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Chapter 1

Algebraic integers

We introduce the basic theory of algebraic integers.

1.1 Gaussian Integers

We begin with a famous theorem.

Theorem 1.1.1. Let p be an odd prime number, then there exist a, b ∈ Z such that p =
a2 + b2 if and only if p ≡ 1 (mod 4).

The direction “only if” is easy. Note p = a2 + b2 is equivalent to p = (a + bi)(a − bi).
Then it is natural to work with the ring Z[i].

Definition 1.1.2. Let R be a commutative ring (with unit). We call R is euclidean if there
exists f : R→ Z≥0 such that for all α, β ∈ R,

1. f(α) = 0⇔ α = 0,

2. f(αβ) = f(α)f(β),

3. if β 6= 0, then there exist γ, δ ∈ R such that α = βγ + δ and f(δ) < f(β).

Example 1.1.3. Z is euclidean with f := | · |.

Proposition 1.1.4. If R is euclidean, then R is a principal ideal domain.

Proof. Using the conditions 1&2, one sees R is a domain. Let I be an ideal of R, and let
β ∈ I such that f(β) = min06=α∈I f(x). For α ∈ I, there exists δ such that α = βγ + δ and
f(δ) < f(β). Since δ ∈ I, we deduce by the choice of β that δ = 0. Hence I = (β).

Proposition 1.1.5. Z[i] is euclidean.

Proof. Put f : Z[i] → Z≥0, a + bi 7→ a2 + b2. We check f satisfies the conditions in
the definition. The conditions 1 and 2 are clear. Let α, β ∈ Z[i], β 6= 0. Consider
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α/β = x + yi ∈ C. There exists thus γ = a + bi ∈ Z[i], such that |x − a| ≤ 1/2 and
|y − b| ≤ 1/2. We deduce |α/β − γ|2 ≤ 1/2. Putting δ := α − βγ, we have |δ| < |β|. The
proposition follows.

Corollary 1.1.6. Z[i] is a PID.

Proposition 1.1.7. There exist a, b ∈ Z such that p = a2 + b2 if and only if (p) is not
a prime ideal in Z[i]. (Recall an ideal I is called a prime ideal if I ⊃ I1I2 ⇒ I ⊃ I1 or
I ⊃ I2).

Proof. If p = a2 + b2, then p = (a+ bi)(a− bi). If (p) is a prime ideal then (p) ⊃ (a+ bi) or
(p) ⊃ (a − bi). Replacing b by −b if needed, we assume (p) ⊃ (a + bi). Then there exists
x ∈ Z[i] such that a+ bi = px. This implies p = px(a− bi) and hence p(1− x(a− bi)) = 0.
Since Z[i] is a domain, we deduce x(a − bi) = 1. Hence |x|2|a2 + b2| = 1 a contradiction
(noting |x|2 ∈ Z>0).

Now assume p is not a prime ideal. By definition (and the fact that Z[i] is a PID), there
exist α, β ∈ Z[i] such that p = αβ and that α, β are not units. This implies |p|2 = |α|2|β|2.
Since α, β are not units, |α|2 > 1 and |β|2 > 1 (say, if |α|2 = 1, then αᾱ = 1 and hence
α is a unit). We deduce then |α|2 = |β|2 = p. Writing α = a + bi, we see the “if” part
follows.

Proof of Theorem 1.1.1. We only need to prove the “if” part. By the above proposition, it
suffices to show if p = 1+4n, then p is not prime in Z[i]. Consider the finite field Fp. Recall
that the multiplicative group of a finite field is a cyclic group (Exercise). In particular, F∗p
is a cyclic group of order p− 1 = 4n. This implies that there exists x ∈ Z such that x4 ≡ 1
(mod p), x2 6= 1 (mod p). So x2 ≡ −1 (mod p). Hence p|(x2 + 1) ⇒ p|(x + i)(x − i). If
p is prime, without loss of generality, we have p|(x + i). So there exists α = y + zi ∈ Z[i]
such that x + i = p(y + zi) = py + pzi, hence pz = 1, a contradiction. This concludes the
proof.

Remark 1.1.8. Some key words in the proof: ideals, units, finite field (residue field).

Definition 1.1.9. We call a finite extension of Q a number field.

Exercise 1.1.10. Let K be a number field, show that there exists α ∈ K such that K =
Q(α).

The ring Z[i] plays a key role in the proof of the theorem. A natural question is that
what is the analogue of Z[i] for an arbitrary number field?

Exercise 1.1.11. Show that Z[2i] is not a PID.

1.2 Integral extensions (commutative algebra)

Definition 1.2.1. Let A ↪→ B be commutative rings with 1.
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(1) An element b ∈ B is called integral over A if there exists a monic polynomial
f(x) ∈ A[x] such that f(b) = 0.

(2) The ring B is called integral over A if all elements of B are integral over A.

Example 1.2.2. Z[i] is integral over Z: For any α = a+bi ∈ Z[i], α2−2aα+(a2 +b2) = 0.

Definition 1.2.3. Let K/Q be a number field, α ∈ K is called an algebraic integer, if α is
integral over Z.

Let OK := {algebraic integers of K}.

Proposition 1.2.4. Let A ⊂ B be commutative rings with 1, let b ∈ B. Then b is integral
over A if and only if there exists an A-subalgebra C of B that is finitely generated as
A-module such that A[b] ⊆ C.

Proof. “Only if”: Suppose b is integral over A. There exists thus f(x) = xn + an−1x
n−1 +

· · · + a0 ∈ A[x] such that f(b) = 0. Then we see A[b] is generated (as an A-module) by
{1, · · · , bn−1. We can then choose C := A[b].

“If”: Since C is a finitely generated A-module, there exist v1, · · · , vk ∈ C such that
C = Av1 + · · ·Avk. Since bC ⊆ C (using A[b] ⊂ C), there exists M = (aij) ∈ Mk×k(A)
such that bv1

...
bvk

 = M

v1
...
vk

 .

This implies

N

v1
...
vk

 :=

b− a11 · · · −a1k
...

. . .
...

−ak1 · · · b− akk


v1

...
vk

 = 0.

Let N∗ ∈ Mk×k(A[b]) be the adjoint matrix of N , we have N∗N

v1
...
vk

 = 0, and N∗N =

diag(f(b), · · · , f(b)) where f(b) = det(N) is of the form bk + ak−1b
k−1 + · · · + a0. Thus

f(b)vi = 0 for all vi, implying f(b)C = 0 ⇒ f(b)1 = 0 ⇒ f(b) = 0. So b is integral over
A.

Corollary 1.2.5. Let A ↪→ B be commutative rings with 1, let α, β ∈ B be integral over
A. Then α + β, αβ are also integral over A.

Proof. Since β is integral over A, β is integral over A[α]. By the above proposition (and
the proof), A[α][β] is a fintiely generated A[α]-module. Since α is integral over A, A[α] is a
finitely generated A-module. Hence A[α][β] is a finitely generated A-module. Thus α+ β,
αβ are integral.

Corollary 1.2.6. OK is a Z-algebra.
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Corollary 1.2.7. Let A ⊂ B ⊂ C be commutative rings with 1. If C is integral over B,
and B is integral over A, then C is integral over A.

Proof. Let c ∈ C, there exist thus b0, · · · , bn−1 ∈ B such that

cn + bn−1c
n−1 + · · ·+ b0 = 0.

This implies that A[b0, · · · , bn−1][C] is a finitely generated A[b0, · · · , bn−1]-module. Since B
is integral over A, A[b0, · · · , bn−1] is a finitely generated A-module. Hence A[b0, · · · , bn−1][c]
is a finitely generated A-module. So c is integral over A.

Definition 1.2.8. (1) Let A ⊂ B be commutative rings with 1, {x ∈ B | x integral over A}
is called the integral closure of A in B.

(2) If A is morover a domain, we call A integrally closed if A is equal to its integral
closure in Frac(A).

Proposition 1.2.9. Let K be a number field, then OK is integrally closed.

Proof. If x ∈ K is integral over OK , by the above corollary, x is integral over Z, and hence
x ∈ OK .

Lemma 1.2.10. A UFD R is integrally closed.

Proof. Let K := Frac(R), and let α = a
b
∈ K with (a, b) = 1. Suppose α is integral over

R, then there exists c0, · · · , cn−1 ∈ R such that

(
a

b
)n + cn−1(

a

b
)n−1 + · · ·+ c0 = 0

which implies an + cn−1ba
n−1 + · · ·+ a0b

n = 0. So b|an, a contradiction.

Exercise 1.2.11. Let R be a commutative ring with 1, I, J be ideals of R. Suppose I+J =
R, show that I + Jn = R for any n ∈ Z≥1.

Example 1.2.12. OQ = Z, OQ[i] = Z[i].

Exercise 1.2.13. Let K be a number field, d := [K : Q] and let α ∈ K such that K = Q(α).
Show that there exists x ∈ Q such that α0 := xα ∈ OK, and conclude that OK ⊃ Z⊕Zα0⊕
· · · ⊕ Zαd−1

0 .

Proposition 1.2.14. Let A be an integral closed domain, K := Frac(A). Let L be a finite
extension of K, B be the integral closure of A in L. Then b ∈ B if and only if the monic
minimal polynomial of b over K has coefficient in A.

Proof. The “if” part is trivial. For the “only if”’ part, it is easy to see that we can replace
L be its normal closure, so that we can assume L is normal over K. Let p(x) be the
monic minimal polynomial of b in K, and let g(x) ∈ A[x] be a monic polynomial such
that g(b) = 0 (since b is integral over A). This implies p(x)|g(x) (as polynomials over K).
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However, any root of g(x) are integral over A, and hence any root of p(x) are integral over
A. The coefficients of p(x) ∈ K[x] are polynomially generated by the roots of p(x), hence
are also integral over A. Since A is integrally closed, p(x) ∈ A[x]. This concludes the
proof.

Remark 1.2.15. By the proposition, for a number field K/Q, to check if an element α lies
in OK, we only need to work out its minimal polynomial over Q.

Exercise 1.2.16. Let K be a quadratic extension of Q, describe explicitly the ring OK.

1.3 Trace and norm

Let L/K be a fintie extension of fields of degree d. In particular L is a d-dimensional
K-vector space. To any x ∈ L, we associate a K-linear map rx : L → L, α 7→ xα.Let
TrL/K(x) ∈ K be the trace of rx, and NL/K(x) ∈ K be the determinant of rx, and fx(T ) :=
det(TId − rx) ∈ K[T ] be the characteristic polynomial of rx.

Proposition 1.3.1. Let L/K be a separable finite extension, ΣL := {σ : L ↪→ K | σ|K =
id}. Then we have

1. fx(T ) =
∏

σ∈ΣL
(T − σ(x)),

2. TrL/K(x) =
∑

σ∈ΣL
σ(x),

3. NL/K(x) =
∏

σ∈ΣL
σ(x).

Proof. Consider K ⊂ K(x) ⊂ L. Let p(t) be the minimal polynomial of x over K, d1 :=
deg(p(t)). Thus K(x) = K ⊕ Kx ⊕ · · · ⊕ Kxd1−1. Let {ei}i=1,··· ,d2 be a basis of L over
K(x) (so d1d2 = d = [L : K]). We see {xjei}j=0,··· ,d1−1,

i=1,··· ,d2

is a basis of L over K. Suppose

p(x) = xd1 + cd1−1x
d1−1 + ·+ c0, and let

A :=


0 1 0 · · · 0
0 0 1 · · · 0

0 0 0
. . . 0

...
...

...
. . .

...
−c0 −c1 −c2 · · · −cd1−1

 ∈ GLd1(K).

Then rx(e1, · · · , xd1−1e1, e2, · · · , ed2 , · · · , ed2x
d1−1) = (e1, · · · , ed2x

d1−1)

A · · · 0
...

. . .
...

0 · · · A

. We

have det(TId1 −A) = p(T ) =
∏

σ∈ΣK(x)
(T − σ(x)). Hence fx(T ) =

∏
σ∈ΣK(x)

(T − σ(x))d2 =∏
σ∈ΣL

(T −σ(x)) (noting for all σ ∈ Σx, ]{τ : L ↪→ K | τ |K(x) = σ} = d2). We then deduce
TrL/K(x) =

∑
σ∈ΣL

σ(x) and NL/K(x) =
∏

σ∈ΣL
σ(x).
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Corollary 1.3.2. Let K ⊂ L ⊂M be finite separable extensions, then TrM/K = TrL/K ◦TrM/L,
NM/K = NL/K ◦NM/L.

Proof. Exercise.

Remark 1.3.3. The statement in the above corollary actually holds without the separable
assumption.

Corollary 1.3.4. Let A ⊂ K be integral closed, B ⊂ L be the integral closure of A in L,
then for any x ∈ B, TrL/K(x) ∈ A, and NL/K(x) ∈ A.

Proof. Let p(T ) ∈ A[T ] be the minimal polynomial of x overK, r := deg p(T ) = [K(x) : K].
Thus {1, x, · · · , xr−1} is a basis of K(x) over K. Writing down the matrix of rx under this
basis, it is easy to see that TrK(x)/K(x) ∈ A and NK(x)/K(x) ∈ A. By the above corollary
(and the remark), we have TrL/K(x) = TrK(x)/K ◦TrL/K(x)(x) = [L : K(x)] TrK(x)/K(x) ∈ A,
and NL/K(x) = NK(x)/K ◦NL/K(x)(x) = NK(x)/K(x)[L:K].

Let L/K be a finite extension of fields. We have K-bilinear form

L× L 〈,〉−−→ K, (x, y) 7→ TrL/K(xy).

Proposition 1.3.5. Suppose L/K is separable, then the above pairing 〈, 〉 is non-degenerate,
i.e. for x ∈ L, if TrL/K(xy) = 0 for all y ∈ L, then x = 0.

Proof. Fact (linear algebra): 〈, 〉 is non-degenerate if and only for any basis e1, · · · , ed of L
over K, the matrix (TrL/K(eiej))1≤i,j≤d ∈Md(K) is invertible.

Let α ∈ L such that L = K(α), then {1, α, · · · , αd−1} is a basis of L over K. By the
previous proposition, TrL/K(αiαj) =

∑
σ∈ΣL

σ(αi)σ(αj). Writing ΣL = {σ0, · · · , σd−1}, we

see (TrL/K(αiαj)) = AAT for A = (σi(α
j))0≤i,j≤d−1 (that is a Vandermonde matrice). We

have then det(A) =
∏

i 6=j(σi(α) − σj(α)) 6= 0 (using again L is separable over K). Hence

det(TrL/K(αiαj))0≤i,j≤d−1 6= 0. The proposition follows.

Remark 1.3.6. In particular, when L/K is finite separable, we have a natural isomorphism
L ∼= L∨ (as K-vector space).

Proposition 1.3.7. Let K/Q be a number field, d = [K : Q]. Then OK is a free Z-module
of rank d.

Proof. By the exercise, there exist e1, · · · , ed ∈ OK such that {ei} form a basis of K over
Q, and that

M := Ze1 ⊕ · · · ⊕ Zed ⊆ OK .

Let M̃ := {x ∈ K | TrK/Q(xy) ∈ Z, ∀y ∈ M}. Since M ⊆ OK , and TrK/Q(OK) ⊆ Z, we

see OK ⊆ M̃ .
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Let e∗i ∈ K such that TrK/Q(e∗i ej) = δij =

{
1 i = j

0 i 6= j
(using the fact 〈, 〉 induces an

isomorphism K ∼= K∨). It is easy to see that {e∗i } form a basis of K. We then deduce
M̃ = Ze∗1 ⊕ · · · ⊕ Ze∗d.

In summary, we have
M ⊆ OK ⊆ M̃,

M and M̃ are both free Z-modules of rank d. We deduce then OK is also a free Z-module
of rank d (e.g. using the structure theorem of abelian groups).

Let α1, · · · , αd be a basis of OK over Z, {σ1, · · · , σd} = ΣK/Q. Put

∆K := det((σi(αj))1≤i,j≤n)2.

We see a priori ∆K lies in the normal closure of K. Since σi(∆K) = ∆K for all σi,
∆K ∈ Q. It is also clear that ∆K is integral over Z, so ∆K ∈ Z. Let α′1, · · · , α′d be
another basis of OK over Z, and A ∈ GLd(Z) such that (α′1, · · · , α′d) = (α1, · · · , αd)A.
Then det((σi(α

′
j))1≤i,j≤n)2 = det((σi(αj))1≤i,j≤n)2| detA|2 = ∆K . So ∆K is independent

of the choice of the bases of OK over Z (also independent of the order of the elements in
ΣK/Q, and we call ∆K the discriminant of K.

1.4 Prime decomposition

Some history: consider zn = xn + yn =
∏

0≤i≤n−1(x + ζ iny). Here was a false statement:
if {x + ζ iny} are coprime with each other, then the above equation implies there exists
zi ∈ Z[ζn] such that (x+ ζ iny) = (zi).

Example 1.4.1. Consider K = Q(
√
−5), in this case OK = Z⊕ Z

√
−5. In OK, we have

21 = 3 · 7 = (1 + 2
√
−5)(1− 2

√
−5).

We claim 3, 7, (1 + 2
√
−5), (1− 2

√
−5) are all prime elements in OK. We only show that

1 + 2
√
−5 is a prime element: if not, write 1 + 2

√
−5 = αβ, with α, β non-unit. We have

NK/Q(1 + 2
√
−5) = (1 + 2

√
−5)(1 − 2

√
−5) = 21. If NK/Q(α) = ααc = 1, then α is a

unit. Without loss of generality, we assume NK/Q(α) = 3. Writing α = x+ y
√
−5 (for x,

y ∈ Z), we see x2 + 5y2 = 3, that is impossible.

We begin with some prelimianries on commutative algebra.

Definition 1.4.2. Let A be a commutative ring with 1. We call A noetherian if it satisfies
the following equivalent conditions:

1. Every non-empty set of ideals in A has a maximal element;

2. Every asscending chain of ideals is stationary;

3. Every ideal of A is finitely generated.
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Proof of equivalence of the conditions. (1) ⇒ (2) is trivial.

(2) ⇒ (1): if (1) does not hold, one can construct an ascending chain that is not
stationary.

(2) ⇒ (3): If there exists an ideal I that is not finitely generated. We can then find
elements x1, · · · , xn · · · such that

(x1) ( (x1, x2) ( · · · ( (x1, · · · , xn) ( · · ·

This chain is clearly not stationary.

(3) ⇒ (2): Consider an ascending chain of ideals:

I1 ⊂ I2 ⊂ · · · In ⊂ · · ·

Let I :=
∑
In := {

∑
ai | ai ∈ Ii, ai = 0 for all but finitely many i} = ∪In, that is an ideal

of A. By (3), there exsit α1, · · ·αk ∈ I that generate I. For each αi, there exists ni such
that αi ∈ Ini . Hence there exists n such that αi ∈ In for all i, and hence I ⊆ In. So the
chain is stationary.

Proposition 1.4.3. Let A be a noetherian (commutative) ring, M is a finitely generated
A-module. Then any submodule of M is finitely generated.

Proof. We run an induction on the numbers of generators of M .

If M can be generated by one element e. Then we have a surjective map f : A � M ,
a 7→ ae. For any submodule N of M , f−1(N) is an ideal of A, hence is finitely generated.
We then easily deduce that N is also finitely generated.

Suppose the statement holds if M can be generated by (n−1)-elements. Now suppose M
can be generated by n-elements, say, e1, · · · , en. Let M1 be the submodule of M generated
by e1, and consider

M1 ↪→M �M/M1 =: M2.

Let N be a submodule of M . Since M2 can be generated by the image of e2, · · · , en, by
induction hypothesis, the image of N in M2 is finitely generated. Similarly, M1 ∩N is also
finitely generated. Let n1, · · · , nk1 ∈ N such that their image in M2 generates the image of
N in M2, and let nk1+1, · · · , nk ∈ N be a generator of M1 ∩ N . We can easily check that
N can be generated by {n1, · · · , nk}.

Be back to number fields.

Theorem 1.4.4. Let K be a number field. Then OK is a Dedekind domain, i.e. integrally
closed, noetherian, and any non-zero prime ideal of OK is maximal.

Proof. We have seen that OK is integrally closed.

Let I be a non-zero ideal of OK , then there exists 0 6= n ∈ Z such that n ∈ I (e.g. let
α ∈ I, then we can take n := NK/Q(α)). We have then a surjection OK/n� OK/I. Since
OK is a finite free Z-module, OK/n is a finite set hence so is OK/I.

10



Now we show OK is noetherian. Suppose we have an ascending chain of ideals {Ii} (we
can assume Ii is non-zero for i sufficiently large, and then assume I1 6= 0), we obtain then
OK/I1 � OK/I2 · · · Since |OK/I1| is finite, we see {OK/Ii} is stationary. Hence {Ii} is
also stationary.

Let p ⊂ OK be a non-zero prime ideal, then OK/p is a domain of finite cardinality.
This implies OK/p is a field, and hence p is maximal.

Remark 1.4.5. Let I be a non-zero ideal of OK. Since OK/I is fintie, we see I is also a
free Z-module of rank [K : Q].

Theorem 1.4.6 (Unique prime factorization). Let K be a number field, let a be a non-zero
proper ideal a ⊂ OK. Then a admits a factorization

a = p1 · · · pr

into non-zero prime ideals pi of OK which is unique up to the order of the factors.

We begin with several lemmas.

Lemma 1.4.7. For 0 6= a ⊂ OK, the following holds:

∃p1, · · · , pr prime ideals of OK such that a ⊃ p1 · · · pr. (1.1)

Proof. Let S be the set: {I non-zero proper ideal of OK , I does not satisfy (1.1)}. Sup-
pose the set is non-empty. Since OK is noetherian, there exists a maximal element a in
the set. It is clear that a is not a prime ideal. So there exist a, b such that ab ∈ a, a /∈ a,
b /∈ a. We deduce a ( a + (a), and a ( a + (b). Since a is maximal in the set S, a + (a),
a + (b) do not belong in S. So there exist prime ideals p1, · · · , pr (resp. q1, · · · , qs) such
that a + (a) ⊃ p1 · · · pr (resp. a + (b) ⊃ q1 · · · qs). Hence

p1 · · · prq1 · · · qs ⊂ (a + (a))(a + (b)) ⊂ a

contradicting a ∈ S.

Let p be a prime ideal, we define

p−1 := {x ∈ K | xp ⊂ OK}.

It is clear that p−1 is an OK-module, and contains OK .

Lemma 1.4.8. Let a be a non-zero ideal, then ap−1 := {
∑

i aixi | ai ∈ a, xi ∈ p−1} 6= a.

Proof. We first show p−1 6= OK . Let 0 6= a ∈ p, by the previous lemma, there exist
p1, · · · , pr such that

p ⊃ (a) ⊃ p1 · · · pr.

We choose r as small as possible. Since p is prime, there exists i such taht p ⊃ pi and hence
p = pi (using non-zero prime ideal is maximal). Without loss of generality, assume p = p1.
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Since r is minimal, a + p2 · · · pr. Hence there exists b ∈ p2 · · · pr such that b /∈ (a) and
hence a−1b /∈ OK . However bp ⊆ (a), that implies that a−1bp ⊆ OK and hence a−1b ∈ p−1.

Now for general a. Assume ap−1 = a. Then for all x ∈ p−1, xa ⊆ a. This implies that
x is integral over OK (Exercise, hint: using similar arguments in the proof of Proposition
1.2.4). Since OK is integrally closed, we see x ∈ OK hence p−1 ⊂ OK , a contradiction.

Exercise 1.4.9. pp−1 = OK.

Proof of Theorem 1.4.6. We first show the existence of the factorization. Let S be the
set: {I non-zero proper ideal of OK , I does not admit prime factorization}. Let a be a
maximal element in S, then a is not prime. So there exists p ) a. So we have a (
p−1a ( p−1p = OK . Since a is maximal, p−1a is not in S. So there exists p1, · · · , pr such
that p−1a = p1 · · · pr. So a = pp−1a = pp1 · · · pr, a contradiction.

Now we show the uniqueness of the factorisation. Suppose a = p1 · · · pr = q1 · · · qs.
Since p1 ⊃ q1 · · · qs, there exists qi such that p1 ⊃ qi hence p1 = qi. Reordering qk, we
assume p1 = q1. Hence

p2 · · · pr = p−1
1 (p1 · · · pr) = q−1

1 (q1 · · · qs) = q2 · · · qs.

Continuing with the arguments, we deduce s = r and pi = qi (reordering if needed) for all
i.

Exercise 1.4.10. Prove that any ideal in a Dedekind domain can be generated by two
elements.

Now we define fractional ideals.

Definition 1.4.11. We call a finitely generated OK-submodule of K a fractional ideal.

Lemma 1.4.12. Let a be a fractional ideal, then there exists c ∈ K×, a0 ⊂ OK such that
a = ca0.

Proof. Suppose a is generated by e1, · · · , en. Let c ∈ K× such that 1
c
ei ∈ OK . Thus

a0 := 1
c
a is an ideal of OK and a = c(1

c
a).

For fractional ideals a, b, we define

ab := {
∑

aibi | ai ∈ a, bi ∈ b}, (1.2)

and we define a−1 := {x ∈ K | xa ⊆ OK}.

Lemma 1.4.13. Let a be a fractional ideal, then aa−1 = OK.

Proof. For c ∈ K×, it is easy to check (ca)−1 = c−1a−1. Together with the previous lemma,
it suffices to prove the lemma for ideal a ⊂ OK . Using the unique prime factorization, we
write a as p1 · · · pr. We claim a−1 = p−1

1 · · · p−1
r . It is easy to see the lemma follows from

the claim.
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We prove the claim. By definition, we have p−1
1 · · · p−1

r ⊂ a−1. On the other hand,
since a−1a ⊂ OK , we see a−1a(p−1

1 · · · p−1
r ) ⊂ p−1

1 · · · p−1
r . Using p−1

i pi = OK , we deduce
a−1 ⊂ p−1

1 · · · p−1
r . The claim follows.

Proposition 1.4.14. Every fractional ideal a admits a unique factorization a =
∏

p p
vp,

where vp ∈ Z, and vp = 0 for all but finitely many prime ideals p.

Proof. Suppose a = 1
c
a0, with a0 ⊆ OK and c ∈ OK . We have (c) =

∏
p p

vp(c) and

a0 =
∏

p p
vp(a0). Hence ∏

p

pvp(c)a =
∏
p

pvp(a0).

So a =
∏

p p
vp(a0)−vp(c). The uniqueness follows easily from the uniqueness of the prime

factorization for integral ideals.

Let JK := {a | a fractional ideal in K}. Then (1.2) defines a group structure on JK . By
the above proposition, JK is a free abelian group on the set of non-zero prime ideals p of
OK . Let PK := {aOK | a ∈ K×} ⊂ JK , and put CK := JK/PK called the ideal class group
of K. For example, we have CQ = {1}. We have the following natural exact sequences:

1→ O×K → K× → PK → 1,

1→ O×K → K× → JK → CK → 1.

1.5 Class number I

We define “absolute” norm of ideals. Let a ⊂ OK , we put N(a) := |OK/a|.

Lemma 1.5.1. Let 0 6= a ⊆ OK, e1, · · · , ed be a basis of OK over Z, f1, · · · , fd be a basis of
a over Z, and let A ∈Mn(Z) such that (f1, · · · , fd) = (e1, · · · , ed)A. Then N(a) = | det(A)|.
In particular, if a = (α), then N(a) = |NK/Q(α)|.

Proof. By the structure theorem of abelian groups, there exist a basis e′1, · · · , e′d of OK over
Z and a1, · · · , ad ∈ Z≥1 such that {aiei} is a basis of a over Z. We have N(a) = a1 · · · ad
by definition. Since both {fi} and {aiei} (resp. {ei} and {e′i}) are bases of a (resp. OK)
over Z, there exists B ∈ GLd(Z) (resp. C ∈ GLd(Z)) such that

(f1, · · · , fd) = (a1e
′
1, · · · , ade′d)B

(
resp. (e1, · · · , ed) = (e′1, · · · , e′d)C

)
.

We deduce hence | det(A)| = a1 · · · ad. The lemma follows.

Lemma 1.5.2. Suppose a = pe11 · · · perr , then N(a) =
∏r

i=1N(pi)
ei.

Proof. By Chinese reminder theorem, we have OK/a ∼=
∏r

i=1OK/p
ei
i . We reduce to show

that for a prime ideal p, N(pe) = N(p)e. Consider the exact sequence (of OK-modules)

0→ pe−1/pe → OK/pe → OK/pe−1 → 0.
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By an easy induction argument, we reduce to show |pe−1/pe| = |OK/p|. Let x ∈ pe−1 \ pe,
and consider the morphism

OK/p→ pe−1/pe, a 7→ ax. (1.3)

The morphism is non-zero hence injective. On the other hand, since we have pe ( pe+(x) ⊆
pe−1. By prime factorization, we see pe + (x) = pe−1, and so (1.3) is surjective. This
concludes the proof.

Corollary 1.5.3. Let a, b ⊂ OK, then N(ab) = N(a)N(b).

Let 0 6= p ⊂ OK be a prime ideal, then p ∩ Z is a non-zero prime ideal of Z (recall any
non-zero ideal of OK contains certain non-zero integers), say p ∩ Z = (p). We have then
an injection Z/p ↪→ OK/p. Thus OK/p is a finite field of characteristic p. So there exsits
f ≥ 1 such that N(p) = pf .

Lemma 1.5.4. For a prime number p, there are finitely many prime ideals p ⊂ OK such
that p ∈ p.

Proof. Applying prime factorization to the ideal pOK : pOK = p1 · · · pr. Then p ∈ p ⇔
p = pi for some i (Or use the fact that OK/p has finite cardinality hence has finitely many
prime ideals).

Corollary 1.5.5. Let M ∈ Z≥1, there exist only finitely many ideals a such that N(a) ≤M .

Proof. By Lemma 1.5.2, Lemma 1.5.4 and the discussion above it, the corollary follows
from the fact that the set {pn1

1 · · · pnrr | pi are prime numbers and ni > 0} is finite.

Theorem 1.5.6. The class group CK is finite.

To prove the theorem, we will show the following statement:

� there exists M > 0 such that for any ideal a ⊂ OK , there exists α ∈ a with N(α) ≤
MN(a).

Actually, if this holds, then we have N(a−1αOK) ≤ M (noting a−1αOK is an ideal of
OK). However, by the previous lemma, we let a1, · · · , ak be all the ideals of OK such that
N(ai) ≤ M . Hence a−1αOK = ai for some i, and so a ∼ a−1

i ∈ CK . This implies CK is
finite.

1.6 Lattices

Definition 1.6.1. Let V be an n-dimensional R-vector space.

(1) A lattice Λ in V is a subgroup of the form Λ = Zv1 + · · ·+Zvm where v1, · · · , vm are
linearly independent in V . We call Φ := {

∑m
i=1 xivi | xi ∈ R, 0 ≤ xi < 1} the fundamental

mesh of Λ.

(2) A lattice Λ is called complete if m = n, i.e. Λ⊗Z R ∼= V .
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Proposition 1.6.2. A subgroup Λ of V (equipped with the standard topology of Rn) is a
lattice if and only if Λ is discrete, i.e. for all γ ∈ Λ, there exists an open neighborhood U
of γ such that U ∩ Λ = {γ}.

Proof. “Only if”: Suppose Λ = Zv1+· · ·Zvm and v1, · · · , vm can extend to a basis v1, · · · , vn
of V . For γ =

∑m
i=1 aivi. Let U := {x =

∑n
i=1 xivi | |ai−xi| < 1 for all i = 1, · · · ,m; |ai| <

1 for i = m+ 1, · · · , n}. It is clear that U ∩ Λ = {γ}.
“If”: Suppose Λ is discrete, we first show that Λ is closed in V . For any open neighbor-

hood U of 0 in V , there exists an open neighborhood U ′ ⊂ U of 0 such that for all x, y ∈ U ′,
we have x− y ∈ U (using the fact that V × V → V , (a, b) 7→ a− b is continuous). If Λ is
not closed, there exists x /∈ Λ such that for all open neighborhood U of 0, (x+U ′)∩Λ has
infinitely many elements (where U ′ is associated to U as above). Let γ1 6= γ2 ∈ (x+U ′)∩Λ
that are of the form γi = x + ui for ui ∈ U ′. We see γ1 − γ2 = u1 − u2 ∈ U . In summary,
for any open neighborhood U of 0, there exists 0 6= γ ∈ U ∩ Γ, contradicting the fact Λ is
discrete.

Let V0 be the subspace of V spanned by Λ, and let m := dimR V0. Thus there exist
u1, · · · , um ∈ Λ such that {ui} is a basis of V0. We have thus Λ0 = Zu1 + · · ·+ Zum ⊂ Λ.

Claim: |Λ/Λ0| <∞
We prove the claim: Let Φ0 be the fundamental mesh of Λ0, we have thus V0 = tβ∈Λ0(β+

Φ0). In particular, any element γ ∈ Λ has the form γ = α + β where β ∈ Λ0 and α ∈ Φ0

(hence α ∈ Φ0 ∩ Λ). It suffices to show that Φ0 ∩ Λ is finite. However, we know Λ ∩ Φ0 is
closed, bounded (hence compact) and discrete (where Φ0 denotes the closure of Φ0), hence
is a finite set. The claim follows.

By the structure theorem of abelian groups, there exists v1, · · · , vm such that Λ =
Zv1 + · · ·Zvm. Since {ui} are linearly independent in V0, we easily see {vi} are linearly
independent in V0 (hence in V ). So Λ is a lattice.

Lemma 1.6.3. A lattice Λ ⊂ V is complete if and only if there exists a bounded subset
M ⊂ V such that V = ∪γ∈Γ(γ +M).

Proof. “Only if”: One can take M to be the fundamental mesh of Λ.

“If” Let V0 ⊂ V be the subspace spanned by Λ. Since V = ∪γ∈Γ(γ + M), we have
V = ∪w∈V0(w + M). For all v ∈ V , and n ∈ Z≥1, we havethus nv = wn + αn for some
wn ∈ V0 and αn ∈M . Hence (noting V0 is closed in V )

v = lim
n→∞

1

n
nv = lim

n→∞
(
vn
n

+
αn
n

) = lim
n→∞

vn
n
∈ V0.

The lemma follows.

We fix a basis e1, · · · , en of V over R, hence an isomoprhism V
∼−→ Rn. We equip Rn

(hence V via the isomorphism) with the standard measure: Vol({(xi) | 0 ≤ xi ≤ 1}) = 1.
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Lemma 1.6.4. Let v1, · · · , vn be another basis of V , and let A ∈ GLn(R) such that

(v1, · · · , vn) = (e1, · · · , en)A.

Let Φ be the fundamental mesh of Λ = Zv1 + · · ·+ Zvn, then Vol(Φ) = | det(A)|.

Proof. Writting A as a product of elementary matrices, we reduce to prove the lemma in
the case where A is an elementary matrice. However, this case is clear.

We define Vol(Λ) := Vol(Φ) (that is independent of the choice of Φ).

Theorem 1.6.5 (Minkowski’s lattice point theorem). Let Λ be a complete lattice in V , X
is a centrally symmetric (i.e. x ∈ X ⇔ −x ∈ X), convex subset of V (i.e. if x, y ∈ X,
then tx + (1 − t)y ∈ X for all 0 ≤ t ≤ 1). If Vol(X) > 2n Vol(Λ), then X ∩ Λ contains a
non-zero element.

Proof. It suffices to show there exist γ1 6= γ2 ∈ Γ such that (γ1 + 1
2
X) ∩ (γ2 + 1

2
X) 6= ∅.

Indeed, if so, there exist x1, x2 ∈ X such that 1
2
x1 + γ1 = 1

2
x2 + γ2 hence 0 6= γ1 − γ2 =

1
2
x2 − 1

2
x1 ∈ X ∩ Γ.

Suppose {1
2
X+γ}γ∈Λ are pairwisely disjoint. Thus Vol(Φ) ≥

∑
γ∈Λ Vol(Φ∩(γ+ 1

2
X)) =∑

γ∈Λ Vol((γ+Φ)∩ 1
2
X) (noting Vol(Φ∩(γ+ 1

2
X)) = Vol((−γ+Φ)∩ 1

2
X). Since {γ+Φ}γ∈Λ

is a covering of V , we have 1
2n

Vol(X) = Vol(1
2
X) =

∑
γ∈Λ Vol((γ + Φ) ∩ 1

2
X) ≤ Vol(Λ), a

contradiction.

1.7 Geometry of numbers and class number II

Let K/Q be a number field, d := [K : Q]. Let KC := K ⊗Q C ∼= Cd, Σ∞ := {τ : K ↪→ C}.
There exist σ1, · · · , σr : K ↪→ R, and τ1, · · · , τs : K ↪→ C (that do not factor through R)
such that

Σ∞ = {σ1, · · · , σr, τ1, · · · , τs, τ 1, · · · , τ s}.

In particular, we have d = r+2s. Let ι : K ↪→ KC, x 7→ (σ1(x), · · · , σr(x), τ1(x), · · · , τ s(x)).
Let

KR := {(x1, · · · , xr, y1, · · · , ys, z1, · · · , zs) ∈ KC | xi ∈ R, yi = zi}.

It is clear that the morphism ι factors through ι : K ↪→ KR and dimRKR = r + 2s.

The C-vector space KC ∼= Cd is an Hermitian inner product space with the standard
Hermitian inner product: 〈(xi), (yi)〉 =

∑
xiyi. This induces an inner product 〈, 〉KC on

KR, which further induces a Haar measure, that we denote by Vol1, on KR satisfying that
if e1, · · · , ed is an orthogonal normal basis of KR under 〈, 〉KC , then

Vol1({
∑

aiei | 0 ≤ ai ≤ 1}) = 1.

Exercise 1.7.1. We have Vol1({(x1, · · · , xr+2s) ∈ KR | 0 ≤ Rexi ≤ 1, 0 ≤ Imxi ≤ 1}) =
2s.
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Consider the following bijection

j : Rr+2s ∼−−→ KR,

(x1, · · · , xr+2s) 7→ (x1, · · · , xr, xr+1 + xr+s+1i, · · · , xr+s + xr+2si,

xr+1 − xr+s+1i, · · · , xr+s − xr+2si).

We define an inner product 〈x, y〉1 := 〈j(x), j(y)〉KC =
∑r

i=1 xiyi+
∑r+2s

i=r+1 2xiyi. Denote by
Vol0 the standard Haar measure on R associated to the standard inner product 〈x, y〉0 =∑
xiyi. For any Measurable set X ⊆ Rr+2s, we have then Vol1(j(X)) = 2s Vol0(X).

Proposition 1.7.2. Let 0 6= a ⊆ OK be an ideal, then a is a complete lattice in KR and
Vol1(a) =

√
|∆K |N(a).

Proof. We show a is a complete lattice. Let v1, · · · , vr+2s be a basis of a over Z (recall
a is free of rank r + 2s over Z). It suffices to show that {ι(vi)} are linearly independent
over R. Let Aa := (σi(vj))1≤i,j≤r+2s. It suffices to show detAa 6= 0. Let α ∈ K such that
K = Q(α). There exists then M ∈ GLr+2s(Q) such that

(v1, · · · , vr+2s)
T = M(1, α, · · · , ar+2s−1)T .

This implies that
Aa = M(σi(α

j)) 1≤i≤r+2s
0≤j≤r+2s−1

.

Since det((σi(α
j)) 1≤i≤r+2s

0≤j≤r+2s−1
) 6= 0, we see detAa 6= 0.

We calculate Vol1(a). Let

B :=
(
j−1(σ1(vi), · · · , σr+2s(vi))

T
)

1≤i≤r+2s
=

 σ1(v1) · · · σ1(vr+2s)
...

. . .
...

Im(σr+2s(v1)) · · · Im(σr+2s(vr+2s))

 .

It is easy to see

Aa =

Ir 0 0
0 Is iIs
0 Is −iIs

B,

hence | detAa| = 2s| detB|. We see Vol0(j−1(a)) = | detB|, that implies Vol1(a) =
2s| detB| = | detAa|. In particular, Vol1(OK) =

√
|∆K |.

Let β1, · · · , βd be a basis ofOK over Z, there exists M ∈Md(Z) such that (α1, · · · , αd) =
(β1, · · · , βd)M . Thus by Lemma 1.5.1 and Lemma 1.6.4, Vol1(a) = | detM |Vol1(OK) =
N(a) Vol1(OK).

Theorem 1.7.3. Let a be a non-zero ideal of OK, let cσ > 0 for all σ ∈ Σ∞ such that
cσ̄ = cσ and ∏

σ

cσ > (
2

π
)s
√
|∆K |N(a). (1.4)

Then there exists 0 6= α ∈ a such that |σ(α)| < cσ for all σ. In particular, N(α) <
∏

σ cσ.
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Proof. Let X := {(zσ) ∈ KR | |zσ| < cσ}. It is clear that X is centrally symmetric,
and convex in KR. By calculation, we have Vol1(X) = 2r+sπs

∏
σ cσ (Exercise, e.g. by

calculating Vol0(j−1(X)). By (1.4), we have Vol1(X) > 2r+2s Vol1(a). By Minkowski’s
lattice point theorem, there exists 0 6= α ∈ a ∩X. This concludes the proof.

Corollary 1.7.4. For a non-zero ideal a, there exists α ∈ a, N(αOK) ≤ ( 2
π
)s
√
|∆K |N(a).

Proof. For any ε > 0, the above theorem implies that there exists 0 6= α ∈ a such that
N(α) < ( 2

π
)s
√
|∆K |N(a) + ε. Together with the fact that N(α) is an integer for α ∈ a, the

corollary follows.

This corollary finishes the proof of Theorem 1.5.6.

Remark 1.7.5. There are two key ingredients in the proof of Theorem 1.5.6:

Non-archimedean For M > 0, there are finitely many a such that N(a) ≤M .

Archimedean There exists M > 0 such that for all 0 6= a, there exists α ∈ a such that N(α) ≤
MN(a).

Exercise 1.7.6 (I.5.2, I.5.3, I.6.3, I.6.4, I.6.5 of “Algebraic number theory” of Neukirch).

(1) Let X := {(zσ) ∈ KR |
∑

σ |zσ| < t}, show that Vol1(X) = 2rπs t
d

d!
.

(2) Let 0 6= a ⊆ OK, show that there exists 0 6= α ∈ a such that |NK/Q(α)| ≤MN(a) where

M := d!
dd

( 4
π
)s
√
|∆K |.

(3) Show that in every ideal class of K, there exists an integral ideal a such that N(a) ≤M .

(4) Show that |∆K | > 1 if K 6= Q.

(5) Show that ∆K tends to ∞ with the degree [K : Q].

1.8 Geometry of numbers and group of units

Recall we have an exact sequence

1→ O×K → K× → JK → CK → 1.

In this section, we study the structure of O×K . We first give a multiplicative version of
Minkowski’s theory that we used to prove the finiteness of class numbers. Keep the notation
as in § 1.7, and consider the following commutative diagram

K× −−−→ K×R −−−→ K×C
∼= (C×)d

N−−−→ C×

`

y `

y log |·|
y

Rr+s i−−−→ Rd
∑
−−−→ R

(1.5)
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where ` denotes the map K×C
∼= (C×)d → (R)d, (xi) 7→ (log |xi|), N : (C×)d → C×,

(xi) 7→
∏
xi,
∑

: Rd → R, (xi) 7→
∑
xi, and i denotes the map

(x1, · · · , xr+s) 7→ (x1, · · · , xr, xr+1/2, · · · , xr+s/2, xr+1/2, · · · , xr+s/2).

Indeed, it is easy to see `(K×R ) ⊂ Im(i), then we obtain the map ` : K×R → Rr+s in (1.5)
(x1, · · · , xr, y1, · · · , ys, z1, · · · , zs) 7→ (log |x1|, · · · , log |xr|, log |y1| + log |z1|, · · · , log |ys| +
log |zs|). Note also that the composition of upper maps in (1.5) is equal to NK/Q. Denote
by S := {x ∈ K×R | N(x) = ±1}, and V := {x ∈ Rr+s |

∑
◦i(x) = 0}. It is clear

that dimR V = r + s − 1, and ` restricts to a map S → V . For x ∈ O×K , we have
NK/Q(O×K) ⊂ O×Z = {±1}. So we have the following composition (induced by (1.5)),

λ : O×K → S
`−→ V. (1.6)

Lemma 1.8.1. We have Ker(λ) = µ(OK) = {roots of unity in OK}, that is a finite group.

Proof. By definition, x ∈ Ker(λ)⇔ |σ(x)| = 1 for all σ ∈ Σ∞ It is then clear that any root
of unity in OK is contained in Ker(λ). Consider the following bounded and closed subset
of KR:

U = {(x1, · · · , xd) ∈ KR | |xi| = 1}.

We see U ∩ j(OK) is compact and discrete, hence is finite. This implies Ker(λ) is a finite
group. Thus any element in Ker(λ) has finite order, and is a root of unity.

We want to show that Λ := Im(λ) is a complete lattice in V ∼= Rr+s−1.

Proposition 1.8.2. Λ is a lattice.

Proof. It suffices to show Λ is discrete. Take U := {(x1, · · · , xr+s) ∈ Rr+s | |xi| ≤ t}, then
`−1(U) = {(x1, · · · , xr+2s) ∈ KR | e−t ≤ |xi| ≤ et,∀i = 1, · · · , r; e−t/2 ≤ |xi| ≤ et/2,∀i =
r + 1, · · · , r + 2s}. It is clear that `−1(U) is a bounded set in KR. Since OK is a lattice in
KR, we have `−1(U)∩OK is a finite set. Hence U ∩Λ is also a finite set. There exists thus
an open U ′ ⊂ U such taht U ′ ∩ Λ = {0}, and so Λ is discrete.

Lemma 1.8.3. For a ∈ Z>0, there are only finitely many, up to multiplication by elements
in O×K, α ∈ OK, such that N(α) := |NK/Q(α)| = a.

Proof. Recall |NK/Q(α)| = N(αOK). Recall there are only finitely many integral ideal a
such that N(a) = a. Note also that if αOK = βOK , then α = βε for some ε ∈ O×K . The
lemma follows.

Proposition 1.8.4. Λ is a complete lattice in V ∼= Rr+s−1.

Proof. For σ ∈ Σ∞, let cσ > 0 such that cσ̄ = cσ and C =
∏

σ∈Σ∞
cσ > ( 2

π
)s
√
|dK |. Let

X := {(xσ) ∈ K×C | |xσ| ≤ cσ}. Recall by Theorem 1.7.3, there exists 0 6= α ∈ ι(OK) ∩X
(ι : OK ↪→ KC), in particular, N(α) ≤ C.
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Observation: For any y ∈ S, let Xy := {(xσyσ) | (xσ) ∈ X} = {(zσ) ∈ KC | |zσ| ≤
cσ|yσ| =: c′σ}. Since

∏
σ∈Σ∞

|yσ| = 1, we have
∏

σ c
′
σ =

∏
σ cσ = C. We can again apply

Theorem 1.7.3 so there exists 0 6= β ∈ Xy ∩ ι(OK) (with N(β) ≤ C).

By Lemma 1.8.3, there exist α1, · · · , αk ∈ OK such that

� 0 < N(αi) ≤ C,

� all 0 6= β ∈ OK , if N(β) ≤ C, then there exist αi and εi ∈ O×K satisfying β = αiεi.

Let T := S ∩ (∪(ι(α−1
i )X)) where ι(α−1

i )X = {ι(α−1
i )x | x ∈ X}. It is clear that T is a

bounded set in S.

Claim: S = ∪ε∈O×K (ι(ε)T ).

Assume the claim, then V = `S = ∪ε∈O×K (`T+λ(ε)). It is easy to see that `(T ) is a bounded
set in V . This then implies that Λ is a complete lattice in V .

Proof of the claim: For y ∈ S, there exists 0 6= β ∈ ι(OK) ∩ Xy−1 such that N(β) ≤ C.
Hence there exist αi and εi ∈ O×K such that β = αiεi. Hence there exists x ∈ X, such that
xy−1 = ι(αi)ι(εi) and hence y = xι(α−1

i )ι(ε−1
i ) ∈ ι(ε−1

i )T .

Theorem 1.8.5. We have O×K ∼= µ(K)× Zr+s−1. More precisely, let ε1, · · · , εr+s−1 ∈ O×K
such that λ(ε1), · · · , λ(εr+s−1) form a basis of λ(O×K) over Z, then for all ε ∈ O×K, there
exist unique µ ∈ µ(K), ni ∈ Z for i = 1, · · · , r + s− 1, such that ε = µεn1

1 · · · ε
nr+s−1

r+s−1 .

The units ε1, · · · , εr+s−1 in the theorem are called fundamental units (i.e. the units that
form a basis in O×K/µK).

Exercise 1.8.6. Let D > 1 be a squarefree integer and d the discriminant of the quadratic
field K = Q(

√
D). Let x1, y1 be the uniquely determined integer solution of the equation

x2 − dy2 = −4 or in case the equation has no integer solutions, x2 − dy2 = 4 such that

x1, y1 > 0 are as small as possible. Show that x1+y1

√
d

2
is a fundamental unit of K.

1.9 Ramification theory

Let L/K be a finite extension of number fields with OK ⊂ OL the rings of integers. Note
that since both OL and OK are finitely generated Z-modules, we see OL is a finitely
generated OK-modules. However, in general, OL is not free over OK .

Let p be a non-zero prime ideal in OK , and consider pOL ⊂ OL.

Exercise 1.9.1. Prove pOL 6= OL (hint: use an argument analoguous to Proposition 1.9.2).

There exist prime ideals P1, · · · ,Pg of OL, e1, · · · , eg ∈ Z≥1 such that pOL =
∏

iP
ei
i .

For each Pi, Pi ∩OK is a prime ideal of OK containing p. Hence Pi ∩OK = p. We obtain
thus an injection

OK/p ↪−→ OL/Pi.

Both OK/p and OL/Pi are finite fields, and we put fi := [OL/fPi : OK/fp].
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Proposition 1.9.2. We have
∑g

i=1 eifi = d = [L : K].

Proof. We have |OL/pOL| =
∏g

i=1 |OL/Pi|ei , and |OL/Pi| = |OK/fp|fi . It suffices to show
that |OL/pOL| = |OK/pOK |d. Since OL/pOL is natural OK/pOK-vector space. We need
to show dimOK/pOL/pOL = d.

Let e1, · · · , em be a basis of OL/pOL over OK/p, and let αi ∈ OL such that αi ≡ ei
(mod p). The proposition will follow from:

Claim: α1, · · · , αm is a basis of L over K (so m = d).

Proof of the claim: 1. We show α1, · · · , αm are linearly independent: If not, there exists
x1, · · · , xm ∈ OK such that

∑m
i=1 xiαi = 0. By modulo p, we see

∑m
i=1 x̄iei = 0 in OL/pOL.

Since {ei} is a basis, we see x̄i = 0. So xi ∈ pOL ∩ OK = pOK . We want to “divide xi by
p”, i.e. we want to find y ∈ K× such that

(1) yxi ∈ OK for all i,

(2) there exists i such that yxi /∈ p.

Let a be the ideal of OK generated by x1, · · · , xm. Then (1) is equivalent to β ∈ a−1

and (2) is equivalent to β /∈ pa−1. The existence of such β is thus clear. Then we have∑m
i=1(yxi)αi = 0 hence

∑m
i=1 yxiei = 0 in OL/pOL with yxi not all zero. This contradicts

the fact {ei} are linearly independent.

2. We show L can be generated by α1, · · · , αm over K. Let M := OKα1 + · · ·+OKαm.
Since {ei} is a basis of OL/p, we see M/(pOL∩M) ∼= OL/pOL, or equivalently, M+pOL =
OL (as OK-module). Consider OL/M , that is a finitely generated OKmodule, and we have
p(OL/M) = OL/M . Let γ1, · · · , γk be a set of generators of OL/M over OK . There exists
thus A = (ai,j) ∈ Mk(pOK) such that (γ1, · · · , γk) = (γ1, · · · , γk)A. Let B := Ik − A, and
we see (γ1, · · · , γk)B = 0. Let β := det(B) ∈ 1+pOK , in particular, β 6= 0. We see βγi = 0
for all γi ∈ OL/M . So βOL ⊂M , and hence L = KM .

Suppose pOL =
∏g

i=1 P
ei
i with ei ∈ Z≥1. The number e(Pi/p) := ei is called the

ramification index of Pi over p. If e(Pi/p) = 1, Pi is called unramified over p; if Pi

is unramified over p for all i, then p is called unramified in L. If e(Pi/p) = 1, and
f(Pi/p) := fi = 1 for all i, p is called split in L. If pOL is prime in OL, p is called inert in
L. The following lemma is straightforward.

Lemma 1.9.3. Let M ⊃ L ⊃ K, ℘ be a prime ideal of OM , P := ℘ ∩OL, p := ℘ ∩OK =
P ∩ OK. Then e(℘/p) = e(℘/P)e(P/p), f(℘/p) = f(℘/P)f(P/p).

Let θ ∈ OL such that L = K(θ). Let p(x) ∈ OK [x] be the minimal polynomial of θ
over K (so deg p(x) = d = [L : K]). Consider the OK-algebra OK [θ] = OK +OKθ + · · ·+
OKθd−1 ⊂ OL.

Lemma 1.9.4. |OL/OK [θ]| is finite.
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Proof. Let α1, · · · , αm be a set of generators of OL over OK . Since αi ∈ L = K(θ), there
exists ai ∈ OK \ {0} such that aiαi ∈ OK [θ]. Hence there exists a ∈ OK \ {0} such that
aOL ⊂ OK [θ]. The lemma follows easily from the fact OL/aOL is a finite set.

By the lemma and the proof, we see the set {a integral ideals | a ⊂ OK [θ]} is non-
empty. Note that if a, a′ ⊂ OK [θ], then a + a′ ⊂ OK [θ]. Hence there exists a unique
maximal element Fθ in the set, that we call the conductor of OK [θ].

Proposition 1.9.5. Let p be a prime ideal of OK, and suppose p is relatively prime to
Fθ. Let p(x) := p1(x)e1 · · · pg(x)er be the factorization of p(x) ∈ OK/p[x] into irreducible
polynomials in OK/fp[x]. Let pi(x) ∈ OK [x] satisfy

pi(x) is monic,

det pi(x) = deg pi(x),

pi(x) ≡ pi(x) (mod p).

Then {Pi := pOL + pi(θ)OL} are exactly all the different primes of OL above p with
e(Pi/p) = ei and f(Pi/p) = det pi(x).

Proof. Consider the natural morphism of OK-algebras f : OK [θ]/p→ OL/p. We show f is
an isomorphism. Since p is relatively prime to Fθ, we have

OK [θ] + pOL ⊃ Fθ + pOL = OL (1.7)

and so f is surjective. The injectivity of f is equivalent to pOL ∩ OK [θ] = pOK [θ]. The
direction “⊃” is clear. Let x ∈ pOL∩OK [θ]. By (1.7), we see Fθ∩OK+p = OK (Exercise).
There exist a ∈ Fθ∩OK and b ∈ p such that a+ b = 1. We see x = x(a+ b) = xa+xb. We
have xa ∈ pFθ ⊂ pOK [θ], and xb ⊂ pOK [θ]. Hence x ∈ pOK [θ], the direction “⊂” follows.

We have OK [x]/p(x)
∼−→ OK [θ], x 7→ θ. Let k := OK/p, and we deduce

OK [θ]/p ∼= OK [x]/(p, p(x)) ∼= k[x]/p(x) ∼=
g∏
i=1

k[x]/pi(x)ei .

We see
{prime ideals of OL/p ∼= OK [θ]/p} ←→ {pi(x)}.

Note also that the kernel of OL � OL/p ∼= OK [θ]/p � k[x]/pi(x) is Pi := pi(θ)OK [θ] +
pOL = pi(θ)OL + pOL (using OK [θ] + p = OL). Since OL/Pi

∼= k[x]/pi(x), f(Pi/p) =
deg pi(x). Since

∏g
i=1 pi(x)ei = 0 ∈ OK [x]/(p, p(x)) ∼= OK [θ]/p ∼= OL/p, we see

∏g
i=1 P

ei
i ∈

p (so e(Pi/p) ≥ ei). However, we have
∑g

i=1 eifi = d, we conclude by Proposition 1.9.2
that e(Pi/p) = ei for all i. This finishes the proof.

We can define the discriminant of (the OK-module) OK [θ] over OK :

d(OK [θ]) := det((σi(θ
j))0≤i,j≤d)

2,

where ΣL/K = {σ0, · · · , σd−1}. We have

d(OK [θ]) =
∏
i<j

(σi(θ)− σj(θ))2 ∈ OK \ {0}.
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Lemma 1.9.6. Keep the above notation, let p be a non-zero prime ideal of OK. Then
p|d(OK [θ]) if and only if the mod p reduction p(x) ∈ k[x] of p(x) is not separable.

Proof. Let M be the Galois closure of L over K. In OM [x], we have thus p(x) =
∏d−1

i=0 (x−
σi(θ)). For a prime ideal P|p of OM , we have p(x) =

∏d−1
i=0 (x − σi(θ)) ∈ OM/P[x]. Soe

p(x) is separable if and only if σi(θ) 6= σj(θ) or equivalently σi(θ) − σj(θ) /∈ P for i 6= j.
This is further equivalent to P - d(OK [θ]) ⇔ p - d(OK [θ]).

Corollary 1.9.7. For L/K, there are only finitely many p ⊂ OK that are ramified in OL.

Proof. Let θ ∈ OL be as above (with p(x) the minimal polynomial of θ over K, and Fθ

the conduction of OK [θ]). We only need to there are only finitely many p ⊂ OK that are
ramified in OL and that are coprime to F . But by Lemma 1.9.6 and Proposition 1.9.5,
such p has to divide d(OK [θ]). The corollary follows.

1.10 Ramification and Galois theory

Suppose L/K is a Galois extension of number fields. Let a ⊂ OL be an ideal, and σ ∈
Gal(L/K). We denote by σ(a) := {σ(x) | x ∈ a} ⊂ σ(OL) = OL. One easily sees that σ(a)
is also an ideal of OL.

Lemma 1.10.1. Let P be a prime ideal of OL, then σ(P) is also a prime ideal of OL.

Proof. Suppose ab ⊂ σ(fP ). Then σ−1(a)σ−1(b) ⊂ P. Since P is prime, we have σ−1(a) ⊂
P or σ−1(b) ⊂ P. Hence a ⊂ σ(P) or b ⊂ σ(P).

Let p be a non-zero prime ideal of OK , and P|p be a prime ideal of OL. Since P∩OK =
σ(P ∩ OK) = σ(P) ∩ OK , we see σ(P)|p.

Proposition 1.10.2. Let p be a non-zero prime ideal of OK, then Gal(L/K) acts transi-
tively on {Pi ⊂ OL | Pi|p}. Moreover, e(Pi/p) = e(Pj/p) =: eand f(Pi/p) = f(Pj/p) =:
f for all Pi,Pj|p.

Proof. Let P|p, and suppose there exists Pi|p such that for all σ ∈ Gal(L/K), σ(P) 6= Pi.
So Pi and {σ(P)} are coprime, and there exsits hence x ∈ Pi and x /∈ σ(P) for all σ.
The latter means σ(x) /∈ P for all σ. However

∏
σ∈Gal(L/K) σ(x) ∈ Pi ∩ OK = p ⊂ P,

contradicting P is prime. The first part of the proposition follows.

Let Pi = σ(P). We write p = Pe(P/p)a where a is coprime to P. Then σ(p) =

P
e(P/p)
i σ(a) (with σ(a) coprime to Pi). Since p = σ(p), we deduce e(P/p) = e(Pi/p).

Finally, σ induces a bijection OL/P
σ−→ OL/Pi, and hence f(Pi/p) = f(P/p).

Put g := |{P ⊂ OL | P|p}|, we have hence n = efg.

For a non-zero prime ideal P ⊂ OL, put DP := {σ ∈ Gal(L/K) | σ(P) = P}.
For σ inGal(L/K), it is easy to check Dσ(P) = σDPσ

−1. Let HP := LDP hence DP =
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Gal(L/HP). Denote by PD := P ∩ OHP
, that is a prime ideal of OHp . By Proposition

1.10.2, we easily deduce

Lemma 1.10.3. We have DP = e(P/p)f(P/p).

Proposition 1.10.4. (1) The ideal P is the unique prime ideal of OL such that P|PD.
(2) We have e(P/PD) = e(P/p) (p = P ∩ OK), f(P/pD) = f(P/p), e(PD/p) = 1 and
f(PD/p) = 1.

Proof. (1) We know DP = Gal(L/HP) acts transitively on the prime ideals of OL above
PD. However, σ(P) = P for all σ ∈ Gal(L/Hp). (1) follows.

(2) We have by (1) e(P/PD)f(P/PD) = DP = e(P/p)f(P/p). Together with Lemma
1.9.3, (2) follows.

For σ ∈ DP, σ induces σ : OL/P→ OL/P. We put kP := OL/P, and OK/p. We have
hence a morphism

DP → Gal(kP/kp), σ 7→ σ. (1.8)

Denote by IP the kernel of the above map, i.e.

IP = {σ ∈ Gal(L/K) | σ(x) ≡ x mod P, ∀x ∈ OL}.

Proposition 1.10.5. The morphism DP/IP → Gal(kP/kp) is an isomorphism.

Proof. First by replacing K by HP, we can reduce to the case where DP = Gal(L/K).

The injectivity is by definition. Let α ∈ OL such that the reduction α ∈ kP satisfies kP =
kp(α). Let f(x) ∈ OK [x] be the minimal polynomial of α over K, and p(x) be the minimal
polynomial of α over kp. Since L is Galois over K, we have f(x) =

∏
σ∈Σ(K(α)/K)(x−σ(α)).

By modulo P, we get f(x) =
∏

σ∈Σ(K(α)/K)(x − σ(α)) ∈ kp[x]. Since f(α) = 0, we see

p(x)|f(x). Thus for all τ ∈ Gal(kP/kp) (that is determined by τ(α)), there exists σ ∈
Σ(K(α)/K) such that σ(α) = τ(α). Recall Gal(L/K) � Σ(K(α)/K). Let σ̃ ∈ Gal(L/K)
such that σ̃(α) = σ(α). Then (1.8) sends σ̃ to σ. This concludes the proof.

Let UP := LIP , PI := P ∩ OUP
.

Proposition 1.10.6. We have e(P/PI) = e(P/PD) = e(P/p), e(PI/PD) = 1, f(P/fpI) =
1 and f(PI/PD) = f(P/PD) = f(P/p).

Proof. Since {σ ∈ Gal(L/UP) | σ(x) ≡ x (mod P)} = Gal(L/UP), applying Proposition
1.10.5 to the case K = UP, we see Gal(kP/kPI ) = 1. Hence f(P/PI) = 1. The others then
follows from Lemma 1.9.3.

In summary, for a finite Galois extension L/K, and P|p. We obtain K ⊂ HP ⊂ UP ⊂ L
such that Gal(L/UP) ∼= IP, Gal(L/HP) ∼= DP, [L : UP] = e(P/p), [UP : HP] = f(P/p),
[HP : K] = g.
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Chebotarev’s density theorem (statement)

Let L/K be a finite Galois extension. Let p be a non-zero prime ideal of OK , P be a prime
ideal of OL, P|p. We have then DP

∼= Gal(kP/kp). Let q := |kp|. Then Gal(kP/kp) is
generated by Frobq : x 7→ xq. We have thus

Lemma 1.10.7. Keep the notation.

(1) There exists a unique element
(L/K

P

)
∈ Gal(L/K) such that

(L/K
P

)
(x) ≡ xq (mod P).

(2) Let σ ∈ Gal(L/K), then (L/K
σ(P)

)
= σ

(L/K
P

)
σ−1.

Proof. Exercise.

We use
(L/K

p

)
denote the conjugacy class of

(L/K
P

)
for P|p.

Let PK be the set of prime ideals of OK , and let S ⊂ PK . The Dirichlet density of S
is defined to be

δ(S) = lim−→
s→1+

∑
p∈S N(p)−s∑
p∈P N(p)−s

.

One can also define the so-called natural density

δ0(S) = lim−→
m→+∞

|{p ∈ S | N(P) ≤ m}|
|{p | N(p) ≤ m}|

.

One can show that if δ0(S) exists then δ0(S) = δ(S).

We can now state the Chebotarev density theorem:

Theorem 1.10.8. Let L be a Galois extension of K. For σ ∈ Gal(L/K), let 〈σ〉 be the
conjugacy class of σ. Then the set

S = {p ∈ PK : p is unramified in L and
(L/K

p

)
= 〈σ〉}

has Dirichlet density δ(S) = |〈σ〉|
|Gal(L/K)| .

Remark 1.10.9. In particular, for any σ ∈ Gal(L/K), there exists infinitely many prime

ideals P of OL such that
(L/K

P

)
= σ.

Hilbert class field (statement)

Suppose L/K is a finite abelian extension, i.e. L/K is Galois and Gal(L/K) is abelian. In

this case, we have
(
L/K
p

)
has a unique element, still denoted by

(L/K
p

)
. Suppose moreover
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L/K is unramified for all prime ideals in OK , thus
(L/K

p

)
is well-defined for all p. For a

fractional ideal a =
∏

peii , we put(L/K
a

)
:=
∏(L/K

pi

)ei
∈ Gal(L/K).

In this way, we get a well defined map JK → Gal(L/K).

Lemma 1.10.10. Let L1, L2 be finite Galois extensions of K.

(1) Let p be a prime ideal of OK, suppose p is unramified in L1 and L2, show p is
unramified in L1L2.

(2) Suppose L1/K, L2/K are abelian, show that L1L2/K is abelian.

Proof. Exercise.

We call L/K is unramified if L/K is unramified for all prime ideals on OK , and for any
σ : K ↪→ C, and σL : L ↪→ C with σL|K = σ, we have Im(σ) ⊂ R⇔ Im(σL) ⊂ R.

Definition 1.10.11. We call the maximal abelian unramified extension H of K the Hilbert
class field of K.

Theorem 1.10.12. Let H be the Hilbert class field of K, then the morphism JK →
Gal(L/K) factors through an isomorphism

CK ∼= JK/PK
∼−→ Gal(L/K).

26



Chapter 2

Local fields

2.1 p-adic numbers

We have maps · · ·Z/pn+1 raZ/pn → · · · → Z/p (that form a projective system), and we
put

Zp := lim←−
n

Z/pnZ := {(xn) ∈
∏
n

Z/pnZ | xn+1 = xn ∈ Z/pnZ}.

We define the addition and multiplication on Zp:{
(xn) + (yn) := (xn + yn)

(xn)(yn) := (xnyn).

Note we have an injective ring homomorphism Z→ Zp, x 7→ (x (mod pn)).

Exercise 2.1.1. Show that pmZp = {(xn) ∈ Zp | xn ≡ 0 (mod pm), ∀n ≥ m}.

Proposition 2.1.2. Zp is a domain, and the unique maximal ideal of Zp is pZp.

Proof. Suppose (xn)(yn) = 0, and (xn) 6= 0, (yn) 6= 0. There exists k such that xk 6= 0,
yk 6= 0. So there exist i, j < k such that xk ∈ piZ/pk\pi+1Zp/pk and yk ∈ pjZ/pk\pj+1Zp/pk.
For any N ≥ k, we have xN /∈ pi+1Z/pN , yN /∈ pj+1Z/pN . If N ≥ max{k, i+ j + 2}, we see
xNyN 6= 0 in Z/pN , a contradiction.

We have Zp/pZp ∼= Z/p, (xn) 7→ x1. Hence pZp is a maximal ideal of Zp. For any
x = (xn) ∈ Zp\pZp, and for all n ∈ Z≥1, there exists a unique yn ∈ Z/pn such that xnyn = 1.
Since xn+1 = xn, we deduce by the uniqueness that yn+1 = yn. Thus y = (yn) ∈ Zp and
xy = 1. This implies that pZp is the unique maximal ideal.

Exercise 2.1.3. Any non-zero ideal of Zp is of the form pmZp.

The ring Zp is equipped with a natural topology with an open basis given by {x +
pnZp}x∈Zp,n∈Z≥1

. This topology can be defined in the following more conceptual way: con-
sider Zp ∼= lim←−n Z/p

n ↪→
∏

n Z/pn. We equip each Z/pn with the discrete topology, and∏
n Z/pn with the product topology, and Zp with the induced topology.
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Exercise 2.1.4. Check that the above two topologies on Zp coincide.

Lemma 2.1.5. Zp is a topological ring, i.e. the operations
Zp × Zp → Zp, (x, y) 7→ x+ y,

Zp × Zp → Zp, (x, y) 7→ xy,

Zp → Zp, x 7→ −x.

are continuous.

Proof. Exercises.

Proposition 2.1.6. Zp is complete, i.e. any Cauchy sequence has a limit in Zp. And Z is
dense in Zp.

Proof. Let {an} be a Cauchy sequence in Zp. Thus for any m ∈ Z≥1, there exists N such
that for any n1, n2 > N(m), an1 − an2 ∈ pmZp. This implies that for any n > N(m), the
image of an in Z/pm is independent of n, that we denote by bm. Let b := (bm). It is easy
to see b ∈ Zp and for all n > N(m), an − b ∈ pmZp. Thus b is a limit of {an}. One can
check that b is the unique limit of {an} (exercise).

For any x = (xn) ∈ Zp, let x̃n be a lifting of xn in Z. Then x− x̃n ∈ pnZp. Hence Z is
dense in Zp.

We define Qp to be the fractional field of Zp. Since Z×p = Zp \ pZp, we see for any
element x ∈ Qp, there exists n ∈ Z≥0 such that pnx ∈ Zp. We equip Qp with the topology
such that an open basis is given by {x+ pnZp}x∈Qp,n∈Z≥1

.

Next we give an “alternative” construction of Qp using p-adic norm on Q: Put | · |p :
Q → R such that |pr a

b
|p := p−r where a, b ∈ Z 6= {0}, and a, b are prime to p, and that

|0|p = 0.

Proposition 2.1.7. We have:

(1) |x|p = 0 if and only x = 0.

(2) |xy|p = |x|p|y|p.
(3) (Non-archimedean) |x+ y|p ≤ max{|x|p, |y|p}.
Thus | · |p is a metric.

Proof. (1) and (2) are clear. For (3), we have (suppose r ≤ s)

pr
a

b
+ ps

c

d
= pr(

a

b
+ ps−r

c

d
) = pr

(ad+ ps−rbc

bd

)
,

hence (the equality follows from (2) and the inequality follows from (p, bd) = 1)∣∣pr a
b

+ ps
c

d

∣∣
p

= p−r
∣∣(ad+ ps−rbc

bd

)∣∣
p
≤ p−r.

(3) follows.
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Remark 2.1.8. By the proof, we see if |x|p 6= |y|p, then |x+ y|p = max{|x|p, |y|p}.

We can define an additive p-adic valuation (that determines | · |p and vice versa): valp :
Q → Z ∪ {+∞}, valp(0) := +∞, and valp(p

r a
b
) = r (for a, b ∈ Z \ {0}, (ab, p) = 1). We

have then

(1) valp(x) = +∞ if and only x = 0,

(2) valp(xy) = valp(x) + valp(y),

(3) valp(x+ y) ≥ min{valp(x), valp(y)}.

Proposition 2.1.9. Qp is the completion of Q with respect to | · |p

Proof. Let {an} be a Cauchy sequence in Q. Then the set {an} is bounded. There exists
thus M ∈ Z≥0 such that |pMan|p ≤ 1 for all n.

Claim: If a ∈ Q, |a|p ≤ 1, then for any ε > 0, there exists b ∈ Z such that |a− b|p < ε.

We prove the claim. Since |a|p ≤ 1, a = r
s

with (s, p) = 1. So for an integer b, we have
a− b = r−bs

s
. Let N ∈ Z≥1 such that p−N < ε. Since (s, p) = 1, s is invertible in Z/pN . We

let b ∈ Z be a lifting of s−1r in Z/pN . We have |a− b|p ≤ p−N < ε.

By the claim, we see the Cauchy sequence {pMan} is equivalent to a Cauchy sequence
{bn} with bn ∈ Z. However, {bn} is a Cauchy sequence for | · |p is equivalent to {bn} form
a Cauchy sequence in Zp. We let b := limn bn ∈ Zp. In this way, we get a map from the
completion of Q (with respect to | · |p) to Qp, {an} 7→ p−Mb. It is straightforward to check
this map is a homemorphism.

We can now define |x|p for x ∈ Qp: let {xn} be a Cauchy sequence with xn ∈ Q that
converges to x, then |x|p := limn |xn|p = |xN |p for N sufficiently large. One eaisly check
the statements in Proposition 2.1.7 hold for | · |p on Qp.

Lemma 2.1.10. Zp = {x ∈ Qp | |x|p ≤ 1}.

Proof. Let x ∈ Qp such that |x|p ≤ 1. By the claim in the proof of Proposition 2.1.9, we
can find a Cauchy sequence in Z that converges to x, hence x ∈ Zp.

Exercise 2.1.11. Let an ∈ Qp for n ∈ Z≥0, then
∑∞

n=0 an converges in Qp if and only if
limn→∞ |an|p = 0.

Lemma 2.1.12. Every element x in Qp can be written uniquely of the form x =
∑

n�−∞ anp
n,

with an ∈ {0, · · · , p− 1}.

Proof. For the uniqueness, if
∑

n�−∞ anp
n =

∑
n�−∞ bnp

n, letting m be the minimal inte-

ger such that bm 6= am, we see 0 =
∑+∞

i=m(bi − ai)pi. However, |
∑+∞

i=m(bi − ai)pi|p = p−m, a
contradiction.
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For the existence of the form, by multiplying x by pM for M sufficiently large, we can
and do assume x ∈ Zp. Now we choose an ∈ {0, · · · , p− 1} for n such that

∑k
n=0 anp

n ≡ x
(mod pk) for all k. One easily checks x =

∑+∞
n=0 anp

n.

Exercise 2.1.13. In Q3, expand −1
2

in the form of the lemma.

2.2 Absolute value

Definition 2.2.1. A valuation field (or a normed field) (K, | · |) is a field k together with
an absolute value: | · | : K → R≥0 such that

(1) |x| = 0 if and only if x = 0,

(2) |xy| = |x||y|,

(3) |x+ y| ≤ |x|+ |y|.

The norm | · | is called non-archimedean if |x + y| ≤ max{|x|, |y|}. Two norms | · |1, | · |2
on K are called equivalent if there exists r > 0 such that | · |r2 = | · |1.

Let (K, | · |) be a valuation field, | · | defines then a topology on K such that U(a, ε) :=
{x ∈ K | |x− a| < ε} form an open basis.

Example 2.2.2. The followings are valuation fields: (Q, | · |), (Q, | · |p), (R, | · |), (Qp, | · |p).

Proposition 2.2.3. Let (K, | · |) be a valuation field. Then there exists a unique valuation

field (K̂, | · |K̂) such that

1. K is a subfield of K̂, and the restriction of | · |K̂ on K is equal to | · |.

2. K is dense in K̂,

3. K̂ is complete for | · |K̂,

4. if f : (K, | · |) ↪→ (L, | · |L) is an embedding of valuation fields (i.e. | · |L ∼ | · |
when restricted to K) with L complete, then f extends uniquely to an embedding

f̂ : (K̂, | · |K̂) ↪→ (L, | · |L) of valuation fields.

Proof. Define K̂ to be the completion of k via | · |. Let (an), (bn) be two Cauchy sequences
in K, one can check

� (anbn), (an + bn) are Cauchy sequences in K,

� if (a′n) ∼ (an), (b′n) ∼ (bn), then (anbn) ∼ (a′nb
′
n), (an + bn) ∼ (a′n + b′n).
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Then K̂ has a natural algebraic structure: for equivalent classes (an), (bn) of Cauchy
sequences in K, define (an)(bn) := (anbn) and (an) + (bn) := (an + bn). For a Cauchy
sequence (an) � (0) (noting this implies there exist r1, r2 > 0 and N ∈ Z≥1 such that
r1 ≤ |an| ≤ r2 for n ≥ N), (a−1

n ) (removing the terms am = 0) is a Cauchy sequcence in

K and (a−1
n )(an) = (1). Thus we see K̂ is a field. For x ∈ K̂, represented by (an), we

put |x|K̂ := limn→∞ |an|. By definition, the properties 1, 2, 3 hold for K̂. For 4, we define

f̂ : K̂ → L, (an) 7→ limn→∞ f(an). Actually, it is straightforward to check if (an) is a
Cauchy sequence in K, then (f(an)) is a Cauchy sequence in L, and that if (an) ∼ (a′n),

then (f(an)) ∼ (f(a′n)). The existence of (K̂, | · |K̂) follows. The uniqueness follows from
the properties 4 and 1.

Definition 2.2.4. An additive valuation υ on K is a map υ : K → R ∪ {+∞} such that

1. υ(x) = +∞ if and only if x = 0,

2. υ(xy) = υ(x) + υ(y),

3. υ(x+ y) ≥ min{υ(x), υ(y)}.

Two additive valuations υ1, υ2 are called equivalent if there exists r > 0 such that υ2 = rυ1.

The following lemma is clear.

Lemma 2.2.5. Let q > 1, the map υ 7→ [x 7→ q−υ(x)] gives a bijection between the set of
additive valuations on K and the set of non-archimedean norms on K, where the inverse
is given by | · | 7→ [x 7→ − logq(|x|).

Theorem 2.2.6 (Ostrouski). Let | · | be a non-trivial norm on Q.

(a) If | · | is archimedean, then | · | is equivalent to the standard absolute value | · |∞.

(b) If | · | is non-archimedean, then it is equivalent to | · |p for prime number p.

2.3 Non-archimedean valuation field

Let (K, | · |) be a non-archimedean valuation field, let υ be an associated additive valuation.

Lemma 2.3.1. |x+ y| = max{|x|, |y|} if |x| 6= |y|.

Proof. Suppose |x| > |y|, then |x| ≤ max{|x + y|, | − y|}. Note | − y| = | − 1||y| = |y|
(|1 ·x| = |x| = |1||x| ⇒ |1| = 1 and |(−1)(−1)| = |1| ⇒ |−1| = 1). The lemma follows.

Lemma 2.3.2. Let r > 0, then {x ∈ K | |x| ≤ r} is an open subset of K.

Proof. For any a ∈ {x ∈ K | |x| ≤ r}, 0 < s < r, we have {x ∈ K | |x − a| < s} ⊂ {x ∈
K | |x| ≤ r}.

Put OK := {x ∈ K | |x| ≤ 1} = {x ∈ K | υ(x) ≥ 0}.
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Lemma 2.3.3. OK is a subring of K.

Proof. Let x, y ∈ OK , then |xy| ≤ 1, and |x± y| ≤ 1.

We call OK the valuation ring of (K, | · |).

Proposition 2.3.4. Two non-trivial non-archimedean norms | · |1 and | · |2 on a field K
are equivalent if and only if their valuation rings are the same.

Proof. “Only if” is clear. Suppose for any x ∈ K, |x|1 ≤ 1 if and only if |x|2 ≤ 1. Let
b ∈ K such that |b|1 > 1, there exists r > 0 such that |b|2 = |b|r1. For any x ∈ K \{0}, there
exists ρ such that |x|1 = |b|ρ1. For any u, v, u′, v′ ∈ Z such that v, v′ 6= 0 and u

v
≤ ρ ≤ u′

v′
,

we have |b|
u
v
1 ≤ |x|1 ≤ |b|

u′
v′
1 , that is equivalent to |bu/xv|1 ≤ 1 and |xv′/bu′ |1 ≤ 1. Hence

|bu/xv|2 ≤ 1 and |xv′/bu′ |2 ≤ 1, and thus |b|
u
v
2 ≤ |x|2 ≤ |b|

u′
v′
2 . Let u

v
and u′

v′
converge to ρ,

we see |x|2 = |b|ρ2 = |x|r1 and hence | · |1 ∼ | · |2.

Definition 2.3.5. If υ|OK\{0} has discrete image, then we call OK a discrete valuation
ring.

Remark 2.3.6. Let OK be a discrete valuation ring, then υ(K \ {0}) is a lattice in R. We
call the valuation υ normalized if υ(K \ {0}) = Z.

Example 2.3.7. Zp is a discrete valuation ring.

Proposition 2.3.8. Let (K, | · |) be a non-archimedean valuation field.

(1) OK is integrally closed and is a local ring with maximal ideal mK := {x ∈ K | |x| <
1} (a ring is called local if it has a unique maximal ideal).

(2) Let K̂ be the completion of K, then OK̂ is the completion of OK under | · |. If
π ∈ mK is a non-zero element, then one has a canonical isomorphism (where OK/πn is
equipped with the discrete topology)

OK̂ ∼= lim←−
n

OK/πn = {(xn) ∈
∏
n≥1

OK/πn | xn+1 ≡ xn (mod πn)}.

(3) If | · | is a discrete valuation, then mK is principal and all the non-zero ideals of OK
are of the form mn

K with n ∈ Z≥0.

Proof. (1) Let x ∈ K and suppose xn + an−1x
n−1 + · · ·+ a0 = 0, ai ∈ OK . If |x| > 1, then

|xn| > |aixi| for all i = 0, · · · , n− 1. So 0 = |xn + · · ·+ a0| = |xn| > 1, a contradiction.

(2) Let x ∈ OK̂ ⊂ K̂, thus x = limn→∞ an with an ∈ K. Since |x| ≤ 1, we have

|an| ≤ 1 for n sufficiently large. This implies x ∈ ÔK (i.e. the completion of OK under

| · |). Conversely if x ∈ ÔK , then it is clear that |x|K̂ ≤ 1.

For any x ∈ OK̂ ∼= ÔK , let (an) be a Cauchy sequence in OK that converges to x. By
removing certain terms, we can and do assume |x−an| ≤ |π|n that implies |am−an| ≤ |π|n
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for m ≥ n. Thus |π−n(am − an)| ≤ 1 ⇔ π−n(am − an) ∈ OK ⇔ am − an ∈ πnOK . If
(a′n) is another Cauchy sequence that converges to x satisfying the same condition, we see
|a′n− an| ≤ |π|n and hence a′n− an ∈ πnOK by the same argument as above. In particular,
we obtain a well-defined map

OK̂ → lim←−
n

OK/$n, x 7→ (an).

It is straightforward to check this map is a bijective ring homomorphism and is a homem-
orphism (Exercise).

(3) Suppose |·| is discrete, and let υ be the corresponding normalized additive valuation.
Let α ∈ OK such that υ(α) = 1. For β ∈ mK , υ(β) ∈ Z>0 and hence υ(β/α) ≥ 0 ⇒
β ∈ αOK . Thus mK = αOK . Let I be a non-zero ideal, and let m := inf{υ(x) | x ∈ I}.
Thus For x ∈ I, υ(x/αm) ≥ 0 hence x ∈ αmOK = mm

K . If x ∈ I satisfies υ(x) = m , then
αm ∈ xOK ⊂ I. Thus I = mm

K .

Definition 2.3.9. Let (K, | · |) be a non-archimedean valuation field. We call OK/mK the
residue field of OK. If OK is a discrete valuation ring, we call a generator π of mK a
uniformizer of K (or of OK).

Proposition 2.3.10. For a domain R, R is a discrete valuation ring if and only if R is a
local Dedekind domain.

Proof. The “only if” part follows from the above proposition. Suppose R is a local Dedekind
domain, and let m be the unique maximal ideal (that is also the unique non-zero prime
ideal). Let x ∈ m \m2, using prime factorization (since R is Dedekind), we have m = (x).
For 0 6= y ∈ R, there exists a unique υ(y) ∈ Z≥0 such that y ∈ mυ(y) \ mυ(y)+1. So υ(y) is
the integer such that y ∈ xυ(y)R×. One can check the map υ : R→ Z≥0, y 7→ υ(y) defines
a discrete valuation on R.

Let K be a complete discrete valuation field. Let S ⊂ OK be a set of representatives of
OK/mK = k, and let π be a uniformizer of K

Lemma 2.3.11. For all x ∈ K, x can be uniquely written as x =
∑

n�−∞ anπ
n, an ∈ S.

Proof. It suffices to show for x ∈ OK , x can be uniquely written as
∑+∞

n=0 anπ
n. Let

a0 ∈ S be the unique element such that x − a0 ∈ πOK . We use induction to construct
{ai}: suppose there exists a0, · · · , ai ∈ S such that x −

∑i
j=0 ajπ

j = pij+1xj+1 ∈ πj+1OK ,
then let aj+1 ∈ S be the unique element such that aj+1 − xj+1 ∈ πOK . It is easy to see
x =

∑+∞
n=0 anπ

n. If
∑+∞

n=0 anπ
n =

∑+∞
n=0 bnπ

n, and suppose m is the minimal element such
that am 6= bm. Then amπ

m − bmπm ∈ πm+1 and thus am ≡ bm (mod π) a contradiction.
The uniqueness follows.

If the residue field k is finite, we have a natural choice of the representative set S. We
begin with a lemma.

Lemma 2.3.12. For any x ∈ OK, (1 + πx)p
n ∈ 1 + πn+1OK.
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Proof. We have (1 + πnx)p =
∑p

i=0

(
p
i

)
(pinx)i. Since p ∈ πOK , we see (1 + πnx)p ∈

1 + πn+1OK . The lemma then follows by induction.

Now let a ∈ k, and let ã ∈ OK be an arbitrary lifting of a. Let q := |k|.

Proposition 2.3.13. The sequence ãq
n

converges. Let [a] := limn ã
qn, then [a] ≡ a

(mod mK). The map k → OK, a 7→ [a] is multiplicative.

Proof. We have ãq
m − ãqn = ãq

n
(ãq

m−qn − 1) = ãq
n
((ãq

m−n−1)q
m − 1). We have ãq

m−n−1 ≡ 1
(mod mK). The first part follows from the above lemma. We have ãq

n ≡ a (mod mK)
and hence [a] ≡ a (mod mK). Finally, we have [ab] = limn(ãb̃)q

n
= (limn ã

qn)(limn b̃
qn) =

[a][b].

Remark 2.3.14. The element [a] is called the Teichmüler lifting of a.

The additive structure of OK is rather clear:

0 ( · · · ⊆ mn
K ( · · · ( mK ( OK .

Consider UK := O×K = OK \ mK = {x ∈ K× | υ(x) = 0}. Put Un
K := {x ∈ UK | x ≡ 1

(mod mn
K)}. We have

Proposition 2.3.15. (1) ∩nUn
K = 1.

(2) UK ∼= lim←−n UK/U
n
K.

(3) We have isomorphisms of groups UK/U
1
K
∼= k× and Un

K/U
n+1
K
∼= k for n ≥ 1.

Proof. (1) (2) are clear. The first isomorphism is given by x 7→ x̄ ∈ k×. Let n ≥ 1, and
consider the bijective map

Un
K/U

n+1
K → k, 1 + πnx 7→ x̄.

We have (1 + πnx)(1 + πny) 7→ x+ y. The second isomorphism follows.

Exercise 2.3.16. Suppose p ≥ 3, show that

1 + pZp → pZp, x 7→ log x =
∞∑
n=1

(−1)n

n
(x− 1)n

is an isomorphism of topological groups.

2.4 Extensions of valuations

Theorem 2.4.1 (Hensel’s Lemma). Let (K, | · |) be a complete non-archimedean field,
f(x) ∈ OK [x] such that 0 6= f(x) ∈ k[x] (such polynomial f(x) is called primitive). Suppose
we have f(x) = u(x)v(x) such that (u(x), v(x)) = 1. Then f(x) admits a factorization
f(x) = u(x)v(x) where u(x), v(x) ∈ OK [x], such that deg u(x) = deg u(x), u(x) ≡ u(x)
(mod mK), v(x) ≡ v(x) (mod mK).
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Proof. Let r := deg u(x), s := deg f − r (thus s ≥ deg v(x)). Let u0(x), v0(x) ∈ OK [x]
such that u0(x) ≡ u(x) (mod mK), deg u0(x) = r, v0(x) ≡ v(x) and deg v0(x) ≤ s. Thus
f ≡ u0v0 (mod mK). Since (u(x), v(x)) = 1, there exists a(x), b(x) ∈ OK [x] such that
a(x)u0(x) + b(x)v0(x) ≡ 1 (mod mK). We remark that the leading coefficient of u0(x) is
a unit. If f(x) = u0(x)v0(x), then we are done. If not, by the above discussion, we have
f(x)−u0(x)v0(x) ∈ mK [x] and a(x)u0(x)+b(x)v0(x)−1 ∈ mK [x]. Thus there exist π ∈ mK

and f1(x) ∈ OK [x] such that (so deg f1(x) ≤ deg f(x)){
f(x)− u0(x)v0(x) = πf1(x)

a(x)u0(x) + b(x)v0(x)− 1 ∈ (πOK)[x].

We will use an induction argument to construct sequences of polynomials {un(x)} and
{vn(x)} such that they converge the desired u(x) and v(x) respectively. To start, we want
u1(x), v1(x) to have the form u1(x) = u0(x) + πp1(x) and v1(x) = v0(x) + πq1(x). Then

f(x)− u1(x)v1(x) = f(x)− u0(x)v0(x)− π(u0(x)q1(x) + v0(x)p1(x))− π2p1(x)q1(x)

= π
(
f1(x)− u0(x)q1(x)− v0(x)p1(x)

)
+ π2p1(x)q1(x).

Claim: There exist p1(x), q1(x) such that deg p1(x) ≤ r, deg q1 ≤ s, and f1(x) −
u0(x)q1(x)− v0(x)p1(x) = πf2(x) ∈ πOK [x].

We prove the claim. Since a(x)u0(x) + b(x)v0(x) ≡ 1 (mod π), we see a(x)u0(x)f1(x) +
b(x)v0(x)f1(x) ≡ f1(x) (mod π). We need to control the degrees of the polynomials. Let
q′1(x) ∈ OK [x] and p1(x) ∈ OK [x] such that b(x)f1(x) = q′1(x)u0(x)+p1(x) and deg p1(x) ≤
deg u0(x) = r. And let q1(x) be the degree ≤ s part of a(x)f1(x) + q′1(x). Then we have
(a(x)f1(x) + q′1(x))u0(x) + p1(x)v0(x) ≡ f1(x) (mod π), and hence (by comparing degrees
and noting deg f1(x) ≤ r + s) q1(x)u0(x) + p1(x)v0(x) ≡ f1(x). The claim follows.

Note we have deg f2(x) ≤ deg f(x), so we can continue with the argument. Indeed, sup-
pose we have {ui(x)}i=0,··· ,n−1 and {vi(x)}i=0,··· ,n−1 such that deg ui(x) = r, deg vi(x) ≤ s,
ui(x) ≡ ui−1(x) (mod πi), vi(x) ≡ vi−1(x) (mod πi) and f(x) − ui(x)v(x) ∈ πiOK [x]. Let
fn−1(x) ∈ OK [x] such that f(x)−un−1(x)vn−1(x) = πn−1fn(x) and deg fn−1(x) ≤ deg f(x).
Applying the claim with (u0, v0, f1) replaced by (un−1, vn−1, fn), noting a(x)un−1(x) +
b(x)vn−1(x)− 1 ∈ (πOK)[x]), we obtain polynomials pn(x), qn(x) such that deg pn(x) ≤ r,
deg qn(x) ≤ s and fn(x) − un−1(x)qn(x) − vn−1(x)pn(x) ∈ πOK [x]. Hence for un(x) :=
un−1(x) + πnpn(x), vn(x) := vn−1(x) + πnqn(x), we have f(x)− un(x)vn(x) = πn−1(fn(x)−
un−1(x)qn(x) − vn−1(x)pn(x)) + π2npn(x)qn(x) ∈ πnOK [x]. Let u(x) := limn un(x) and
v(x) := limn vn(x). Thus f(x) = u(x)v(x) and the theorem follows.

Corollary 2.4.2. Let f(x) ∈ OK [x], α0 ∈ OK such that f(α0) ≡ 0 (mod mK) and
f ′(α0) 6= 0 (mod mK). Then there exists a unique α ∈ OK such that f(α) = 0 and
α ≡ α0 (mod mK).

Proof. Exercise.

Corollary 2.4.3. Let f(x) =
∑n

i=0 aix
i ∈ K[x] and suppose f(x) is irreducible. Then

max{|ai|} = max{|a0|, |ak|}.
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Proof. Exercise.

Theorem 2.4.4. Let (K, | · |) be a complete non-archimedean field. Let L/K be a finite
extension of degree n. Then there exists a unique extension | · |L of | · | to a non-archimedean

valuation on L. Moreover, for any x ∈ L, |x|L = |NL/K(x)| 1n and L is complete for | · |L.

Proof. Put |x|L := |NL/K(x)| 1n . It is easy to see |x|L = 0 ⇔ x = 0 and |xy|L = |x|L|y|L.
We show |x+ y|L ≤ max{|x|L, |y|L}. Assume |x|L ≤ |y|L and |y|L 6= 0, it suffices to show

|1 +
x

y
|L ≤ 1. (2.1)

Put OL to be the integral closure of OK in L.

Claim: OL = {x ∈ L | |x|L ≤ 1} (in particular, the latter set is a ring, and (2.1) follows).

We prove the claim. For α ∈ OL, we have NL/K(α) ∈ OK hence |α|L ≤ 1. Suppose
|α|L ≤ 1, and let f(x) = xm + · · · + a0 ∈ K[x] be the minimal polynomial of α over K.
Since NL/K(α) ∈ OK , one deduces a0 ∈ OK . If f(x) ∈ OK [x], then x ∈ OL. If not, let

c ∈ mK such that cf(x) ∈ OK [x] is primitive. Using a0 ∈ OK , we see 0 < deg cf(x) < m.
By Hensel’s lemma applied to cf(x) and the decomposition cf(x) = cf(x) · 1, there exists
u(x) ∈ OK [x], 0 < deg u(x) < m such that u(x)|f(x), a contradiction.

We have shown that | · |L is a non-archimedean norm that extends | · |. We prove | · |L
is unique. Suppose we have another | · |′L that extends | · |. We will show | · |L ∼ | · |′L.
Indeed, if so, using the fact the both are the same when restricted to K, we see | · |L = | · |′L.
By Proposition 2.3.4, it suffices to show that for all α ∈ L, |α|L ≤ 1 ⇔ |α|′L ≤ 1. Let
f(x) = xk + · · · + a0 be the monic minimal polynomial of α over K. If |α|L ≤ 1, then
f(x) ∈ OK [x], we deduce then |α|′L ≤ 1 (otherwise, |f(α)|′L = |αdeg f(x)|L′ 6= 0). We prove
the other direction. If |α|L < 1, we see the constant term of f(x) lies in mK . We claim
ai ∈ mK for all i = 1, · · · , k− 1. In fact, if not, then f(x) = xrv(x) where r is the minimal
integer such that ar /∈ mK , and (xr, v(x)) = 1. Using Hensel’s lemma, we see f(x) is
reducible, a contradiction. Since f(α) = 0, and ai ∈ mK , we see |α|′L < 1 (otherwise,
|f(α)|′L = |αk|′L 6= 0). So |α|′L ≥ 1 ⇒ |α|L ≥ 1 and hence |α|′L ≤ 1 ⇒ |α|L ≤ 1. This
concludes the uniqueness of | · |L.

The completeness of L will follow from Lemma 2.4.6 on topological vector space.

Definition 2.4.5. Let V be a vector space over (K, | · |). Then a (ultra-metric) norm on
V is a map ‖ · ‖ : V → R≥0 such that

� ‖x‖ = 0⇔ x = 0,

� ‖λx‖ = |λ|‖x‖,

� ‖x+ y‖ ≤ max{‖x‖, ‖y‖}.

Tow norms ‖ · ‖1 and ‖ · ‖2 are called equivalent if there exist c1, c2 > 0 such that c1‖x‖1 ≤
‖x‖2 ≤ c2‖x‖1 for all x ∈ V .
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Lemma 2.4.6. Let V be a finite dimensional vector space over (K, | · |). Then any two
norms on V are equivalent and V is complete.

Proof. Let e1, · · · , en be a basis of V over K. For x =
∑n

i=1 aiei, put ‖x‖ := max1≤i≤n{|ai|}.
This defines a norm on V , and it is easy to see V si complete for ‖ · ‖.

Let ‖ · ‖′ be a norm on V , and let c2 := max1≤i≤n{‖ei‖′}. We have then ‖x‖′ ≤ c2‖x‖.
We use an induction argument on the dimension of V . Suppose any norm on a K-

vector space of dimension ≤ n − 1 is complete (the one dimensional case is clear). Let
Vi := Ke1 + · · ·+Kei−1 +Kei+1 + · · ·+Ken, that is complete for ‖ · ‖′. This implies ei +Vi
is closed in (V , ‖·‖′). As 0 /∈ ei+Vi, there exists ε > 0 such that U(0, ε) = {x ∈ V | ‖x‖′ < ε}
is disjoint from all ei + Vi. Let x =

∑
aiei and let r such that ‖x‖ = |ar|, then

‖x‖′ = ‖
∑

aiei‖′ = |ar|‖
∑ ai

ar
vi‖′ ≥ |ar|ε = ‖x‖ε.

Hence ‖ · ‖ ∼ ‖ · ‖′ and V is also complete for ‖ · ‖′.

Remark 2.4.7. By induction, the statement in Theorem 2.4.4 also holds for algebraic
extensions of K.

Let (K, | · |) be a complete non-archimedean valuation field. By Theorem 2.4.4, there
exists a (unique) norm, still denoted by | · |, on K that extends | · | on K.

Lemma 2.4.8 (Krasner’s lemma). Let (K, | · |) be a complete non-archimedean valuation
field. Let α, β ∈ K such that |α − β| < |α − α′| for all Galois conjugate α′ of α different
from α. Then α ∈ K(β).

Proof. It suffices to show that for any σ : K(α, β) ↪→ K, if σ(β) = β then σ(α) = α.
However, we have |σ(α)−α| = |σ(α)−σ(β)+β−α| ≤ |β−α|. By assumption, σ(α) = α.

Corollary 2.4.9. Let f(x) = xn + · · ·+ a0 ∈ OK [x] be an irreducible monic polynomial of
degree n. Put d0 := minα 6=α′{|α − α′|} where α, α′ run through distinct roots of f(x). Let
g(x) := xn + · · · + b0 ∈ OK [x]. Suppose |bi − ai| < dn0 . Let β be a root of g(x), then there
exists α such that f(α) = 0 and α ∈ K(β) (in particular, g(x) is irreducible).

Proof. Let β be a root of g(x). Then |
∏

α′(β−α′)| = |f(β)| = |f(β)−g(β)| ≤ max0≤i≤n−1{|bi−
ai|}. So there exists a root α of f(x) such that |β − α| < d0. By Krasner’s lemma,
α ∈ K(β).

Corollary 2.4.10. The algebraic closure (Qp, | · |) is not complete.

Proof. Let {αi}∞i=1 be a set of elements in Qp that are linearly independent over Qp. It
is easy to inductively find ci ∈ Q×p such that |cnαn| → 0 when n → +∞, and that

|cn+1αn+1| < |σ(sk)− sk| for all k ≤ n, σ(sk) 6= sk, where sk :=
∑k

i=1 ciαi. Let s := lim sn.
If s ∈ Qp, then |s − sn| ≤ maxi≥n+1 |ciαi| ≤ |σ(sn) − sn| for all σ(sn) 6= sn. Using
Krasner’s lemma, we see sn ∈ K(s) for all n. But {si} are linearly independent over Qp, a
contradiction.
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Let Cp := Q̂p be the completion of Qp.

Corollary 2.4.11. Cp is algebraic closed.

Proof. Let p(x) = xd+ · · ·+a0 ∈ Cp[x], d > 1. It suffices to show p(x) has a root in Cp. We
can and do assume ai ∈ OCp (e.g. by replacing x by x/pk with k sufficiently large). Let C ′

be the splitting field of p(x), and let λ := minα 6=α′|{|α−α′} where α, α′ run though distinct

roots of p(x). Let q(x) := xd + · · ·+ b0 ∈ Qp[x] such that |bi− ai| < λd. By Corollary 2.4.9,
there exist a root α of p(x) and a root β of q(x) such that α ∈ Cp(β) = Cp. The corollary
follows.

Corollary 2.4.12. Let K be a finite extension of Qp. Then there exists a (irreducible)
polynomial f(x) ∈ Q[x] such that K ∼= Qp[x]/f(x).

Proof. Exercise.

2.5 Finite extensions of complete discrete valuation

fields

Let K be a complete discrete valuation field, υK : K → Z ∪ {+∞} be the nomalized
additive valuation, and we have (πK) = mK ⊂ OK ⊂ K, k = OK/mK . Let L/K be a finite
extension. Then L is also a complete discrete valuation field. Let υL be the normalized
additive valuation on L, and we have (πL) = mL ⊂ OL ⊂ L.

Lemma 2.5.1. OL is a finite free OK-module of rank [L : K].

Proof. Let bi inOL such that {bi} form a basis of OL/$K over OK/$K = k.

We show first {bi} are linearly independent of K. Indeed, if not, suppose
∑

i xibi = 0,
there exists thus a ∈ K such that axi ∈ OK but not all in mK . Hence

∑
i(axi)bi = 0 ⇒∑

i axibi = 0 a contradiction.

For all x ∈ OL, there exist xi,n ∈ OK , xi ∈ OL such that x =
∑

i xi,0bi + πKx1 =∑
i xi,0bi +

∑
i(πKxi,1bi) + π2

Kx2 = · · · .
Thus there exists yn ∈ OKb1 ⊕ · · · ⊕ OKbn =: O′L such that x− yn ∈ πnKOL. Since O′L

is complete, this implies x ∈ O′L. The proposition follows.

Remark 2.5.2. By the proof, we see b1, · · · , bn form a basis of OL over OK if and only if
b1, · · · , bn form a basis of OL/$K over k.

Let e ∈ Z≥1 such that πKOL = πeLOL, called the ramification index of L over K. Note
that OL/πL is a finite extension of OK/πK , and we put f := [OL/πL : OK/πK ]. We call
L/K totally ramified if f = 1, and L/K unramified if e = 1.

Proposition 2.5.3. fe = [L : K] = [OL : OK ].
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Proof. We know OL/πK = OL/πeL is a k-vector space of dimension [OL : OK ]. And OL/πeL
is isomorphic to a successive extension of πiLOL/πi+1

L OL ∼= kL for i = 0, · · · , e − 1. Hence
dimkOL/πeL = e dimk kL = ef . So [OL : OK ] = ef .

Lemma 2.5.4. Let α1, · · · , αf ∈ OL such that αi ∈ kL form a basis of kL over k. Then
{αiπjL | 1 ≤ i ≤ f, 0 ≤ j ≤ e− 1} form a basis of OL over OK.

Proof. Using dévissage (0→ OL/πj−1
L

πL−→ OL/πjL → kL → 0) and an induction argument,
it is easy to see {αiπjL | 1 ≤ i ≤ f, 0 ≤ j ≤ e − 1} form a basis of OL/πeL over k. The
proposition then follows from Remark 2.5.2.

Proposition 2.5.5. Suppose kL/k is separable, then there exists α ∈ OL such that OL =
OK [α].

Proof. Let β ∈ OL such that kL = k(β), then OL is generated by {βiπjL}0≤i≤f−1
0≤j≤e−1

.

Claim: There exists β ∈ OL such that kL = k(β) and that there exists a monic polynomial
f(x) ∈ OK [x] of degree f satisfying that f(β) is a uniformizer of OL.

Assume the claim, then we see OL is generated by {βi}0≤i≤n−1. We prove the claim.
First let β0 ∈ OL such that kL = k(β), and let f(x) be the monic polynomial lifting the
minimal polynomial of β over k. Then we have f(β0) ∈ mL. If f(β0) ∈ mL/m

2
L then we are

done with β = β0. Suppose υL(f(β0)) ≥ 2, and let πL be an arbitrary uniniformizer of OL.
Let β0 + πL, then using Taylor expansion, we have f(β0 + πL) = f(β0) + πLf

′(β0) + π2
Lb for

some b ∈ OL. Since kL/k is separable, f ′(β0) 6= 0. We deduce f(β0 + πL) ∈ mL \m2
L. The

claim (hence the proposition) follows.

Exercise 2.5.6. Suppose L is totally ramified over K. Then OL = OK [πL]. Let f(x) =
xn+· · ·+a0 be the minimal polynomial of πL over OK. Show that ai ∈ mK and a0 ∈ mK\m2

K

(i.e. f(x) is Esenstein).

Theorem 2.5.7. Let k′/k be a finite separable extension.

(1) There exists an unramified exetnsion K ′/K with residue field k′. This extension is
unique up to isomorphism and K ′/K is Galois if and only if k′/k is Galois.

(2) For any finite extension L/K with residue field kL. There is a natural bijection
between the set of K-embeddings of K ′ in L and the set of k-embeddings of k′ in kL. In
particular, if k′/k is Galois, then Gal(K ′/K) ∼= Gal(k′/k).

Proof. (a) Let β ∈ k′ such that k(β) = k′, and let f(x) ∈ OK [x] be a monic polynomial
such that f(x) ∈ k[x] is the minimal polynomial of α over k. It is clear that f(x) is
irreducible. Put K ′ := K[x]/f(x). Let α ∈ OK′ be a root of f(x). Thus f(α) = 0, and
hence f(K ′/K) ≥ deg f(x) = deg f(x). So K ′/K is unramified, and OK′ = OK [α].

(b) Let L be a finite extension of K with the residue field kL a finite extension of k′.
Let ι : k′ ↪→ kL, and consider f(x) ∈ OK [x] ↪→ OL[x]. By Hensel’s lemma, there exists a
unique γ ∈ OL such that f(γ) = 0 and γ = ι(α) (where α is as in (1)). We obtain then
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an embedding ι̃ : K ′ ↪→ L, α 7→ γ. Conversely, an embedding K ′ ↪→ L induces OK′ ↪→ OL
and hence k′ ↪→ kL. It is clear this gives an inverse of the map ι 7→ ι̃.

The existence in (1) then follows from (a), and the uniqueness from (b). (2) also follows
from (b).

Exercise 2.5.8. Suppose L1, L2 are finite unramified extensions over K (with separable
extensions on residue fields), show that L1L2 is unramified over K.

Let L/K be a finite extension (with kL/k separable). By the theorem, there exists a
unique subextension L0 over K such that L0 is unramified over K and has residue field kL.
We call L0 the maximal unramified extension in L.

Exercise 2.5.9. Let L1 := Q3(
√

3), and L2 = Q3(
√
−3), show that L1L2 is not totally

ramified over Q3.

2.6 Different and discriminant

Let L/K be a finite extension of complete discrete valuation fields, we keep using the
notation: (πL) = mL ⊂ OL ⊂ L, (πK) = mK ⊂ OK ⊂ K, OK/πK = k, OL/πL = kL,
πKOL = πeLOL, f = [kL : k]. For a fractional ideal a of L (i.e. a finitely generated OL-
module of L), there exists k ∈ Z such that a = πkL. We define NL/K(a) := NL/K(πL)kOK .
It is easy to see this definition does not depend on the choice of generators of a.

Lemma 2.6.1. We have NL/K(mL) = πfKOK.

Proof. Let L0 be the maximal unramified subextension of L over K. Then NL/K(πL) =
NL0/K ◦ NL/L0(πL). Since L is totally ramified over L0, we deduce by Exercise 2.5.6 that
NL/L0(πL) is a uniformizer of L0, denoted by πL0 . Since L0 is unramified over K, piK is
also a uniformizer of L0. So there exists α ∈ O×L0

such that πL0 = πKα. Hence NL/K(πL) =

NL0/K(πKα) = πfKNL0/K(α). Since α ∈ O×L0
, NL0/K(α) ∈ O×K and the lemma follows.

Lemma 2.6.2. Let e1, · · · , ed be a basis of OL over OK, a ⊂ OL, α1, · · · , αd be a basis
of a over OK. Let A ∈ Md(K) such that (α1, · · · , αd) = (e1, · · · , ed)A, then NL/K(a) =
(det(A)).

Proof. The both sides of the equation is multiplicative, hence we reduce to the case where
a = πLOL. However, if πL(e1, · · · , ed) = (e1, · · · , ed)A, then by definition NL/K(πL) =
det(A).

Now assume L/K is finite and separable. Recall the (K-bilinear) map 〈, 〉 : L×L→ K,
(x, y) 7→ TrL/K(xy) is non-degenerate. We define

D−1
L/K := {x ∈ L | TrL/K(xy) ∈ OK , ∀y ∈ OL}.

It is easy to see D−1
L/K is a fractional ideal of L and contains OL. We call DL/K := (D−1

L/K)−1

the different of L over K, and δL/K := NL/K(DL/K) the discriminant of L/K. Note DL/K
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is an ideal of OL. If e1, · · · , en for a basis of OL over OK , and let {e∗i } be the dual basis
with respect to 〈, 〉, i.e. TrL/K(e∗i ej) = δij. Let A ∈ GLn(K) such that (e1, · · · , en) =
(e∗1, · · · , e∗n)A, then we have δL/K = (detA).

Proposition 2.6.3. Let a (resp. b) be a fractional ideal of K (resp. L), then TrL/K(b) ⊂ a
if and only if b ⊂ aD−1

L/K.

Proof. We have

TrL/K(b) ⊂ a⇔ TrL/K(a−1b) ⊂ OK ⇔ a−1b ⊂ D−1
L/K ⇔ b ⊂ aD−1

L/K .

Corollary 2.6.4. Let M/L/K be separable extensions of finite degrees. Then DM/K =
DM/LDL/K.

Proof. We have

a ⊂ D−1
M/K ⇔ TrL/K ◦TrM/L(a) = TrM/K(a) ⊂ OK ⇔ TrM/L(a) ⊂ D−1

L/K ⇔ a ⊂ D−1
L/KD

−1
M/L.

Proposition 2.6.5. Suppose there exists α ∈ OL such that OL = OK [α]. Let f(x) ∈ OK [x]
be the minimal polynomial of α over K, then DL/K = (f ′(α)).

Proof. Let {ei} be the dual basis of {1, · · · , αn−1} with respect to 〈, 〉, then we have

(1, · · · , αn−1) = (e1, · · · , en−1)(TrL/K(αiαj))0≤i≤n−1
0≤j≤n−1

.

We deduce hence δL/K = det((TrL/K(αiαj))) =
∏

i 6=j(αi − αj) where {αi} are the roots
of f(x) (in the Galois closure of L). Since NL/K((f ′(α))) = (

∏
i 6=j(αi − αj)) = δL/K =

NL/K(DL/K), we see DL/K = (f ′(α)).

Corollary 2.6.6. (1) Assume L/K is totally ramified of degree e, then DL/K ⊂ me−1
L .

Moreover the equality holds if and only if e is prime to char k.

(2) Assume kL/k is separable. The extension L/K is unramified if and only if DL/K =
OL.

Proof. (1) Since L/K is totally ramified, OL = OK [πL]. Recall the minimal polynomial
f(x) = xe + · · · + a0 of πL over K is Eisenstein. We have f ′(πL) = eπe−1

L + · · · + a1 (with
ai ∈ πKOK). We have υL(iaiπ

i−1
L ) ≥ e+i−1 for 1 ≤ i ≤ e−1 and υL(eπe−1

L ) = υL(e)+e−1.
Thus υL(f ′(πL)) ≥ e − 1. Moreover, we see the equality holds if and only if υL(e) = 0 if
and only if e is prime to char k.

(2) Suppose L/K is unramified, let α ∈ OL such that kL = k[α] and let f(x) be
the minimal polynomial of α over OK . Since kL is separable over k, f ′(α) 6= 0. Hence
f ′(α) ∈ O×L . Conversely, let L0 be the maximal unramified subextension of L over K, then
we have DL/K = DL/L0DL0/K . Since DL/L0 is totally ramified and DL/K = OL, we deduce
by (1) [L : L0] = 1.
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Suppose char k = p, a totally ramified extension L/K is called tamely ramified if p -
[L : K] (so G1 = {1} and Gal(L/K) is cyclic) and is called wildly ramified if [L : K] = pr

for some r ∈ Z≥1.

2.7 Ramification groups and Galois theory

Let L/K be a finite Galois extension of complete discrete valuation fields. Let I :=
{σ ∈ Gal(L/K) | σ(x) ≡ x (mod mL)}. By restriction, we have a natural surjection:
Gal(L/K) � Gal(L0/K) ∼= Gal(kL/k). It is easy to see this map coincides with the natu-
ral map Gal(L/K)→ Gal(kL/k) (induced by modulo mL). The kernel of the latter map is
I, hence we have LI = L0.

We assume henceforth L/K totally ramified. For n ≥ 0, we put

Gn := {σ ∈ Gal(L/K) | υL(σ(x)− x) ≥ n+ 1, ∀x ∈ OL}.

For τ ∈ Gal(L/K), we have

υL(τστ−1(x)− x) = υL(στ−1(x)− τ−1(x)).

Hence Gn is a normal subgroup of Gal(L/K). We call {Gn} higher ramification subgroups
of Gal(L/K).

Lemma 2.7.1. Let πL be a uniformizer of OL, and σ ∈ Gal(L/K). Then the followings
are equivalent:

(1) υL(σ(x)− x) ≥ n+ 1, ∀x ∈ OL,

(2) υL(σ(πL)− πL) ≥ n+ 1.

Proof. (1) ⇒ (2) is clear. (2) ⇒ (1) follows from the fact OL = OK [πL].

Corollary 2.7.2. We have

Gn = {g ∈ Gal(L/K) | g(πL)

πL
∈ Un

L}.

We define a map

Gn → Un
L/U

n+1
L , g 7→ g(πL)

πL
. (2.2)

Lemma 2.7.3. The map (2.2) is a group homomorphism and factors through an injection
Gn/Gn+1 ↪→ Un

L/U
n+1
L . Moreover, the map is independent of the choice of πL.

Proof. Let g, h ∈ Gn, we have

gh(πL)

πL
=
g(h(πL))

h(πL)

h(πL)

πL
. (2.3)
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For another uniformizer π′L of L, let s ∈ O×L such that h(πL) = πLs. Then we have

g(π′L)

π′L
=
g(πL)

πL

g(s)

s
∈ g(πL)

πL
Un+1
L .

Since υL(g(s)−s) ≥ n+1, we see g(s)
s

, thus
g(π′L)

π′L
∈ g(πL)

πL
Un+1
L . Applying this to π′L = h(πL)

(in (2.3)), we see gh(πL)
πL
≡ g(πL)

πL

h(πL)
πL

(mod Un+1
L ). The lemma follows.

By the lemma and Proposition 2.3.15 (3), we have:

Proposition 2.7.4. (1) If char k = 0, then G1 = {1}, and G0 is a finite abelian group.

(2) If char k = p, then G1 is a finite group of p-power order, and G0/G1 is a cyclic
group of order prime to p.

Exercise 2.7.5. Let n ≥ 1, calculate the higher ramification groups of Gal(Qp(ζpn)/Qp)
(where ζpn is a primitive pn-th root of unity).

Infinite Galois theory

Definition 2.7.6. A profinite group G is a topological group that is an inverse limit of finite
groups, each equipped with the discrete topology: G ∼= lim←−i∈I Gi (for an inverse system of

finite groups ({Gi}i∈I , {fij}i≥j): I is a directed set, fij : Gi → Gj for i ≥ j satisfies fii = id,
and fik = fjk ◦ fij if i ≥ j ≥ k).

Example 2.7.7. A discrete valuation ring with finite residue field is a profinite group.

Proposition 2.7.8. A profinite group is totally disconnected, compact and Hausdorff.

Proof. Let G ∼= lim←−i∈I Gi. Since Gi is compact, so is
∏

iGi. We show G is closed in
∏

iGi.

Let x = (xi) ∈
∏

iGi \ lim←−nGi. By definition, there exist j > k such that fjk(xj) 6=
xk. Consider the open subset U = {xj} × {xk} ×

∏
i 6=j,kGi ⊂

∏
iGi. It is clear that

U ∩G = ∅, so G is closed in
∏

iGi and hence also compact. Suppose V ⊂ G is a connected
component, and (xi) 6= (yi) ∈ G. Then there exists j such that xj 6= yj. Then we see
V = (V ∩ ((Gj \ {yj}) ×

∏
i 6=j Gi)) ∪ (V ∩ ({yj} ×

∏
i 6=j Gi)), a contradiction. From the

proof, we also see G is Hausdorff.

Remark 2.7.9. The converse of the proposition is also true, see for example

Corollary 2.7.10. For a subgroup H of a profinite group G, H is open if and only if H is
closed of finite index.

We briefly discuss infinite Galois theory.

Lemma 2.7.11. Let L/K be a Galois extension (not necessarily finite), G := Gal(L/K). If
F/K is a normal subextension of L/K, then H = Gal(L/F ) is a nomral subgroup of G and
F = LH . And we have an exact sequence 1→ Gal(L/F )→ Gal(L/K)→ Gal(F/K)→ 1.
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Proof. Since F/K is normal, we have a natural morphism

Gal(L/K)→ Gal(F/K) (2.4)

and let H be its kernel.

Claim: The map (2.4) is surjective.

Let F ′ be a normal extension over K such that F ⊂ F ′ ⊂ L and F ′ is a finite extension
of F . We show first Gal(F ′/K)→ Gal(F/K) is surjective. Suppose F ′ = F (α), and let F ′0
be the splitting filed of K(α), F0 := F ′0 ∩ F (the both being finite Galois extensions over
K). For σ ∈ Gal(F/K), by Galois theory for finte extensions, there exists τ ∈ Gal(F ′0/K)
such that τ |F0 = σ|F0 . Then σ̃ : F (α) → F (α), xαi 7→ σ(x)τ(α) defines a lifting of σ
in Gal(F ′/F ). Indeed, to see σ̃ is a well-defined map (namely if

∑
xiα

i =
∑
yiα

i, then∑
σ(xi)τ(α)i =

∑
σ(yi)τ(α)i) and gives an isomorphism, one can reduce to show these

hold with F replaced by any sufficiently large finite Galois subextensions Fi ⊃ F0 of F over
K. But for finte extensions, these follow from the standard Galois theory. Now let J be
the set consisting of normal subextensions F ′ of L over K and σ′ ∈ Gal(F ′/K) such that
F ′ ⊃ F and σ′|F = σ. Then J is equipped with a natural partial order: (F ′, σ′) ≤ (F ′′, σ′′)
if F ′ ⊂ F ′′ and σ′′F ′ = σ′. Then it is clear that any non-empty chain in J has an upper bound
(given by taking union). By Zorn’s lemma, J has a maximal element L′. However, since
Gal(L′′/K)→ Gal(L′/K) is surjective (as shown above) for any finite normal extension L′′

of L, we see L′ has to be L.

Finally we show LGal(L/F ) = F . Suppose there exists α ∈ LGal(L/F ) such that α /∈ F .
Let E ⊂ L be the splitting field of α over F , and let α′ be a conjugate of α in E. There
exists σ ∈ Gal(E/F ) such that σ(α) = α′. By the above claim, σ can lift to an element in
Gal(L/F ) = H. However, α is fixed by Gal(L/F ) a contradiction. So we have LGal(L/F ) =
F .

We equip Gal(L/K) with the topology such that all cosets of Gal(L/F ) with F finite
normal over K form a topological basis. This is referred to as the Krull topology on
Gal(L/K).

Theorem 2.7.12. (1) We have Gal(L/K) ∼= lim←−F Gal(F/K) where F runs though finite
normal extensions of K in L.

(2) The maps F 7→ Gal(L/F ) and H 7→ LH define a bijection between subextensions
F/K of L/K and closed subgroups H of Gal(L/K).

Proof. By the above lemma, we have a natural map Gal(L/K)→ lim←−F Gal(F/K) such that
for each F , the map Gal(L/K)→ Gal(F/K) is surjective. We deduce hence the map itself
is surjective. We also see the kernel is ∩F Gal(L/F ) = Gal(L/ ∪F F ) = 1 since ∪F = L.
Finally, it is easy to verify the Krull topology on Gal(L/K) coincides with the inverse limit
topology on lim←−F Gal(F/K).

Let F/K be a subextension of L/K, and write F = ∪Fi with Fi finite over F . It
is easy to see Gal(L/F ) = ∩i Gal(L/Fi). Let Ei be the Galois closure of Fi over K.
Then Gal(L/Ei) is a closed (and open) subgroup of Gal(L/K). Since Gal(L/Ei) has finite
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index in Gal(L/Fi), we see Gal(L/Fi) is a finite union of gGal(L/Ei) for finitely many g,
and hence is also a closed subgroup of Gal(L/K). Thus Gal(L/F ) = ∩i Gal(L/Fi) is a
closed subgroup of Gal(L/K). The same argument as in the proof of Lemma 2.7.11 shows
LGal(L/F ) = F .

Now let H be a closed subgroup of Gal(L/K). For a finite Galois extension F over K
in L, let HF be the image of H in Gal(F/K) via Gal(L/K) � Gal(F/K). Let H̃F ⊃ H
be the preimage of HF in Gal(L/K). We claim ∩H̃F = H. Indeed, otherwise, there exists
σ = (σF ) ∈ ∩H̃F \H and an open subgroup U such that σU∩H =. Shrinking U , we can and
so assume U ∼= Gal(L/F ′) for some finite Galois extension F ′ over K. Since σU∩H = ∅, we
see σ|Gal(F ′/K) /∈ HF ′ , however σ ∈ H̃F ′ , a contradiction. Now let FH := FHF , and LH be

the subextension generated by {FH}F . We have HF
∼= Gal(F/FH) and H̃F

∼= Gal(F/FH).
So Gal(L/LH) ∼= ∩H̃F

∼= H.

Local class field theory (rough statement)

Put Gal(L/K)ab to be the maximal abelian quotient of Gal(L/K), and Lab = LGal(L/K)ab
,

that is the maximal abelian subextension of K in L (noting the composition of abelian
extensions are abelian). We have Gal(Lab/K) ∼= Gal(L/K)ab. We can now state (a not-so-
precise version of) the local class field theory for finite extensions of Qp:

Theorem 2.7.13. Let K be a finite extension of Qp, then there exists a canonical contin-
uous injection K× ↪→ Gal(Kab/K), and the image is dense.

The map is called local reciprocity map. There are many features that characterize
the local reciprocity map in a unqiue way. However, we won’t discuss these in the note.
Recall we have a canonical exact sequence 1 → O×K → K× → Z → 0, and the quotient Z
corresponds, via the local reciprocity map, to unramified extensions of K in the following
way

K× −−−→ Gal(Kab/K)y y
Z −−−→ Gal(Kunr/K)

where Kunr/K denotes the maximal unramified extension over K, and the bottom map
sends 1 to a Frobenius element (that is a topological generator) in Gal(Kunr/K) ∼= Gal(k/k) ∼=
Ẑ. By a chocie of uniformizer πK , we have an exact sequence 0→ Z 17→πK−−−→ K× → O×K → 1.
By the local reciprocity map, then there should exist an abelian extension KπK of K such
that KπK is disjoint from Kunr (so KπK is totally ramified), and that Gal(KπK/K) ∼= O×K .
The extension KπK can be explicitly constructed by the theory of Lubin-Tate formal groups.
We end the discussion by the following exercise (as a special case of KπK ).

Exercise 2.7.14. Let Qp(ζp∞) := ∪nQp(ζpn) where ζpn is a primitive pn-th root of unity.
Prove the following map is an isomorphism

Z×p → Gal(Qp(ζp∞)/Qp), a 7→ [ζpn 7→ ζanpn ],
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where an ∈ (Zp/pn)× denotes the reduction of a.

The Fontaine ring R (a glance)

Let R := lim←−x7→xp OCp .

Lemma 2.7.15. The map R→ lim←−x 7→xp OCp/p, (x(n)) 7→
(
x(n)
)

is bijective.

Proof. We construct an inverse of the map. Let (xn) ∈ lim←−x 7→xp OCp/p, and for each n,

let x̃n be a lifting of xn in OCp . Put x(n) := limm→+∞ x̃
pm

n+m (Exercise: show that {x̃p
m

n+m}
converges). Then one can check (x(n)) ∈ R, and is sent to (xn).

The ring structure on OCp induces a ring structure on lim←−x 7→xp OCp/p
∼= R.

Exercise 2.7.16. (1) Show that the map υR : R → OCp
valp−−→ Q ∪ {+∞}, (x(n)) 7→ x(0) 7→

valp(x
(0)) defines an additive valuation on R.

(2) Show that R is a domain.

One can show that R is complete for the valuation υR. Consider the fractional field
FrR of R. One can show that FrR is algebraically closed, complete for υR, and is of
characteristic p. It is clear that ε := (ζpn) ∈ R, and put π = ε − 1. A direct calculation
shows υR(π) = 1

(p−1)
. We have thus Fp[[π]] ↪→ R, and hence Fp((π)) ↪→ FrR. The

Gal(Qp/Qp)-action on OCp induces a Gal(Qp/Qp)-action on R (and hence on FrR). Let

Qp,∞ := ∪Qp(ζpn), then we see π is fixed by HQp := Gal(Qp/Qp,∞).

Theorem 2.7.17 ((Fontaine-Wintenberger)). One has F̂p((π))
∼−→ FrR. The HQp-action

on FrR induces an isomorphism

HQp
∼= Gal(Qp/Qp,∞)

∼−−→ Gal
(
Fp((π))s/Fp((π))

)
where Fp((π))s denotes the separable closure of Fp((π)) (in FrR).

2.8 Places of number fields

Let K be a number field.

Archimedean places: We let S∞ := Σ∞/ ∼, where σ ∼ σ′ if σ′ = σ : K ↪→ C. For each
embedding σ : K ↪→ C, we get a (archimedean) norm | · |σ : K → R≥0, x 7→ |σ(x)| which
only depends on the conjugate class of σ.

Non-archimedean places: Let p be a prime ideal of OK . For x ∈ K, we define
υp : K → Z ∪ {+∞} such that (x) = pυpa with a a fractional ideal that does not have
p-factor and υp(0) = +∞. One can show this is an additive valuation (exercise). Put
| · |p : K → R≥0, x 7→ N(p)−υp(x) (recall N(p) = |OK/p|), that is thus a non-archimedean
norm on K. By definition, the valuation ring of | · |p (in K) is the localization OK,p of OK
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at p. Let Kp be the completion of K with respect to | · |p, OKp the valuation ring of Kp.
Let πp ∈ p \ p2. Thus OKp

∼= lim←−nOK,p/π
n
p
∼= lim←−nOK,p/p

n ∼= lim←−nOK/p
n. Indeed, the

second isomorphism follows from the fact OK,p is a discrete valuation ring hence a PID.
For the third isomorphism, consider the natural morphism OK/pn → OK,p/pn. We prove
this map is bijective. To see it is injective, let x ∈ OK ∩ (pnOK,p), by definition there exists
y ∈ OK \ p such that xy ∈ pnOK . Using prime decomposition, we see x ∈ pnOK . To see
it is surjective, let x ∈ OK,p, there exists yOK \ p such that xy ∈ OK . Let z ∈ OK such
that zy ≡ 1 (mod pn). Then xyz ≡ x (mod pn). Thus the residue field of OKp is just the
residue field of OK at p.

An element in the set S∞ ∪ {prime ideals of OK} is called a place of K.

Theorem 2.8.1. (1) Any two of the absolute valuations | · |v for places v of K are not
equivalent to each other.

(2) Any absolute value of K is equivalent to | · |v for some place v of K.

Proof. (1) If v1 is an archimedean norm, and v2 is a non-archimedean norm. Then there
exist non-zero x, y ∈ K such that |x+ y|v1 > max{|x|v1 , |y|v1}, hence |(x+ y)/x|v1 > 1 and
|(x+y)/y|v1 > 1. However, since v2 is non-archimedean, |(x+y)/x|v2 ≤ 1 or |(x+y)/y|v2 ≤
1. So they are not equivalent.

Let p1 6= p2 be two prime ideals of OK , then by Chinese reminder theorem, there exists
x ∈ p1 and x /∈ p2. We see |x|p1 < 1 and |x|p2 = 1, so | · |p1 � | · |p2 .

Let {σ1, · · · , σr} be the set of real emeddings of K, {σr+1, · · · σr+s, σr+1, · · · , σr+s} be
the set of non-real embeddings of K. We identify S∞ with the set {σ1, · · · , σr+s}. Consider
the embedding K ↪→ Rr × Cs(∼= KR), x 7→ (σ1(x), · · · , σr+s(x)). Recall OK is a lattice in
Rr × Cs via the embedding. Hence K is dense in Rr × Cs. For any σi, there exists thus
x ∈ K such that |x|σi > 1 and |x|σj < 1 for j 6= i. This implies that | · |σi � | · |σj for i 6= j.

(2) If | · | is non-archimedean, | · |
∣∣
Q is non-archimedean. Thus |x| ≤ 1 for all x ∈ Z.

For any y ∈ OK , y is integral over Z. Hence |y| ≤ 1. Consdier {y ∈ OK | |y| < 1}. One
check by definition this is a prime ideal, denoted by p, of OK . One sees the localization
OK,p ⊂ {x ∈ K | |x| ≤ 1}. Conversely, for any 0 6= x ∈ K, |x| ≤ 1, consider the prime
factorization (x) = pep

∏
p′ 6=p(p

′)ep′ . We claim ep ≥ 0. Indeed, suppose ep < 0, there exists
0 6= y ∈ p−ep such that (xy) =

∏
q6=p q

mq . There exists z ∈ OK \ p such that xyz ∈ OK \ p.
We see |xyz| = 1, |yz| < 1 and hence |x| > 1, a contradiction. Since | · |p and | · | have the
same valuation ring OK,p, they are equivalent.

Suppose now | · | is archimedean, and let K̂ be the completion of K via | · |. Consider

the closure Q̂ of Q in K̂, that is the same as the completion of Q via | · ||Q. Since | · ||Q is
a archimedean hence is equivalent to the standard absolute value by Ostrouski’s theorem,
Q̂ ∼= R. Let α ∈ K such that K = Q(α).Consider Q̂(α) that is a finite extension of Q̂. We

see by Lemma 2.4.6 that Q̂(α) is also complete for | · |. Hence Q̂(α) is closed in K̂ and

contains K. Since K is dense in K̂, K̂ = Q̂(α) = R or C. Let σ denote the tautological

embedding σ : K ↪→ K̂ → C. It suffices to show | · ||K̂ is equivalent to the standard absolute

value. If K = R = Q̂, it follows from Ostrouski’s theorem. Assume K = C, modifying | · |,
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we can and do assume | · |
∣∣
R is equal to the standard absolute value ‖ ·‖. We show | · | = ‖ ·‖

on C. Let z = ru = reiθ, we only need to show |u| = 1. Let un = xn + yni be a sequence
of roots of unity for ‖ · ‖ such that un → u and such that xn, yn are Cauchy sequences for
‖ · ‖ hence also for | · |. We deduce un is also a Cauchy sequence for | · |. Since uNn = 1, we
have |un| = 1 and hence |u| = 1. This concludes the proof.

Proposition 2.8.2. Let S = {v1, · · · , vr} be a finite set of places of K. Then the image
of the diagonal map K ↪→

∏
vi∈SKvi is dense.

Proof. We need to show for any (zi) ∈
∏
Kvi , and any ε > 0, there exists z ∈ K such that

|z− zi|vi ≤ ε. Since K is dense in Kvi for all vi, we can and do assume zi ∈ K for all i. Let
z :=

∑r
i=1 xizi ∈ K, so z − zi = (1− xi)zi +

∑
j 6=i xjzj. We reduce to show that for i, and

for any ε > 0, there existxi ∈ K such that

|xi − 1|vi < ε and |xi|vj < ε for j 6= i. (2.5)

Claim: There exists yi ∈ K such that |yi|vi ≥ 1 and |yi|j < 1.

Assume the claim, then
∣∣ yni

1+yni

∣∣
vi
→ 1 (for odd n, and replacing yi by −yi if necessary)

and
∣∣ yni

1+yni

∣∣
vj
→ 0. Let xi :=

yNi
1+yNi

for N � 0, then (2.5) holds.

Now we prove the claim. We use induction on |S|. If |S| = 2, the claim follows easily
from the fact | · |v1 � | · |v2 . Suppose the claim holds for |S| < d. Now suppose |S| = d,
without lost of generality, let i = 1. By the induction hypothesis, there exists y ∈ K such
that |y|v1 ≥ 1 and |y|vi < 1 for 2 ≤ i ≤ d − 1. If |y|vd < 1, then we are done. Suppose
|y|vd ≥ 1. Let α ∈ K such that |α|v1 ≥ 1 and |α|vd < 1. If |y|vd = 1, then put y1 := αyN

with N sufficiently large; if |y|vd > 1, then put y1 := αyN

1+yN
with N odd sufficiently large

(replacing y by −y if necessary). The claim follows.

Exercise 2.8.3. Let S = {v1, · · · , vr} be a finite set of finite places of K, prove that the
image of the diagonal map OK ↪→

∏
vi∈S OKvi is dense.

Now let L/K be a finite extension, and w be a place of L. The restriction | · |w on K
then corresponds to a place v of K. We write w|v for this relation. Let Kv be the closure
of K in Lw, that is also isomoprhic to the completion of K at v. We have that Lw is a
finite extension of Kv. Indeed, let α ∈ L ↪→ Lw such that L = K(α), and consider the
subextension Kv(α) ⊂ Lw. Since α is algebraic over K hence over Kv, Kv(α) is a finite
extension of Kv and thus is complete and closed in Lw. Also the embedding L ↪→ Lw
factors through Kv(α). Since L is dense in Lw, we see Kv(α) = Lw.

If w is archimedean, then either Lw = Kv or Lw = C and Kv = R. Suppose w is
non-archimedean, let Pw ⊂ OL be the prime ideal corresponding to w. Then the place v of
K is also non-archimedean, and we let pv denote the corresponding prime ideal. We have
thus

pv = {x ∈ OK | |x|v < 1} = {x ∈ OK | |x|w < 1} = Pw ∩ OK .
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Lemma 2.8.4. We have e(Pw/pv) = e(Lw/Kv) =: e(w/v) and f(Pw/pv) = f(Lw/Kv) =:
f(w/v).

Proof. Let πv ∈ pv \ p2
v, πw ∈ Pw \ P2

w. Then πv (resp. πw) is a uniformizer of OKv
(resp. OLw). By prime factorization, we deduce πv/π

e(Pw/pv)
w ∈ O×L,P. Hence e(Lw/Kv) =

υw(πv) = e(Pw/pv). We also have OK/πv ∼= OKv/πv and OL/πw ∼= OLw/πw. The second
equality follows.

Proposition 2.8.5. The morphism ι : Kv ⊗K L→
∏

w|v Lw, x⊗ y 7→ (xy)w is an isomor-
phism of Kv-algebras.

Proof. It is clear Im ι is a finite dimensional Kv-vector subspace, hence is complete and
closed in

∏
w|v Lw. Consider the map L →

∏
w|v Lw, we know this map has dense image.

Hence Im ι =
∏

w|v Lw. Since

dimKv

∏
w|v

Lw =
∑
w|v

e(w|v)f(w/v) =
∑
w|v

e(Pw/pv)f(Pw/pv) = [L : K],

we see f is bijective.

Remark 2.8.6. (1) Note that the map ι is a homemorphism if we equip Kv ⊗K L with a
norm (compatible with | · |v on Kv).

(2) Let α ∈ L such that L = K(α). Let f(x) be the minimal polynomial of α over K.
Then we have Kv ⊗K L ∼= Kv ⊗K K[x]/f(x) ∼= Kv[x]/f(x). Suppose f(x) =

∏r
i=1 fi(x) ∈

Kv[x]. We have thus Kv⊗KL ∼=
∏r

i=1Kv[x]/fi(x). In particular, we see there is a bijection
{w|v} ↔ {fi(x)}.

(3) The statement in the proposition also holds when v is an archimedean place of K.
Actually, by the same argument in the proof, we see ι is injective. It suffices to show
dimKv

∏
w|v Lw = [L : K]. However, let σK : K → C be an embedding corresponding to v,

then one can check that dimKv

∏
w|v Lw = |{σ : L ↪→ C |σ|K = σK} and hence is equal to

[L : K].

Corollary 2.8.7. Let x ∈ Kv ⊗K L, and (xw)w|v = ι(x). Then

TrKv⊗KL/Kv(x) =
∑
w|v

TrLw/Kv(xw) (2.6)

NKv⊗KL/Kv(x) =
∏
w|v

NLw/Kv(xw). (2.7)

Proposition 2.8.8. Let e1, · · · , ed be a basis of L/K. For a non-archimedean place v of
K, let Mv be the free OKv-submodule of Kv ⊗K L generated by e1, · · · , ed. Then for all but
finitely many places v, the isomorphism ι induces an isomorphism Mv

∼−→
∏

w|vOLw .

Proof. Let α ∈ K× such that αe1, · · · , αed ∈ OL. If |α|v = 1 (note this hods for all but
finitely many v), then Mv

∼= OKv(αe1) ⊕ · · · ⊕ OKv(αed). We reduce then to the case
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e1, · · · , ed ∈ OL, then ι induces an injection Mv ↪→
∏

w|vOLw . Let e∗1, · · · , e∗d ∈ L be the
dual basis of e1, · · · , ed with respect to the perfect pairing L× L→ K. By tensoring with
Kv, this perfect pairing induces a perfect pairing of Kv-vector spaces:

Kv ⊗K L×Kv ⊗K L −→ Kv, (x, y) 7→ TrKv⊗KL/Kv(xy).

Let M∗
v be the OKv -submodule of Kv⊗K L generated by e∗1, · · · , e∗d. By the above corollary,

this pairing is compatible with:∏
w|v

Lw ×
∏
w|v

Lw → Kv, ((xw), (yw)) 7→
∑
w|v

TrLw/Kv(xwyw), (2.8)

so in particular, e∗1, · · · , e∗d are dual basis of e1, · · · , ed with respect to (2.8). Since Mv ⊂∏
w|vOLw ,

∏
w|vOLw ⊂M∗

v . In summary, we have Mv ⊂
∏

w|vOLw ⊂M∗
v . Consider

M := OKe1 ⊕ · · · ⊕ OKed ⊂ OL ⊂ OKe∗1 ⊕ · · · ⊕ OKe∗d.

There exists α ∈ K× such that αM∗ ⊂ M . For a finite place v, if |α|v = 1, then α ∈ OKv
and hence Mv = M∗

v and ι : Mv
∼−→
∏

w|vOLw .

Let
D−1
L/K = {x ∈ L | TrL/K(xy) ∈ OK , ∀y ∈ OL}.

Then D−1
L/K is a fractional ideal in L. Indeed, it is clear that D−1

L/K ⊃ OL is an OL-module;
let e1, · · · , ed ∈ OL be a basis of L over K, and e∗i be the dual basis with respect to the
perfect pairing (x, y) 7→ TrL/K(xy), then D−1

L/K ⊂ OKe∗1 ⊕ · · ·OKe∗d and hence is a finitely

generated OL-module. Put DL/K := (D−1
L/K)−1, called the different of L/K.

Proposition 2.8.9. We have DL/K =
∏

w(DLw/Kv ∩ OL).

Proof. For a finite place w of L, and a fractional ideal I in L , denote by υw(I) ∈ Z the
exponent of Pw in the prime factorization of I. For a fractional ideal Iw ⊂ Lw, denote
by υw(Iw) ∈ Z such that Iw = (πw)υw(Iw). The statement in proposition is equivalent to
υw(DL/K) = υw(DLw/Kv), that is then equivalent to υw(D−1

L/K) = υw(D−1
Lw/Kv

) for all finite
places w.

Let x ∈ D−1
L/K , and v be a finite place of K. By definition and (2.6),

∑
w|v TrLw/Kv(xy) =

TrL/K(xy) ∈ OK for all y ∈ OL. Since OL is dense in
∏

w|vOLw , for any (yw) ∈
∏

w|vOLw ,

we can find y ∈ OL such that y−yw ∈ πNw with N � 0. Then we have
∑

w|v TrLw/Kv(xyw) =∑
w|v TrLw/Kv(xy) +

∑
w|v TrLw/Kv(x(y − yw)) ∈ OKv . In particular, TrLw/Kv(xyw) ∈ OKv

for all yw ∈ OLw , so x ∈ D−1
Lw/Kv

. This implies υw(D−1
L/K) ≥ υw(D−1

Lw/Kv
).

Let v be a finite place of K, and let x ∈ L ∩D−1
Lw/Kv

such that υw(x) = υw(D−1
Lw/Kv

) for

all w|v (one can show such x exists using Chinese reminder theorem). Then TrL/K(xy) =∑
w|v TrLw/Kv(xy) ∈ OKv ∩K for all y ∈ OL. We have OKv ∩K = OK,v. Let y1, · · · , yr be

a set of generators of OL over OK . Since TrL/K(xyi) ∈ OK,v, there exists z ∈ OK \ pv such
that TrL/K(zxyi) ∈ OK for all yi. Hence zx ∈ D−1

L/K . We see then υw(D−1
L/K) ≤ υw(x) =

υw(D−1
Lw/Kv

). The proposition follows.
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For a fractional ideal I =
∏

wP
υw(I)
w in L, denote by NL/K(I) :=

∏
w p

υw(I)f(w/v)
v that

is a fractional ideal in K. Let δL/K := NL/K(DL/K). Then by the above proposition and
Lemma 2.6.1, we have δL/K =

∏
w(δLw/Kv ∩ OK).

Corollary 2.8.10. For a prime ideal p ⊂ OK, p is ramified in OL if and only if p|δL/K.

Proposition 2.8.11. Suppose L is Galois over K. Let w be a finite place of L and Pw

be the associated prime ideal of OL. Then the natural restriction map j : Gal(Lw/Kv) →
Gal(L/K) factors through an isomorphism Gal(Lw/Kv)

∼−→ DPw ⊂ Gal(L/K), and induces
an isomorphism I(Lw/Kv)

∼−→ IPw .

Proof. Since L is dense in Lw, we see j is injective (noting σ ∈ Gal(Lw/Kv) acts con-
tinuously on Lw). Let σ ∈ Gal(Lw/Kv), then σ(mw) = mw. We deduce j(σ)(mw ∩
OL) = mw ∩ OL. Together with the fact mw ∩ OL = Pw, we see Im(j) ⊂ DPw . Since
|Gal(Lw/Kv)| = f(w/v)e(w/v) = |DPw |, the first part of the proposition follows. The
second part follows by similar argument, that we leave as an exercise.
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Chapter 3

Adeles and Ideles

3.1 Adeles

Definition 3.1.1. A locally compact group is a topological group G such that G is Hausdorff
(in group case, this is equivalent to that any point is closed) and any point in G admits
a compact neighbourhood (i.e. there exists an open U containing the point such that U is
compact).

Example 3.1.2. The followings are locally compact groups: (Qp,+), (R,+), (C,+), (Qp, ∗),
(R, ∗), (C∗, ∗).

Let J be a index set, J∞ be a finite subset of J . Suppose for all j ∈ J , we have a locally
compact group Gj. Moreover, suppose for j /∈ J∞, Gj admits a compact open subgroup
Hj ⊂ Gj.

Definition 3.1.3. Put
∏′

j∈J Gj = {(xj) | xj ∈ Gj and xj ∈ Hj for all but finitely many j},
called the restricted direct product of {Gj}j∈J with respect to {Hj}.

It is clear that
∏′

j∈J Gj has natural group structure. We equip
∏′

j∈J Gj with the

topology such that an open basis at 1 ∈
∏′

j∈J Gj given by

Πj∈SUj × Πj /∈SHj ⊂ Π′j∈JGj

where S runs though finite subset of J containing J∞, and Uj runs through open neigh-
bourhoods of 1 in Gj.

Remark 3.1.4. Let S ⊃ J∞ be a finite set of J , we have a natural injection

Πj∈SGj × Πj /∈SHj ↪→ Π′j∈JGj.

One can easily check that the induced topology on
∏

j∈S Gj ×
∏

j /∈S Hj coincides with the
product topology.

Exercise 3.1.5. Prove that the topology on
∏′

j∈J Gj is finer than the topology induced from

the product topology on
∏

j∈J Gj via the natural injection
∏′

j∈J Gj ↪→
∏

j∈J Gj.
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Proposition 3.1.6.
∏′

j∈J Gj is a locally compact group.

Proof. Exercise.

Now let K be a number field, J be the set of all places of K, J∞ be the set of archimedean
places of K, and Gv := Kv for v ∈ J , and Hv := OKv for v ∈ J \ J∞. Let AK :=

∏′
v∈J Kv,

called the ring of adeles of K.

Exercise 3.1.7. Prove that the multiplication map AK × AK → AK is continuous.

Lemma 3.1.8. The diagonal map K ↪→
∏

v∈J Kv factors though an injection K ↪→ AK.

Proof. For any x ∈ K, there are only finitely many v ∈ J \ J∞ such that x /∈ OKv . The
lemma follows.

For a finite set S ⊃ J∞, denote by AS :=
∏

v∈SKv ×
∏

v/∈S OKv .

Proposition 3.1.9. We have K + AJ∞ = AK.

Proof. We need to show that for all (xv)v∈J ∈ AK , there exists x ∈ K such that (x− xv) ∈
AJ∞ . Let m ∈ OK \ {0} such that mxv ∈ OKv for all v. Let S be the set of finite places
v such that m ∈ pv, and for v ∈ S, denote by ev the maximal integer such that m ∈ pevv .
Let x ∈ OK such that x ≡ mxv (mod pevv ) for all v ∈ S (the existence following from
Chinese reminder theorem). Then we have x − mxv ∈ OKv for all fintie places v and
x −mxv ∈ mOKv for v ∈ S. Hence x

m
− xv ∈ OKv for all finite places v. The proposition

follows.

Let L/K be a finite extension. Denote by ι the injection ι : AK ↪→ AL, (av) 7→ (xw),
xw = av for w|v.

Proposition 3.1.10. Let e1, · · · , ed be a basis of L over K. The morphism

f : AKe1 ⊕ · · · ⊕ Aked −→ AL,
∑

aiei 7→
∑

ι(ai)ei

is well defined and is an isomorphism of topological groups.

Proof. Recall for all places v of K, the morphism ιv : Kve1 ⊕ · · ·Kved →
∏

w|v Lw is an
isomorphism. Moreover, for all but finitely many finite places v, ιv induces an isomorphism
OKve1⊕· · ·⊕OKved

∼−→
∏

w|vOLw . So the map f is well defined. Since ιv is injective for all

v, we deduce f is injective. For any (xw)w = ((xw)w|v)v ∈ AL, since ιv is surjective, there
exist av,i ∈ Kv such that ιv(

∑
av,iei) = (xw)w|v ∈

∏
w|v Lw. Since ιv induces an isomorphism

OKve1⊕ · · ·⊕OKved
∼−→
∏

w|vOLw for all but finitely many v, we see av,i ∈ OKv for all i for

all but finitely many places v. In particular, the element (av,i)v lies in AK for any i. So f
is surjective.

Let S0 be a finite set of places of K containing all the archimedean places, and let SL :=
{w|v | w ∈ S}. Let S0 be large enough such that for all v /∈ S, L⊗KKv

∼−→
∏

w|v Lw induces
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an isomorphism OKve1⊕· · ·⊕OKved
∼−→
∏

w|vOLw . We see {U = US×
∏

v/∈S(OKve1⊕· · ·⊕
OKved)}S⊃S0 , with US running though open neighbourhood of 0 in

∏
v∈S(Kve1⊕· · ·⊕Kved),

form an open basis of AKe1 ⊕ · · · ⊕ AKed of 0. Using L⊗K Kv
∼=
∏

w|v Lw, f(US) form an

open basis of
∏

v∈S
∏

w|v Lw. We see {f(U) = f(US) ×w/∈SL OLw} form an open basis of 0
in AL. So f is a homemorphism.

Theorem 3.1.11. K is a discrete, cocompact subgroup of AK (i.e. AK/K is compact).

Proof. Let e1, · · · , ed be a basis of K over Q. We have by the above proposition

K
∼−−−→ Qe1 ⊕ · · · ⊕Qedy y

AK
∼−−−→ AQe1 ⊕ · · · ⊕ AQed

.

It thus suffices to show the statement for K = Q.

Let U := {(xv) ∈ AQ | |x∞|∞ ≤ 1/2, |xv|v ≤ 1, for all finite places v}, that is an open
neighbourhood of 0 in AQ. It is clear that U ∩ Q = {0}. We deduce Q is discrete in AQ.
By Proposition 3.1.9, for any x ∈ AQ, there exists y ∈ Q such that |x − y|v ≤ 1 for all
finite places v of Q. Replacing y by y − n for a certain integer n, we can and do assume
x− y ∈ U . Hence U

∼−→ AQ/Q. Since U is compact, we see Q is cocompact in AQ.

3.2 Ideles

Let IK :=
∏′

v∈J K
×
v where the restricted product is with respect to {O×Kv}v∈J\J∞ .

Lemma 3.2.1. As a set, we have IK = A×K.

Proof. For (xv) ∈ IK ⊂ AK , we have x−1
v ∈ OKv for all but finitely many places v. Hence

(x−1
v ) ∈ AK , so IK ⊂ A×K . Conversely, if (xv) ∈ AK and (x−1

v ) ∈ AK , there exists a finite set
S of places of K such that for all v /∈ S, xv ∈ OKv and x−1

v ∈ OKv . Hence (xv) ∈ IK .

It is clear that the injection IK ↪→ AK is continuous. However, the topology on IK is
finer than the topology induced from AK via IK ↪→ AK .

Lemma 3.2.2. If we equip A×K with the topology induced from AK, then the morphism
ι : A×K → A×K, x 7→ x−1 is not continuous.

Proof. If ι is continuous, then it is a homemorphism. For the induced topology, we see
U := A×K ∩ (US ×

∏
v/∈S(OKv \ {0})), where S runs through finite subset of places of K

including all archimedean places of K and US runs through open neighbourhoods of 1 in∏
v∈SK

×
v , form an open basis of 1 in A×K . If ι is a homemorphism, then V := ι−1(U) =

(VS ×
∏

v/∈S(Kv \mKv))∩A×K (where VS = U−1
S ) forms an open basis of 1 in A×K . However,

one can check U does not contain any subset of the form V ′ = ι−1(U ′) with U ′ = A×K ∩
(U ′S′ ×

∏
v/∈S′(OKv \ {0})), a contradiction.
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Exercise 3.2.3. Prove that IK → AK ×AK, x 7→ (x, x−1) induces a homemorphism of IK
onto its image, equipped with the topology induced from AK × AK.

By the exercise and Theorem 3.1.11, we easily see:

Corollary 3.2.4. We have K× is a discrete subgroup of IK.

For each place v of K, we equip Kv with the normalized norm: if Kv
∼= C, then

|x|v := |xx̄|, if Kv
∼= R, then |x|v := |x|; if v is non-archimedean, then |x|v := q

−υv(x)
v where

qv := |kv| = |OKv/mKv | and υv is the additive valuation sending uniformizers to 1. Note
in all cases, we have |x|v = |NKv/Qp(x)|p for p = {prime integer} ∪ {∞} (Q∞ = R). We
define | · |K : IK → R≥0, (av) 7→

∏
v |av|v. Since |av|v = 1 for all but finitely many v, µ is

well-defined. It is also clear that | · |K is continuous. Denote by I1
K := {x ∈ IK | |x|K = 1}.

Theorem 3.2.5 (Product formula). The natural embedding K× ↪→ IK factors through I1
K.

Proof. By the discussion above the theorem, for (xv) ∈ IK , |(xv)v|K = |(
∏

v|pNKv/Qp(xv))p|Q.

Thus for x ∈ K, we have |x|K = |NK/Q(x)|Q. It then suffices to prove the theorem in the
case K = Q. Since | · |Q is multiplicative, the theorem then follows from: |1|Q = 1 (clear),
| − 1|Q = 1 (clear) and |p|Q=1 (using |p|∞ = p, |p|p = 1/p).

3.3 Idele class group

A digression: Haar measure (a survey)

Let G be a locally compact group. Let B := {Borel subsets of G} (recall a Borel subset
is an element in the smallest σ-algebra generated by open subsets of G. Let µ be a Borel
measure on G (i.e. ∀U ∈ B, U is measurable for µ). The measure µ is called outer regular
if µ(E) = inf{µ(U) | U ⊃ E, U open}; µ is called inner regular if µ(E) = sup{µ(K) | K ⊂
E, K compact}.

A Radon measure on G is a Borel measure that is finite on compact sets, is outer regular
on all Borel subsets and is inner regular on all open subsets. Note that a Randon measure
s determined by its value on compact subsets.

Let µ is a Borel measure on G, we call µ left invariant (resp. right invariant) if µ(gE) =
µ(E) (resp. µ(Eg) = µ(E)) for all Borel subset E ⊂ G and g ∈ G.

Definition 3.3.1. Let G be a locally compact topological group. A left (resp. right) Haar
measure on G is a nonzero Radon measure that is left (resp. right) invariant.

Example 3.3.2. Let G = (Rn,+). Then the standard Lebesgue measure µ is a left and
right Haar measure on G, as it is clear that µ(x+ U) = µ(U) for any measurable subset.

Theorem 3.3.3. Let G be a locally compact group. Then G admits a left (also a right)
Haar measure. Moreover, the measure if unique up to scalar multiple.
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Example 3.3.4. (1) Let K be a number field, v be a finite place of K, and G = (Kv,+).
Let µv be a Haar measure on Kv (the existence following from the above theorem). We
have µv(OKv) 6= 0, since otherwise µv = 0. By multiplying µ by a non-zero scalar, we can
assume µv(OKv) = 1. Then we have µv(xOKv) = |x|v. Indeed, let πv be a uniformizer
and suppose x ∈ πnvO×Kv and n ≥ 0 (the case n < 0 being similar). Let {x1, · · · , xqnv }
be a set of representatives of OKv/πnv in OKv . Then we have OKv is a disjoint union of
xi +xOKv . Since µv is left invariant, we have µ(xi +xOKv) = µ(xOKv). Hence µv(OKv) =
qnvµv(xOKv)⇒ µv(xOKv) = q−nv = |x|v.

(2) If v is an archimedean place of K, we let µv denote the standard Lebesgue measure
on Kv (that is isomorphic to R or C.

(3) Let G = AK =
∏′

v∈J Kv. Then there exists a unique Haar measure µ on G such
that for any U =

∏
v Uv ⊂ G with all Uv compact and Uv ⊂ OKv for all but finitely many

v, we have

µ(U) =
∏
v

µv(Uv). (3.1)

Actually, let µ be the Haar measure satisfying µ(
∏

v|∞Cv×
∏

v-∞OKv) = 1 where Cv = [0, 1]

if Kv
∼= R and Cv = [0, 1]× [0, 1] if Kv

∼= C, then one can check (3.1) holds.

Lemma 3.3.5. Let x = (xv) ∈ IK, µ be a Haar measure on AK, and let E be a compact
subset in AK such that µ(E) 6= 0. Then µ(xE) = |x|Kµ(E) (noting by Exercise 3.1.7, xE
is a compact subset of AK).

Proof. Since µ is a Haar measure, we deduce U 7→ µ(xU) is also a Haar measure. Actually,
by Exercise 3.1.7, the element x induces a homemorphism AK → AK , a 7→ xa. By Theorem
3.3.3, it suffices to show the statement for a single compact subset E with µ(E) 6= 0.
Multiplying µ by a scalar, we can and do assume µ is the one in Example 3.3.4 (3). Let
E :=

∏
v{|xv|v ≤ 1} =

∏
v|∞{|xv|v ≤ 1} ×

∏
v-∞OKv , so µ(E) = πs (where s denotes the

number of complex places of K). One easily checks that µ(xE) = πs
∏

v |xv|v. The lemma
follows.

Idele class group

The group CK := IK/K
× is called the idele class group.

Theorem 3.3.6. I1
K/K

× is compact.

Proof. Consider the natural map I1
K ↪→ AK × AK , x 7→ (x, x−1). Recall there exists a

compact subset Φ ⊂ AK such that K + Φ = AK . Indeed if K = Q, we can take Φ to be
the set U in the proof of Theorem 3.1.11. In general, letting e1, · · · , ed be a basis of K over
Q and U as above, then the compact set Φ =

∏
i Uei satisfies Φ + K = AK . Let µ be a

Haar measure on AK . We have µ(Φ) 6= 0 since otherwise µ(AK) ≤
∑

x∈K µ(x + Φ) = 0.
Let Z be a compact subset of AK such that µ(Z) > µ(Φ). For x ∈ I1

K , we have thus
µ(xZ) = µ(x−1Z) = µ(Z) > µ(Φ).
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Claim: Let U ⊂ AK such that µ(U) > µ(Φ). Then there exists u1 6= u2 ∈ U such that
u1 − u2 ∈ K.

We prove the claim. If not, we have (r1 + U) ∩ (r2 + U) = ∅ for all r1 6= r2 ∈ K. So
µ(Φ) ≥

∑
r∈K µ(Φ ∩ {r + U}) =

∑
r∈K µ((r + Φ) ∩ U) ≥ µ(U), a contradiction.

By the claim, for any x ∈ I1
K there exist u1, u2, u3, u4 ∈ Z such that x(u1 − u2) ∈ K×,

x(u3 − u4) ∈ K×. Let Z1 be the image of Z × Z via the continuous map AK ×AK → AK ,
(a, b) 7→ a − b. So Z1 is also compact, and we see x ∈ K×Z1, x−1inK×Z1. We write
x = yz1, x−1 = y′z2 with y, y′ ∈ K×, zi ∈ Z1. So z1z2 = (yy′)−1 ∈ K×. Let Z2 be
the image of Z1 × Z1 via the continuous morphism AK × AK → AK , (a, b) 7→ ab, that
is a compact subset of AK . Then we see (yy′)−1 ∈ K× ∩ Z2. However K× ∩ Z2 is both
compact and discrete, hence finite, say, K× ∩Z2 = {y1, · · · , ym}. Thus there exists yi such
that y′ = y−1y−1

i . We embed K× into AK × AK via a 7→ (a, a−1). And consider the set
K×(∪mi=1(Z1, y

−1
i Z1)) ⊂ AK × AK . By the above discussion, we see for any x ∈ I1

K , there
exist y ∈ K×, and i ∈ {1, · · · ,m} such that x ∈ yZ1 and x−1 ∈ y−1y−1

i Z1. Thus the image
of I1

K ↪→ AK × AK , a 7→ (a, a−1) is contained in K×(∪mi=1(Z1, y
−1
i Z1)) ⊂ AK × AK . Since

(∪mi=1(Z1, y
−1
i Z1)) is compact, so is I1

K/K
×.

Recall JK denotes the group of fractional ideals of K. We have a natural map

 : IK → JK , (xv) 7→
∏
v-∞

pordv(xv)
v .

Then we see Ker() = Ω(J∞) :=
∏

v∈J∞ K
×
v ×

∏
v/∈J∞ O

×
Kv

. It is also easy to see  sends K×

onto the subgroup of principal fractional ideals of K. Thus  induces an isomorphism

IK/K
×Ω(J∞)

∼−−→ CK .

We have I1
KΩ(J∞) = IK . Indeed, for any x ∈ IK , let v be an archimedean place of K,

and consider the element y := (yv, 1, · · · ) ∈ Ω(J∞) with |yv|v = |x|K , then x/y ∈ I1
K . The

embedding I1
K ↪→ IK induces thus an isomorphism

I1
K/K

×(Ω(J∞) ∩ I1
K)

∼−−→ IK/K
×Ω(J∞)(∼= CK).

Since I1
K/K

× is compact, and Ω(J∞) ∩ I1
K is open in I1

K , we deduce:

Corollary 3.3.7. The group CK is finite.

Let C := {(xv) ∈ IK | |xv|v = 1} =
∏

v∈J∞{|x|v = 1} ×
∏

v/∈J∞ O
×
Kv

. We see C is a
compact closed subgroup of I1

K .

Proposition 3.3.8. We have C ∩K× = {x ∈ K× | xn = 1 for some n}.

Proof. Since K× is a discrete subgroup of IK , we see C ∩K× (with the induced topology)
is both compact and discrete, and hence is a finite set. So C ∩K× is a finite (hence cyclic)
subgroup of K×. Any element in C ∩ K× is thus a root of unity. Conversely, if x ∈ K×
satisfies xn = 1, we see |x|nv = 1 for all v, and so x ∈ K× ∩ C.
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Let S ⊃ J∞ be a finite set of places in K, and we put

IK,S :=
∏
v∈S

K×v ×
∏
v/∈S

O×Kv ,

AK,S :=
∏
v∈S

Kv ×
∏
v/∈S

OKv

Then IK,S (resp. AK,S) is an open subgroup of IK (resp. AK). If S = J∞, we have
AK,J∞ ∩K = OK , and IK,J∞ ∩K× = O×K . We call OK,S := AK,S ∩K the ring of S-integers
in K, and O×K,S the group of S-units K. The following theorem generalizes Dirichlet’s unit
theorem.

Theorem 3.3.9. We have O×K,S ∼= µK × Z|S|−1.

Proof. The goal is to realize O×K,S as a lattice of certain R-vector space. Let I1
K,S :=

I1
K ∩ IK,S, that is an open subgroup of IK,S. We have O×K,S = I1

K,S ∩K×. We have an exact
sequence

1→ I1
K,S/O×K,S → IK,S/O×K,S

|·|K−−→ R>0 → 1.

Since I1
K,S is open in I1

K and I1
K/K

× is compact, we deduce I1
K,S/O×K,S is compact. Consider

the following commutative diagram

O×K,S/(O
×
K,S ∩ C)

id−−−→ O×K,S/(O
×
K,S ∩ C)y y

1 −−−→ I1
K,S/C −−−→ IK,S/C

log ◦|·|K−−−−→ R −−−→ 0y y ∥∥∥
1 −−−→ I1

K,S/CO×K,S −−−→ IK,S/CO×K,S
log ◦|·|K−−−−→ R −−−→ 0.

Since I1
K,S/O×K,S is compact, so is I1

K,S/CO×K,S. We have OK,S ∩ C = µK . It is clear that

IK,S/C ∼=
∏

v|∞R>0 ×
∏

v∈S\J∞ Z ∼= R|J∞| × Z|S\J∞|. We show O×K,S/µK is discrete in

IK,S/C (hence also discrete in I1
K,S/C). Let U be an open neighbourhood of 1 in IK,S with

U compact (recalling IK,S is locally compact). Consider UC ∩K× ⊂ UC ∩K×. Since UC
is the image of the compact set U × C in IK via the continuous morphism IK × IK → IK ,
(a, b) 7→ ab, UC is compact. Recall K× is closed and discrete in IK . So K×∩UC is discrete
and compact hence finite. The image U in IK,S/C is open in IK,S/C and only has finite
intersection with the image of O×K,S. Together with te fact IK,S/C is Hausdorff (using C
is closed, fact: a topological group is Hausdorff if and only if {1} is closed), we deduce
O×K,S/µK is discrete in IK,S/C.

The embedding Z ↪→ R induces an embedding IK,S/C ∼= R|J∞| × Z|S\J∞| ↪→ R|J∞| ×
R|S\J∞| := V . The map f : R|J∞|×Z|S\J∞| ∼= IK,S/C

log ◦|·|K−−−−→ R has the form (λ1, · · · , λ|S|) 7→∑
aiλi for certain ai ∈ R (λ1, · · · , λ|J∞| ∈ bR and λ|J∞|+1, · · ·λ|S| ∈ Z). We extend the
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map to f̃ : V → R, (λ1, · · · , λ|S|) 7→
∑
aiλi. Let V1 := Ker(f̃) that is R-vector space of

dimension |S| − 1, and we have I1
K,S/O×K,S = V1 ∩ IK,S/C.

Since O×K,S/µK is discrete in I1
K,S/O×K,S, it is also discrete in V1. Since V/(IK,S/C)

is compact (∼= (R/Z)|S\J∞|), V1/(I
1
K,S/C) is also compact. This, together with the fact

(I1
K,S/C)/(O×K,S/µK) is compact, imply V1/(O×K,S/µK) is compact (Exercise). HenceO×K,S/µK

is a lattice in V1. The theorem follows.

Global class field theory (some statements)

Theorem 3.3.10. Let K be a number field. There is a canonical morphism (called Artin

map) rec : CK → Gal(Kab/K) that induces an isomorphism ĈK
∼−→ Gal(Kab/K), where

ĈK := lim←−U CK/U where U runs though open subgroups of finite index in CK.

Exercise 3.3.11. Let K∞ :=
∏

v|∞Kv, and (K×∞)o be the connected component of 1 in

K×∞. Show that for any open subgroup U of finite index in CK, U contains (K×∞)o.

Consequently, the map CK → Gal(Kab/K) factors through

K×\IK/(K×∞)o = Gm(K)\Gm(AK)/Gm(K∞)o.

We describe in more details of the structure of CK (and of ĈK).

Lemma 3.3.12. Let S be a finite set of places of K containing all archimedean places such
that {pv}v∈S\J∞ can generate CK. Then K×IK,S = IK.

Proof. Let x = (xv) ∈ IK , and consider the fractional ideal ax :=
∏

v-∞ p
ordv(xv)
v . By the

assumption on S, there exists α ∈ K× such that axα
−1 =

∏
v∈S\J∞ pevv for certain ev ∈ Z.

So xα−1 ∈ IK,S. The lemma follows.

Proposition 3.3.13. We have an isomorphism ĈK
∼= IK/K×(K×∞)o (where (·) denotes the

closure).

Proof. It suffices to show IK/K×(K×∞)o is profinite. Let S be as in the above lemma, we

have IK,S/O×K,S(K×∞)o
∼−→ IK/K×(K×∞)o.

One can prove that the open subgroup IK,J∞O×K,S(K×∞)o ⊂ IK,S has finite index (Exer-

cise). So t is also closed, and contains O×K,S(K×∞)o. We also deduce

IK,J∞O×K,S(K×∞)o/O×K,S(K×∞)o ∼= IK,J∞/O×K(K×∞)o

is an open subgroup of finite index in IK,S/O×K,S(K×∞)o. It suffices to show IK,J∞/O×K(K×∞)o

is profinite. One can show the morphism

ι : {±1}r ×
∏
v-∞

O×Kv � IK,J∞/O×K(K×∞)o
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factors though an isomorphism
(
{±1}r×

∏
v-∞O

×
Kv

)
/Ker ι ∼= IK,J∞/O×K(K×∞)o. The propo-

sition then follows from the fact
(
{±1}r ×

∏
v-∞O

×
Kv

)
/Ker ι is profinite (noting Ker ι is

closed).

Exercise 3.3.14. Prove the map Q× × R>0 ×
∏

p Z×p → IQ, (x, x∞, (xp)) 7→ (xx∞, (xxp))

is an isomorphism of topological groups. Deduce CK
∼= Ẑ× ∼=

∏
p Z×p .

Theorem 3.3.15 (Kronecker-Weber). Every abelian extension of Q is contained in a cy-
clotomic extension.

We give a more explicit description of the artin map using the language of modulus. A
modulus m of K is a formal product m∞m∞ where m∞ =

∏
v p

ev
v is an ideal of OK and

m∞ is a subset of {σ : K ↪→ R}. For a place v of K, we write v|m if pv|fm∞ when v is
non-archimedean, and if v ∈ m∞ when v is archimedean. For v|m, define

Uv(m) :=

{
R>0 v|∞
1 + pevv OKv v -∞

.

Define JK(m) ⊂ JK to be the group of fractional ideals that are relatively prime to m∞

(i.e. that do not have pv-factor in the prime decomposition for all pv|m∞). Put PK(m) =
{(α) | α ∈ K×, α ∈ Uv(m) ∀v|m}. The quotient JK(m)/PK(m) is called a Ray class group
of K.

Put IK(m) := IK ∩
∏

v|m Uv(m) ×
∏

v-mK
×
v , WK(m) := IK(m) ∩ IK,J∞ that is a open

subgroup of IK(m). Consider the natural morphism

IK(m) −→ JK(m), (xv) 7→
∏
v

pordv(xv)
v .

It is clear that this map is surjective, with the kernel equal to WK(m). We deduce then an
isomorphism

IK(m)/WK(m)(K× ∩ IK(m))
∼−−→ IK(m)/PK(m),

which gives an adelic description of the ray class group.

Lemma 3.3.16. The natural map IK(m)→ IK induces an isomorphism

IK(m)/(IK(m) ∩K×)
∼−−→ IK/K

×.

Proof. The injectivity is trivial. For (xv) ∈ IK , since K is dense in
∏

v|mKv, there exists

α ∈ K× such that α is arbitrarily close to xv for all v|m. In particular, if v is non-
archimedean, α can be chosen to have the same norm as xv, and xv

α
∈ Uv(m); if v is

archimedean, then α has the same sign as xv (so xv
α
∈ Uv(m)). The lemma follows.

Using similar argument as for Corollary 3.3.7, one can prove

Proposition 3.3.17. The ray class group JK(m)/PK(m) is finite.
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Proof. Exercise.

Let L/K be a finite abelian extension. Let m be a modulus divisible by all ramified
primes (including infinite primes) of K in the extension L/K. For p ⊂ OK , p - m, recall

we have the Artin symbol
(L/K

p

)
∈ Gal(L/K):

(L/K
p

)
(x) ≡ xN(p) ≡ P for all x ∈ OL, and

for P a (or any) prime ideal of OL dividing p. We have then a morphism

JK(m) −→ Gal(L/K),
∏

pep 7→
∏(L/K

p

)ep
.

Theorem 3.3.18. The above morphism is surjective, and factors through JK(m)/PK(m)
when the exponents of the finite primes in m are sufficiently large. Moreover, the induced
map CK � JK(m)/PK(m) � Gal(L/K) is equal to CK

rec−→ Gal(Kab/K) � Gal(L/K).
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Chapter 4

Zeta functions

4.1 Riemann-Zeta function

Let ζ(s) =
∑∞

n=1
1
ns

, called the Riemann-Zeta function. Recall the power series
∑∞

n=1
1
n

is

not convergent:
∑2k+1

n=2k+1
1
n
> 1

2
.

Proposition 4.1.1. There are infinitely many primes.

Proof. Suppose there are only finitely many prime numbers p1, · · · , pr. Then we have

pN1 ···pNr∑
n=1

1

n
=

r∏
i=1

(1 +
1

pi
+ · · ·+ 1

pNi
).

We then deduce
∑pN1 ···pNr

n=1
1
n

converges as N →∞, a contradiction.

Proposition 4.1.2.
∑∞

n=1
1
ns

is absolutely convergent if Re s > 1 and ζ(s) :=
∑∞

n=1
1
ns

is
holomorphic for Re s > 1.

Proof. We have | 1
ns
| = | 1

nRe s | and
∑∞

n=1
1
na

is absolutely convergent for a ∈ R>1:
∑∞

n=1
1
na
∼∫∞

1
x−adx = 1

1−a . Recall the following fact in complex analysis:

� Let Ω ⊂ C be an open subset, fn be a sequence of holomorphic functions on Ω
such that {fn} uniformly converge to f on each compact subset K ⊂ Ω, then f is
holomophic on Ω.

We then deduce ζ(s) is holomorphic on Re s > 1.

Remark 4.1.3. In fact, we have
∑∞

n=1
1
ns
− 1

s−1
=
∑∞

n=1

∫ n+1

n
(n−s − x−s)dx. Since

|n−s − x−s| = |s
∫ x
n
y−1−sdy| ≤ |s|n−1−Re s|, we see

∑∞
n=1

∫ n+1

n
(n−s − x−s)dx is absolutely

convergent and is holomorphic for Re s > 0. In this way, we get an analytic continuation
of ζ(s) on Re s > 0 given by

1

s− 1
+
∞∑
n=1

∫ n+1

n

(n−s − x−s)dx. (4.1)
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Recall
∏∞

n=1 an (with an 6= 0 for all n) is called convergent if
∏N

n=1 an converges to a
non-zero element in C. In particular, if

∏∞
n=1 an converges then an → 1. We recall the

following basis facts:

� The followings are equivalent:

–
∏∞

n=1(1 + an) is convergent,

–
∑∞

n=1 log(1 + an) is convergent (where log denotes the principal branch of the
logarithm, i.e. Im(log(z)) ∈ (−π, π]),

–
∑∞

n=1 an is convergent.

� We call
∏∞

n=1(1 + an) absolutely convergent if
∑∞

n=1 log(1 + an) is absolutely con-
vergent. Then

∏∞
n=1(1 + an) is absolutely convergent if and only if

∑∞
n=1 |an| is

convergent.

� Let Ω ⊂ C be an open subset, and assume an(z) is holomorphic on Ω. Let K be a
compact subset of Ω. Then

∏∞
n=1(1 + an(z)) is absolutely and uniformly convergent

on K if and only if
∑∞

n=1 |an(z)| is uniformly convergent on K. And if this holds for
any compact K ⊂ Ω, then

∏∞
n=1(1 + an(z)) is holomorphic on Ω.

Proposition 4.1.4. The product
∏

p(1 −
1
ps

)−1 is absolutely convergent for Re s > 1 and∏
p(1−

1
ps

)−1 = ζ(s).

Proof. We have |ζ(s) −
∏

p≤pN
1

(1− 1
ps

)
| ≤

∑
n>pN

| 1
ns
| → 0 as pN → ∞. The proposition

follows.

Exercise 4.1.5. Show that ζ(s) 6= 0 for Re s > 1.

Theorem 4.1.6. The Riemann zeta function ζ(s) extends (uniquely) to a meromorphic
function on C, holomorphic everywhere except for a simple pole at s = 1. We have the
so-called functional equation:

π−
s
2 Γ(

s

2
)ζ(s) = π−

1−s
2 Γ(

1− s
2

)ζ(1− s).

Recall Γ(s) =
∫∞

0
e−tts dt

t
(that can be viewed as the ∞-Euler factor). Recall the following

fact:

� Let D be a measurable subset of R, U ⊂ C open. Suppose

1. f is measurable on D × U ,

2. f(x, z) is analytic on U for any x ∈ D,

3. there exists a measurable function M : D → R such that |f(x, z)| ≤ M(x) for
x ∈ D, z ∈ U and

∫
D
M(x)dx <∞.

Then F (z) =
∫
D
f(x, z)dx is analytic on U .
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We write Γ(s) =
∫ 1

0
e−tts dt

t
+
∫∞

1
e−tts dt

t
. Since |e−tts−1| < e−t/2 when t is sufficiently large,

we see the second term is always analytic (for s ∈ C). We have |e−tts−1| ≤ |tRe s−1| for

t ∈ (0, 1]. So for Re s > 0, we have |
∫ 1

0
e−tts dt

t
| ≤

∫ 1

0
tRe s−1 dt

t
= 1

Re s
. Using the above fact,

we deduce Γ(s) is holomorphic on Re s > 0.

Using Γ(s + 1) = sΓ(s) (exercise), Γ(s) extends to a meromorphic function with poles
at non-positive integers. Note we have Γ(1) =

∫∞
0
e−tdt = 1, so Γ(n) = n!.

Proof of Theorem 4.1.6. We have π
s
2 Γ( s

2
) 1
ns

=
∫∞

0
t
s
2
−1e−n

2πtdt (for Re s > 0). Thus

π−
s
2 Γ(

s

2
)ζ(s) =

∫ ∞
0

t
s
2
−1(

∞∑
n=1

e−n
2πt)dt =

∫ 1

0

t
s
2
−1w(t)dt+

∫ ∞
1

t
s
2
−1w(t)dt,

where w(t) =
∑∞

n=1 e
−n2πt. For t ≥ 1, we have w(t) = O(e−πt) (for t → ∞): w(t) ≤

(
∑∞

i=0 e
−nπt)e−πt. Hence the term

∫∞
1
t
s
2
−1w(t)dt is holomorphic for on C. We have∫∞

1
t
s
2
−1w(t)dt =

∫∞
1
w(1/t)t−

s
2
−1dt. Using Lemma 4.1.7, we see∫ ∞

1

w(1/t)t−
s
2
−1dt =

∫ ∞
1

t−
s
2
− 1

2w(t)dt− 1

2

∫ ∞
1

t−
s
2
−1dt+

1

2

∫ ∞
1

t−
s
2
− 1

2dt

=

∫ ∞
1

t−
s
2
− 1

2w(t)dt− 1

s
+

1

s− 1
.

In summary, we have

π−
s
2 Γ(

s

2
)ζ(s) = − 1

s(1− s)
+

∫ ∞
1

(t
s
2
−1 + t

1−s
2
−1)w(t)dt. (4.2)

We see thus π−
s
2 Γ( s

2
)ζ(s) has a meromorphic continuation that has simple poles at 0, 1.

The functional equation also follows.

We know Γ(s) only has simple poles at non-positive integers, and Γ(s) has no zeros
(using the fact Γ(s)Γ(1−s) = π

sinπs
). We deduce hence ζ(s) has only one pole at s = 1.

Lemma 4.1.7. We have w(1/t) = −1
2

+ 1
2
t

1
2 + t

1
2w(t).

Let θ(x) :=
∑∞

n=−∞ e
−n2πx, then 2w(x) = θ(x)−1. It suffices to show θ(1/x) = x

1
2 θ(x).

We first recall some facts on Fourier transform. A function f : R → C is called a
Schwartz function, if f ∈ C∞ and f is or rapid decay, i.e. |f (n)(t)| = o(|t|c) (t → ±∞) for
all n ∈ Z≥0 and c ∈ R. Denote by S(R) the space of Schwartz functions.

Example 4.1.8. The function f(x) = e−πx
2

is a Schwartz function.

Let f : R → C be an absolutely integrable function (for the Lebesgue measure). The

Fourier transform f̂ : R→ C is defined by:

f̂(s) :=

∫ +∞

−∞
e−2πisxf(x)dx

that is a uniformly continuous function. We have the following facts:
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� If f ∈ S(R), then f̂ ∈ S(R) and f̂ (n) = (ix)nf̂ , x̂nf = inf̂ (n).

�
̂̂
f(x) = f(−x).

� f̂ ∗ g(s) = f̂(s)ĝ(s) where f ∗ g(y) =
∫ +∞
−∞ f(y − x)g(x)dx.

Theorem 4.1.9 (Poisson formula). Let f : R→ C be a Schwartz function, then∑
n∈Z

f(n) =
∑
n∈Z

f̂(n).

Proof. Let F (x) :=
∑

n∈Z f(n + x). Note since f is Schwartz, the series is absolutely
convergent and uniformly continuous for compact sets in R. Hence F (x) is continuous, and
F (x+ 1) = F (x). We have F (x) =

∑
n∈Z ane

2πinx where

an =

∫ 1

0

F (x)e−2πinxdx =

∫ 1

0

(
∑
n∈Z

f(n+ x))e−2πinxdx =

∫ +∞

−∞
f(x)e−2πinxdx = f̂(n).

Hence F (0) =
∑

n∈Z f(n) =
∑

n∈Z f̂(n).

Let g(x) = e−πx
2 ∈ S(R). Then

ĝ(x) =

∫
R
e−2πixye−πy

2

dy =

∫
R
e−π(y2+2ixy)dy

=

∫
R
e−π((y+ix)2+x2)dy = e−πx

2

∫
R
e−π(y+ix)2

dy = e−πx
2

∫
z=ix+R

e−πz
2

dz.

We have |
∫ ix+N

ix−N e−πz
2
dz −

∫ N
−N e

−πz2
dz| ≤ 2|x|e−πN2 → 0 as N → +∞. We deduce∫

ix+R e
−πz2

dz =
∫
R e

πz2
dz = 1:

∫
R
eπz

2

dz = 2

∫ +∞

0

e−πz
2

dz = 2

√∫ +∞

0

e−πz2dz

∫ +∞

0

e−πx2dx

= 2

√∫ +∞

0

∫ π
2

0

e−πr2rdrdθ = 2

√
π

2
(− 1

2π
e−πr2)|+∞0 = 1.

Let ft(x) = e−πx
2t, then θ(t) =

∑
n∈Z ft(n) =

∑
n∈Z f̂t(n). We have

f̂t(y) =

∫
R
e−πx

2te2πixydx =
1√
t

∫
bR

e−πx
2

e
2πi x√

t
y
dx =

1√
t
ĝ(y/
√
t) =

1√
t
e−π

y2

t .

Thus
∑

n∈Z f̂t(n) = 1√
t
θ(1

t
). Lemma 4.1.7 follows.

Exercise 4.1.10. Let µ(n) be the Möbius function:

µ(n) =

{
(−1)en n is square free and en is the number of prime factors of n

0 n has a squared prime factor
.

Prove
∑∞

n=1
µ(n)
ns

= 1
ζ(s)

.
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4.2 Prime number theorem

For x ∈ R≥0, denote by π(x) := #{p ≤ x}. In this section, we prove the following famous
theorem.

Theorem 4.2.1. We have π(x) ∼ x
log x

.

Let ϑ(x) :=
∑

p≤x log p.

Lemma 4.2.2. If ϑ(x) ∼ x, then π(x) ∼ x
log(x)

.

Proof. It is clear that ϑ(x) ≤ π(x) log(x). On the other hand, for any ε > 0, ϑ(x) ≥∑
x1−ε<p≤x log p ≥ (1 − ε)

∑
x1−ε<p≤x log x = (1 − ε)(log x)(π(x) − π(x1−ε)). If ϑ(x) ∼ x,

then (log x)x1−ε = o(ϑ(x)). Hence ϑ(x) ∼ π(x) log x and x ∼ π(x) log(x). The lemma
follows.

Lemma 4.2.3. We have ϑ(x) = O(x).

Proof. We have

22n ≥
(

2n

n

)
≥

∏
n<p≤2n

p = eϑ(2n)−ϑ(n).

Hence ϑ(2n)−ϑ(n) ≤ 2n log 2, thus ϑ(2x)−ϑ(x) = O(2x). From which, one easily deduces
the lemma.

Lemma 4.2.4. If
∫∞

1
ϑ(x)−x
x2 dx exists, then ϑ(x) ∼ x.

Proof. Let λ > 1, and x > 0 such that ϑ(x) ≥ λx then

λx∑
x

ϑ(t)− t
t2

dt ≥
∫ λx

x

λx− t
t2

dt =

∫ λ

1

λ− t
t2

dt > 0.

Thus if
∫∞

1
ϑ(x)−x
x2 dx exists, then lim supx→∞ ϑ(x)/x ≤ 1. Similarly, let λ < 1, and x > 0

such that ϑ(x) ≤ λx, then∫ x

λx

ϑ(t)− t
t2

≤
∫ x

λx

λx− t
t2

dt =

∫ 1

λ

λ− t
t2

dt < 0.

We deduce lim infx→∞ ϑ(x)/x ≥ 1. The lemma follows.

Theorem 4.2.5. Let f(t) be a bounded, locally integrable function. Suppose g(z) =∫∞
0
f(t)e−ztdt (that is absolutely convergent and holomorphic for Re z > 0) extends holo-

morphically to Re z ≥ 0. Then
∫∞

0
f(t)dt exists and is equal to g(0).
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We first assume the theorem. To prove
∫∞

1
ϑ(x)−x
x2 dx =

∫∞
0

(ϑ(et)
et
− 1)dt exists, we are

led to study the function∫ ∞
0

(
ϑ(et)

et
− 1)e−stdt =

∫ ∞
0

(e−(s+1)tϑ(et)− e−st)dt =

∫ ∞
0

e−(s+1)tϑ(et)dt− 1

s
.

We put Φ(s) :=
∑

p
log p
ps

(that is absolutely convergent and holomorphic for Re s > 1).

Lemma 4.2.6. We have
∫∞

0
e−(s+1)tϑ(et)dt = Φ(s+1)

s+1
(for Re s > 0).

Proof. We have (for Re s� 0)

Φ(s) =
∞∑
i=1

(
(
∑
j≤i

log pj)(
1

psi
− 1

psi+1

)
)

= −
∞∑
i=1

∫ pi+1

pi

ϑ(x)dx−s

= s

∫ ∞
1

ϑ(x)x−s−1dx = s

∫ ∞
0

ϑ(et)e−stdt.

The lemma follows.

Lemma 4.2.7. We have (for Re s > 1)

− ζ ′(s)

ζ(s)
= Φ(s) +

∑
p

log p

ps(ps − 1)
. (4.3)

In particular, Φ(s) can extend to a meromorphic functor on Re z > 1
2
, that has a simple at

s = 1 with residue 1.

Proof. We have( ∏
p≤pN

(1− p−s)−1
)′

=
∑
p≤pN

(
−
∏
p′≤pN
p′ 6=p

(1− (p′)−s)−1(1− p−s)−2p−s log p
)

= −
∑
p≤pN

(1− p−s)−1
∑
p≤pN

log p

ps − 1
.

Thus for Re s > 1:

− ζ ′(s)

ζ(s)
=
∑
p

log p

ps − 1
= Φ(s) +

∑
p

( log p

ps − 1
− log p

ps
)

= Φ(s) +
∑
p

log p

ps(ps − 1)
.

The function
∑

p
log p

ps(ps−1)
is holomorphic on Re s > 1

2
. Recall also ζ(s) is also meromorphic

on Re s > 1
2

and has a simple pole at s = 1 with residue 1. The lemma follows.

Now we want to show Φ(s+1)
s+1

− 1
s

can extend holomorphically on Re s ≥ 0. By the above
lemma, it is sufficient to show Φ(s) has no other poles on Re s = 1 (except for s = 1).
Again by (4.3), this is equivalent to the statement in the following proposition.
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Proposition 4.2.8. We have ζ(s) 6= 0 for any Re s = 1 and s 6= 1.

Proof. First by (4.2) (or (4.1)), if ζ(s) = 0, then ζ(s̄) = 0 for Re s > 0. Suppose 1 +αi is a
zero of ζ(s) of order λ, and 1 + 2αi is a zero of ζ(s) of order µ (with µ, ν ∈ Z≥0, α ∈ R∗).
Then limε→0 εΦ(1± αi+ ε) = −λ, and limε→0 εΦ(1± 2αi+ ε) = −µ. Let ε > 0, consider

2∑
j=−2

(
4

2 + j

)
Φ(1± jαi+ ε) =

2∑
j=−2

(
4

2 + j

)
(
∑
p

log p

p1±jαi+ε =
∑
p

log p

p1+ε
(p

α
2
i + p−

α
2
i)4 > 0.

We deduce limε→0 ε(
∑2

j=−2

(
4

2+j

)
Φ(1± jαi+ ε)) ≥ 0. However, we have (recall limε εΦ(1 +

ε) = 1)

lim
ε→0

ε(
2∑

j=−2

(
4

2 + j

)
Φ(1± jαi+ ε)) = −8λ− 2µ+ 6,

and hence λ = 0. The proposition follows.

As discussed above, Theorem 4.2.1 follows from the proposition. We finally prove the
analytic theorem:

Proof of Theorem 4.2.5. For T > 0, let gT (z) :=
∫ T

0
f(t)e−ztdt, that is holomolorphic on

C. We need to show limT→∞(gT (0)− g(0)) = 0. Let R > 0, and let δ > 0 such that g(z) is
holomorphic on the region Ω := {Res z > δ} ∩ {|z| < R} (so δ depends on R). Let- C be
the boundary of Ω. We have thus

gT (0)− g(0) =
1

2πi

∫
C

(gT (z)− g(z))ezT (1 +
z2

R2
)
dz

z
.

Let C+ := C ∩ {Re z > 0}, and B := sup |f(t)|. Then for z ∈ C+, we have

|gT (z)− g(z)| = |
∫ ∞
T

f(t)e−ztdt| ≤ B
e−Re zT

Re z
;

and (noting R2 = zz̄)

|ezT (1 +
z2

R2
)
1

z
| = eRe zT 1

R2
|z + z̄| = 2eRe zT 1

R2
Re z. (4.4)

So |
∫
C+(gT (z)− g(z))ezT (1 + z2

R2 )dz
z
| ≤ 2πB

R
. Let C− := C ∩{Res z < 0}, and C−1 := {|z| =

R,Res z < 0}. Since gT (z)ezT (1 + z2

R2 )1
z

is holomorphic,∫
C−

gT (z)ezT (1 +
z2

R2
)
dz

z
=

∫
C−1

gT (z)ezT (1 +
z2

R2
)
dz

z
.

For z ∈ C−1 , we have

|gT (z)| ≤ B

∫ T

−∞
|e−zt|dt = B

e−Re zT

|Re z|
,

and (4.4) holds. Hence |
∫
C−

gT (z)ezT (1+ z2

R2 )dz
z
| ≤ 2πB

R
. The only left term is

∫
C−

g(z)ezT (1+
z2

R2 )1
z
dz, that goes to zero when T →∞ (since Re z < 0, e.g. using g(z)(1+ z2

R2 )/z is bounded
on C−). We deduce then lim supT→∞ |gT (0)−g(0)| ≤ 2B/R. As R is arbitrary, the theorem
follows.
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4.3 Dedekind Zeta functions

Let K be a number field. Put ζK(s) :=
∑

a⊂OK
1

N(a)s
.

Lemma 4.3.1. The series
∑

a⊂OK
1

N(a)s
is absolutely and uniformly convergent on any

compact subset of Re s > 1, and we have

ζK(s) =
∏
p

(1−N(p)−s)−1.

Proof. We first show
∏

p(1 − N(p)−s)−1 is absolutely and uniformly convergent on any

compact subset of Re s > 1. It is sufficient show the same convergence for
∑

p
1

N(p)s
. For

any prime number p, there are at most [K : Qp]-prime ideals p such that N(p) = p. We
deduce that for Re s > 1 (noting |p−ms| ≤ |p−s| for m ∈ Z≥1):

|
∑
p

1

N(p)s
| ≤

∑
p

| 1

N(p)s
| ≤

∑
p

| [K : Q]

ps
| =

∑
p

[K : Q]

pRe s
.

The convergence then follows from the same result for ζ(s). The power series
∑∞

m=0N(p)−ms

is also absolutely and uniformly convergent on any compact subset of Re s > 1. We have
then

gn(s) :=
∏

p,N(p)≤n

(1−N(p)−s)−1 =
∏

p,N(p)≤n

(
∞∑
m=0

N(p)−ms) =
∑
a∈In

1

N(a)s

where In denotes the set of ideals a satisfying all the prime factors of a has norm at most
n. And {gn(s)} is absolutely and uniformly convergent on any compact subset of Re s > 1.
We then deduce the same holds for ζK(s).

Proposition 4.3.2. Let f(s) =
∑∞

n=1
an
ns

that absolutely converges for Re s sufficiently
large. Let St =

∑
n≤t an for t > 0. Suppose there exists κ ∈ C and 0 < δ ≤ 1 such

that St = κt + O(t1−δ) as t → +∞. Then f(s) can extend to a meromorphic function on
Re s > 1− δ with only one simple pole at s = 1 with residue κ.

Proof. Consider f(s) − κζ(s) =:
∑

n
bn
ns

, and put S ′t :=
∑

n≤t bn. So S ′t = O(t1−δ). It is

sufficient to show
∑

n
bn
ns

can extend to a holomorphic function on Re s > 1 − δ. First,∑
n
bn
ns

is absolutely convergent for Re s sufficiently large. We have thus for Re s� 0:∑
n

bn
ns

=
∑
n

S ′n − S ′n−1

ns
=
∑
n

S ′n
ns
−
∑
n

S ′n
(n+ 1)s

=
∑
n

(S ′n

∫ n+1

n

s

xs+1
dx) = s

∑
n

(S ′n

∫ n+1

n

x−s−1dx).

Let C > 0 such that St ≤ Ct1−δ, we have∑
n

|S ′n
∫ n+1

n

x−s−1dx| ≤ C|s|
∑
n

∫ n+1

n

x−s−δdx = C|s|
∫ ∞

1

x−s−δdx

that is absolutely convergent for Re s > 1− δ. The proposition follows.
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We want to apply the proposition to Dedekind zeta functions. We can write ζK(s) =∑
n
an
ns

, where an = #{a ⊂ OK | N(a) = n}. We see S(t) =
∑

n≤t an = #{a ⊂ OK | N(a) ≤
n}. In the rest of the section, we will prove

Theorem 4.3.3. Keep the above notation, then

S(t) =
2r(2π)sRKhK

w
√
|∆K |

t+O(t1−
1
n ),

where RK is the regulator of K (that will be defined later), hK is the class number of K,
w = |µK |, ∆K is the discriminant of K.

Corollary 4.3.4. The function ζK(s) can extend to a meromorphic function on Re s >

1− 1
n

, that only has a simple pole at s = 1 of residue 2r(2π)sRKhK

w
√
|∆K |

.

Let C be an ideal class in CK . We will estimate #{a ⊂ OK | [a] = C , N(a) ≤ t} =
NC (t).

Lemma 4.3.5. Let J be a fractional ideal such that [J−1] = C . Then the following map is
a bijection

{α ∈ J | N(α) ≤ tN(J)}/O×K → {a ⊂ OK | [a] = C , N(a) ≤ t}, α 7→ αJ−1.

Proof. The map is clearly well-defined and injective. For a ⊂ OK such that [a] = C and
N(a) ≤ t, there exists α ∈ K× such that a = αJ−1. Since a ⊂ OK , α ∈ J . Using
N(a) = N(α)N(J)−1, N(α) ≤ tN(J). The surjectivity follows.

We discuss some examples on the calculation of NC (t).

Example 4.3.6. (1) Suppose K/Q is an imaginary quadratic field. Let σ : K ↪→ C be an
embedding. Recall σ(J) is a lattice in C ∼= R2, and we have Vol(R2/σ(J)) = 1

2
N(J)

√
|∆K |

(where Vol(.) is with respect to the standard Lebesgue measure on C, and hence is equal to
Vol0(.) in §1.7). We need to estimate mN(J)t := #(σ(J)∩{x | |x|2 ≤ N(J)t}). Let e1, e2 be
a basis of λ(J), and Ω = {x1e1 + x2e2 | xi ∈ (−1/2, 1/2]}. For s > 0, denote by m+

s (resp.
m−s ) be the cardinality of the set consisting of α ∈ J such that (α+ Ω)∩ {x | |x|2 ≤ s} 6= ∅
(resp. such that (α+ Ω) ⊂ {x | |x|2 ≤ s}). We have m−s ≤ πs2/Vol(R2/σ(J)) = 2πs2

N(J)
√
|∆K |

and m+
s ≥ 2πs2

N(J)
√
|∆K |

. Let δ := supx,y∈Ω |x− y|, then

m+
((N(J)t)1/2−δ)2 ≤ m−N(J)t ≤ mN(J)t ≤ m+

N(J)t ≤ m−
((N(J)t)1/2+δ)2 .

We deduce thus mN(J)t = 2π√
|∆K |

+O(t1/2) and hence NC (t) = 2π

w
√
|∆K |

t+O(t1/2).

(2) Suppose K/Q is a real quadratic field. Let λ : K ↪→ R2, α 7→ (σ1(α), σ2(α)).
Let ε ∈ O×K be a fundamental unit, and we assume σ1(ε) > 1 (hence |σ2(ε)| < 1). For
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any x = (x1, x2) ∈ R with x1x2 6= 0, there exists thus a unique y = (y1, y2) such that

1 < |y1|
|y2| ≤

σ1(ε)
|σ2(ε)| = σ1(ε)2 and xy−1 ∈ εZ. We deduce hence a bijection(

λ(J) ∩ {(x1, x2) | |x1x2| ≤ N(J)t}
)
/O×K

←→
(
λ(J) ∩ {(x1, x2) | |x1x2| ≤ N(J)t, 1 < |x1

x2

| < σ1(ε)2}
)
/µK .

Let Dt := {(x1, x2) | |x1x2| ≤ N(J)t, 1 < |x1

x2
| < σ1(ε)2}. We see the length |∂Dt| = O(t

1
2 ).

We can find [|∂Dt|]-points {xi} on ∂Dt, such that for any x ∈ ∂Dt, |x− xi| ≤ 1 for some
xi. As in (1), let α1, α2 be a basis of λ(J), and Ω := {x1α1 + x2α2 | |xi| ≤ 1/2}. We
see if r is sufficiently large (depending on Ω), then λ(J) ∩ Dt is bigger than the number
M1 of elements α in J such that α + Ω ∩ Dt \ (∪iB(xi, r)) 6= ∅, and is smaller than the
number M2 of elements α in J such that α + Ω ⊂ Dt ∪ (∪iB(xi, r)). We have M1 ≥
(µ(Dt) −

∑
i πr

2)/Vol(R2/λ(J)), and M2 ≤ (µ(Dt) +
∑

i πr
2)/Vol(R2/λ(J)). Note that

the term
∑

i πr
2/Vol(R2/λ(J)) = O(t

1
2 ). For Dt, we have

µ(Dt) = 4

∫
0<x1x2≤N(J)t,xi>0

1<
x1
x2
≤σ1(ε)2

dx1dx2 = 4

∫
y1+y2≤log(N(J)t)

0<y1−y2≤2 log(σ1(ε))

ey1+y2dy1dy2

= 2

∫
z1≤log(N(J)t)

0<z2≤2 log(σ1(ε))

ez1dz1dz2 = 4N(J) log(σ1(ε))t.

Together with Vol(R2/λ(J)) = N(J)
√
|∆K |, we deduce NC (t) = 2π√

|∆K |
t+O(t

1
2 ).

To prove the theorem for general K, we start with some preliminaries.

Definition 4.3.7. (1) A function f : [0, 1]n−1 → Rn is called Lipschitz, if the ratio |f(x)−f(y)|
|x−y|

is uniformly bounded for x 6= y ∈ [0, 1]n−1.

(2) Let B be a bounded region in Rn. We call ∂B = B \ Bo is (n − 1)-Lipschitz
parametrizable, if it is covered by the images of finitely many Lipschitz functions: f :
[0, 1]n−1 → Rn.

Lemma 4.3.8. Let B be a bounded region in Rn such that ∂B is (n−1)-Lipschitz parametriz-
able, and Λ ⊂ Rn be a complete lattice. Then for a > 1, we have

#(Λ ∩ aB) =
µ(B)

Vol(Rn/Λ)
an +O(an−1).

Proof. We give a sketch of the proof. First the map x 7→ ax induces a bijection between
( 1
a
Λ) ∩B → Λ ∩ aB. Let e1, · · · , en be a basis of Λ, and Ω := {

∑
i xiei | −

1
2a
< xi ≤ 1

2a
}.

Since ∂B is (n−1)-Lipschitz parametrizable, for any r > 0, there exists Mr-points {xi} such
that Mr = O(an−1) and for any x ∈ ∂B, there exists xi such that |x−xi| < r

a
. We can then

choose r (independent of a) and M = O(an−1)-points {xi}, such that if (α+ Ω) ∩ ∂B 6= ∅,
then (α + Ω) ⊂ B(xi, r/a) for some xi. Similarly as in Example 4.3.6, we have

µ(B \ ∪iB(xi, r/a))

µ(Ω)
≤ #(

1

a
Λ) ∩B ≤ µ(B ∪ (∪iB(xi, r/a))

µ(Ω)
.
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Using µ(B)
µ(Ω)

= µ(B)
Vol(Rn/Λ)

an, and µ(∪iB(xi,r/a))
µ(Ω)

= O(an−1), the lemma follows.

We now calculate #
(
J ∩ {α ∈ K | N(α) ≤ tN(J)}

)
/O×K . Let λ : K ↪→ Rr × Cs,

x 7→ (σ1(x), · · · , σr(x), σr+1(x), · · · , σr+s(x)). Let ε1, · · · , εr+s−1 be a set of fundamental
units (that are a basis of O×K/µK). Consider

O×K
λ−−−→ Rr × Cs

`

y Log

y
H −−−→ Rr+s

where Log(x1, · · · , xs) := (log |x1|, · · · , log |xr|, 2 log |xr+1|, · · · , 2 log |xr+s|), and where H
is the hyperplane of Rr+s defined by

∑r+s
i=1 xi = 0. Recall `(O×K) is a complete lattice in H.

Let Xt :=
(
J ∩ {α ∈ K | N(α) ≤ tN(J)}

)
, and X∗t := Xt \ {0}. The image of the region

X∗t under the morphism Log is the region XLog
t := {(xi) ∈ Rr+s |

∑r+s
i=1 xi ≤ log(tN(J))}.

The natural O×K-action on X∗t transfers to an `(O×K)-action on XLog
t by addition. Put

v := 1
r+s

(1, · · · , 1) ∈ bRr+s, then (v, `(ε1), · · · , `(εr+s−1)) form a basis of Rr+s. Let DLog
t :=

{t0v +
∑r+s−1

i=1 ti`(εi) | t0 ∈ (−∞, log(tN(J))), ti ∈ [0, 1)}.

Lemma 4.3.9. For any x ∈ XLog
t , there exists a unique y ∈ DLog

t such that x−y ∈ `(O×K).

Proof. The lemma follows easily from the fact {
∑r+s−1

i=1 ti`(εi) | ti ∈ [0, 1)} is a fundamental
mesh of the lattice ⊕Z`(εi) in H.

Let Dt ⊂ X∗t be the inverse image of DLog
t under the morphism Log. By Lemma 4.3.9,

we have

Lemma 4.3.10. For any x ∈ X∗t , there exists a unique y ∈ Dt such that xy−1 ∈
∏r+s−1

i=1 εZi ↪→
O×K.

Consequently, we have a bijection(
J ∩ {α ∈ K | N(α) ≤ tN(J)}

)
/O×K ←→ (λ(J) ∩Dt)/µK .

We have Dt = t
1
nD1 and ∂D is (n− 1)-Lipschitz. By Lemma 4.3.8, we have

NC(t) =
µ(D1)

|µK |Vol(Rn/λ(J))
+O(t1−

1
n ).

We have Vol(Rn/λ(J)) = 2−s
√
|∆K |N(J). Now we calculate µ(D1):

µ(D1) =

∫
D1

dy1 · · · dyrdz1, · · · dzs.

Writing zj = ρje
iθj then xi = log |yi| for 1 ≤ i ≤ r, and xi = 2 log ρi for r + 1 ≤ i ≤ r + s,

we have

µ(D1) =

∫
D1

dy1 · · · dyrρ1 · · · ρsdρ1 · · · dρsdθ1 · · · dθs = 2rπs
∫
DLog

1

e
∑r+s
i=1 xidx1 · · · dxr+s.
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Let t0, · · · , tr+s−1 be the new variables such that

(x1, · · · , xr+s)T = (v, `(ε1), · · · , `(εr+s−1))(t0, · · · , tr+s−1)

then we have

µ(D1) = | det(v, `(ε1), · · · , `(εr+s−1))|
∫ log(tN(J))

−∞
et0

r+s−1∏
i=1

∫ 1

0

dti.

We define RK := | det(v, `(ε1), · · · , `(εr+s−1))|, called the regulator of K. We see that RK

is independent of the choice of the fundamental units, and is unchanged if v is replaced by
any vector (x1, · · · , xr+s) ∈ Rr+s such that

∑r+s
i=1 xi = 1. Thus µ(D1) = 2rπsRKN(J) and

the theorem follows.

4.4 Dirichlet L-functions

We first discuss characters of finite groups. Let G be a finite abelian group, we let Ĝ := {χ :

G → C×} be the set of characters of G. Then Ĝ has a natural (abelian) group structure:
(χ1χ2)(g) = χ1(g)χ2(g).

Lemma 4.4.1. (1) We have a (non-canonical) isomoprhism Ĝ ∼= G.

(2) Given an exact sequence 1 → H → G → G/H → 1, the induced sequence 1 →
Ĝ/H → Ĝ→ Ĥ → 1 is exact.

(3) The morphism G→ ̂̂
G, g 7→ (χ 7→ χ(g)) is an isomorphism.

Proof. (1) By the structure theorem of finite abelian groups, it suffices to show Ẑ/nZ ∼=
Z/nZ. However, it is clear that χ ∈ Ẑ/nZ is determined by χ(1) ∈ µn(C) = {ζ ∈ C× | ζn =
1}.

(2) One directly checks that the sequence 1→ Ĝ/H → Ĝ→ Ĥ is exact. By comparing

the orders and using (1), we deduce Ĝ→ Ĥ is surjective.

(3) Both of the groups having the same order, it suffices to show the morphism is

injective. Let H := ∩χ∈Ĝ Ker(χ). Since Ĝ→ Ĥ is surjective by (2), we see H = 1 and the
injectivity follows.

Proposition 4.4.2. Let χ ∈ Ĝ, χ 6= 1, then
∑

g∈G χ(g) = 0

Proof. Let h ∈ G such that χ(h) 6= 1, then χ(h)
∑

g∈G χ(g) =
∑

g∈G χ(hg) =
∑

g∈G χ(g).
The proposition follows.

Remark 4.4.3. Using the canonical isomorphism G ∼= ̂̂
G, we see for g 6= 1,

∑
χ∈Ĝ χ(g) = 0.

73



Let N ∈ Z>1, and we call a character χ : (Z/NZ)× → C× a Dirichlet character. If m|N ,
we have a natural (surjective) morphism (Z/NZ)× � (Z/mZ)×. A Dirichlet character
χ : (Z/NZ)× → C× is called primitive if χ is not induced from a character (Z/mZ)× for

m|N , m 6= N (i.e. χ ∈ ̂(Z/NZ)× does not lie in the image of ̂(Z/mZ)× ↪→ ̂(Z/NZ)× for
m|N , m 6= N). In this case, we call N the conductor of χ, denoted by fχ. We call χ even
if χ(−1) = 1 and odd if χ(−1) = −1.

Let χ be a Dirichlet character of conductor fχ, we extend χ to a morphism χ : Z→ C
such that

χ(a) =

{
χ(a) (a, fχ) = 1

0 otherwise.

We put L(χ, s) :=
∑∞

n=1
χ(n)
ns

, called Dirichlet L-function. It is easy to see
∑∞

n=1
χ(n)
ns

is
absolutely convergent on Re s > 1, and hence L(χ, s) is holomorphic on Re s > 1. By
similar arguments as in Proposition 4.1.4, we also have for Re s > 1,

L(χ, s) =
∏
p

(1− χ(p)p−s)−1.

Proposition 4.4.4. If χ 6= 1, then L(χ, s) can extend to a holomorphic function on Re s >
0.

Proof. By Proposition 4.4.2, the absolute value of St :=
∑

n≤t χ(n) is bounded by fχ. The
proposition then follows from Proposition 4.3.2 (with κ = 0, δ = 1).

We study the relation between Dirichlet L-functions and Dedekind zeta functions. Let
K be a finite extension of Q, and suppose there exists N such that K ⊂ Q(ζN) (ζN being a
primitive N -th root of unity). Note by the theorem of Kronecker-Weber, this is equivalent
to that K is a finite abelian extension of Q. Recall we have ιN : Gal(Q(ζN)/Q)

∼−→ (Z/NZ)×

such that g(ζN) = ζ
ι(g)
N . Let H := Gal(K/Q), then we have a natural morphism (Z/NZ)× ∼=

Gal(Q(ζN)/Q) � H, that induces  : Ĥ ↪→ ̂(Z/NZ)× (we omit  if there is no ambiguity).
In particular, any character of H is a Dirichlet character (of conductor dividing N).

Theorem 4.4.5. We have ∏
χ∈Ĥ

L(χ, s) = ζK(s). (4.5)

Proof. It suffices to prove the equality for Re s � 0. Using the formulas of Euler product
for both L(χ, s) and ζK(s), we reduce to show∏

χ∈Ĥ

(1− χ(p)p−s) =
∏
p|p

(1−N(p)−s) (4.6)

for all prime number p.

We first show some facts on cyclotomic field. For a prime number p, we have
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� if p - N , then p is unramified in Q(ζN),

� if N = pr, then p is totally ramified in Q(ζN).

Indeed, to see these, we consider the extension Qp(ζN) over Qp. If p - N , using Hensel’s
lemma it is easy to see Qp(ζN) is unramified over Qp. If N = pr, by Exercise 2.7.5,
Qp(ζpr) is totally ramified over Qp. Suppose p - N , then the decomposition group Dp ⊂
Gal(Q(ζN)/Q) is generated by the absolute Frobenius Frobp, i.e. the element satisfying
Frobp(x) ≡ xp (mod p) for all x ∈ OQ(ζN ) and p ⊂ OQ(ζN ) dividing p (actually, one can
show that OQ(ζN ) = Z[ζN ], but we don’t need this fact). We claim Frobp is the element
sending ζN to ζpN . Suppose Frobp(ζN) = ζrN for r ∈ (Z/NZ)×, and suppose r 6= p (mod N).
By assumption, ζrN − ζ

p
N ∈ p for p|p. However, in Qp(ζN), we see easily that ζrN − ζ

p
N is a

unit, a contradiction. We conclude that the map ιN : Gal(Q(ζN)/Q)
∼−→ (Z/NZ)× sends

Frobp to p.

Back to the proof of (4.6). First consider the case p - N . For (any) p|p, denote by
f := [OK/p : Fp], and hence N(p) = pf . Let g := d/f (d = [K : Q]). Then

∏
p|p(1 −

N(p)−s) = (1− p−fs)g. We calculate now
∏

χ∈Ĥ(1− χ(p)p−s). We have

D̂p � Ĥ ↪→ ̂Gal(Q(ζN)/Q)
ιN←−
∼

̂(Z/NZ)×.

We have χ(p) = χ(Frobp) for χ ∈ Ĥ, in particular, χ(p) = χ|Dp(Frobp). Thus
∏

χ∈Ĥ(1 −
χ(p)p−s) =

∏
χ0∈D̂p(1− χ0(Frobp)p

−s)g. Since Dp is a cyclic group of order f generated by

Frobp, we have {χ0(Frobp) | χ0 ∈ D̂p} = {ζ if | i = 0, · · · , f − 1}. We have

∏
χ0∈D̂p

(1− χ0(Frobp)p
−s)g =

f−1∏
i=0

(1− ζ ifp−s)g = (1− p−fs)g,

where the last equation follows from (1 − Xf ) =
∏f−1

i=0 (1 − ζ ifX). The equation in (4.6)
follows in this case.

Consider the case p|N . We write N = prM with (p,M) = 1. Let KM := K ∩ Q(ζM).
For any prime ideal pM of OKM dividing p, pM is totally ramified in K (for example by
looking at the corresponding extensions with Q replaced by Qp). In fact Gal(K/KM) ⊂ H
is exactly the inertial group Ip at p. For the prime ideal P ⊂ OK , P|pM , we have N(P) =
#OK/P = #OKM/pM = N(pM). Hence

∏
p|p(1−N(p)−s) =

∏
pM |p(1−N(pM)−s). We have

(Z/NZ)× ∼= (Z/prZ)×× (Z/MZ)×, and by definition χ(p) 6= 0 if and only if χ|(Z/prZ)× = 1.
We have a commutative diagram

Gal(Q(ζN)/Q(ζpr)) −−−→ Gal(Q(ζN)/Q)y y
Gal(K/KM) −−−→ Gal(K/Q)
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Hence for χ ∈ Ĥ, χ(p) 6= 0 if and only if χ is trivial on Ip ∼= Gal(K/KM). Then by Lemma

4.4.1 (2), this is equivalent to χ ∈ ̂Gal(KM/Q). So we have∏
χ∈Ĥ

(1− χ(p)p−s)−1 =
∏

χ∈ ̂Gal(KM/Q)

(1− χ(p)p−s) =
∏
pM |p

(1−N(pM)−s) (4.7)

where the last equality follows from our previous results in the case p - N . This concludes
the proof.

Note L(1, s) = ζ(s) has a simple pole at s = 1 of residue 1. We deduce from Theorem
4.4.5 and Corollary 4.3.4:

Corollary 4.4.6. We have ∏
χ∈Ĥ
χ 6=1

L(χ, 1) =
2r+sπsRKhK

wK
√
|∆K |

.

In particular, L(χ, s) 6= 0 if 1 6= χ ∈ Ĥ. As an application, we prove Dirichlet’s theorem
on arithmetic progressions. Let N > 2, and a ∈ Z. Consider

∑
p≡a (mod N)

1
ps

(that is

absolutely convergent on Re s > 1).

Theorem 4.4.7. We have
∑

p≡a (mod N)
1
ps
∼ 1

ϕ(N)
log(s − 1) as s → 1+. In particular,

there are infinitely many prime numbers p such that p ≡ a (mod N).

Proof. Let χ : (Z/NZ)× → C× be a Dirichlet character. We have (for Re s > 1

logL(χ, s) = −
∑
p

log(1− χ(p)

ps
) =

∑
p

∞∑
n=1

χ(pn)

npns
.

Consider ∑
χ∈ ̂(Z/NZ)×

χ(a)−1 logL(χ, s) =
∑
p

∞∑
n=1

(
(
∑

χ∈ ̂(Z/NZ)×

χ(a−1pn))
1

npns
)
.

Using Proposition 4.4.3, we see∑
χ∈ ̂(Z/NZ)×

χ(a)−1 logL(χ, s) = ϕ(N)
∑

p≡a (mod N)

1

ps
+ ϕ(N)

∞∑
n=2

∑
pn≡a (mod N)

1

npns
. (4.8)

We have

|
∞∑
n=2

∑
pn≡a (mod N)

1

npns
| ≤

∞∑
n=2

∑
pn≡a (mod N)

| 1

pns
| ≤

∞∑
n=2

∑
p

| 1

pns
| =

∑
p

1

|ps|(1− |ps|)

and hence the second term of the right hand side of (4.8) is holomorphic on Re s > 1/2. By
Corollary 4.4.6, we see

∑
χ∈ ̂(Z/NZ)×

χ(a)−1 logL(χ, s) ∼ log ζ(s) ∼ log 1
s−1

and we deduce

hence ϕ(N)
∑

p≡a (mod N)
1
ps
∼ log 1

s−1
.
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Exercise 4.4.8. Prove (without using the theorem)
∑

p
1
ps
∼ log 1

s−1
.

Exercise 4.4.9. Deduce from Theorem 4.4.7 Chebotarev’s density Theorem 1.10.8 in the
case L = Q(ζN) and K = Q

Let χ be a Dirichlet character of conductor f , and ζf be a primitive f -th root of
unity. For a ∈ Z/fZ, consider the so-called Gauss sum (that can be viewed as the Fourier
transform of the function χ on Z/f/Z)

τa(χ) :=
∑

z∈Z/f/Z

χ(z)ζazf .

We put τ(χ) := τ1(χ). Note we have χ̄ = χ−1.

Lemma 4.4.10. (1) τa(χ) = χ̄(a)τ(χ).

(2) τ(χ)τ(χ̄) = χ(−1)f .

(3) |τ(χ)| =
√
f .

Proof. (1) Assume first (a, f) = 1. Then we have

τa(χ) =
∑

z∈Z/fZ

χ(z)ζazf = χ̄(a)
∑

z∈Z/fZ

χ(az)ζazf = χ̄(a)τ(z).

Assume now (a, f) = m > 1, and put f0 := f/m, a0 = a/m. We have

τa(χ) =
∑

z∈Z/fZ

χ(z)ζa0z
f0

=

f0−1∑
i=0

ζa0i
f0

( ∑
z=0,···f−1

z≡i (mod f0)

χ(z)
)

For i = 0, · · · , f0 − 1, if (i, f0) > 1, and z ≡ i (mod f0), then χ(z) = 0. If (i, f0) = 1,
letting H be the kernel of (Z/fZ)× → (Z/f0Z)×, then∑

z=0,···f−1
z≡i (mod f0)

χ(z) = χ(i)
∑
z∈H

χ(z).

Since χ is of conductor f , χ|H is not trivial and hence
∑

z∈H χ(z) = 0. We see τa(χ) = 0.
This conlcudes the proof of (1).

(2) We have

τ(χ)τ(χ̄) =
∑

a∈Z/fZ

τ(χ)χ̄(a)ζaf =
∑

a∈Z/f/Z

τa(χ)ζaf =
∑

a∈Z/fZ

(
∑

z∈Z/fZ

χ(z)ζazf )ζaf

=
∑

z∈Z/fZ

χ(z)
( ∑
a∈Z/fZ

ζaz+af

)
.

If z 6= −1, one easily calculates
∑

a∈Z/fZ ζ
az+a
f = 0. Hence τ(χ)τ(χ̄) = χ(−1)f .

(3) It suffices to show |τ(χ̄)| = |τ(χ)|. We have τ(χ̄) =
∑

z∈Z/fZ χ̄(z)ζzf and hence

τ(χ̄) =
∑

z∈Z/fZ χ(z)ζ−zf = χ(−1)τ(χ).
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Theorem 4.4.11. Let χ be a Dirichlet character of conductor f ≥ 3. Then L(χ, 1) =
−τ(χ̄)−1

∑f−1
a=1

(
χ̄(a) log(1 − ζaf )

)
(recalling log denotes the principal branch of the loga-

rithm).

Proof. Let a ∈ {1, · · · , f − 1}, and consider ua(s) =
∑∞

n=1

ζanf
ns

. Then u(s) is absolutely
convergent for Re s > 1. By Proposition 4.3.2, ua(s) extends to a holomophic function on
Re s > 0 (using

∑
n≤t ζ

an
f = O(1) as t→ +∞).

Claim: ua(1) =
∑∞

n=1

ζanf
n

= − log(1− ζaf ).

We prove the claim. By the proof of Proposition 4.3.2, ua(s) =
∑∞

n=1
1
ns

( ζaf (1−ζanf )

1−ζaf
−

ζaf (1−ζa(n−1)
f )

1−ζaf

)
=
∑∞

n=1

ζaf (1−ζanf )

1−ζaf

(
1
ns
− 1

(n+1)s

)
with the right hand side absolutely convergent

on Re s > 0. Hence ua(1) =
∑∞

n=1

ζaf (1−ζanf )

1−ζaf
1

n(n+1)
. One can directly check

∞∑
n=1

ζaf (1− ζanf )

1− ζaf
1

n(n+ 1)
=
∞∑
n=1

ζanf
n
.

Moreover, we have

lim
z→ζaf
|z|<1

∞∑
n=1

z(1− zn)

1− z
1

n(n+ 1)
=
∞∑
n=1

ζaf (1− ζanf )

1− ζaf
1

n(n+ 1)
,

and for |z| < 1, we have

− log(1− z) =
∞∑
n=1

zn

n
=
∞∑
n=1

z(1− zn)

1− z
1

n(n+ 1)
.

Putting these together, we see ua(1) = limz→ζaf
|z|<1

− log(1− z) = − log(1− ζaf ).

For Re s� 0, we have

f−1∑
a=1

(χ̄(a)ua(s)) =
∞∑
n=1

∑
a∈Z/fZ χ̄(a)ζanf

ns
=
∞∑
n=1

τn(χ̄)

ns
= τ(χ̄)

∞∑
n=1

χ(n)

ns
= τ(χ̄)L(χ, s).

The both being holomorphic on Re s > 0, we deduce hence L(χ, 1) = − 1
τ(χ̄)

∑f−1
a=1

(
χ̄(a) log(1−

ζaf )
)
.

Remark 4.4.12. By a bit more work, one can obtain more user-friendly version of formulas
on L(χ, 1), and hence, combing with Corollary 4.4.6, more user-friendly version of formulas
on class numbers. For example, let K be a quadratic extension of Q with ∆K ∈ Z the
discriminant of K/Q. Let χK : Gal(K/Q)→ C× be the unique non-trivial character. One
can prove that χK is a Dirichlet character of conductor |∆K |. In this case, the term on the
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left hand side of Corollary 4.4.6 is just L(χK , 1). With a bit more work (say, on τ(χK)),
one can prove the so-called Dirichlet’s class number formula:

hK =

−
1
|∆K |

∑|∆K |−1
a=1 χK(a)a ∆K < −4

= − 1
log(ε)

∑[
∆K

2
]

a=1 χK(a) log(sin πa
∆K

) ∆K > 0,

where ε is a fundamental unit of K.

4.5 Adelic point of view (à la Tate)

Let k be R, C or a finite extension of Qp. Let ψ : k → C× be the following (unitary)
continuous character (“unitary” means that Im(ψ) ⊆ S1 := {x ∈ C× | |x| = 1}):

ψ(x) =


e−2πix k = R
e−2πix(x+ x̄) k = C
e2πiλp(Trk/Qp (x)) [k : Qp] < +∞,

(4.9)

where for x ∈ Qp, λp(x) is an element in
∑

n
1
pn
Z such that λp(x)− x ∈ Zp (it is clear that

such element exists and that e2πirp(x) does not depend on the choice of λp(x)).

Remark 4.5.1. For an abelian locally compact group G, one can consider the group G∨

of continuous (unitary) characters on G. The group G∨ can be equipped with the so-called
compact open topology: the sets {W (Z,U)} with W (Z,U) = {χ ∈ G∨ | χ(Z) ⊂ U}, Z
(resp. U) running through compact (resp. open) subsets of G (resp. S1) form a topology
basis. Then a fact is that G∨ is also a locally compact group. Moreover, for k, ψ as above,
one obtains a morphism k → k∨, x 7→ [y 7→ ψ(xy)]. A factis that the morphism is actually
a topological isomorphism (and this is referred to as the self-duality of k).

We define the space S(k,C) of Schwartz functions on k. If k = R or C, then the defi-
nition is standard: S(k,C) consists of smooth functions of rapid decay (see the discussion
above Example 4.1.8). If k is a finite extension of Qp, then S(k,C) consists of locally
constant functions with compact support.

We fix a Haar measure on k such that: if k = R, then dx denotes the standard Lebesgue
measure; if k = C, then dx denotes the twice of the standard Lebesgue measure on C; if k is
a finite extension of Qp, then dx is chosen such that

∫
Ok
dx = N(Dk/Qp)−

1
2 (for a fractional

ideal a of k, Na = pr such that Nk/Qpa = (N(a))).

For f ∈ S(k,C), Fourier transform f∨ of f is defined to be f̂(x) =
∫
k
f(y)ψ(xy)dy.

Note since f ∈ S(k,C), f is absolutely integrable, so f̂ is well-defined. Moreover, one can

show that f̂ ∈ S(k,C) and
ˆ̂
f(x) = f(−x) (actually, we normalize the Haar measure as

above to make this equality hold).
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Let | · | : k → R≥0 be normalized such that

|x| =


|x|R k = R
|x|2C k = C
N(p)− valk(x) [k : Qp] < +∞

where p is the maximal ideal of Ok, and valk(k
×) = Z. We denote by

d×x := δ(k)
dx

|x|
(4.10)

the Haar measure on k×, i.e.
∫
U
d×x = δ(k)

∫
U
dx
|x| (using

∫
aU
f(x)dx =

∫
U
f(au)|a|dx, it is

not difficult to check d×x is invariant under the k×-action) where δ(k) = 1 if k = R or C,

and δ(k) = N(p)
N(p)−1

if [k : Qp] <∞.

A continuous morphism χ : k× → C× is called a quasi-character of k×, and χ is called
unitary if Im(χ) ⊆ S1.

Fact: For any χ, there exist a unitary character χ0 and s ∈ C such that χ = χ0| · |s.
We can now define the local zeta function: for f ∈ S(k,C), χ = χ0| · |s a quasi-character

of k×,

ζ(f, χ) :=

∫
k×
f(x)χ(x)d×x.

It is not difficult to see that ζ(f, χ0| · |s) is absolutely convergent on Re s > 0.

Example 4.5.2. (1) Suppose k = R, f = e−πx
2

and χ = | · |s. Then

ζ(f, χ) =

∫
R×
e−πx

2|x|s−1dx = 2

∫ +∞

0

e−πx
2

xs−1dx = π−
s
2 Γ(

s

2
).

(2) Suppose k = C, f = e−πzz̄ and χ = | · |s. Similarly, one can calculate ζ(f, χ) =
2π1−sΓ(s).

(3) Suppose k is a finite extension of Qp, f = 1Ok , and χ = | · |s. Then

ζ(f, χ) = δ(k)

∫
k×

1Ok | · |s−1dx = δk
∑
n≥0

∫
$nO×K

| · |s−1dx

= δ(k)
∑
n≥0

N(p)(1−s)n
∫
$nO×k

dx = δ(k)N(Dk/Qp)−
1
2

∑
n

N(p)(1−s)n(1− 1

N(p)
)

1

N(p)n

= N(Dk/Qp)−
1
2

1

1−N(p)−s
.

Theorem 4.5.3. The function ζ(f, χ0| · |s) can extend to a meromorphic function on C.

Now let K be a number field. The local Haar measure defined as above gives a Haar
measure dx =

∏
v dxv on AK . We use dx to denote the quotinet Haar measure on AK/K.
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Then one can show that
∫
AK/K

dx = 1. For each place v of K, let ψv : Kv → S1 be the

character defined as in (4.9). And put ψ :=
∏

v ψv : AK → S1. One can check ψ is trivial
on K. Let S(AK ,C) be the space of Schwartz functions on AK , i.e. the space of linear
combinations of funtions on AK of the form f =

∏
v fv where fv ∈ S(Kv,C) and fv = 1OKv

for all but finitely many v. Then one can define the Fourier transform of f ∈ S(AK ,C):

f̂(y) =

∫
AK

f(x)ψ(xy)dx.

A fact is that f̂ ∈ S(AK ,C).

We have a Haar measure d×x =
∏

v d
×xv with d×xv defined as in (4.10). A Hecke

character of K is defined to be a continuous morphism χ : IK/K
× → C×. Similarly as in

the local setting, there exists a unitary character χ0 : IK/K
× → S1 and s ∈ C such that

χ = χ0| · |sK (recall | · |K is trivial on K×). Let f ∈ S(AK ,C), χ be a Hecke character, we
define the zeta function of f at χ to be

ζ(f, χ) =

∫
IK

f(x)χ(x)d×x.

When Re s > 1, f = ⊗fv, one can decompose ζ(f, χ0| · |s) into a product
∏

v ζ(fv, χv) where
χv = χ|k×v . Then it is not difficulet to show that ζ(f, χ0| · |s) is absolutely convergent on
Re s > 1.

Theorem 4.5.4 (Tate). The zeta function ζ(f, χ0| · |s) extends to a meromorphic function
on C satisfying the functional equation ζ(f, χ) = ζ(f̂ , χ−1

0 | · |1−s). Moreover, ζ(f, χ0| · |s) is
holomorphic everywhere except that when χ0 = 1 there are two simple poles at s = 0 with
residue −f(0)2r+sπshKRK

wK
√
|∆K |

and at s = 1 with residue f̂(0)2r+sπshKRK

wK
√
|∆K |

.

Remark 4.5.5. Applying the theorem to the case χ0 = 1, f = ⊗vfv where

fv =


e−πx

2
v Kv = R

e−πxvx̄v Kv = C
1OKv Kv non-archimedean

one obtains the analytic continuation of ζK(s) to the whole complex plane.
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