and (3), and using the fact Ker(¢)s/(Ker(¢); N Ker(¢o)) = L(—-\°) ®f
Ker(¢g) together with (18) and Lemma 2.9, one sees +(v' ® f) is annihilated by Ker(¢) = Ker(¢); + Ker(¢)2
if and only if f is locally S-analytic and lies in ]:gl (Mg, ). This concludes the proof. O

2.2. Extensions of locally analytic representations, I

We study the extension groups of certain locally analytic generalized Steinberg representations. In particular,
we show that for any i € A, and A\ € XX, the Ext' of v%i (A) (recall our convention: P; = Py;) by Sti*(})
can be parametrized by Breuil’s simple L-invariants (cf. Theorem 2.19). This section follows the line of [31]
but in the setting of locally analytic representations. A key ingredient is Schraen’s spectral sequence [37,
(4.39)].

Proposition 2.11. We have

H., (L;(L),E) ifJCI

Exth (i€ (A), IS ())) , 19
Xta (ZPI (A) Py (*)) {0 otherwise 19)
and (where x is viewed as a character of Z by restriction)
, , H., (Ls(L)/Z,E) ifJCI
Ext? G (A, IE (\)) = ’ . 20
K@ xa (ZPI () PJ(*)) {0 otherwise (20)

Proof. We only prove (20) (for the case with fixed central character), and (19) follows by the same argument.

(a) By [37, Cor. 4.9], we have a spectral sequence (note that the separated assumption in loc. cit. is satisfied

since ig (}\) is locally algebraic):

71
EyS = EXtZJ(L),Z:xA (HS(NJ, i%l (N), L(A)J) = Ext’agjA (i% (N, ]I%J (A))

By [37, (4.41)], Hy(N 4, z'%I (A) =Hs(mys,, L(A) ®E J5, (i%l) (where JB, (z’%}) denotes the Jacquet module

of i%l with respect to the parabolic subgroup P J). By [37, Thm. 4.10], one has an isomorphism of algebraic

representations of [y, (thus of Res(ép Lyj):

Hy(fys,, L)) = &y Lw-));. (21)
we(Sn) L lg(w)=s,
w-AGX}L
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Thus by [37, Prop. 4.7 (1)], for all s > 1, r > 0, we have
Ext] (1) 70, (Hs(N 2% (X)), L(A)s) =0
Consequently, for all r € Z>g, we have

Extgy, (5, (M) 15 (A) 2 Ext] ) 2 (J5,(i5) @5 LQA)s, LQA)J).

(b) We reduce to the case A = 0: By [37, (4.23)] (with an easy variation), we can deduce
EXt] 0 2ms (F5,GS) @ L1, L) 2 Ext] 1) 0 (5, (S ), LX)y @5 LOY)-

The algebraic representation L(A); ®g L(A)Y (of Ly(L)) is semi-simple, in which the trivial representation
has multiplicity one. Thus by [37, Prop. 4.7 (1)], we deduce
Ext} (1).z-1 (JE(Z%),L(A)J ®p LQA)Y) =2 Exty 1y 2 (Jp, (0% ), 1).

I
(c¢) As in the proof of [31, Prop. 15], we define a filtration on z'% by P j(L)-invariant subspaces:
FhG = { f €. Supp(f) € Uperiin /%PI(L)\(E(L)@J(L))},
lg(w)<k

for k € Z>p, where #s denotes the Weyl group of the Levi subgroup Lg for S C A, and lg(w) is the length
of its Kostant-representative (which is the one of minimal length with its double coset). In the following,
we identify the double cosets #;\# /#; with its Kostant-representatives. As in the proof of [31, Prop. 15],

we have L)
— k.G o~ J o0
Jp, (e ip)) = @ (IndLJ(L)ﬁ(uﬁlﬁf(L)w) Vo)
wG%\W/WJ,
lg(w)=k
where gr® z’%l = .7-"’“2'%1/.7:’“*12'%] and 7, is the modulus character of P;(L) N w™'P;(L)w acting on

N(L)/(N;(L)Nw 'P(L)yw). We have (see the proof of [31, Prop. 15]),

r Ly(L) 0 1) —
EXtRepOZOZI(LJ(L)) ((IndLj(L)ﬁ(wflﬁlw) ’Yw) ) 1) =0 (22)

for all r € Z>g, if J € I or w # 1.

(d) We have a spectral sequence (e.g. see [37, (4.27)], note that the same arguments of loc. cit. also show
the existence of a similar spectral sequence in the case without fixing the central character, which can be
used to prove (19)):

Exthvr, )z, (VY8 (()s,, E) @ W) = Extf;fL)’Z:l(W, V).
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for smooth representations W, V of L;(L) with trivial character on Z, where [; denotes the Lie algebra of
Lj(L)/Z. It V and W are moreover admissible, by (10), we have

r s (T2 ~ r s (T2 \
EXtM(LJ(L))%o’l (VV,H (([J)ZL’E) ®E WV) = EXtRepoZo:1(LJ(L)) (W ®E H (([J)Elﬂ E) ,V)
These combined with (22) imply
T Ly(L) o0 _
Exty (0,221 ((IndLj(L)m(w—lﬁ,w) ), 1) =0
for all r € Z>o, if J ¢ I or w # 1. From which, we deduce by dévissage that if J ¢ I, then
T -G
Extr ,(0),7=1 (JE(Z?,)’ 1) =0,
and that if J C I, then (see Proposition 2.1 for the second isomorphism)
Ext7 (1), z=1 (JE@%% 1) 2 Exty 1) 71 (1,1) =2 Hy, (Ls(L)/Z, E).
The proposition follows. O

Remark 2.12. (i) Let Z;(L) be the center of Lj(L), 0 the Lie algebra of Dj(L) (the derived subgroup of
Lj(L)). Then by [37, Cor. 3.11, (3.28)], we have

HiL (L), B) = @ ((A"Hom(Zy(L), E) @ B ((0,)s,.B) ). (23)
0<r<s
Hi(Ls(1)/2,E) = P ((N‘ Hom (Z,(L)/Z, E)) @p H™" ((aJ)EL,E)). (24)
0<r<y
Since 0y is semi-simple, H ( )y, ) =0 for r = 1,2. In particular, we deduce natural isomorphisms

H., (Ls(L),E) = A'Hom (Z,(L), E) and H},(L,(L)/Z,E) = N'Hom(Z;(L)/Z,E) fori=1,2.

(ii) Let J C I and j = 1,2, the natural injection Lj(L) < L(L) induces a natural morphism H/ (L;(L),E) —
H! (Lj(L),E), and hence (by (i)) induces a morphism N Hom(Z;(L), E) — N Hom(Z;(L), E). This mor-
phism can also be induced by the natural composition

Z;—s Ly — L; 2% 7,. (25)

In particular, we will view Hom(Z;(L), E) as subspace of Hom(Z;(L), E) with no further mention. The
natural map Hom(Z;(L)/Z1(L), E) — Hom(Z (L), E) induces a bijection

Hom(Z,(L)/Z(L), E) — Hom(Z;(L), E)/ Hom(Z;(L), E).
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Let J C I, we describe explicitly the isomorphism in (19) for Ext!: Let
v € Hy, (Ly(L), E) = Hom (Z,(L), E),

which induces an extension 1, of the trivial characters of L;(L):

1y(a) = (é ‘”(1“)) VaeLyL).

The parabolic induction (Ind%J (L) LAy ®E 1¢)Q’° “* lies thus in an exact sequence

G G Qp—an pr_ .G
06,0 — (Ind§ ) L) @5 1,) %" 2518 () 0.

Since J C I, we have natural injections

i () — I, Q) — 1, ().

Let &/ (\,¢) :=pr—! (zg (A)), which is thus an extension of i% (A) by H%, (A).

I

Lemma 2.13. The representation [§7 (A, V)] € Extg, (i% (N, H%J (X)) is mapped (up to non-zero scalars) to
Y via the isomorphism in (19):
Extg; (i (A), 1% (V) = H, (Ls(L), E). (26)

Proof. By the discussion in [37, § 4.4] (in particular, see [37, (4.32)]), we see that (26) factors though the
following composition

Extg; (i5, (0,15 (A) = Exty o (5, Wlp, (1), L)1)
= Exty ) (J5,(i3,) @8 L(A) g, L(A)1) = Bxty ) (LX), L)), (27)

where the first map sends V' to the push-forward of V|pJ( ) via the natural evaluation map ]I%J (A) —

CO— . . . . G o
L(A)j, f— f(1), the second map is inverse of the map induced by the natural projection P, @] Bo(L)

Jp, (i%l) ®p L()\)s (note the latter one is no other than the N j(L)-covariant quotient of the first one), and
the last map is induced by the injection L(A); < J5, (Z’%) ®@g L(A)s. It is sufficient to show that (27) sends

&/ (A, ¥) to 1y ®p L(A)y. The composition map (which is P;(L)-invariant)

i% () —IE (A) — L), (28)
factors though
I5,(i% ) @5 L(A)s — L(A).. (29)
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Moreover, it is straightforward to see the composition L(A); < Jp, (2’%) ®@r L(A) s 29, L(\)s is the

identity map (up to non-zero scalars). Thus the inverse of the last isomorphism in (27) can be induced by
the projection (29), and hence the inverse of the composition of the last two maps in (27) is induced by
(28), i.e. it factors as
1 1 a 1 G
Ext p) (L(A) g, L(A) ) — Extg D) (15 ( B,y L) s ) — Extg D) (i3 (A)yﬁJ(L),L(A)J).
However, by construction, &7 (), ) is just the image of 1, ®g L(A); via the above composition and the
inverse of the first isomorphism in (27). We see that (27) maps ¢ to 1, ®g L(A) 7, and the lemma follows. O

Remark 2.14. (i) We have a similar description of the isomorphism in (20) for i = 1. And we have that
(&7 (A )] € EthG’,X)\ (i%l (A),]I%I(A)) if and only if the character 1 factors through Lj(L)/Z.

(ii) By [31, Prop. 15], we have

Extﬁepoo (G) (’Lﬁl y Zﬁj = (30)

GGy A'Home (Ly(L),E) ifJCI
0 otherwise

where Homy, (Lj(L), E) denotes the E-vector space of smooth E-valued characters on Lj(L). One can
describe similarly as in Lemma 2.13 the isomorphism for Ext! in (30). On the other hand, the injection
G

B, = ]IGJ induces an injection (using Homg( ]IG = ) =0)

G .G G
ExtG(P B, ) ;)ExtG(P 7]IP )
Using the explicit description for Ext' in Lemma 2.13, we see that the following diagram is commutative
(where the horizontal maps are natural injections)

ExtRep () (z’%,i%]) —— Extg (i€ 2 ,]Ig )

Home (Ly(L),E) —— Hom (L;(L),E)

We have similar results for igl (A), 2‘%} (A), ]I%, (A). And we have that & (A, v) comes by push-forward from

a locally algebraic extension of i% (A) by i%] (A) if and only if the character v is smooth.
Corollary 2.15. We have

r—|A\I| .
. [ LyL),E) ifIuJ=A
Exty; (v3 (A),1% (V) = {oa (Ls(L), E) o (31)
i . _[ERM N L))z, E) ifTug=A
Exto XA( P1 &), I3 (A)) o otherwise (32)
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Proof. We only prove (32), and the proof for (31) is similar. Using the exact sequence (11), the cohomology
groups in the corollary can be identified with the corresponding hypercohomology groups of the complex

[C’n_l_m = Cpo g =+ — C’o],

with C; = @ rck, i%K (A). By the same arguments as in the discussion after [37, Prop. 5.4] (using [27,
|K/T1=j
(25)]), we obtain a spectral sequence

By =Bxty @‘ é/gff z‘%K (\), ]I%J ) = Ext”Gf)jA (v5 (N, ]1%] ).

By (20), for any r € Z>, the r-th row of the E;-page of the spectral sequence is given by

E\IIUJ||\7|I|,T N E|11UJ||7\IH»1,T o N Einfl‘fﬂ\,'r
| |
T -G G T -G G r -G G
Ext o, (i5,,,(A):I5,)) — D Jusck, Bxtgy, (16, (A IS (0) — - = Bxth,, (i (A),IE )
| I [
H.. (Ls(L)/Z,E) — @I I\L(JJgi’ H.. (Ls(L)/Z,E) N H., (Ls(L)/Z, E).
K\(IuJ)|=1

If TUJ # A, the above sequence is exact (since it is a constant coefficient system on the standard simplex

corresponding to I U J), and hence Extg, , (U% (A),]I%J (A)) = 0 for all 7 € Zxg; if IUJ = A, only the

elements on the |A '\ I|-th column of the Ej-page can be non-zero, and hence

r ~ r . ~ T A I o0
Hy, (Ls(L)/Z, B) = Exti,, (1S, (0,18 (V) = Extg 2V (03 (1), 13 (V).

The corollary follows. ]

Corollary 2.16. Leti € A, we have isomorphisms of E-vector spaces

Hom (Za\(3y(L)/Z, B) = Extg ., (v% (1), St (A)) — Extg (03 (A), St ().

In particular, dimg Ext{, (v% (A),Sta*(A)) =dp, + 1.

Proof. The second isomorphism follows from the fact that Homg (v%? (A),St2*(A)) = 0. Consider the com-
plex (cf. (12))
|:C_(n_1) — C—(n—2) — s = C():|

with C_; = @, K‘:jH%K (A). Similarly as in the proof of Corollary 2.15, we deduce a spectral sequence

By = & Bxtly (03 (1), 1S (V) = Bxti? (635 (A), St(2)). (33)
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By (32), only the objects in the (1 — n)-th and (2 — n)-th columns of the Ej-page can be non-zero, where
the (n — 1)-th row is given by

Hin(LA(HL)/Za E)  — Hin(LA\{iﬁ (L)/Z,E)

dl —n,n—1
Ellfn,nfl 1 E%fn,nfl

and the n-th row is given by

Hgn(LA(”L)/ZaE) — Hgn(LA\{i’}’(L)/ZE)

1 dymn 2
E1 n,n E1 n,n

By Remark 2.12 (i), H,(LA(L)/Z, E) = H(sl, ., , E) = 0 for i = 1,2. The first isomorphism follows. [
Corollary 2.17. Let i € A, we have a natural commutative diagram of isomorphisms:

Hom(T(L)/Z, E)/Hom(Zi(L)/Z, E) —=— Hom(T(L), E)/Hom(Z(L), E)

Nl ~l . (34)

~

Extey, (15 (A), St (Q)) — Extg, (15 (A), St ()

In particular, dimg Exté(i% (A), St (X)) =dp + 1.

Proof. The bottom isomorphism follows from the fact that Homg (i%_(g), St2"(A)) = 0. The top isomor-
phism follows by Remark 2.12 (ii).

Using the long exact sequence (12) as in the proof of Corollary 2.16 (see (33)), we can deduce a spectral
sequence
Ey™ = @)= Bxty (5. (M), 15 _(0) = Ext (i3 (1), St (A)), (35)
(resp_ By = s Bt (igi (\), ]I%K ) = Extg 2, (i% (A), St2n( A)))'

We prove the vertical isomorphisms of (34). We only prove the right isomorphism, since the left one follows
by the same argument. By (19), only the 0-th and (—1)-th columns of the E;-page of (35) can have non-zero
terms. We see the 1-th row is given by

47 st (0I5, ) — Bt 66,0, 16, 0).
By (19) and (23), we have

EX/Tm(d; ") = Hom(T'(L), E)/ Hom(Z;(L), E).
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The 2-th row is given by

0 B (6 015, ) — v (6 0.5, ).

By (19) and (23), we have

S (A),IE (\) = A?Hom(Z(L),E),
() = A2Hom(T(L),E).
In particular, all_l’2 is injective (see also Remark 2.12 (ii)). Together with (35), we obtain the right isomor-

phism of (34). Finally, using an explicit description of the vertical isomorphisms as in Remark 2.18 below,
one sees easily that the diagram commutes. O

Remark 2.18. We describe explicitly the right isomorphism in (34) (the description for the left one is
similar). From the proof, this isomorphism is induced via the natural morphism

Hom(T'(L), E) = Extg; (5 (M), 15(3)) — Extg; (5 (A), St (2)).

Let ¢y € Hom(T'(L), E), and V := @@{%}(A,@b) (see Lemme. 2.13), then the push-forward W of V wvia the
the quotient map ]I%(A) — St2(\) gives the extension of Sti"(\) by i% (A) associated to v via the right
isomorphism in (34). This extension is split if and only if ¥ comes from a character on Z;(L) via (25)
(applied with J =0, I = {i}). Note also that by Remark 2.1/ (ii), W comes by push-forward from a locally

algebraic extension of i% (A) by Sty°(A) if and only if the character v is smooth modulo Hom(Z;(L), E).
Theorem 2.19. Let i € A, the natural map
Exth (03 (), St (2) — Ext5 (S (M), St2(2)
s an isomorphism. In particular, we have an isomorphism
Hom(T'(L), E)/ Hom(Z;(L), E) = Extg(vF (A), St (A)- (36)

Proof. Denote by w%’i (A) =250 i%] (A) — i% (M), and consider the exact sequence

00 -G o]
0—wZ (A) — G (A) — vp (A) — 0,

which induces a long exact sequence

0 — Homg (v (A), St(A)) — Home (i€ (1), SE(X)) — Homg (w3 (), SE (X))
= Extg (03 (A), St () = Extg(i5 (1), S (A)) = Extg(w (A), Sty ().

Since Homg (w3 (A), St7"(A)) = 0, we get an injection
Exté (03 (A), St2(A)) < Exth(i% (A), St2%(N))

which is actually an isomorphism since both of these two E-vectors spaces are (d, + 1)-dimensional by
Proposition 2.16, 2.17. The second part follows thus from Proposition 2.17. O
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Remark 2.20. (i) The theorem in GL2(Q,)-case was discovered by Breuil ([3]), and was used to define
the so-called Breuil’s L-invariants, which are roughly the counterpart of Fontaine-Mazur L-invariants (for
2-dimensional special Galg,-representations) in the locally analytic representations of GL2(Qp). The corre-
spondence between Breuil’s L-invariants and Fontaine-Mazur L-invariant was actually the first discovered
non-trivial example in p-adic Langlands program. In the case of GLa(L) and GL3(Qp), the theorem was
obtained by Schraen in [36] [37].

(ii) Let ¥ € Hom(T(L),E), i € A, and V € Ext}, (z’%(g), St2"(A)) be the extension associated to U as in
Remark 2.18. By Theorem 2.19, the pull-back of V' via the natural injection w3 (A) — ’L'%(A) is split (as an
extension of wg ()\) by St2*(A)). Quotient by wy (A), one obtains thus an extension, denoted by %;(\, U),

of v ( ) by Stan(A), which is associated to U via (36). In particular, this extension only depends on the

zmage of ¥ in Hom(T(L), F)/Hom(Z;(L), E), and we have that ¥;(\; ¥) comes by push-forward from a
locally algebraic extension of vZ (A) by St3°(A) if and only if ¥ is smooth modulo Hom(Z;(L), E).

(iii) For each i € A, we have an isomorphism
;i : Hom(L*, E) — Hom(T(L),E)/Hom(Z;(L),E), (37)
v [(ar, e an) = Y(ai/ai)]
For ¢ € Hom(L*, E), we denote by %i(A, 1) := Si(A, :()).

Let o € E*, we denote by x(a, \) := *(A\) ®p unr(«) o det for any representation x(\) of GL, (L) as above

(for example, *(A) = St (), v%’ (A) etc.). It is clear that Theorem 2.19 holds~with v%i (A), Sta™(A), z'% (A)
replaced by vZ (a, A), St (e, A), zf (a ) respectively. We put 3;(a, A, ?) := 3;(), ?) @p unr(a) o det with

? equal to ¢ € Hom(L*,E) or ¥ € Hom( (L), E).

2.3. Extensions of locally analytic representations, II

Let A € X*. In this section, we study certain subrepresentations of St2"()\) which have simpler (and more
clear) structure than St3"(A) (e.g. see (2.23)). And we show that the extensions of v (A) by St3"(A) actually

come by push-forward from the extensions of v’ (A) by such subrepresentations (cf.l (57) (58)).

2.8.1. Subrepresentations of St2*(\)
Let I C A, denote by St7° the standard smooth Steinberg representation of L;(L), i.e.

L[ oo LI L) o0
St7° = (In dB(L NL( L) )/ Z PJ (L)NL; (L )1> ’

0#£JCI
and put St7°(A) := St ®gL(A)r. Similarly, let
an L[(L) —an LI(L) Q —an
Sti"(A) = (Indg, ) @ ST (In Dy LA )E T
0£JCI
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By [33, Thm]|, we see St7°()) is actually the locally algebraic subrepresentation of St7"(\).

By the tranversity of parabolic inductions, we have
G 00\00 ~v G Li( oo Li(L o\ \* ~ G -G
(IndFI(L) St7°)> = (IndP (L) ((IndB(L L L) )/ Z IndP (L AL (L) 1) )) >iZ/ Z i,
0£JCI 0£ICI

Similarly, we have an isomorphism

(Indg ) St A)S =I5/ Y 15 (), (39)
0£JCI

and hence a natural projection

(Ind$

G ) S ONE T s S ().

Consider the following composition

(Ind%  StF(A) %" — (Ind%

Pi(L) St7"(A) B — St5(A), (40)

1(L)
and denote by EA\I(A) its image. When I = A\ {i}, we denote by ;(\) := i{i}(g).
Lemma 2.21. Let i € A, then we have a natural exact sequence

0— U%i (A) — (Ind%A\{z‘}(L) Stvo\{i}(A))Qp*an N SZ(A) —0.
Proof. In terms of Orlik-Strauch ([33]), we have

G 00 —an ~ TG T [e'e]
(ndg o SR @NT ™ = T, (Ulem) ©UGa,5,) LA SR )-

By [33, Thm], it is easy to see the locally algebraic subrepresentation of (Ind%A\{_}( L) St (i) (A))Q—an jg

given by
G (T [es) 00\ Av G (o) o0

which, by (38), is an extension of St;° (A) by v (A). It is easy to see the composition in (40) factors through
(Indf, g SR QB0 6 () — S68 (), (41)

and it suffices to show (41) is injective. We already know its restriction on locally algebraic vectors is
injective. Suppose (41) is not injective, and let V' be an irreducible constituent of the kernel of (41), which
is thus not locally algebraic. By [33, Thm]|, V' has the form

G T 00
}—ﬁA\{i}(L(_S : A)vstA\{@'}) (42)
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with s € St satisfying s- A € XX\{Z.}. By (39)(40), the kernel of (41) is a subquotient of 3y ;A ]I%I (A),
and hence V is an irreducible constituent of

H%I (A) = f%(U(gzL) DUG,y,) L= 1),

for some () # I C A (more precisely, for I = {i}). However, using the results in [33] and [32, Cor. 3.6], any
representation of the form (42) can not appear as irreducible constituent in I[%I (A) forany 0 # I C A, a
contradiction. The lemma follows. O

Lemma 2.22. The injections 3;(A) < St2()\) for all i € A induce an injection

€A ~
P =) — s Q).
Sta(A)

Proof. By [32, Cor. 3.6], any non locally algebraic irreducible constituent of 3;(A) (thus is of the form as in
(42)) can not appear as irreducible constituent of ¥;(X) for j # i. The lemma follows. O

Proposition 2.23. socg(2;(A)) = St (A).

Proof. First, we have

G 00 Qp—an G 0 ~ ,,00
where the first isomorphism follows from [8, Cor. 3.3], and the second follows from [31, Prop. 17]. Suppose
there exists an irreducible constituent W of ;(A)/ Sto°(A) such that W < socg(2i(A)). The pull-back V/

of (Ind%A\m( L) StA\ (i} (1))@~ via this injection gives an extension of W by vE (A), which is moreover

non-split by (43). As in the proof of Lemma 2.21, we see that there exists s € S‘nELl, S AE XX\{Z.}, such

that W = ng\{i} (L(—s - N), StA\(ip)- Since V — (Ind%A\{i}(L) StOAO\{i}(A))@P_an, we know moreover that
V' is very strongly admissible in the sense of [22, Def. 0.12]. Indeed, by [22, Prop. 2.1.2], it is sufficient

to show StOAO\ {i}@) is very strongly admissible. We then reduce to show that StOAO\{i} is very strongly
admissible (using the fact that an admissible Banach representation tensoring with a finite dimensional
algebraic representation of La\ (L) is still an admissible Banach representation of La\3(L)). However,
this follows from the natural injection

00 Lavgiy (L) o Lavgiy (L) o
StA\(i) (IndE(L)mLA\{i}(L) D=/ Z (IndﬁJ(L)ﬂLA\{i} (L) D
0#IC(A\{i})

where we use (Ind —)% to denote continuous parabolic inductions (noting that the smooth subrepresenta-
tion of (Indéizg)}rgil\m @) 1)C0 is (Indéizg)}rgil\{i} ) 1)>). The proposition follows then from the following
lemma. O
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Lemma 2.24. Let pu € XX\{Z,} \X™*, and V be an extension of F& (L(—p)), StOAO\{Z-}) by vF (A). Suppose

Pavgiy
V' is very strongly admissible, then V is split.
Proof. Suppose we have a non-split exact sequence
G _
0— vy A) —V — IFA\{Z} (L(=p), Stx\g53) — 0. (44)

The rough idea of the proof is to construct a section of (44) (hence a contradiction) using the adjunction
property of the Jacquet-Emerton functor.

(a) By [6, Prop. 3.6], ng\m(f(—u), StA\fsy) admits a natural (gs,, Pa\(;}(L))-submodule

ng\{i} (L(—p), Stf\{i})(@”*alg = C2(Nay(iy (L), StA\ 1y) @ L(p),

which is equipped with the finest locally convex topology, and is an E—Xoector space of compact type. Here
we use the natural isomorphism of U(gy;, )-modules: Hompg(L(—pu), E) "2\ 2 L(1) where (-)"2\(} denotes
the subspace generated by the vectors annihilated by a certain power of na\(;,x,. Note also that the

Pa\ iy (L)-action on Fg "
A\{7
3.2] for details). Let Vp be the pull-back of V' via the P\ (1 (L)-equivariant continuous injection

(L(—p), StA\ {i})QP_alg is locally Qp-analytic (see the discussion above [6, Lem.

G T 0o Qp—al G T 00
]:ﬁA\{i}(L(_”)’StA\{i}) e fﬁa\{i}(L(_“)’StA\{i})'

We have thus an exact sequence of locally Q-analytic representations of Pa\ (L)
0 —vF (A) — Vo — ng\{i}(Z(—ﬂ), StR )T — 0. (45)

Since Fg y }(f(— i), StOAO\ {i})QP*alg is equipped with the finest locally convex topology, we see the extension
A\{1

(45) admits a continuous section (may not be Pa\ ;) (L)-equivariant).

(b) We recall a little on locally analytic cohomology theory. Let U be a locally Q,-analytic representation
of Pa\(s} (L) over an E-vector space of compact type. For n € Z>( and a compact open subgroup X of
Pa\yiy (L), denote by C@—an( X [J) the set of locally Q,-analytic U-valued maps on X". We have natural
edge maps 0, : C¥~2(X™ U) — C* (X"t U) (which are defined in the same way as the usual group
cohomology, and we refer to [36, § 3.1] for details), and we let H, (X, U) := Ker 9,/ Im 0),_1.

Fix a compact open subgroup Ny of Na\;}(L). For 2z € Pa\ (L), we have natural maps

CQp_an(N(?a U) — CQp_an((ZNOZ_l)na U)a f — [(907 T agnfl) = Zf(z_lgoza e az_lgnflz)]-

It is straightforward to check these maps are compatible with {9, }, and hence induce maps r, : H"(Ny,U) —
H"(2Npz~1,U). Similar as in the setting of usual group cohomology, if z € Ny, then r, = 1. Denote by
LX\{i} :={z € Layiy(L) | zNoz! C No}. For z € LX\{Z.}, we have a natural transfer map

tr: H?, (2Noz ™1, U) — H” (No, U). (46)
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Actually, let R be a set of right representatives of zNgz~! in Ny, and consider
trg : CY 3 ((2Noz~ )™, U) — C—22((Ny)"™, U)

with tr(f)(a0)(gos -+ » Gn-1) = S ner ho - f(hogohi -+, hn_1gn—1hy'), where hg = h and h; is the unique
element in R satisfying h; € (2Noz ')hi_1gi_1. Then the transfer map (46) is induced by trp and is
independent of the choice of R. For z € LX\{i}, n € Z>o, we have thus a Hecke operator 7, on Hy,(No,U)
given by

1
) INg/2Ngz—1

Tz
7.+ H' (No, U L H” (2Noz 4, U) -2 H”, (No, U).

(c) Since (45) admits a continuous section (of topological E-vector spaces), by [36, Prop. 3.3], (45) induces
an exact sequence

0 = HYy (No, v (A) = Vp® = Haly (No, C°(Naw (i3 (1), StR 1)) @5 L(w)) — Han (No, 035 (V) (47)

which is moreover LZ\ (i}-equivariant (for the Hecke actinon of LX\ (iy defined in (b)). By [21, (3.5.4)] and
the fact L(p)™° =2 L(11) a\(s3, we have a natural Lz\{i}-equivariant injection

StX\ (i @B0a\ (i} ©F L(1)avfiy — Hoy (No, C°(Nay iy (L), SR\ 15y) @ L(w)), (48)
where da\ (53 denotes the modulus character of P\ ;3 (L) (which is hence smooth).
(d) We calculate H] | (No,v% (A)). By [27, Thm. 4.10] (which applies to our case by [27, Thm. 6.5], note

also that by [27, Rem. 2.17, Prop. 2.18], H, (No,vZ (1)) defined as in (b) coincides with that in [27, Def.
2.5]), we deduce [\ ;) », -equivariant isomorphisms

T o ~J T (o ¢] N ~J (o ¢] T N
Hoy (No,vp Q) = H (naviy,e,,05 (A) 7 = (0F @ H (nayys,, L)) (49)
By [37, Thm. 4.10], we have
. No ~ 1qr ~
H” (na\ g5, L) 2 H (navgiye, L) = (& 1gs)=r  Lls)argiy)s (50)
s2€X 1\ (i)
where ps € XX\{z.} is the weight satisfying L(s)a\ iy = (L(s-A)a\giy)Y with X = (=Ang, -+, =Ai0)oex, €
X*. We obtain thus an [A\{i}, 5, -equivariant isomorphism
Hy, (Nosvi (V) 2 Hyy (NoyvF) €8 (@ 1g9=r  Llts)a\gy)- (51)
sA€X 1\ (i)

We show that (51) is moreover LX\ {i}—equivariant, where LZ\ (i} acts on the object on the right hand side
via the diagonal action, the LZ\{i}—action on HY, (No, v%) is given as in (b), and where the LX\{i}—action
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on L(js)a\ iy is induced by the natural algebraic action of La\;3(L) via the injection LX\{i} = Lagy(L).

Let z € LJAF\ iy e have a commutative diagram
Hgn (NO,U%Z_) XF H;n(N()?L(A)) — Hg,n (N07U%(A))

7"z®7‘zl Tzl (52)

HY, (2Noz 71, v%?) ®p Hy, (2Noz™1, L(A)) —— Hy, (2Noz ™1, vy (\)

where the horizontal maps are induced by v ® f — [g — v ® f(g)]. By [27, Thm. 4.10], we have a natural

commutative diagram
Hgn(N()v L(A)) I HT(“A\{i},ZL7L(A))ND

| | (53)
HY, (:Noz ™', L(A)) —— H'(nay gy, L(A)7N0*

where ¢ is the natural restriction map. By (50), the right vertical map of (53) is an isomorphism, hence so
is ¢. Moreover, using the top horizontal isomorphism in (53) and (50), the isomorphism (51) coincides with
the top horizontal map in (52). Similarly, the bottom horizontal map in (52) is also an isomorphism. The
composition

(@ 1ge)=r Llps)avy) = Hp(No, L(A)) = HL (2Noz ™ L(A)) = (@ 1g9=r  Lps)a\iy) (54)

+ +
SAEXL () SACX A\ (1)

coincides with the natural z-action on (EB lg(s)=1 L(ps) A\{i}) (noting (50) also holds with Ny replaced by
SAEXX g3y
2Noz~1). On the other hand, for v € HY, (2Noz~1, v%?) and f € H. (No, L())), one can check tr(v®(f)) =

tr(v) ® f (see (46)). For
v ®U2 € Hgn (NO, 'U%ol) ®F (@ lg(s)=r L(NS)A\{i}) = H:m (No,v%i (A))v
s-AGXX\“}

using the isomorphisms in (52) (50), by (52) and the above discussion, we have

1
(V1 @ vg) = No/2Nor 1] tr(r,(v1) ® z(ve)) = 7, (v2) ® z(v2).
Hence (51) is Lz\ (i)y-equivariant.
(e) We show X
HomLZ\{i} (StOAO\{l} ®E5A\{z} ®E L(M)A\{z}v Han (N(), U%i (A))) = 0 (55)

Indeed, if the vector space in (55) is non-zero, we deduce from (51) that there exists s such that p = us
(e.g. by considering the action of [a\ )5, ) and that

Hom¢ (StX\ 5y ©E0a\fiy> Han (No, v5) ) # 0.
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By the adjunction property (e.g. see [22, (0.2)]), we deduce then
G 00 0o ,,00

which implies Homg (zQ voo) # 0. However by [31, Prop. 15], ExtG/Z ( G zP) =0 fori € Z>p and P 2 B,

from which one easily deduces Homg (ZQ U%O) = 0, a contradiction.

(f) We finish the proof. Let U be the pull-back of VON ° via the injection (48) (which is well-defined by (e)).
We have an LZ\ {i}—equivariant exact sequence

0— Hg (No, ) ®p L(A )A\{i} —-U — Stvo\{i} ®E5A\{i} RF L(M)A\{z‘} — 0.

Since p # A, applying (— ®p L(p) %, (3)"* "% and using H' (Ia\giy.2,, LA Ay ®5 L)X, ) = 0 for
r=20,1, and HO([A\{i},EL7L(N)A\{i} ®F L(M)X\{i}) = F, we obtain LX\{i}—equivariant isomorphisms
(U @5 L(1) 4 ) N5 == (SR 1) @20a\iy @8 L) vy @8 L) Xy ay) 250 22 S6X, 1y @60\ (1)

where LZ\{Z.} acts via the diagonal action on the tensor products, and acts via LX\{i} — LA\{Z-}(L) on
the algebraic representations of La\;(L). We see that the natural LJAF\ {Z.}—equivariant map (induced by
L(p)avgy ®8 L) Ay — E)
(U ®g L(M)X\{i})[A\“}’EL ®p L) avyy — U
is injective, because its composition with U — StOAO\{Z.} ®Eda\(y @8 L(p) a\gy is bijective. Thus we have
LX\ {i}—equivariant injections
StOAO\{Z-} ®E5A\{i} QF L(M)A\{i} — U — VONO s Yo,

However, since V' is very strongly admissible, by [6, Thm. 4.3], it is not difficult to deduce from the above
composition a section of (44), a contradiction. O

Remark 2.25. It might be true that St5°(\) — socg St2*(N), but the author does not how to prove this.

Let i € A, 0 € Xp, Ay = Moy 5 Ang), and A7 := (Ao, Aot )orex; \(o}- Consider the locally
o-analytic parabolic induction
G 0o o—an
(Indﬁ,(L) StA\(i) As))

where St 13 (A,) = StX (i3 ®EL(A;)a\ (i} 1s a locally o-analytic representation of La\;3(L). By [33, Thm]
and Lemma 2.10, we have

G 00 oo} G 00 o—an o
(IndﬁA\{z‘}(L) StV )" ©p LQ) — (IndﬁA\{i}(L) StA\{i}(AU)) ®p L(A”)

s (nd< St (A) &7 — SER ().

Pa\iay(L)
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A)" ™ @p L(A7)) /v (A) = i(}) < St3(A). By Proposi-
tion 2.23, we have socqr,, (1) Yio(A) 2 St2()). Let

. G T o T . o0
Ci,a = fﬁA\{z} (L(_A ) ®E L(_SZ,U AO’)’ StA\{z} ),

~ L G o0
Denote by ¥; (A) = ((IndﬁA\m(L) StA\{i}()\

which is an irreducible subrepresentation of ¥; 5(A)/Ste°(A). By [32, Thm. 4.6, C;, has multiplicity one
as irreducible constituent in St"(A). Denote by ¥; »(A) the extension of C; » by St;°(A) appearing as a sub
of 3; »(A), and put

oeXy, ~ [ISTAN
i) = P D) = T, =) = P Tid).
St (A) St (A)

By Proposition 2.23, we have socqr,, (1) Xi(A) = St;°(A). By [32, Cor. 3.6], {Cis}ieases, are all distinct,
hence we also have socgr,, (1) 2(A) = St;°(A).

2.8.2. Extensions of locally analytic representations
The following lemma is an easy consequence of the results in [37, §4.4].
Lemma 2.26. Let p € X T, m be a smooth admissible representation of G over E, W := L(u) ®@g 7. Let

s € S,'ldL‘ =Ws,, I CA suchthat s-p € X;r, and 1 be a finite length smooth representation of Li(L) over
E. Suppose lgs > 1, then we have

(1) Exté (W, (Inng(L) L(s-p) ®p WI)Qp*an) = 0;

(2) Extg; (W, ]—"gl (L(—s-p), 7)) = 0.

Proof. By [33, Thm.], .7-"% (L(—s - ), 1) is a subrepresentation of (Indgl L(s-p); @p 77)% 2" and the

(L)
quotient (Ind%I(L) L(s-p) ®g WI)Qp—an/]:gI (L(—s - p),77) does not have any non-zero locally algebraic

vectors (hence Homg(W, V) = 0). Thus we can easily deduce (2) from (1).

We prove (1). By [37, (4.43), Thm. 4.10], we have
HT(NI(L)a W) = Jﬁ, (’/T) Qp ( ©® lg(w)=r, L(w - M)I)'

w - p is I-dominant

Since lg s > 1, by [37, Prop. 4.7], for i = 0, 1, and r € Z>g, we have
Exty ) (Hi(N1(L), W), L(s - p)r ®p 7r) = 0.

Part (1) then follows from the spectral sequence [37, (4.39)] (note the separateness assumption is satisfied
since W is locally algebraic). O

Proposition 2.27. For any i,j € A, o € X.p,, the following natural morphisms are isomorphisms
Extg (03 (1), 5(0)) — Extg (v3(A),St2"(Y)), (56)
Exté (U%i A), %5 (A)) = Exté; (v%i (N, ij (A)),

Extg; (0% (M), Bj0(0) = Extg (vF (A), 20(2)).
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Proof. By [32, Thm. 4.6], any irreducible constituent of St3"(\)/%()) has the form ]:gj (L(—s- ), ) with
lg(s) > 1. The first isomorphism then follows from Lemma 2.26 by an easy dévissage argument. The other
isomorphisms follow by the same arguments. O

Lemma 2.28. Leti,j € A, then for any o € X1, we have

1 i=j
. 1 00 G [e's) —an) __ .
(1) dimpg EXtG (’Uﬁi (A), (IndﬁA\{j} L(Sj’g . A)A\{]} KRQE StA\{j})Qp ) = {0 ; # j;

1 i=j
0 i#j
Proof. By [33, Thm|, Cj; < (Ind%A\m L(sjo - A)a\(j} ®F StOAO\{j})Q”_an, and any irreducible constituent of
the quotient (Ind%A\ oy Lio Davy @6 StX ()%™ /Cj o has the form FS(L(—s- ), m) with lgs > 1.

By Lemma 2.26 and an easy dévissage argument, the part (2) follows from (1).

(2) dimp Extg, (v (A), Cjo) = {

We prove (1). We have

Extg, (U%i (A), (Ind%A\{j} L(sjo - Na(i) ®F StOAO\{j})Qp—an)

= Homy,, ) (L(sjo - Navgsy @8 Ipy, ) (0F), Lisio - Mavgy ©6 SR 5y)

AN{j}
Y Y G
= Homyp,, (1) (JﬁA\{j} (v%), StA\(j} ) = Homg (v%i, (IndﬁA\{j}(L) StOAO\{j})oo)’
where the first isomorphism follows easily from the spectral sequence [37, (4.37)] together with [37, Thm.

4.10, Prop. 4.7], the second isomorphism follows from [37, Prop. 4.7] and where the third one follows

from the adjunction formula for the classical Jacquet functor Jz (1) (e.g. see [22, (0.2)]). However,

AN{s}
(IndgA\{j}(L) StOAO\{j})OO is a non-split extension of St° by v%‘?_, thus

| 1 i=j
0o G o0 o0 —
dimp Homg (vﬁi, (IndﬁA\{j}(L) Stxp)™) = {0 it
(1) follows. -

Lemma 2.29. Leti,j € A.
(1) If i # j, then the following natural morphism is an isomorphism:

Ext; (v (1), 8677(2)) — Bxtg (05 (1), Z;(Y).
(2) The following natural morphism is an isomorphism:
Extg (05 (1), Zi()) = Extg (63 (1), Z(Q)).

(8) For o € ¥, dimp Ext}, (vg(g), Sie(A) = 2.
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Proof. We have a natural exact sequence
0 — Extg (03 > ), Stoo(A)) — Ext (v (A), £5(1)) — Extg (0% (A), Boex, Clio)-

Thus (1) follows from Lemma 2.28 (2). The isomorphism in part (2) also follows from Lemma 2.28 (2) by
a similar argument. Now let o € 3, and consider the following natural exact sequence

0 = Extg z—y, (05 (), St (N) = Extg sy, (03 (1), Bin(A))

= Ext 7oy, (03 (A), Cig) = Extd 7\ (v

o o (1), 567 (2).

P,

For V' = St°()A), Ei0(A), Cio, we deduce from Homg (v%‘;(g),V) = 0 that ExtazzxA (U%(A),V) =
Extg (v% (A),V). By [31, Thm. 1] and [37, Prop. 4.7], we deduce EXt%‘,Z:X/\ (v% (A),St°(A)) = 0 and
dimpg EXtaZ:m (v%o_ (A),Stp°(A)) = 1. Together with Lemma 2.28 (2), the part (3) follows. O

For ¢ € A, by (36) (56) and Lemma 2.29 (2), one has a natural isomorphism
Hom(T(L), E)/ Hom(Z;(L), E) - Ext{ (v%i (A), Zi(A)). (57)
Proposition 2.30. Leti € A and o € X, the isomorphism (57) induces an isomorphism
Hom, (T(L)/Zi(L), B) = Extg (vF (A), Bie(d))- (58)

Proof. Let ¢ € Hom,(T(L)/Z;(L),E) = Hom,(T (L), E)/Hom,(Z;(L), E) (cf. Remark 2.12 (ii) and note
that the same statements hold with Hom replaced by Hom,) and let ¥ € Hom,(7T'(L), F) be a lifting of ¢
with W[z, 1y = 1. The induced extension 1y of trivial characters of T'(L):

ly(a) = <(1) \I/ia))

is thus locally o-analytic. We have a commutative diagram

o—an

0 —— IF(A,)" ™ ®p LQ") —— (Indg,)xa, ®p1e)” " @p L) ——— I5Q,)7 " @ LQ7) —— 0
l | | ,
0 —— ]I%(A) —_— (Ind%(L) Xx ®F lq,)Q‘”_an _ P2 . H%(A) .0

where all the vertical maps are natural injections, e.g. the middle map sends f ® v to [g — f(g) ® gv]. This
diagram induces a commutative diagram

0 —— S,(0) — pryt (i€ () i %(A) —— 0

| 1 | 2

0 —— St"(A) —— pry' (i€ () 2 G () —— 0
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where ¥, ()\) denotes the image of the composition

I5(0,)7 " ®@p L(QA) < I5(A) — St (2).

P
pry* (zIGD (X)) via the natural injection ¢ : w%i (A) — ig (A) is split, from which we see the pull-back of

pry (zIGD (X)) via ¢ is also split (noting Extl(w% (A), 25(A) — Extl(w% (A), St2%(A)) since

i

By the proof of Theorem 2.19 (and let w® (A) be the representation as in loc. cit.), the pull-back of

Home(wss (1), St (A)/E, (1)) = 0).

Denote by ¥,(A, ¥) the induced extension of v% (A) by Y (}). The diagram (59) induces then a commutative
diagram '

~ ~ pr 0o
0 B ZO’(A) E— ZU(Avw) —1> vﬁz(é) — 0

| | |
0 —— St —— B(NY) — v () —— 0
with all vertical maps injective. Hence ¥(), ) is isomorphic to the push-forward of ¥,()\, ¢). Consequently,
the following morphism induced by (36):
Hom, (T'(L), E)/ Homy (Z;(L), E) — Ext (v3 (A), St2"(A)),

factors through )
Hom, (T (L), E)/ Homy(Zi(L), E) — Extg (v3 (A), So(A)).

By the same argument as in the proof of Proposition 2.27, one can show that the natural morphism
Exte; (05 (A), Bio(A)) — Extg (03 (A), 5o (N))
is bijective. We have thus a natural injection
Hom, (T(L), E)/ Hom, (Z;(L), E) — Ext{, (v%i (A), zw(g)),

which has to be bijective since both of the source and target are two dimensional E-vector spaces (cf. Lemma
2.29 (3)). The proposition follows. O

Remark 2.31. (i) By the proof, we see that any G-representation V € Extf, (v% (A),Zio(N)) is U(gs\{o})-
finite. '

(i) Let HZ{U(A) € Ext}, (v% (A), Cie) be the unique non-split element (cf. Lemma 2.28 (2), note also HZ{U(A)
is actually locally U(gs, \{s})-finite by (i)). One can expect

dimp Extg; (T, (A), St (M) =2,

and that HZ{U(A) is a subrepresentation (up to twist by locally algebraic representations) of the conjectural
representations in [7, (EXT)].
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Let i € A, and ¢ € Hom(L*,E) = Hom(7T'(L), E)/Hom(Z;, E) (see (37)). We denote by 3;(A,v) the
extension of v%i (M) by 2;()) attached to ¢ via (57), which is thus a subrepresentation of 3;(\, 1). Moreover,
if 1 € Hom,(L*, E), 3;(A,v) is isomorphic to the push-forward of an extension, denoted by X; ,(A,v), of
v% (A) by Xi»(A). Actually 3; ,(A, ¢) is isomorphic to the extension attached to ¢ via (58). For a € E*,
Welput Yi(a,A) = X()) @ unr(«) o det with « € {0,4,{i,0}}, and 3;(a, A\, ¥) := 3;(\,¥) ®p unr(«) o det;
if 1) is locally o-analytic, we put 3; (o, A, 9) = ¥; (A, ¢) ®p unr(a) o det. Note that if ¢ # 0, then

soca Bi(a, A\, 1Y) = socag B(a, \) = St (o, A). (60)

3. Fontaine-Mazur simple L-invariants

3.1. Fontaine-Mazur simple L-invariants
Let ks € Z>p for all 0 € X, and 0 := unr(qgl)HaezL oo = €H062L ko=l We call such characters
special. Let Ry, := BL&L, and Rp := Rr ®q, E. The cup-product induces a perfect pairing (e.g. see [19,
Lem. 1.13])
U ~

() L (R(8) x HE 1 (Re) - B2, 1) (Ri(5)) = B (61)
The local class field theory gives a natural isomorphism H%%F) (Rg) 2 Hom(L*, E). For [D] € H%%F) (Re(9)),
[D] non-split, then £(D) := [D]* := {s € Hom(L*, E), ([D],) = 0} is an E-vector subspace of Hom(L*, E)
of codimension one, which determines [D] (since (61) is perfect). Recall also (61) induces an isomorphism
H%%F'),e(R'E(d))J- g'Homoo(LX,E) (e.g. see [19, Prop. 1.9, Lem. 1.15]), thus Hom(L*, E) C £(D) if and
only if D is crystalline.

Remark 3.1. For 0 € X, denote by L(D), := L(D) N Hom,(L*,E). We know Hom,(L*,E) is 2-
dimensional and admits a basis log, , := o olog, and valr, where log, : L* — L is equal to the p-adic
logarithme when restricted to Of , and log,(p) = 0. Suppose D is non-crystalline, then dimg L(D), = 1
for all o € £, and L(D) = @gex, L(D)y. Moreover, there exists L, € E such that L(D), is generated by
log,, , =L, valy,. When D is associated (up to twist) to a non-critical Galois representation py, of Galr, one
can actually prove {Ls}sex, coincides with the usual Fontaine-Mazur L-invariants of pr, defined in terms
of the Hodge filtration.

Let D be a rank n triangular (¢, I')-module, with a fixed triangulation F of parameter given by the ordered
set {0;}i=1,... n of characters ¢; : L* — E*, i.e. F signifies an increasing filtration

F:0=FI°DCFil'!DC---CFi"D=D (62)

where Fili.D is a (¢, I')-submodule of D such that Fil' D/Fil" ' D 2 Rg(;) for i = 1,--- ,n. We denote by
D} :=Fil D/Fil' D for i < j which is thus of parameter (d;,---,d;). We call (D, {d;}) non-critical special
if DIt is non-split and 51-5;11 is special for all i € A = {1,--- ,n — 1}. For a non-critical special (D, {d;}),
and i € A, we can attach £(D); = L(D{"! ®@r, Re(5;4)) € Hom(L*, E) with dimp £(D); = dr, (since
DI is assumed to be non-split). We call £(D) := [Lica £(D); the Fontaine-Mazur simple L-invariants
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of (D,{d;}), or for simplicity, of D. Suppose moreover D is semi-stable (note D is always semi-stable up
to twist), there exists thus a € E* such that d; is the product of unr(«) with an algebraic character. Let
D¢ (D) be the attached filtered (¢, N)-module.

Lemma 3.2. We have N"~! £ 0 on Dg(D) if and only if D§+1 is semi-stable non-crystalline for all i € A.

Proof. Suppose there exists i € A such that DZ‘H is crystalline. We have thus N"~*~! = 0 on Dy (D}, 1),
N1 = 0 on Dst(Di_l) and N = 0 on Df“. By an easy dévissage argument, it is straightforward to
deduce N1 = N(=i=D)+(-D+1 — o Dy (D). The “only if” part follows. Conversely, suppose DZH is
non-crystalline for all i € A. we use induction on n to show N"~1 #£ 0. If tk D = 2, it is trivial. Suppose
that N2 # 0 on D}~'. Consider the natural exact sequence of filtered (p, N)-modules

0 — Dgt (DY) = Dt (D) — Dgt(Rg(6,)) — 0.

Let e, € D (D) be a ¢/t-eigenvector of eigenvalue ¢}~ Yo (recall fr, is the unramified degree of L over

Qp), which is thus a lifting of a non-zero element in Dy (RE(d,)) (note by assumption, §, is a product
of unr(¢} 'a) with an algebraic character). By assumption, N(e,) € Dg (D7) is non-zero since DI_,
is non-crystalline, and ¢/=(N(e,)) = ¢} 2a. By induction hypothesis we also know N"72(N(e,)) 7é 0
(since otherwise, this together with the fact N2 = 0 on Dg (D} ™?) imply N2 = 0 on Dg(D?™ 1), a

contradiction) and hence N""(e,) # 0. O

In summary, for a non-critical special semi-stable D, we can attach a € E*, a strictly dominant weight
wt(8) = (Wt(01)o, -+, Wt(0n)o)oex, € XA and L(D) = [[;ca £(D);. Note that when n > 2, in general,
one can not recover D from the data {o, wt(d), £(D)}, and we refer to [9] for a discussion on other (higher)
L-invariants.

3.2. A sub candidate in locally analytic p-adic local Langlands program

Let D be a non-critical special semi-stable (y,I')-module of rank n over R, with the attached data
{a,wt(8), £(D)} as in the precedent section (thus §; = unr(¢t ') [loes, o¥t0)e) . Put

A = (/\1,07 e a/\n,U)JEEL c XI

with \; 5 := wt(d;)e + i — 1. Fori € A, let {t;1,---,%;q, } be a basis of £L(D); and put

j=1,,dr
Yi(a, A, L(D);) = @ i(a, A i g),

St (o)

j=1,,dr
Si(a, A, L(D);) = i(a, A, i j).

i)
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Thus ¥;(a, A, £(D);) C Zi(a, A, £(D);), and by (36) (57) both of the representations are independent of the
choice of the basis of £(D); and determine £(D);. Put

€A

S(a, A L(D) = P Si(eA LD)),
St2n (a,\)
€A

S\ LD) = P Tila, A LD)).
St9° (e, A)

We have X(a, A, £(D)) C %(a, A, £(D)), and the both determine exactly the data {a, ), £(D)} and vice
versa.

Lemma 3.3. (1) socg Xi(a, A, L(D);) = socg X(a, A, L(D)) = St37 (o, A).
(2) The locally algebraic subrepresentation of ¥(a, A, L(D)) (resp. of Xi(a, A, L(D);) fori € A) is isomorphic
to St2°(a, A) if and only if N*~ # 0 on Dg (D) (resp. if and only if DIt" is non-crystalline).

Proof. (1) follows from (60). )
By Remark 2.20 (ii), we see that the locally algebraic subrepresentation of ¥;(a, A, £L(D);) is strictly bigger

than St;°(A) if and only if Homeo (L™, E) € L(D); which is equivalent to D! being crystalline (see the
discussion in §3.1). The statement for X;(a, A, £(D);) follows. By definition, it is easy to see ¥(a, A, £L(D))
has locally algebraic vectors other than St°(c, \) if and only if so does ¥;(c, A, £L(D);) for certain i € A.

Together with Lemma 3.2, the statement for X(a, A, £(D)) follows. O

Suppose N"~! = 0 on Dy (D). Fori € A, 0 € ¥, there exists L;, € E such that £(D); N Hom,(L*, E)
is generated by v;, := log, , —Li, valy. The characters {%io}oex, form a basis of L£(D);. Since ;o is
locally o-analytic, by (57) Proposition 2.30, we have (recall X; 5 (v, A, 15 5) is U(gx,\ {»})-finite)

Ei(O&, Aa ¢i,0) = ZLU(O‘a Av ¢i,0) eBS‘czo(oz,A) ( GBTGZL,T#U Ziﬂ' (057 A)) .

In this case, using the basis {1; s }ica oex, of L(D), we see that X(c, A, £(D)) has the following form (where
a line denotes a non-split extension with the left object the sub, and the right object the quotient, and we
enumerate the embeddings in ¥, for convenience):

Cr,oy ——— V5 (2, Q)
Sty (a, A) :
'\ . o
\C v (a.)
Cn—l,crdL ’U%On_l (Oé, )‘)’ (63)



where the (i, 0)-th branch carries the exact information on £; ,, and is U(gy, \ {»})-finite.

Let pr, be an n-dimensional semi-stable representation of Galy, over E with N"~! # 0 on D« (pr), and
let D := Dyig(pr). Suppose D is non-critical (actually the condition N"~! # 0 implies that D admits a
unique triangulation, so in this case, we just say D is non-critical if its triangulation is non-critical). We
put L(pr) := L(D). The information on L(pr) is lost when passing from py, to its associated Weil-Deligne
representation and its Hodge-Tate weights, and hence is invisible in classical local Langlands correspondance.
Actually, by classical local Langlands correspondence (combined with the theory on weights), we can only
see the locally algebraic representation Sto°(«, A) (where o, A are attached to D as above). We expect that
Y(a, A\, L(pr)) is a sub of the right representation corresponding to py, in the p-adic Langlands program.

3.8. Colmez-Greenberg-Stevens formula

Let A be an affinoid E-algebra, and D4 be a rank n triangulable (¢,T')-module over R4 := RL@)@pA
of trianguline parameter {d4;}i=1,.. n, i.e. D4 is a successive extension of R4(d4,), which is the rank 1
(¢, I')-module over R4 associated to 4, : L™ — A* (cf. [25, Const. 6.2.4]). Let z € Spm A be an E-point,
D := Dy|., 6; :== 04,|-, and suppose that (D, d;) is non-critical special. Recall (e.g. see [19, Thm. 0.1])

Theorem 3.4. Leti € A = {1,--- ,n— 1}, let t : Spec Ele]/€> — Spm A be an element in the tangent
space of A at z, &; :=1"04, : L — (Ele]/€2)*, and ¢ € Hom(L*, E) be the additive character such that
;0,1 = 6 5z+11(1 +e), then ¥ € L(D);.

13

We also have a “converse” version of the theorem.

Proposition 3.5. Let ¢; € L(D); fori € A, let 6, 1 L* — (El€/€2)* with 6, = & (mod €), and let
Siy1: L = (E [€]/€2)* be such that 5i 5;1 i 5;1(1 + €;). Then there exists a trianguline (¢, T")-module
D over REjq e of parameter (51,- ,5n) such that D = D (mod ).

Proof. We use induction on the rank of D. The rank 1 case is trivial. Suppose the statement holds if
the rank of D is less than n — 1, and now assume D is of rank n. By the induction hypothesis, there
exists a trianguline (¢, T')-module D7~ over RE(g/e of parameter (51, e O 1) such that Dt = prt

(mod €). Twisting D (resp. D7) by Rg(d;, ') (resp. by RE[q/e (5;1)), we can and do assume 6, = &, = 1.
We have D € H%%F) (DY, D, € H%cp,l—‘) (RE(6n—1)). We have the following commutative diagram of
(¢, I')-modules

0 — Dl —— Dyt — DVl ——0

| | |

0 —— RE((Sn—l) e REM/EZ(STL—I) — RE((Sn—l) — 0
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where the vertical maps are natural projections. Taking cohomology, we get

ryn— P n— 4
H%@I) (D7) — H%sv,F)(Dl Ho— H?%F)(Dlv”—l)

pll pgl p‘“’l
~ p/ 5
H%%F) (Rjg/e2(On-1)) —— H%@,F) (Re(0n-1)) —— H%%p) (RE(6n-1))
It is sufficient to prove D € Im(pg). However, by [28, Thm. 1.2] and an easy dévissage argument, we have
that p3 is an isomorphism, and p1, p2 are surjective (indeed, H%SD I (Re(6;)) =0for i <n— 2). By an easy

diagram chasing, we are reduced to prove DI'_; € Im(p;). However, this follows from our assumption on
tn—1 and [19, (2.3)]. This concludes the proof. O

3.4. Trianguline deformations

We study trianguline deformations of non-critical special (¢, I')-modules. Let (D, d;) be a non-critical special
(¢, I')-module. Recall that the trianguline deformation functor

. J Artinian local E-algebras
FDv]: : { with residue field E } {Sets}

sends A to the set of isomorphism classes Fp 7(A) = {(Da,Fa,ma)}/ ~ where
1. Dy is arank n (¢, I')-module over R4 with 74 : Do ®r, RE = D,
2. F4 is an increasing filtration (see (62))
Fa: 0=TFily Dy CFilyDs -+ CFily Da = Da,
where Fil’ 4 is a (¢, T')-submodule of D4 over R4 being a direct summand as R 4-submodule.

Two objects (Da, Fa,ma) and (D'y, F/y,n',) are isomorphic if there exists an isomorphism of (¢, I')-modules
over Ra: f:Da — D', which respects the filtrations and 74 = 'y o f. For (Da,Fa,ma) € Fp r(A) and
i=1,---,n, Fily D4/ Fil{! D4 is thus a (,T)-module of rank 1 over R4, which, by [1, Prop. 2.3.1] [30,
Prop. 2.16], is isomorphic to R4(d4,) for a unique continuous character d4,; : L* — A*. We have the
following E-linear maps

K FDJ:(E[e]/eQ) — Hom(7T'(L), E) Ly H Hom (L™, E) (64)
[ISTAN
where the first map sends (DE[E]/€2,.FE[€]/62, 7TE[€]/62) to ((5E[e]/e2,i6i_1 — 1)/6)1':1 e with {(5E[e]/62,i}i:1,~~ n
associated to Fppq 2 as above, and xy, sends (Y1, ) to (Vi — Vit1)ien-

Proposition 3.6. (1) The functor Fp r is pro-representable, and is formally smooth of dimension 1 +
n(n+1)d
2 “L-

(2) The map k factors through a surjective map

k: Fpr(Eld/e®) — [ £(D)i = L(D).
1EA
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Proof. The case for n = 1 is trivial. We assume n > 2. (2) follows from Proposition 3.5. We prove (1).
We first show End(, (D) = E. Denote by End(D) the Rp-module of Rpg-endomorphisms on D, which
has a natural (¢,I')-module structure given by v(u)(z) = y(u(y1(z))) and p(u)(¢(z)) = ¢(u(z)), for
u € End(D). We have End(, (D) = H((]%F)(End(D)). We have moreover an exact sequence of (¢, I')-
modules over Rg:

0 — Homg ,(Rg(6,), D) — End(D) — Homg (D7, D) — 0.

We claim H, 1 (Homg ,(R£(8,), D)) = 0, and H{, 1y (End(Dy™1)) = H{, 1 (Homg,, (D7, D)). Assuming

the claim, then by an easy induction argument, we can deduce F = End, (D) (noting we have a priori
E — End(,r)(D)). We prove the claim. Since D;,_; is non-split (by the non-critical special assumption),
we deduce

H(()ap,F) (HomRE (RE((STL)’ DZ—I)) = Hom(go,l") (RE(én)’ DZ—I) =0

and hence, by an easy dévissage argument, H(()%F) (Homg , (RE(0r), D)) = 0. It is also clear that
H{,, ) (Homg , (D}, Rpp(6,))) = Hom, ) (DY ™, RE(0s)) = 0.
From which, we deduce the second part of the claim.

Put
Endr(D) := {f € End(D) | f(Fil’ D) C Fil' D},

which is a saturated (¢, I')-submodule of End(D). We calculate Hl@,r) (Endz(D)). Since End(, r)(D) = E,
0

we easily see Hi, 1) (Endz(D)) = E. We have a natural exact sequence of (¢,I')-modules over Rg

0 — Homg ,(Rg(6,), D) — Endz(D) — End#(D} 1) — 0

where we also use F to denote the induced filtration on D’f71 C D. Continuing with such argument, we
easily deduce the following facts:

e Endr(D) is a (¢, I')-module over Rg of rank n+ (n —1)+---+ 1= @;
e Endz(D) is isomorphic to an extension of (,T')-modules D} @z, Rp(0; ') with i =1,--- ,n.
By [28, Thm. 1.2 (2)] , we have an isomorphism for i =1,--- ,n:
HY, 1) (D1 ®rp Re(6; 1) = HY, 1) ((D1)" ®rp Re(dic)).

Let M; := (D! ;)Y ®r, Re(8ie) if i > 2, and My := (D1)Y ®@r, Re(6e) =2 Re(e). By an easy dévissage
argument (and the explicit structure of special characters), we have for i > 1

HY, 1 (M;) — H{, 1 ((D})" @z, RE(8:€)). (65)
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It is clear that H((]w 1ﬂ)(Ml) = 0. For ¢ > 2, since Df“ is non-split, M; is isomorphic to a non-split extension
of Rp(6;46:e) by Re(e). If HY . (M;) # 0, we have an injection of (p,T)-modules j : Rp < M;. By

(1)
considering the Sen weights, it is not difficult to see the Tm(j)[1/t] N M; = Rg(5; ' 6;c) and hence M; is
split, a contradiction. Together with (65), we see then for alli =1,--- ,n

H{, ) (D} ®r, Rp(5; 1) =0

and hence by dévissage, H%%F) (Endz(D)) = 0. By [28, Thm. 1.2 (1)], we see

(n+1)

. n
dimpg H%%F) (End}-(D)) =1+ 5 dy,.

By [16, Prop. 3.6] (and an easy generalization), (1) follows. O

4. Local-global compatibility

In this section, we prove some local-global compatibility result in semi-stable non-crystalline case. In par-
ticular, we show that the correspondence between Fontaine-Mazur and Breuil’s simple L-invariants can be
realised in the space of the (patched) p-adic automorphc representations.

4.1. Patched eigenvariety

4.1.1. Patched Banach representation of GL, (L)

We recall the (patched) p-adic automorphic representations considered in [14]. We follow the notation of loc.
cit. except for the CM field F, the p-adic field L, and the p-adic place p (denoted by F , I, p respectively in
loc. cit.). Suppose pt2n, and let 7 : Galy, — GL,,(kg) be a continuous representation such that 7 admits a
potentially crystalline lift 7pot.diag : Gal, = GL,(kg) of regular weight which is potentially diagonalisable.
Let & (resp. 7) be the weight (resp. the inertial type) of rpot.diag. In this case, by [14, § 2.2], we can find a
triple (F, F*,p) (where (F, F*) is denoted by (F,FT) in loc. cit.) where F is an imaginary CM field with
maximal totally real subfield F'* satisfying that

e the extension F'/F* is unramified at all finite places,
e for any v|p of F, v splits in F, and F,” & L,
e 7 is a suitable globalisation (cf. loc. cit.) of T.

We use the setting of [14, §2.3] (and we refer to loc. cit. for details). In particular, we have the following
objects

{67 U1, Sp7 £, {Um}mGZ}7

where

e G is a certain definite unitary group over F'* with a model over O+ such that for each place v of F'*

which splits as ww® in F, we have (and fix) an isomorphism i,, : G(Op+) — GL,(OF,);
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e v is a certain finite place of F'* prime to p, and we refer to loc. cit. for properties of vy, noting v;
splits in F;

e S, is the set of places of F't above p, and for any v € S, U {v1}, let ¥|v be a place of F such that if
v € Sy, then p|gal,. =T (the existence of v follows from that 7 is a suitable globalisation of 7);

o € Sp;

{Un. =11, Um,’u}mEZZo is a tower of compact open subgroups of é(A%O+) where
— Upoy = é((’)FJ) if v splits in F and v # g, v1,

— Up hyperspecial if v is inert in F,

— Up, is the preimage of upper triangular matrices of the composition (kFﬁi denoting the corre-
sponding residue field)

G(Ops) Ly GLn(OF,) - GLu(kr,.),
— Up,,p is the kernel of é(OFJ) — é(OFg/w?g), where @ denotes a uniformizer of OFQ"

For (&,7), as in loc. cit., we can attach a finite free Op-module L¢ . equipped with a locally algebraic
representation of GL,,(OL). Put We ; := ®yeg,\ (o} Le,7» Which is equipped with an action of Hvesp\{p} U v
with U, , acting on the factor corresponding to v via Uy, , = GL,(OL). Let

Se.r(Um, Op/wh) == {f : GIEN\G(AE,) = We r ®0, Op/wh |
flgu) =u"" f(g) for g € G(AF,), u € Up}

where U,, acts on W¢, ®op (’)E/w% via the projection U,, —» Hvesp\{p} Unp. The OE/w%—module
Ser(Umn, Or/ w%) is equipped with a natural action of the spherical Hecke operators

() _ .1 WEy, 1]' 0
Tw |:Umﬂ)lw << 0 1n—1 Um,v

where w is a place of F lying over a place v ¢ S, U {v1} of F™ which splits in F, wp, is a uniformizer of
Fy,and j € {1,---,n}. We denote by T "™V the Op-polynomial algebra generated by such Té,j ) and the

formal variables Tv;f . One can associate a maximal ideal m of TS»"V to the global Galois representation p
as in the end of [14, § 2.4]. We put U¥ := [], ., Um (Which is independent of m), and put

Se-(U%,0p). = limlim S¢ (U, Op/@).,
kE m
:S'\g,T(Up,E)* = §§,T(UQ,OE)*®OE E,
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with * € {m, 0} (and S¢ (U, Op/@%)m denotes the localization of S¢ - (Up,, Op/wk,) at m). Thus §§’T(Up, E),
is an admissible unitary Banach representation of GL,(L). Actually, S¢ -(U?, E)q is a direct summand of
Se+(U?, E). The action of T*»" on the localisation S¢ (U, Of)n factors through the Hecke algebra

Teh (U2, O i= lim im Te (U, O/,
m k

where T¢ - (U, O /w5 )m denotes the Op/wk-subalgebra of Endy, /ot (Se.r(Um, Op/wh)m) generated by

the operators in TSpuniv,

We denote by R%] the maximal reduced and p-torsion free quotient of the universal Og-lifting ring of p|qai,.

(=7). Forv e S,\ {p}, we denote by Rf?’g’T for the reduced and p-torsion free quotient of RY corresponding

to potentially crystalline lifts of weight £ and inertial type 7. Let S denote the global deformation problem

as in [14, § 2.4], R$"" the universal deformation ring, and pg"" the universal deformation over R$"". Note
univ

that one has a natural morphism R — ']I‘?”T(UW, Opg)m, in particular, §57T(UW, Op)m is naturally equipped
with an action of R¥. Following [14, § 2.8] we put

loc . pOa(a 06,7\ 5 p0

R® = Rﬁ®<®sp\{p}Ra >®Rv~1’

R, = Rloc[[l.l’... 7xg]],

Sec = Oglz1,--- » Zn2(|Sp|+1), Y1+ Yal,

where ¢ > [FT : Q]@ is a certain integer as in loc. cit., g =q—[F7 : Q]”("Q_l), and z;, y;, 2z are formal

variables. By [14, § 2.8], one can obtain

1. acontinuous Ry-admissible unitary representation Il of G = GL,, (L) over E together with a G-stable
and Ro-stable unit ball I1Z, C Il;

2. a morphism of local Og-algebras So, — R such that My := Homp, (II , O) is finite projective as
Soo[GLy,(OL)]-module;

3. a closed ideal a of Ry, a surjection R /aRs — Rgniv and a G X Ry /aRo-invariant isomorphism
oo [a] 22 S¢ - (U®, E)m, where Rog acts on Sg (U%, E)p via Reo/aReo — REY.

4.1.2. Patched eigenvariety

We briefly recall the patched eigenvariety of Breuil-Hellmann-Schraen [12]. Indeed, although our input as
in § 4.1.1 is slightly different from that in [12], one sees easily that all the arguments in loc. cit. apply in
our case.

Let TTZ~=31 denote the subspace of the locally Ruc-analytic vectors of I, (cf. [12, § 3.1]), which are
locally Qp-analytic vectors for the action G' x Z;, with respect to one (or any) presentation Og[Z;] — Reo.
Applying the Jacquet-Emerton functor (with respect to the upper triangular Borel subgroup B), we get a
locally Qp-analytic representation Jp(IIf=~21) of T(L) equipped with a continuous action of Re, which is
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moreover an essentially admissible locally Q,-analytic representation of T'(L) x Z, (with respect to a chosen
presentation Og[Z,] - Re). Let X := (Spf Roo)"8, Re$ := O(Xs), and let T denote the character space
of T(L) (i.e. the rigid space parametrizing continuous characters of T(L)). The strong dual Jp (Hﬁooo—an)v
is a coadmissible Réf@ E(’)(f)—module, which corresponds to a coherent sheaf M, over X, % T such that

T(Xoo x T, Moo) 2 Jp (ITHeem2m) ",

Let X,(p) be the support of My, on X x ZF, called the patched eigenvariety. For x = (y,x) € Xoo X f,
x € Xy(p) if and only if the corresponding eigenspace

Jp (5>~ [m,, T(L) = x] # 0,

where m, denotes the maximal ideal of Roo[%] corresponding to y. By the same arguments as in [12, Cor.
3.12, Thm. 3.19, Cor. 3.20] [11, Lem. 3.8], we have

Theorem 4.1. (1) The rigid space X,(p) is reduced and equidimensional of dimension
n(n—1)
2

(2) The coherent sheaf Moy over X, (p) is Cohen-Macauley.
(3) The set of very classical points (cf. [12, Def. 3.17]) is Zariski-dense in X,(p) and is an accumulation
set.

Let X2

tri

q+n*(|Sp| +1) + ndp = g+ [F*: Q]+ n*(|Sp| + 1) + ndy.

(7) be the trianguline varlety associated to 7 (cf. [12, Déf. 2.4]), which is in particular a closed
reduced rigid subspace of Z{E X T, equidimensional of dimension n? + %db where Z{E = (Spf RE)rlg.

Let RY := (@vegp\{p}R?’g’T) @R%, RS == R¥[z1,- -+, x4], %pp := (Spf R®)"&, and U be the open unit ball
in A, we have thus (Spf Ru)"8 & %%p x U9 x X5 = (Spf Rg)o)“g X Z{E. Put
(=unr(q; ") @ @ (unr(gy " H ot 2 ( H ") (66)
oEX], oeX
(which is a character of T'(L)) and denote by ¢y, the following isomorphism
i T =5 T, 6 6C.
Let ¢} (XtDn( )) = X4(F) x Fus T (which is also a closed reduced rigid subspace of X5 x f) By the same
argument as in [12, Thm.3.21], we have
Theorem 4.2. The natural embedding
X (p) —> (Spf Roo)"® x T X5, x U9 x XF x T (67)
factors though
Xo(p) — X50 x U9 x o7 (X5(7)), (68)

and induces an isomorphism between X,(p) and a union of irreducible components (equipped with the reduced
closed rigid subspace structure) of .’{%p x U9 x 1 (XtEr'I( ).
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4.1.8. Non-critical special points

Let pr, : Galp, — GL,(F) be a semi-stable representation, and D := Dyig(pr). Let 61,---,6, be a a
trianguline parameter of D, suppose that (D, d;) is non-critical special (cf. § 3.1). We assume z1, = (pr,9) €
XE.(F), with § = 61 ® -+ ® 6,. Let X be a union of irreducible components of an open subset of X.(7),

tri

and suppose X satisfies the accumulation property at xj, (cf. [11, Def. 2.11]). Consider the composition
(see (64) for k1)
Tx 2, — Hom(T(L), E) =5 [ ] Hom(L*, E), (69)
1€EA
where T'x ;, denotes the tangent space of X at xy, and the first map is the tangent map of the natural
morphism X — T at the point xy.

Proposition 4.3. X is smooth at the point x1, and (69) factors though a surjective map
Tx 2, — L(D).

Proof. The natural morphism X — %%N =~ XY induces an exact sequence (see [11, (4.21)]):
©

0 — K(pr) N Tx, = Tx, 25 Extlia, (pr,p1) = Ext, (D, D) (70)

where K (pr) is an E-vector space of dimension n? — dimg Endga, (pr) = n? — 1 (see [11, Lem. 4.13)).
On the other hand, since X satisfies the accumulation property, by global triangulation theory ([29, Prop.
4.3.5]) and the fact that (D, d;) is non-critical, we know the image of f is contained in the E-vector space
Fp 7(Ele]/€?) (note by [30, Cor. 2.38], Fp r(Ele]/€*) C Ext »1)(D,D)). Together with Proposition 3.6 (1),
we deduce

1
dimg Tx », < n?+ (n;—)dL = dim X.
Thus X is smooth at the point z, and Im(f) = Fp #(E[e]/€?). Moreover, in this case, the first map in (69)
coincides with the first map in (64) (by global triangulation theory). The second part of the proposition
follows then from Proposition 3.6 (2). O

Now assume moreover there exists #¥ € (Spf R% )" such that
x = (2% p,0(7Y) € X, (F) — (Spf RL)™8 x X2 x T.
Consider the following composition

— Hom(T(L), E) =% [ [ Hom(L*, E), (71)
1EA

where T'x_(5) . denotes the tangent space of X,(p) at the point = and the first map is the tangent map at
x of the natural morphism X (p) — T.
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Corollary 4.4. X (p) is smooth at the point x, and (71) factors through a surjective map
TXp(ﬁ)J? —» K(D) (72)

Proof. Let X be the union of irreducible component of X, () containing «, which, by Theorem 4.2, has the
form U; (X} x U9 x Lzl(Xivp)) where X, is an irreducible component of X() containing x, := (pr, ),
and X! is an irreducible component of Xz¢. By [26, Thm. 3.3.8] and [14, Lem. 2.5] (see also [14, Cor.
A.2]), Xz0 x UY is smooth at 2¥, and hence {X'}; is a singleton. By (the proof of) [12, Thm. 3.19], U; X; ,,
satisfies the accumulation property at x,, and hence by Proposition 4.3, U; X; , is smooth at z, and {X; ,}
is a singleton. So X, (p) is smooth at the point z. By Proposition 4.3, (72) also follows (noting the first
map of (72) factors through the first map in (69) with X = X; ,, 21 = z,,). O

Remark 4.5. The projection (72) should also hold in genuine eigenvariety case. For example, let € be
the eigenvariety in [16] (for L = Qp), x be a classical point such that Dyig(peq,) is special non-critical
with N"™1 #£ 0 on Dst(pz,0,) (where pyq, denotes the Galg, representation attached to x). By global

triangulation theory together with Theorem 3.4, similarly as in (72), the natural morphism & — T induces
Te» — L(D). (73)

On the other hand, using the same arguments as in the proof of [16, Thm. 4.8, 4.10], one might show
(under multiplicity one hypothesis) that £ is étale over the weight space (i.e. the rigid space parameterizing
continuous characters of (Z,;)") at the point x. In particular, the map Te , — Hom(Z), E)" (induced by

E— f) should be surjective. We have a commutative diagram

T, (73) £(D)

! |

Hom(ZY,E)" —— Hom(Z),E)"!,

where the right vertical map is the restriction map (thus is bijective, since L(D); N Homuo (Q,, E) = 0 for
alli € A), and the map below sends (11, -+ ,1n) to (Vi —it1)ien (thus surjective). We see the surjectivity
of the left vertical map will imply the surjectivity of (73).

4.2. Local-global compatibility

Let pr, : Galp — GL,(F) be a continuous representation and suppose py, appears in the patched eigenvariety
X, (p), i-e. there exist z¥ € (Spf R%)"8, x € T such that (2%, pr, x) € X, (7). Let m, be the maximal ideal
of Rso[1/p] corresponding to the point y := (2%, pr) of (Spf Reo)™® (e.g. if pr is attached to an automorphic
representation of G with non-zero U¥-fixed vectors). We see that (where the object on the right hand side
denotes the subspace of vectors annihilated by m,,)

~

H(pr) := Ioo[my]

is an admissible unitary Banach representation of GL, (L), which one might expect to be the right repre-
sentation (up to multiplicities) corresponding to py, in the p-adic local Langlands program. Suppose
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1. D := Dyig(pr) is trianguline of parameter (d1,--- ,dy) such that (D, d;) is special non-critical;
2. pr, is semi-stable, thus there exists o € E* such that ¢; unr(a~'g} ") is an algebraic character;

3. the monodromy operator N on Dy (py) satisfies N*~1 £ 0.

By [17, Prop. 4.3], the assumption 3 implies that the trianguline parameter of D is unique. By Lemma 3.2,
we also have that D;H is non-crystalline for all . =1,--- ,n — 1.

Asin § 3.2, we put A := (Mo, , Ang)oes, € XX with X\j o == wt(6;)g +i— 1. Put 6 :=6; ® - -+ ® 0, we
have (see (66) for ()
d¢ = dpxyunr(a) o det (74)

where dp = unr(q; ") ® --- @ unr(gy ") @ --- @ unr(g} ') denotes the modulus character of B(L). By
assumption (in the beginning of this section), there exist x : T(L) — E* and z¥ € (Spf R%)"® such that
(2%, pr,X) € Xo(p), or equivalently, such that the eigenspace Jp(I1Z=""[m,])[T(L) = x| is non-zero, with
y = (¥, pr). Since pr, is non-critical with the unique triangulation, the following lemma follows directly

from the global triangulation theory [25][29].

Lemma 4.6. For a continuous character x : T(L) — E*, the eigenspace
g3 my ) [T'(L) = x] # 0

if and only if x = 6¢. Equivalently, (y,x) € X,(p) if and only if x = (.

In the following, we let x := 0¢, Xoo := dpunr(a) o det (thus x = xooXy) and z := (y, x).

Proposition 4.7. The natural map (induced by applying the Jacquet-Emerton functor, recall xégl =
xaunr(a) odet and x — JB(Z%(@,A)) — JB(H%(Q,A)))

Homgr,, (1) (I%(ev, A), T~ [m, ]) — Homyz) (X, J (T~ [m,])) (75)
1s bijective.

Proof. (a) By Lemma 4.6, [6, Thm. 4.3] and [8, Cor. 3.4], one can deduce any non-zero map f in the left
hand side set factors through St2"(a, ), and induces a non-zero map St2°(av, A) < IIfZ=~2%[m,]. Hence (75)
is injective (noting Jp(Stoo(a, A)) = x).

(b) By [12, Cor. 3.9] and the fact that M, is finite projective over Soo[[GL,(OL)]], we see ITfe—an is a
direct summand of C%~(Z5 x GL,(OL), E) as GLy(Op)-representations where s = n?(|S,| + 1) + ¢. Let
m C So be the preimage of m,, via the morphism So, — Roo. Then V := [TZ=~2[m] is an admissible Banach
representation of GL, (L) equipped with a continuous action of R, satisfying that V| = C@—2(H, E)®"
for certain r € Z>1, where H is a pro-p uniform compact open subgroup of GL,,(Or). By the same argument
as in the proof of [7, Prop. 6.3.3], we have

H' (by,. V @5 1) = 0, (76)
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for all i € Z>1, and any character 7 : by, — ts, — E.

(¢) We modify the proof of [2, Thm. 4.8] (see also [10, § 5.6]) to obtain the surjectivity in (75). Indeed, our
V satisfies the first hypothesis in [2, Thm. 4.8]. Moreover, since py, is non-critical we have that, (x, Xoo)
is non-critical with respect to Vm,] by Lemma 4.6 in the terminology of loc. cit.. We have a similar
commutative diagram as in the proof of [2, Thm. 4.8] with V of loc. cit. being our V[m,]. And one reduces
to show the following natural maps are bijective

Hom(gzL,B(L)) <M(A)V XRE Cgo (N(L), Xoo5§1), V[my]>
UL Hom(gzL,B(L)) (L(A) ®pCF (N(L), Xoodgl), V[myD
2, Homyg,, sy (M) @ €2 (N(L), xeod51). VImy])  (77)

where M(A)Y is the dual of M()) in the BGG category Oz (thus L()\) the unique semi-simple sub
of M(A)Y), the sequence is induced by the natural composition M(A\) — L(A) — M())Y and where
Ce (N (L)7Xoo6§1) denotes the space of locally constant (xoodp')-valued functions on N(L) with com-
pact support. We discuss a little on the topology. For M € O, we equip M with the finest locally
convex topology, which realizes M as an E-vector space of compact type since M is of countable dimen-
sion. And CZ° (N(L), Xooégl), with the topology defined in [21, § 3.5], is also an E-vector space of compact
type. One can check in our case that this topology coincides with the finest locally convex topology on
Cx (N(L), Xooégl). Finally, we equip M ®p C° (N(L)7 Xooégl) with the inductive (or equivalently, projec-
tive) tensor product topology, which is of compact type and coincides in fact with the finest locally convex
topology. Note that all the maps in the sets in (77) are continuous. Since (U, x) is non-critical with respect
to V[my], one can show as in [2, Prop. 4.9] that 7, is bijective and 7; is injective.

(d) Recall that all the irreducible constituents of M () are of form L(s - \) with s an element in the Weyl
group (S,)® of Res@p GL,, and L()A) has multiplicity one in M(A). Thus to prove that n; is surjective
(and hence to prove the proposition), it is sufficient to prove the following claim.

Claim: Let M, M’ € O®sL such that M C M’ and M'/M = L(s - \) with s # 1, then the restriction map

Hom(gELyB(L)) (M/ ®E Cgo (N(L), Xoo(sél), V[my]) — Hom(ggL,B(L)) (M ®E Ccoo (N(L), XOO(SJEI), V[my])

is surjective.

We prove the claim. We equip M'®pC° (N (L), XOO(SEI) with an R [1/pl-action via Roo[1/p] = Roo[1/p]/my, =
E. Given a (gx,, B(L))-equivariant morphism (which is also equivariant under the Ru[1/p]-action, where
the left object is equipped with an Rog[1/p]-action via Reo[1/p] = Rso[1/p]/my = E)

fiM®pCP(N(L),Xxb5") — Vmy] <V,

let V denote the push-forward of M’ ®@p C®° (N (L),xoodgl) via f, which sits in an exact sequence of
(9s,, B(L))-modules
0V =V S L(sA)@pCP(N(L), x5 ) — 0, (78)
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and is equipped with a natural locally convex topology and a natural continuous R [1/p]-action (satisfying
that (78) is equivariant under the Roo[1/p]-action). Since L(s - \) ®g C°(N(L), Xood5') is equipped with
the finest locally convex topology, the extension (78) is split as topological E-vector spaces. In particular,
V is also an F-vector space of compact type.

Using the same argument as in the proof of [13, Prop. 4.1], we see that (78) induces an R [1/p]-equivariant
exact sequence of finite dimensional E-vector spaces !

0— JB<V) [t =S )‘]{T(Qp) = Xs~)\Xoo} — JB(V) [t =Ss- )\]{T(Qp) = Xs-)\Xoo}
— JB(Xsr O C(N (L), Xoo05 [t = s - N{T(Qp) = XeaXoo} — 0.

The sequence is still exact after taking the m,-generalized eigenspaces for R[1/p]. By Lemma 4.6, we easily
deduce

JB(V)[J( =S A]{T(Qp) = Xs~>\X007my} =0.

Hence we obtain an isomorphism (see [21, Lem. 3.5.2] for the last isomorphism)

JB(IF})[{ =S A]{T(Qp) = Xs~>\Xoo,my}

; Jp (Xs-)\ RF C?O(N(L), Xooégl)[t =S )‘]{T(Qp) = Xs:AXo0s my} = Xs-AXoos (79)
and we see the left hand side is actually annihilated by m,. By [21, Thm. 3.5.6], the inverse of (79) induces
a B(L)-invariant map _

Xsa @ C(N(L), Xoo0p') — Vmy),
and hence a (gx, , B(L))-invariant map M(s-\) @ g C2°(N (L), Xoo05") — V[my]. However, this map has to
factor through

L(s - X) 05 CX(N(L), xaod5!) — Vlmy). (30)
Indeed, otherwise, there exists A’ # s - A and a non-zero (gx, , B(L))-equivariant map
L) ®p CZ(N(L), xaod') — Vmy], (81)

which has image in V[m,] by the fact (which follows easily from [21, Lem. 3.5.2, Thm. 3.5.6])
Homg,  p(1y) (L(N) @5 CP(N(L), xo05')s L(s - A) @5 C(N(L), xe05')) = 0.

However, applying the Jacquet-Emerton functor to a non-zero map as in (81) with image in V[m,] and using
[21, Lem. 3.5.2], we easily obtain a contradiction against Lemma 4.6.
One can check (e.g. by [21, Thm. 3.5.6]) that (80) gives a section of £ in (78) and induces a projection

Vim,| = V[m,]. The composition
M' ®p C(N(L), xoo05") — Vmy] — V[m,]
gives thus the desired lifting of f. This concludes the proof of the claim (hence of the proposition). O

1~Actually, the only argument of loc. cit. that does not directly apply to our case is for the finiteness of the dimension of
Je(V)[t=s - A{T(Qp) = Xs-AXo}. However, this also follows from the left exactness of the Jacquet-Emerton functor, and the
fact that both the left and right E-vector spaces have finite dimensions.
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Remark 4.8. By (a) of the proof, we see the set on the left hand side of (75) stays unchanged if H%(Q,A)
is replaced by Sti(a, A) or any subrepresentation of Sti*(a, A) containing St;° (o, A).

Let J, € my be a closed ideal of Ry[1/p] such that dimg(Rx[1/p]/JTy) < 400 and that m, is the unique
closed maximal ideal containing J, (e.g. J, = ml’j)

Corollary 4.9. Let St0°(a, \) C W C St2*(a, )), and suppose we have a morphism f : W — IIle—a0[7, .
If the restriction of f on St3°(c, A) has image in IIE==30[m,], then f has image in T1<=0[m,].

Proof. Applying the Jacquet-Emerton functor to f|gi(a,»), We obtain a morphism x — J p(ME=2m,])
which, by (75) and Remark 4.8, induces a morphism f’ : W — IIfte=[m,]. Moreover Flsto(an) =
flste(a,n). Consider f'— f: W — [E~~an[3,]. By Lemma 4.6 (which also holds if the m,-eigenspace is
replaced by the m,-generalized eigenspace) and [8, Cor. 3.4], we deduce f'— f = 0. The corollary follows. [

The following theorem is the main result of the paper.
Theorem 4.10. (1) The following restriction map is bijective
Homgr,, (1) (E(a,g,E(pL)),Hfom_an[my]) — Homgy,, (1) (St;”(a,g),nfow—an[my]). (82)
(2) Let 0 # ¢ € Hom(L*, E) and i € A, an injection
f St (s A) = L= m, ]
can extend to an injection Si(c, A, ) — ME==2m ] if and only if v € L(pL);.

The rest of the section is to prove Theorem 4.10, and we use the strategy of [18]. First note that the
injectivity of (82) follows from Lemma 4.6 and [8, Cor. 3.4] (as in (a) of the proof of Proposition 4.7).

Theorem 4.10 (2) follows from (1). Indeed, the “if” part is a direct consequence of (1). Conversely, suppose
there exists ¥;(a, A, 1) < HNE="m,] with ¢ & L(pr);. By (1), we know X;(a, A, L(pr);) < MEe"[m,],
hence we obtain an injection

Si(e, A L(pr)i) Bs;(an) Silen A, pp) — T~ [m,].

However, ¢ ¢ L(pr); implies L(pr); + EY = Hom(L*, E). In particular, let 0 # ¢ € Hom(L*, E), we
see oo € L(pr)i + E1 and hence

Si(a, Ay thoo) — Sia, A, L(pL)i) Bsy(an) Sila, A1) — " [m,].

However, by Remark 2.20 (ii), ¥;(c, A, 1) contains V ®p L(A) where V' is a smooth extension of v% by

Ste°. By applying the (left exact) Jacquet-Emerton functor to V ®@pg L(A) < IIf=~[m ] and using [21,
Prop. 4.3.6], we get a contradiction with Lemma 4.6. (2) follows.
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It rests to show (82) is surjective. By definition (cf. § 3.2), it suffices to show that for any i € A, ¢ € L(pr)i,
the following restriction map is surjective

Homgr, () (Zi(a, A, 9), T~ [my]) — Homgy,, (1) (St° (e, A), T~ [m,]). (83)

Let t : Spec Ele]/e* — X,,(p) be an element in T'x (5, such that the i-th factor of the image of ¢ under (71)
equals v, and the j-th factors for all j # i are zero (where the existence of ¢ follows from Corollary 4.4).
Let ¥ € Hom(T'(L), E) be the image of ¢ via the first map in (71) (thus Uz, =0forj # i). Since X, (p)
is smooth at x, by Theorem 4.1 (2) and [24, Cor. 17.3.5 (i)], we deduce M, is locally free in a certain
neighborhood of z. Let r = dimg 2* M. We have thus the following facts:

L (*Mso)¥ = (x(1+ Qfe))@r =: X" (resp. (#*Moo)¥ = x¥")as T(L)-representations (recall x = &¢,
see (74)),

2. (t*Mo)¥ C Jp(ITf=n[3,]) where J; denotes the kernel of the morphism Re[1/p] — E[e]/€? induced
by t,

3. there are natural T'(L)-equivariant injections

(" Moo)" — (t*Moo)Y = Jp(TTE="22(3,]). (84)

Lemma 4.11. The morphisms of T(L)-representations: (z*Moso)" — Jp(Ilfe=a[m,]) and (t*Ms)Y <
Jp(TE~=1[3,1) are balanced (see [22, Def. 0.8] [23, Def. 5.17]).

Proof. By [23, Def. 5.17], it is sufficient to prove the kernel of the (U(gy, ), B(L))-equivariant map (induced
by (84))

U(gs,) ®uges,) G (N (D), (0" Moo)”) — TE=""m, (85)
(resp. Ulas,) Suos, ) G (V(L), (M) ) — T 7[3]), (36)
contains the kernel of the (U(gs, ), B(L))-equivariant map
U(gs,) ®u(ey,) C" (N(L), (2" Moo)") — CP (N(L), (2" Mao)Y) (87)
(resp. Ulgs,) @u(es, ) G (V(L), (FMoc) ) — CP(N(L), (* Mac)) ) (88)

where we refer to [22, Def. 2.5.21] for C;?(N (L), —). Moreover, as in the discussion above [22, Lem. 2.8.8],
the map (87) (resp. (88)) can be induced from

Uls,) @u(es, ) (@"Mec)” — CHP(N(D), (2" Mec))

(resp. Ulgs,) Suges, ) (" Moc) ¥ — CETPIN(L), ( Moc)”),

by tensoring with C2°(N (L), E), where C&% PN N (L), U) := C%PY(N(L), E) ®p U with C% P (N (L), E)
the ring of the algebraic E-valued functions on the affine algebraic group Res(ép N, and U a locally analytic
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representation of T'(L) (cf. [22, § 2.5]). The natural exact sequence 0 — x — X — x — 0 induces a
(g9x, . B(L))-equivariant commutative diagram

0 —— U(gn,) ®u(es,) X — U(85,) ®U(ey,) X — U(g8,) ®u(ey, ) X — 0

| i |

0 , CQP‘POI(N(L)7><) . CQp_pC)l(N(L),)A(J) Em— CQP_pOl(N(L)aX) — 0

By [22, Lem. 2.5.8] and the proof of [6, Thm. 4.3], we have C% PY(N(L),x) = M(A\)Y ®F Xoo- By the
structure of (the dual of) Verma module, we see that any irreducible constituent of Kerj; and Ker j; is
isomorphic to L(s - A) ®E Xoo for s # 1. Thus the kernel W of (87) (resp. of (88)) admits a (gx,, B(L))-
equivariant filtration 0 = FOW C F'W C ... C F™W = W (for certain m) such that F'W/FHWw =
CP(N(L),E) ®r L(s - ) ®E Xoo for certain s # 1. Using the same argument as in the proof of [2, Prop.
4.9], we have by Lemma 4.6:

Homg, gy (L(s"- X) @5 C° (N (L), xoo0p" ), T ~""[3,]) = 0

for any s’ # 1, where J, = m,, or J, = J;. Together with the above filtration on W, we deduce (inductively)
that (85) (resp. (86)) restricts to 0 on W. The lemma follows. O

By [22, Thm. 0.13], the injections in (84) induce thus
15 (x05") " — 5 (W05")" — o34, (89)

where as in loc. cit., for a locally Qp-analytic representation V' of T'(L), I%(V) denotes the closed G-

subrepresentation of (Ind% V)@ —an generated by V via the composition

(L)

V — Jp((Ind V)% — (IndG | V)P0,

(L) B(L)

where the second map denotes the canonical lifting with respect to a compact open subgroup N, of N(L)
(cf. [21, (0.10)]) (note that by [22, Lem. 2.8.3], I%(V) is independent of the choice of N,). We have the
following easy lemma.

Lemma 4.12. (1) I§(xd5") = i%(a, )).
(2) The natural exact sequence 0 — x — X — x — 0 induces a sequence (which is not exact in general)

I5(x05") — I5(Xo5") — I5(xd5").
Proof. (1) follows easily from [22, Prop. 2.8.10]. (2) follows by definition. O

In particular, we see v%i (a, A) has multiplicity 2 as irreducible constituent in Ig(%égl). Put

U = Igxs5HN (D (e, )),
PDOB
W= IS0 N0, )
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where the intersection is taken inside (Ind%( 1) X5 )%~ (noting ]I%(a, A) — (Ind%( 1 X05" )% —am). Thus

>(a,\) := W/U is a subrepresentation of St®"(a, A), and Ig(;?égl)/U is an extension of i%(oz, ) by S(a, A
By Lemma 4.6 (as in (a) of the proof of Proposition 4.7), we can deduce that any irreducible constituent of
U can not appear in the socle of II=~2%[7,]. So (89) induces

St2°(a, A" (IG(X051)/U) " — TE=m013,). (90)

The composition is injective and has image in II=~2%[m,] (since (* M) has image in Jp (I~ [m,])
via (84)). Moreover, any map in the right hand set of (82) is in fact induced by this composition (e.g. by
the bijection in (75) with ]I%(a,g) replaced by Sty (a, A)).

Denote by Zi(a, A) := %(a, A)' N (e, A). By Corollary 4.9, the composition
(Sile 1)) (I5(R05")/0)™ — T[] (91)

also has image in IIf>~8[m, ], and is also injective (since socg %i(a, A)' = St2°(a, A), by Proposition 2.23).
By Remark 4.8, we deduce (91) can uniquely extend to an injection

i, \)F" — e [m, ]| ey TTHee—20 7] (92)
Putting (91) (92) together, we obtain (where the composition has image in ITf>~"[m,])

% or —anf~y
S0, )% s ((I(05")/0) @x,aay Sil,2)) . — =[5, (93)
We prove that 3;(a, A, 1) is a subrepresentation of (Ig(f{&gl)/U) O5,(an)y i, A). Let V be the pull-back
of Ig(fé;l)/U via the injection i%_(a,g) — i%(a,g) which is thus isomorphic to an extension of i%(a,g)

by %(a, A)’. We have a commutative diagram

0 — X(a,)) —— 1% —— & (,)) —— 0

| | H (94)

0 —— St(a,\) —— &%a,\)/U —— i% (,d) —— 0
where U := 3 5.5 ]I%(a,g). By Theorem 2.19 (see also Remark 2.20 (ii)), the pull-back of the bottom exact
sequence via

w%’i(a,g) = w%i (A) ®p unr(a) o det — z'% (o, A) (95)
is split. Using

Extlg(w%'?(a,g), (o, A)) — Extb(w% (o, A), St2% (e, A))

(by Homg(w%‘?(a,g), St?ln(a,g)/i(a,g)’) = 0), we deduce that the pull-back of the top exact sequence of
(94) via (95) is also split. Thus Ig(f{&gl) /U has a subrepresentaiton ¥;(a, A, ¥)’, which is isomorphic to an
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extension of vF (a, A) by >(a, ). Moreover, by similar arguments as in Proposition 2.27, Lemma 2.29 (2),
we have an isomorphism

Extlc(v%';(a,g), Yi(a,\)) = Extlc(v% (o, A), (e, A)).
We deduce then ¥;(a, A, %) comes by push-forward from an extension %; (e, A, 1)’ of vF (@, A) by i, A)'. It
is clear that push-forward of ;(a, A, ¥)’ via ¥i(a, A)" < %;(a, A) is isomorphic to (o, A, ¥) (e.g. using the

fact that the both are subrepresentations of ¥;(a, A, 1)), and is a subrepresentation of (I%(iégl)/U) D5, (a,n)
Ei (Oé, A)

The composition in (93) induces then
Zi(aaé)@r — Ei(O&,A, 1!})@7’ — HoRooo_an [jt]

We know the composition has image in IIZ~~[m,]. We show the image of the second morphism is also
contained in I1f~~8[m,]. For any a € m,, the composition (which is GL,(L)-equivariant)

Sl A, p)®T — [Ifeoman |y, ] 220, qfleo—an gy ) (96)

factors through X;(a, A, ¥)®" /3 (a, )" = v (a, A)®". So (96) has to be zero, since by Lemma 4.6, vy (a, M)

is not a subrepresentation of II%~~2%[m,] (hence of IT&=—21[7,]).
In summary, we obtain morphisms

S22 (at, A) P e By (v, A, ) F" — e m, . (97)

From which the surjectivity of (83) follows (note that all the maps in the right hand set of (83) are induced
from the composition (97)). This concludes the proof of Theorem 4.10.

Remark 4.13. (i) Using the fact that (o, A, L(pr)) = X(a, A, L(pr)) Ds(an) Sty (,A), and (75) (see
also Remark 4.8), one can actually deduce from (82) an similar bijection with X(a, N\, L(pr)) replaced
by X(a, A\, L(pr)). And the statement in Theorem (2) also holds if the part “an injection Xi(c, A, b) <
[1f=2"(m,]” is replaced by “a non-zero morphism ¥(a, A, L(pr)) — TE==3"[m,]”. However, the author
does not know if socg St¥(a, A) = St (o, ), and hence does not know if any non-zero L(a, A, L(pr)) —
[l [m, ] is injective.

(i) The global context that we are working in is not important for the above arguments. Actually, a key
step is the existence of the character X, which is a consequence of the surjectivity of (72); we also use the
smoothness of the patched eigenvariety at the point x. But as in the discussion in Remark 4.5, one can expect
that these hold in more general setting. The rest of the arguments (assuming Lemma 4.6) is irrelevant with
the global context.
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