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Chapter 1

Algebraic integers

We introduce the basic theory of algebraic integers.

1.1 Gaussian Integers

We begin with a famous theorem.

Theorem 1.1.1. Let p be an odd prime number, then there exist a,b € Z such that p =
a’ +b% if and only if p =1 (mod 4).

The direction “only if” is easy. Note p = a? + b* is equivalent to p = (a + bi)(a — bi).
Then it is natural to work with the ring Z[i].

Definition 1.1.2. Let R be a commutative ring (with unit). We call R is euclidean if there
exists f + R — Z> such that for all o, B € R,

1. fla)=0< a=0,

2. flaf) = fla)f(B),

3. if B840, then there exist y,8 € R such that o = By + 6 and f(8) < f(B).
Example 1.1.3. Z is euclidean with f := | -|.

Proposition 1.1.4. If R is euclidean, then R is a principal ideal domain.

Proof. Using the conditions 1&2, one sees R is a domain. Let I be an ideal of R, and let
B € I such that f(f) = mingees f(x). For a € I, there exists § such that a = v+ ¢ and
f(6) < f(B). Since 6 € I, we deduce by the choice of § that 6 = 0. Hence I = (). O

Proposition 1.1.5. Z[i] is euclidean.

Proof. Put f : Z[i] — Zso, a + bi — a* + b>. We check [ satisfies the conditions in
the definition. The conditions 1 and 2 are clear. Let o, € Z[i], 8 # 0. Consider



a/Bf = x4+ yi € C. There exists thus v = a + bi € Z[i], such that |z — a] < 1/2 and
ly — b] < 1/2. We deduce |a/8 — ~|* < 1/2. Putting ¢ := a — 37, we have |§| < |5|. The
proposition follows. []

Corollary 1.1.6. Z][i] is a PID.

Proposition 1.1.7. There exist a,b € Z such that p = a®> + b* if and only if (p) is not
a prime ideal in Z[i|. (Recall an ideal I is called a prime ideal if I D I11y = 1 D I or
I>5).

Proof. If p = a® + b2, then p = (a+ bi)(a —bi). If (p) is a prime ideal then (p) D (a+ bi) or
(p) D (a — bi). Replacing b by —b if needed, we assume (p) D (a + bi). Then there exists
x € Z[i] such that a + bi = px. This implies p = px(a — bi) and hence p(1 — z(a — bi)) = 0.
Since Z[i] is a domain, we deduce z(a — bi) = 1. Hence |z|*|a® + b*| = 1 a contradiction
(noting |z|* € Zso).

Now assume p is not a prime ideal. By definition (and the fact that Z[i] is a PID), there
exist o, B € Z[i] such that p = a8 and that a, 8 are not units. This implies [p|* = |a/|?|3]?.
Since a, B are not units, |a*> > 1 and |3]* > 1 (say, if |a|*> = 1, then a@ = 1 and hence
« is a unit). We deduce then |a|> = |3]*> = p. Writing a = a + bi, we see the “if’ part
follows. [l

Proof of Theorem 1.1.1. We only need to prove the “if” part. By the above proposition, it
suffices to show if p = 14-4n, then p is not prime in Z[i]. Consider the finite field F,. Recall
that the multiplicative group of a finite field is a cyclic group (Exercise). In particular,
is a cyclic group of order p — 1 = 4n. This implies that there exists x € Z such that z* = 1
(mod p), * # 1 (mod p). So x> = —1 (mod p). Hence p|(z® + 1) = p|(x +i)(x —1). If
p is prime, without loss of generality, we have p|(x 4 7). So there exists o = y + zi € Z[i]
such that = + i = p(y + zi) = py + pzi, hence pz = 1, a contradiction. This concludes the
proof. O]

Remark 1.1.8. Some key words in the proof: ideals, units, finite field (residue field).
Definition 1.1.9. We call a finite extension of Q a number field.

Exercise 1.1.10. Let K be a number field, show that there exists a € K such that K =
Q(a).

The ring Z[i| plays a key role in the proof of the theorem. A natural question is that
what is the analogue of Z[i] for an arbitrary number field?

Exercise 1.1.11. Show that Z[2i] is not a PID.

1.2 Integral extensions (commutative algebra)

Definition 1.2.1. Let A — B be commutative rings with 1.



(1) An element b € B is called integral over A if there exists a monic polynomial

f(z) € Alx] such that f(b) = 0.
(2) The ring B is called integral over A if all elements of B are integral over A.

Example 1.2.2. Z[i| is integral over Z: For any o = a+bi € Z[i], o®> —2aa+ (a*+b*) = 0.

Definition 1.2.3. Let K/Q be a number field, o € K is called an algebraic integer, if « is
integral over Z.

Let O := {algebraic integers of K'}.

Proposition 1.2.4. Let A C B be commutative rings with 1, let b € B. Then b is integral
over A if and only if there exists an A-subalgebra C of B that is finitely generated as
A-module such that A[b] C C.

Proof. “Only if”: Suppose b is integral over A. There exists thus f(z) = 2" + a,_ 2" ! +
-+ ap € Alx] such that f(b) = 0. Then we see A[b] is generated (as an A-module) by
{1,--- ,0"'. We can then choose C' := A[b].

“If”: Since C' is a finitely generated A-module, there exist vy, -+ ,v; € C such that
C = Avy + - -+ Avy. Since bC C C (using A[b] C C), there exists M = (a;;) € Mgxi(A)
such that

bUl U1
=M
bvk Vi
This implies
01 b—ap -+ —ay U1
Nf:]=] + . ] =0
VU —ap o b—ag Vg
0
Let N* € Myxr(A[b]) be the adjoint matrix of N, we have N*N [ : | =0, and N*N =
Vg

diag(f(b),--- , f(b)) where f(b) = det(N) is of the form b* + ap_1b*~1 + -+ + ao. Thus
f(b)v; = 0 for all v;, implying f(b)C' =0 = f(b)1 =0 = f(b) = 0. So b is integral over
A. O

Corollary 1.2.5. Let A — B be commutative rings with 1, let o, B € B be integral over
A. Then a+ 3, af are also integral over A.

Proof. Since 3 is integral over A, (3 is integral over Ala]. By the above proposition (and
the proof), A[a][f] is a fintiely generated A[a]-module. Since « is integral over A, Ala] is a
finitely generated A-module. Hence A[c][f] is a finitely generated A-module. Thus a + 3,
af are integral. ]

Corollary 1.2.6. O is a Z-algebra.



Corollary 1.2.7. Let A C B C C be commutative rings with 1. If C is integral over B,
and B is integral over A, then C' is integral over A.

Proof. Let ¢ € C, there exist thus by, --- ,b,_1 € B such that
A H by 4y = 0.

This implies that A[bg, - - - , b,—1][C] is a finitely generated Alb, - - , b,—1]-module. Since B
is integral over A, A[b, - - -, b,_1] is a finitely generated A-module. Hence A[by, - - - , b,,—1][c]
is a finitely generated A-module. So c is integral over A. n

Definition 1.2.8. (1) Let A C B be commutative rings with 1, {x € B | x integral over A}
is called the integral closure of A in B.

(2) If A is morover a domain, we call A integrally closed if A is equal to its integral
closure in Frac(A).

Proposition 1.2.9. Let K be a number field, then Ok is integrally closed.

Proof. If x € K is integral over Oy, by the above corollary, x is integral over Z, and hence
x € O K- ]

Lemma 1.2.10. A UFD R is integrally closed.

Proof. Let K := Frac(R), and let a = § € K with (a,b) = 1. Suppose « is integral over
R, then there exists cg,--- ,c,_1 € R such that

a a
(g)n + Cnfl(g)nil + -+ Cy = 0

which implies a” + ¢,_1ba™ ! + -+ - + agb™ = 0. So b|a", a contradiction. O

Exercise 1.2.11. Let R be a commutative ring with 1, I, J be ideals of R. Suppose I+ J =
R, show that I + J" = R for any n € Z>;.

Example 1.2.12. Og = Z, Oqy;) = Z[i].

Exercise 1.2.13. Let K be a number field, d :== [K : Q| and let « € K such that K = Q(«).
Show that there exists x € Q such that ag := za € Ok, and conclude that O D 7Z.& Loy D
e EB Zagfl.

Proposition 1.2.14. Let A be an integral closed domain, K := Frac(A). Let L be a finite
extension of K, B be the integral closure of A in L. Then b € B if and only if the monic
minimal polynomial of b over K has coefficient in A.

Proof. The “if” part is trivial. For the “only if”” part, it is easy to see that we can replace
L be its normal closure, so that we can assume L is normal over K. Let p(x) be the
monic minimal polynomial of b in K, and let g(z) € A[z] be a monic polynomial such
that g(b) = 0 (since b is integral over A). This implies p(z)|g(x) (as polynomials over K).



However, any root of g(z) are integral over A, and hence any root of p(z) are integral over
A. The coefficients of p(z) € K[z] are polynomially generated by the roots of p(z), hence
are also integral over A. Since A is integrally closed, p(x) € Alz]. This concludes the
proof. O]

Remark 1.2.15. By the proposition, for a number field K/Q, to check if an element « lies
i Ok, we only need to work out its minimal polynomial over Q.

Exercise 1.2.16. Let K be a quadratic extension of Q, describe explicitly the ring O .

1.3 Trace and norm

Let L/K be a fintie extension of fields of degree d. In particular L is a d-dimensional
K-vector space. To any x € L, we associate a K-linear map r, : L — L, a — xa.Let
Try/k(x) € K be the trace of r,, and Ny /k(x) € K be the determinant of 7, and f,(T) :=
det(T'I; — r,) € K[T] be the characteristic polynomial of r,.

Proposition 1.3.1. Let L/K be a separable finite extension, ¥y = {0 : L — K | o|x =
id}. Then we have

L folT) = pex, (T = 0(2)),
. Tryyile) = Tyes, (2,
8. Npjx(x) = [lyex, ().

Proof. Consider K C K(z) C L. Let p(t) be the minimal polynomial of = over K, d; :=
deg(p(t)). Thus K(z) = K ® Kz & --- & Kz® ™. Let {e;}i=1.. 4, be a basis of L over
K(z) (so didy = d = [L : K]). We see {a/¢;}j=0,..a,-1, is a basis of L over K. Suppose

=1, da

p(r) = ah + Cd1—1$d1_1 + -+ ¢p, and let

0 1 0 0
0 0 1 0
A=l0o o o - 0o |ear,m).
—C —C —C - —Cd—1
Then 7’1-(61,"' de1_1617€27." 76d27"' Jededl_l) - (617”. Jedzxd1_1> . We

have det(T'1y, — A) =p(T) = Haesz (T — o(x)). Hence f.(T) = Haezmz) (T —o(x))® =
[Ioes, (T —0o(z)) (noting for all o € 3y, {7 : L — K | 7|k = 0} = ds). We then deduce
Trp r(x) = ZUGEL o(x) and Np/k(z) = HUEEL o(x). O



Corollary 1.3.2. Let K C L C M be finite separable extensions, then Tryr i = Trp i 0 Tryy g,
NM/K = NL/K 1 NM/L-

Proof. Exercise. O]

Remark 1.3.3. The statement in the above corollary actually holds without the separable
assumption.

Corollary 1.3.4. Let A C K be integral closed, B C L be the integral closure of A in L,
then for any x € B, Tr x(x) € A, and Np/k(x) € A.

Proof. Let p(T') € A[T] be the minimal polynomial of z over K, r := deg p(T') = [K (z) : K].
Thus {1,z,--- ,2" '} is a basis of K(z) over K. Writing down the matrix of r, under this
basis, it is easy to see that Trx )k (r) € A and Ng(y)/x(v) € A. By the above corollary
(and the remark), we have Trp k() = Tri )k 0 Trp k@) (2) = [L: K(2)] Trg@)/x(x) € A,
and Ni/x () = Nk © Nejxe) () = Ny s (@) 5. O

Let L/K be a finite extension of fields. We have K-bilinear form

LxL- K, (z,y) = Trp g (xy).

Proposition 1.3.5. Suppose L/ K is separable, then the above pairing (, ) is non-degenerate,
i.e. forx € L, if Trp k(xy) =0 for ally € L, then v = 0.

Proof. Fact (linear algebra): (,) is non-degenerate if and only for any basis e;,--- ,e4 of L
over K, the matrix (Trz,/x(ei€;))1<ij<a € Ma(K) is invertible.

Let a € L such that L = K(a), then {1,a,---,a% '} is a basis of L over K. By the
previous proposition, Trz/x(a’a?) = 3 s o(a’)o(a?). Writing X, = {00, -+ ,04-1}, We
see (Try x(afal)) = AAT for A = (04(a?))o<ij<d—1 (that is a Vandermonde matrice). We
have then det(A) = [, ;(0i(a) — 0;(a)) # 0 (using again L is separable over K). Hence
det(Try/k(a'a?))o<ij<d—1 # 0. The proposition follows. O

Remark 1.3.6. In particular, when L/ K is finite separable, we have a natural isomorphism
L= LY (as K-vector space).

Proposition 1.3.7. Let K/Q be a number field, d = [K : Q]. Then Ok is a free Z-module
of rank d.

Proof. By the exercise, there exist ey, - ,eq € O such that {e;} form a basis of K over
Q, and that
M :=7Ze1 & - D Zeg C Ok.

Let M := {z € K | Trgg(vy) € Z, Yy € M}. Since M C Ok, and Trg/p(Ok) C Z, we
see O C M.



1 i
Z, ‘7 (using the fact (,) induces an
0 i#j

isomorphism K = KVY). It is easy to see that {ej} form a basis of K. We then deduce
M = Ze] @ -- - Ze}.

Let ef € K such that Trxg(eje;) = d; =

In summary, we have

M and M are both free Z-modules of rank d. We deduce then O is also a free Z-module
of rank d (e.g. using the structure theorem of abelian groups). O]
Let oy, -+, aq be a basis of O over Z, {04, ,04} = Xg/q. Put

Ak = det((o4(a))1<ij<n)?.

We see a priori Ak lies in the normal closure of K. Since 0;(Ax) = Ak for all oy,
Ak € Q. It is also clear that Ag is integral over Z, so Ax € Z. Let of,---,a) be
another basis of Ok over Z, and A € GL4(Z) such that (af, -+ ,a)) = (a1, - ,aq)A.
Then det((04(c)))1<ij<n)?® = det((oi(ay))1<ij<n)’|det A = Ag. So Ak is independent
of the choice of the bases of Ok over Z (also independent of the order of the elements in
Y kg, and we call Ag the discriminant of K.

1.4 Prime decomposition

Some history: consider 2" = 2" 4+ 3" = [[y<;<,_1 (% + (y). Here was a false statement:
if {x + 'y} are coprime with each other, then the above equation implies there exists
2; € Z[¢,) such that (x + Cy) = (2).

Example 1.4.1. Consider K = Q(v/—5), in this case O =7 ® Z/—5. In Ok, we have
21=3-7T=(1+2v-5)(1 —2v-5).

We claim 3,7, (1 + 2v/=5), (1 — 2¢/=5) are all prime elements in Ox. We only show that
1+ 2v/=5 is a prime element: if not, write 1 + 2/—5 = a3, with «, B non-unit. We have
Nio(l 4+ 2v/=5) = (14 2v/=5)(1 — 2¢/=5) = 21. If Ngjo(a) = aa® = 1, then o is a
unit. Without loss of generality, we assume N o(a) = 3. Writing a = x + y/=5 (for z,
y € 7Z), we see x* + 5y = 3, that is impossible.

We begin with some prelimianries on commutative algebra.

Definition 1.4.2. Let A be a commutative ring with 1. We call A noetherian if it satisfies
the following equivalent conditions:

1. Every non-empty set of ideals in A has a maximal element;
2. FEvery asscending chain of ideals is stationary;

3. Every ideal of A is finitely generated.



Proof of equivalence of the conditions. (1) = (2) is trivial.

(2) = (1): if (1) does not hold, one can construct an ascending chain that is not
stationary.

(2) = (3): If there exists an ideal I that is not finitely generated. We can then find
elements xq,--- ,x, - -+ such that

(x1>c(5€1,$2)c"'c(371,"' ,xn)g...

= = =

This chain is clearly not stationary.

(3) = (2): Consider an ascending chain of ideals:
LChLC I, C-

Let I :=>"1,:={> a; | a; € I;,a; = 0 for all but finitely many i} = UI,,, that is an ideal
of A. By (3), there exsit aq,- -, € I that generate I. For each «;, there exists n; such
that o; € I,,,. Hence there exists n such that o; € I, for all ¢, and hence I C I,,. So the
chain is stationary. O

Proposition 1.4.3. Let A be a noetherian (commutative) ring, M is a finitely generated
A-module. Then any submodule of M is finitely generated.

Proof. We run an induction on the numbers of generators of M.

If M can be generated by one element e. Then we have a surjective map f: A — M,
a +— ae. For any submodule N of M, f~'(N) is an ideal of A, hence is finitely generated.
We then easily deduce that N is also finitely generated.

Suppose the statement holds if M can be generated by (n—1)-elements. Now suppose M
can be generated by n-elements, say, ey, --- ,e,. Let M; be the submodule of M generated
by ey, and consider

My — M — M/M, =: M.

Let N be a submodule of M. Since M, can be generated by the image of es,--- ,e,, by
induction hypothesis, the image of N in M, is finitely generated. Similarly, M; N N is also

finitely generated. Let nq,--- ,ng, € N such that their image in M, generates the image of
N in M,, and let ng, 41, -+ ,np € N be a generator of M; N N. We can easily check that
N can be generated by {ni,--- ,ng}. O

Be back to number fields.

Theorem 1.4.4. Let K be a number field. Then Ok is a Dedekind domain, i.e. integrally
closed, noetherian, and any non-zero prime ideal of Ok is maximal.

Proof. We have seen that O is integrally closed.

Let I be a non-zero ideal of Ok, then there exists 0 # n € Z such that n € I (e.g. let
« € I, then we can take n := Nk g(c)). We have then a surjection O /n — Ok /1. Since
Ok is a finite free Z-module, Ok /n is a finite set hence so is O /1.

10



Now we show Of is noetherian. Suppose we have an ascending chain of ideals {;} (we
can assume [; is non-zero for ¢ sufficiently large, and then assume I; # 0), we obtain then
Ok/I, - Og/I--- Since |Ok/I| is finite, we see {Of/I;} is stationary. Hence {I;} is
also stationary.

Let p C Ok be a non-zero prime ideal, then Ok /p is a domain of finite cardinality.
This implies O /p is a field, and hence p is maximal. O

Remark 1.4.5. Let I be a non-zero ideal of O. Since Ok /I is fintie, we see I is also a
free Z-module of rank [K : Q.

Theorem 1.4.6 (Unique prime factorization). Let K be a number field, let a be a non-zero
proper ideal a C Ok. Then a admits a factorization

a=pioop,

into non-zero prime ideals p; of Ok which is unique up to the order of the factors.

We begin with several lemmas.

Lemma 1.4.7. For 0 # a C Ok, the following holds:

dpy, -+, pr prime ideals of Ok such that a D py---p,. (1.1)

Proof. Let S be the set: {I non-zero proper ideal of O, I does not satisfy (1.1)}. Sup-
pose the set is non-empty. Since O is noetherian, there exists a maximal element a in
the set. It is clear that a is not a prime ideal. So there exist a, b such that ab € a, a ¢ q,
b ¢ a. We deduce a C a+ (a), and a C a+ (b). Since a is maximal in the set S, a + (a),
a+ (b) do not belong in S. So there exist prime ideals py,--- ,p, (resp. qi,- - ,qs) such
that a+ (a) D py---p, (vesp. a+ (b) D qy---qs). Hence

pro-peti---qs C(a+(a))(a+ (b)) Ca

contradicting a € S. O

Let p be a prime ideal, we define
pli={r e K|zpC O}
It is clear that p~! is an Og-module, and contains O .

Lemma 1.4.8. Let a be a non-zero ideal, then ap™ := {>" a;z; | a; € a,z; € p~'} # .

Proof. We first show p~! # Og. Let 0 # a € p, by the previous lemma, there exist
p1,- -+, P, such that

pD(a)Dpr---p,.

We choose r as small as possible. Since p is prime, there exists ¢ such taht p D p; and hence
p = p; (using non-zero prime ideal is maximal). Without loss of generality, assume p = p;.

11



Since r is minimal, a 2 ps---p,. Hence there exists b € psy---p, such that b ¢ (a) and
hence a™'b ¢ Ok. However bp C (a), that implies that a 'bp C Ok and hence a™1b € p~t.

Now for general a. Assume ap~! = a. Then for all z € p~!, za C a. This implies that
x is integral over Ok (Exercise, hint: using similar arguments in the proof of Proposition
1.2.4). Since O is integrally closed, we see # € Of hence p~! C Ok, a contradiction. [

Exercise 1.4.9. pp~! = O.

Proof of Theorem 1.4.6. We first show the existence of the factorization. Let S be the
set: {I non-zero proper ideal of Ok, I does not admit prime factorization}. Let a be a
maximal element in S, then a is not prime. So there exists p 2 a. So we have a C
p~la C p~lp = Ok. Since a is maximal, p~'a is not in S. So there exists py,--- ,p, such
that p~la=p;---p,. Soa=pp~ta=pp;---p,, acontradiction.

Now we show the uniqueness of the factorisation. Suppose a = py---p, = q1--- 5.
Since p; D qi1---qs, there exists g; such that p; D q; hence p; = ;. Reordering g, we
assume p; = ;. Hence

PP =Py (pre o) = ar (@ qs) = a2

Continuing with the arguments, we deduce s = r and p; = q; (reordering if needed) for all
i. O

Exercise 1.4.10. Prove that any ideal in a Dedekind domain can be generated by two
elements.

Now we define fractional ideals.
Definition 1.4.11. We call a finitely generated Ok -submodule of K a fractional ideal.

Lemma 1.4.12. Let a be a fractional ideal, then there exists c € K*, ag C Ok such that
a = cagp.

Proof. Suppose a is generated by eq,--- ,e,. Let ¢ € K* such that %ei € Ok. Thus
ao := 1a is an ideal of Ok and a = ¢(a). O

For fractional ideals a, b, we define
ab :={) ab; | a; € a,b; € b}, (1.2)
and we define a™! := {z € K | za C Ok }.

Lemma 1.4.13. Let a be a fractional ideal, then aa™! = Of.

Proof. For ¢ € K* | it is easy to check (ca)™! = ¢ 'a~!. Together with the previous lemma,
it suffices to prove the lemma for ideal a C Ok. Using the unique prime factorization, we
write a as py---p,. We claim a=' = p;'---p7l. It is easy to see the lemma follows from
the claim.

12



We prove the claim. By definition, we have p;*---p-* C a~!. On the other hand,
since a~'a C O, we see a ta(p; ---p;Y) € p;t---p;t. Using p; 'p; = Ok, we deduce
a~ ' Cp;teopst The claim follows. O]

Proposition 1.4.14. FEvery fractional ideal a admits a unique factorization a = Hp pvr,
where vy, € Z, and v, = 0 for all but finitely many prime ideals p.

Proof. Suppose a = %ao, with ap € Ok and ¢ € Okg. We have (¢) = Hp p©(© and

ap = Hp pvr(@)  Hence
H p”p(c)a — H pvp(ﬂo)'
p p

So a = Hp pvr(@)=v()  The uniqueness follows easily from the uniqueness of the prime
factorization for integral ideals. O

Let Ji := {a | a fractional ideal in K'}. Then (1.2) defines a group structure on Jx. By
the above proposition, Jx is a free abelian group on the set of non-zero prime ideals p of
Ok. Let P :={aOk | a € K*} C Jg, and put Ck := Ji/ Pk called the ideal class group
of K. For example, we have Cy = {1}. We have the following natural exact sequences:

1= 0 - K" = Pg — 1,

105 K" — Jx - Ckg — 1.

1.5 Class number 1

We define “absolute” norm of ideals. Let a C Ok, we put N(a) := |Ok/al.

Lemma 1.5.1. Let 0 # a C Ok, e, -+ ,eq be a basis of Ok over Z, fi,--- , f4 be a basis of
a overZ, and let A € M, (Z) such that (f1,--- , fa) = (e1,- - ,eq)A. Then N(a) = |det(A)|.
In particular, if a = («), then N(a) = |Ng/g(a)].

Proof. By the structure theorem of abelian groups, there exist a basis €], - - - , €/, of Ok over
Z and ay,- - ,aq € Z>y such that {a;e;} is a basis of a over Z. We have N(a) = a1 ---aq
by definition. Since both {f;} and {a;e;} (resp. {e;} and {€;}) are bases of a (resp. Ok)
over Z, there exists B € GL4(Z) (resp. C' € GL4(Z)) such that

(f17 o 7fd) = (a'lelb e aa'deil)B (reSp- (617 e 7€d) = (6/17 U 7621)0)
We deduce hence |det(A)| = a; - - - ag. The lemma follows. O

Lemma 1.5.2. Suppose a = pi*---p&, then N(a) = [[;_, N(p;).

Proof. By Chinese reminder theorem, we have O /a = [[i_, O /p;". We reduce to show
that for a prime ideal p, N(p¢) = N(p)°¢. Consider the exact sequence (of Ox-modules)

0 — p“t/p® = O /p® — O /pt — 0.
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By an easy induction argument, we reduce to show |p~!/p¢| = |Ox/p|. Let x € p¢=1\ p¢,
and consider the morphism

Ok /p — p</p%, ar azx. (1.3)

The morphism is non-zero hence injective. On the other hand, since we have p¢ C p°+(x) C

p®~t. By prime factorization, we see p¢ + (x) = p°!, and so (1.3) is surjective. This

concludes the proof. O

Corollary 1.5.3. Let a, b C Ok, then N(ab) = N(a)N(b).

Let 0 # p C Ok be a prime ideal, then p N'Z is a non-zero prime ideal of Z (recall any
non-zero ideal of Ok contains certain non-zero integers), say p N 7Z = (p). We have then
an injection Z/p < Ok /p. Thus Ok /p is a finite field of characteristic p. So there exsits
f > 1 such that N(p) = p’.

Lemma 1.5.4. For a prime number p, there are finitely many prime ideals p C Ok such

that p € p.

Proof. Applying prime factorization to the ideal pOk: pOx = p1---p,. Then p € p &
p = p; for some ¢ (Or use the fact that Ok /p has finite cardinality hence has finitely many
prime ideals). O

Corollary 1.5.5. Let M € Z>1, there exist only finitely many ideals a such that N(a) < M.
Proof. By Lemma 1.5.2, Lemma 1.5.4 and the discussion above it, the corollary follows
from the fact that the set {p}*---pl'" | p; are prime numbers and n; > 0} is finite. O

Theorem 1.5.6. The class group Ck is finite.
To prove the theorem, we will show the following statement:

e there exists M > 0 such that for any ideal a C Ok, there exists a € a with N(«) <
MN (a).

Actually, if this holds, then we have N(a 'aOk) < M (noting a 'aOy is an ideal of
Of). However, by the previous lemma, we let a,--- , a; be all the ideals of Ok such that
N(a;) < M. Hence a 'aOk = a; for some 7, and so a ~ ai_1 € (k. This implies C is
finite.

1.6 Lattices

Definition 1.6.1. Let V' be an n-dimensional R-vector space.

(1) A lattice A in'V is a subgroup of the form A = Zwvy + - - -+ Zv,, where vy,--- , v, are
linearly independent in V. We call ® = {>°" , zv; | v; € R,0 < z; < 1} the fundamental
mesh of A.

(2) A lattice A is called complete if m =n, i.e. ARz R=V.

14



Proposition 1.6.2. A subgroup A of V' (equipped with the standard topology of R") is a
lattice if and only if A is discrete, i.e. for all v € A, there exists an open neighborhood U
of v such that U N A = {~}.

Proof. “Only if”: Suppose A = Zv,+- - - Zv,, and vy, - - - , v,, can extend to a basis vy, -+ , v,
of V. For vy =>"" au;. Let U:={x =" 2w | |a;—z;| <lforalli=1--- m;la| <
lfori=m+1,--- ,n}. Itis clear that U NA = {y}.

“If”: Suppose A is discrete, we first show that A is closed in V. For any open neighbor-
hood U of 0 in V, there exists an open neighborhood U’ C U of 0 such that for all z,y € U’,
we have © —y € U (using the fact that V- x V' — V| (a,b) — a — b is continuous). If A is
not closed, there exists x ¢ A such that for all open neighborhood U of 0, (z+ U’) N A has
infinitely many elements (where U’ is associated to U as above). Let v # 72 € (x4+U')NA
that are of the form v; = x + u; for u; € U'. We see 71 — v = u; — up € U. In summary,
for any open neighborhood U of 0, there exists 0 # v € U N T, contradicting the fact A is
discrete.

Let Vi be the subspace of V spanned by A, and let m := dimg V5. Thus there exist
Ug, -+, Uy € A such that {u;} is a basis of Vy. We have thus Ag = Zuy + - - - + Zu,, C A.

Claim: |A/Ag] < o0

We prove the claim: Let @, be the fundamental mesh of Ay, we have thus Vj = Ugea, (5+
®p). In particular, any element v € A has the form v = a +  where 8 € Ay and « € P
(hence av € &g N A). Tt suffices to show that &y N A is finite. However, we know A N ®q is

closed, bounded (hence compact) and discrete (where ®, denotes the closure of ®,), hence
is a finite set. The claim follows.

By the structure theorem of abelian groups, there exists vy,---,v,, such that A =
Zvy + -+ Zvy,. Since {u;} are linearly independent in V), we easily see {v;} are linearly
independent in V4 (hence in V). So A is a lattice. O

Lemma 1.6.3. A lattice A C V 1is complete if and only if there exists a bounded subset
M C V such that V = Uer(y + M).

Proof. “Only if”: One can take M to be the fundamental mesh of A.

“If” Let Vo C V be the subspace spanned by A. Since V' = U,er(y + M), we have
V = Upew(w+ M). For all v € V, and n € Zsy, we havethus nv = w,, + «,, for some
wy, € Vo and «a,, € M. Hence (noting Vj is closed in V)

1 n n . n
v=lim —nv = hm(v——i—a—): lim U—EVO.
The lemma follows. []
We fix a basis ej,--- ,e, of V over R, hence an isomoprhism ¥V = R". We equip R"”

(hence V' via the isomorphism) with the standard measure: Vol({(z;) | 0 <z; <1}) =1.
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Lemma 1.6.4. Let vy,--- ,v, be another basis of V, and let A € GL,,(R) such that
(vla T 7vn) = (617 to aen)A~

Let ® be the fundamental mesh of A = Zvy + - - - + Zv,, then Vol(®) = | det(A)|.

Proof. Writting A as a product of elementary matrices, we reduce to prove the lemma in
the case where A is an elementary matrice. However, this case is clear. O]

We define Vol(A) := Vol(®) (that is independent of the choice of ®).

Theorem 1.6.5 (Minkowski’s lattice point theorem). Let A be a complete lattice in V', X
is a centrally symmetric (i.e. © € X <& —x € X), convez subset of V (i.e. if v,y € X,
then tx + (1 —t)y € X for all0 <t <1). If Vol(X) > 2" Vol(A), then X N A contains a
non-zero element.

Proof. 1t suffices to show there exist 71 # 72 € I' such that (1 + 3X) N (12 + 1X) # 0.
Indeed, if so, there exist x1,2x5 € X such that %xl +m = %xQ + 72 hence 0 # v — 7, =
%IQ—%JIl e XNT.

Suppose {3 X +7},ea are pairwisely disjoint. Thus Vol(®) > > en Yol(@N(y+ :X)) =
> en Vol((v+@)N5X) (noting Vol(®N(y+35X)) = Vol((—y+P)N3X). Since {y+ P} en
is a covering of V, we have = Vol(X) = Vol(3X) = > ven Yol((y + @) N 1X) < Vol(A), a

contradiction. O

1.7 Geometry of numbers and class number 11

Let K/Q be a number field, d := [K : Q]. Let K¢ := K g C = C? X = {r: K — C}.
There exist oy,--+ ,0, : K — R, and 7, -+ , 75 : K — C (that do not factor through R)
such that

Yo = {01,... SO Tl 3 Tes T1y ,75}

In particular, we have d = r+2s. Let v : K — K¢, z — (o1(x),- - ,0.(z), 71 (x), -, Ts(x)).
Let
KR = {(x17"' y s Y1yt 3 Ysy 2150 7ZS) € K(C | T € Rvyz :Z}

It is clear that the morphism ¢ factors through ¢ : K — Kg and dimg Kr = r + 2s.

The C-vector space K¢ = C? is an Hermitian inner product space with the standard
Hermitian inner product: ((x;),(v;)) = >_ ;y;. This induces an inner product (,)x. on
KR, which further induces a Haar measure, that we denote by Vol;, on Ky satisfying that
if ey, -+, eq is an orthogonal normal basis of Kg under (, )., then

Vol ({D aie; [ 0<a; <1}) = 1.

Exercise 1.7.1. We have Vol;({(x1, -+ ,Z32s) € Kg | 0 < Rex; < 1,0 <Imuz; < 1}) =
25,
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Consider the following bijection

j : RT+25 ? KR)
(xla T 7xT+28) — (171, Ty gl + LTrqs+1ly - 3 Trys + Tr42s?,
Tr41 — xr—l—s—l—li; oy Tpgs — ‘/ET‘—‘,-QS?;)'

We define an inner product (z,y)1 = (j(2), J(¥)) ke = D iy x,y,+zgfil 2z,;y;. Denote by

Voly the standard Haar measure on R associated to the standard inner product (z,y)o =
> 2y;. For any Measurable set X C R""25 we have then Vol; (j(X)) = 2° Voly(X).

Proposition 1.7.2. Let 0 # a C Ok be an ideal, then a is a complete lattice in Kr and
Voly (a) = v/|Ak|N(a).

Proof. We show a is a complete lattice. Let vq,--- ,v,49s be a basis of a over Z (recall
a is free of rank r + 2s over Z). It suffices to show that {¢(v;)} are linearly independent
over R. Let A, := (04(v)))1<ij<rt2s- 1t suffices to show det A, # 0. Let a € K such that
K = Q(«). There exists then M € GL,;25(Q) such that

(Ula e 7v7"+25)T - M(]-7 Q- aa'r+28_1)T'

This implies that '
Ay = M(0i(?)) 1<i<ri2s -

0<j<r+2s—1

Since det((oi(a”)) 1<i<rias ) # 0, we see det Aq # 0.

0<j<r+2s—1

We calculate Vol (a). Let

0'1(1)1) Tt Ul(vr-i—Qs)
B = (j_1(0'1<vi)7 e agr+23(vi))T)1§i§r+25 = : '
Im(0r+25 (Ul)) e Im(UT+28(UT+28>)
It is easy to see
I, 0 0
A, =0 I, i, | B,
0 I, —ul

hence |det A,] = 2°|det B]. We see Voly(j7*(a)) = |det B|, that implies Vol;(a) =
25| det B| = | det Ay|. In particular, Vol;(Ok) = /|Ak].

Let By, -+, Ba be a basis of Ok over Z, there exists M € My(Z) such that (ay, -, aq) =
(B1,- -+, B4)M. Thus by Lemma 1.5.1 and Lemma 1.6.4, Vol;(a) = |det M| Vol;(Ok) =
N(a) Vol; (Ox). O

Theorem 1.7.3. Let a be a non-zero ideal of Ok, let c, > 0 for all 0 € X such that
s = Cy and )
[Ie > (%)5\/|AK|N(a). (1.4)

Then there exists 0 # « € a such that |o(a)| < ¢, for all o. In particular, N(o) <[], ¢
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Proof. Let X = {(2,) € Kgr | |2,| < ¢,}. It is clear that X is centrally symmetric,
and convex in Kg. By calculation, we have Vol;(X) = 2"%*7°[[ ¢, (Exercise, e.g. by
calculating Volg(571(X)). By (1.4), we have Vol;(X) > 2""25Vol;(a). By Minkowski’s
lattice point theorem, there exists 0 # o € a N X. This concludes the proof. O]

Corollary 1.7.4. For a non-zero ideal a, there ezists a € a, N(aOg) < (2)*y/|Ag|N(a).

Proof. For any € > 0, the above theorem implies that there exists 0 # « € a such that
N(a) < (2)*\/|Ag|N(a) +e. Together with the fact that N () is an integer for a € a, the
corollary follows. O

This corollary finishes the proof of Theorem 1.5.6.

Remark 1.7.5. There are two key ingredients in the proof of Theorem 1.5.6:

Non-archimedean For M > 0, there are finitely many a such that N(a) < M.

Archimedean There ezists M > 0 such that for all 0 # a, there exists a € a such that N(a) <
MN(a).

Exercise 1.7.6 (1.5.2, 1.5.3, 1.6.3, 1.6.4, 1.6.5 of “Algebraic number theory” of Neukirch).
(1) Let X = {(2,) € Kz | 3, |2| < t}, show that Vol,(X) = 2'7%.

(2) Let 0 # a € O, show that there exists 0 # o € a such that [Nk g(a)] < MN(a) where
M= G(3)VIAk]

(8) Show that in every ideal class of K, there exists an integral ideal a such that N(a) < M.
(4) Show that |Ak| > 1 if K # Q.

(5) Show that A tends to oo with the degree [K : Q.

1.8 Geometry of numbers and group of units
Recall we have an exact sequence
1505 > K*— Jgx = Ckg — 1.

In this section, we study the structure of Q. We first give a multiplicative version of
Minkowski’s theory that we used to prove the finiteness of class numbers. Keep the notation
as in § 1.7, and consider the following commutative diagram

K* —— K —— KX (C*)d 2 ¢~

zl zl logl-\l (1.5)

]Rr-i-s i y Rd b R
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where ¢ denotes the map K& = (C*)? — (R)4, (x;) — (log|z|), N : (C*)* — C*,
(z;) = [Txi, D : R = R, (2;) = Y.y, and i denotes the map

(xlv"' 7377"-{-8) = (gjla"' 7'xT7$T+1/2a"' ,$r+3/2,$r+1/2,“' 7$T+8/2)'

Indeed, it is easy to see ((Kx) C Im(i), then we obtain the map ¢ : Ky — R in (1.5)
(-1'17 Ty Y1, s Ysy R, 725) = (log ’331‘7 T 710g ’$r‘>log ‘yly + IOg |21’7 e 710g ‘ys‘ +
log|zs]). Note also that the composition of upper maps in (1.5) is equal to Ng/g. Denote
by S :={z € K | N(z) = £1}, and V := {& € R™™ | Y oi(x) = 0}. It is clear
that dimg V' = r + s — 1, and ¢ restricts to a map S — V. For z € O, we have
Nk o(Of) C Oy = {£1}. So we have the following composition (induced by (1.5)),

A OE 5SSV (1.6)

Lemma 1.8.1. We have Ker(\) = u(Ok) = {roots of unity in Ok}, that is a finite group.

Proof. By definition, x € Ker(\) < |o(z)| = 1 for all o € ¥, It is then clear that any root
of unity in Ok is contained in Ker(A). Consider the following bounded and closed subset
of KRZ

U={(z1, - ,xq) € Kg | ;] = 1}.

We see U N j(Ok) is compact and discrete, hence is finite. This implies Ker(\) is a finite
group. Thus any element in Ker(\) has finite order, and is a root of unity. O

We want to show that A :=Im(\) is a complete lattice in V' = R™ 71,

Proposition 1.8.2. A is a lattice.

Proof. Tt suffices to show A is discrete. Take U := {(x1,- -+ ,Zr1s) € R™5 | || < t}, then
CHU) = {(21, - Tpyos) € Kp | e < o] < et Vi=1,--+ re7t2 < |ay| < €l/?Vi =
r+1,---,r+2s}. It is clear that £~}(U) is a bounded set in Kg. Since Of is a lattice in
Kg, we have (1(U) N Ok is a finite set. Hence U N A is also a finite set. There exists thus
an open U’ C U such taht U’ N A = {0}, and so A is discrete. O

Lemma 1.8.3. For a € Z~, there are only finitely many, up to multiplication by elements
in O, a € Ok, such that N(«a) := |Ngg(a)| = a.

Proof. Recall [Nk g(a)] = N(aOk). Recall there are only finitely many integral ideal a
such that N(a) = a. Note also that if aOx = SOk, then a = fe for some € € Oj;. The
lemma follows. L

Proposition 1.8.4. A is a complete lattice in V = R"+571,
Proof. For 0 € Y, let ¢, > 0 such that ¢ = ¢, and C' = [[ o ¢o > (2)*y/|dk|. Let

X = {(zy) € K¢ | |25] < ¢r}. Recall by Theorem 1.7.3, there exists 0 # o € 1(Og) N X
(t: Og — Kc¢), in particular, N(«a) < C.
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Observation: For any y € S, let X, := {(zo¥,) | (zo) € X} = {(2,) € K¢ | |2,| <
Colys| = c,}. Since [ ex [¥o| = 1, we have [] ¢, =[], c; = C. We can again apply
Theorem 1.7.3 so there exists 0 # 5 € X, N(Ok) (with N(8) < C).

By Lemma 1.8.3, there exist ay,-- -, ar € Ok such that

e 0 < N() <C,
e all 0 # € Ok, if N(f) < C, then there exist a; and ¢; € Oj; satisfying 5 = ae;.

Let T := SN (U(t(a; 1) X)) where t(a; X = {u(a; x| # € X}. Tt is clear that T is a
bounded set in S.

Claim: S = Ueeolx((L(G)T).

Assume the claim, then V' = £5 = U ox (¢T+X\(¢)). It is easy to see that ¢(T") is a bounded
set in V. This then implies that A is a complete lattice in V.

Proof of the claim: For y € S, there exists 0 # € +(Ok) N X,-1 such that N(8) < C.
Hence there exist a; and ¢; € O such that 5 = as¢;. Hence there exists € X, such that
2y~ = 1(a;)i(e;) and hence y = zu(a; )i(e; ) € o(e; )T O

Theorem 1.8.5. We have Oy = u(K) x Z'71. More precisely, let €1, , €451 € OF
such that A1), , AN€rss-1) form a basis of N(OF) over Z, then for all e € OF, there

Nr4s—1

exist unique jp € u(K), n; € Z fori=1,--- ,r+s—1, such that e = pef" --- €117

The units €, -+ - , €151 in the theorem are called fundamental units (i.e. the units that
form a basis in OF /uk).

Exercise 1.8.6. Let D > 1 be a squarefree integer and d the discriminant of the quadratic
field K = Q(\/ﬁ) Let x1,y1 be the uniquely determined integer solution of the equation
2?2 — dy?> = —4 or in case the equation has no integer solutions, x* — dy?> = 4 such that

1,91 > 0 are as small as possible. Show that %& is a fundamental unit of K.

1.9 Ramification theory

Let L/K be a finite extension of number fields with O C Op the rings of integers. Note
that since both Op and Ok are finitely generated Z-modules, we see Op is a finitely
generated Ox-modules. However, in general, Oy, is not free over O

Let p be a non-zero prime ideal in O, and consider pOy, C Oy.

Exercise 1.9.1. Prove pOp # Oy, (hint: use an argument analoguous to Proposition 1.9.2).

There exist prime ideals Pq,---, P, of Op, e1,- - ,e4 € Z>; such that pOy, =[], B7".
For each ;, B; N Ok is a prime ideal of Ok containing p. Hence P; N Ok = p. We obtain
thus an injection

Both Ok /p and O /B; are finite fields, and we put f; := [Op/fP; : Ok/fp)].
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Proposition 1.9.2. We have Y 7_e;fi=d=[L: K].

Proof. We have |O/pOr| =[], |OL/%B:|%, and |Or/Bi| = |Ox/fp|i. 1t suffices to show
that |Or/pOL| = |Ok /pOk|?. Since Or/pOy, is natural O /pOg-vector space. We need
to show dime, /, Or/pOp = d.

Let ey, , e, be a basis of Op/pOy, over Ok /p, and let a; € Op such that a; = e;
(mod p). The proposition will follow from:

Claim: «,---,q,, is a basis of L over K (so m = d).

Proof of the claim: 1. We show ay,- - , ay, are linearly independent: If not, there exists
Ty, -, &y € Ok such that )" x;a; = 0. By modulo p, we see )" Z;e; = 0in O /pOy.
Since {e;} is a basis, we see ; = 0. So x; € pOr N O = pOk. We want to “divide z; by
p”, i.e. we want to find y € K* such that

(1) yz; € O for all 1,

(2) there exists i such that yz; ¢ p.

Let a be the ideal of O generated by zy, - ,x,. Then (1) is equivalent to 3 € a™!
and (2) is equivalent to 8 ¢ pa~'. The existence of such 3 is thus clear. Then we have
Yo (yz;)oy = 0 hence 1" yzie; = 0 in O /pOy, with yz; not all zero. This contradicts
the fact {e;} are linearly independent.

2. We show L can be generated by oy, -, a,, over K. Let M := Ogaq + - -+ Ogay,.
Since {e;} is a basis of O, /p, we see M/(pOrNM) = O /pOy, or equivalently, M +pO;, =
Oy (as Og-module). Consider O /M, that is a finitely generated Ogmodule, and we have
p(Op/M) =0Or/M. Let v, ,7 be a set of generators of O /M over O. There exists
thus A = (a;;) € Mi(pOk) such that (1, - ,v) = (7, ,)A. Let B:=1I; — A, and
we see (1, , 1) B =0. Let § := det(B) € 14+pOk, in particular, 5 # 0. We see fv; =0
for all v, € Op /M. So O, C M, and hence L = K M. O

Suppose pO; = [[_,B5* with e; € Z>;. The number e(P;/p) := e; is called the
ramification index of P; over p. If e(P;/p) = 1, P, is called unramified over p; if P,
is unramified over p for all 7, then p is called unramified in L. If e(;/p) = 1, and
f(B:/p) := fi =1 for all 4, p is called split in L. If pOy, is prime in Of, p is called inert in
L. The following lemma is straightforward.

Lemma 1.9.3. Let M D L D K, ¢ be a prime ideal of Oy, B = NOp, p:=pN0Ok =
BN Ok. Then e(p/p) = e(p/B)e(B/p), flo/p) = flo/B)f(B/p).

Let 0 € Op such that L = K(0). Let p(x) € Ogl[z] be the minimal polynomial of ¢
over K (so degp(z) =d = [L: K]). Consider the Og-algebra O[] = Ox + O +--- +
Ok C Or.

Lemma 1.9.4. |O./Ok[0]] is finite.
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Proof. Let ay,--- ,ay, be a set of generators of O, over Ok. Since a; € L = K(0), there
exists a; € Ok \ {0} such that a;a; € Oklf]. Hence there exists a € Ok \ {0} such that
aOp, C Okl#]. The lemma follows easily from the fact O /aQy, is a finite set. O

By the lemma and the proof, we see the set {a integral ideals | a C Og[0]} is non-
empty. Note that if a,a’ C Ok[f], then a + a' C Ok[f]. Hence there exists a unique
maximal element .%y in the set, that we call the conductor of Okld].

Proposition 1.9.5. Let p be a prime ideal of Ok, and suppose p is relatively prime to
Fy. Let p(w) == py(x)* - -p,(w) be the factorization of p(x) € Ok /p[x] into irreducible
polynomials in O/ fp[x]. Let p;(z) € Oklx] satisfy

pi(x) is monic,

det pi(z) = degp; (),

pi(x) = Ppi(x) (mod p).
Then {B; := pOr + pi(0)OL} are exactly all the different primes of O above p with
e(Bi/p) = e and f(PB;/p) = det p;(x).

Proof. Consider the natural morphism of Og-algebras f : Og[0]/p — Op/p. We show f is

an isomorphism. Since p is relatively prime to %y, we have
OK[G] +pOp D Fo + PO =0y (17)
and so f is surjective. The injectivity of f is equivalent to pOp N Ok 0] = pOk[]. The
direction “D” is clear. Let = € pO,NOkIA]. By (1.7), we see FyNOx+p = Ok (Exercise).
There exist a € %N Ok and b € p such that a+b = 1. We see x = z(a+b) = za+xb. We
have za € p.Fy C pOk|0], and xb C pOk[f]. Hence x € pOklf)], the direction “C” follows.
We have Ok[z]/p(x) = Ok|0], x — 0. Let k := Ok /p, and we deduce

g

Ox[0]/p = Ok 2]/ (p. p(x)) = kla] /p(x) = [ | kl2]/Bi(x)".

i=1
We see
{prime ideals of O /p = Okl[0]/p} +— {p;(x)}.

Note also that the kernel of O — Or/p = Ok[0]/p — klx]/p;(x) is B, = pi(0)Ok 0] +
pOL = pi(0)OL + pOy, (using Okl[f] +p = Op). Since Or/B; = klz]/pi(z), f(Pi/p) =
deg (). Since [[L_, 5,(x)"* = 0 € Oxlz]/(p, p(z)) = Oc[8]/p = O /p, we seo [[2_, B €
p (so e(P;/p) > e;). However, we have > 7  e;f; = d, we conclude by Proposition 1.9.2
that e(;/p) = e; for all i. This finishes the proof. O

We can define the discriminant of (the Ox-module) Okf] over Ok:
d(Ok|0]) == det((0:(6”) o<ij<a)®,

where ¥,k = {00, ,04-1}. We have
d(Okl0]) = H(Ui(e) —0;(0))? € Ok \ {0}.
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Lemma 1.9.6. Keep the above notation, let p be a non-zero prime ideal of Ok. Then
p|d(Okl0]) if and only if the mod p reduction p(x) € k[z] of p(x) is not separable.

Proof. Let M be the Galois closure of L over K. In Oy[x], we have thus p(z) = [[, (z —
0i(0)). For a prime ideal Plp of Oy, we have p(x) = Hf;ol (z — 0:(9)) € On/Blz]. Soe
p(x) is separable if and only if 0;(6) # 0,(0) or equivalently ¢;(0) — o;(6) ¢ B for ¢ # j.
This is further equivalent to B 1 d(Ok|[0]) < p 1 d(Ok|b]). O

Corollary 1.9.7. For L/K, there are only finitely many p C Ok that are ramified in Op.

Proof. Let 0 € Op, be as above (with p(x) the minimal polynomial of § over K, and %
the conduction of Oklf]). We only need to there are only finitely many p C Ok that are
ramified in Oy and that are coprime to .%. But by Lemma 1.9.6 and Proposition 1.9.5,
such p has to divide d(Ogl6]). The corollary follows. O

1.10 Ramification and Galois theory

Suppose L/K is a Galois extension of number fields. Let a C O be an ideal, and o €
Gal(L/K). We denote by o(a) :={o(z) | z € a} C 0(Or) = Or. One easily sees that o(a)

is also an ideal of Oy.

Lemma 1.10.1. Let B be a prime ideal of Or, then o(*B) is also a prime ideal of Op.

Proof. Suppose ab C o(fP). Then o~ *(a)o~*(b) C B. Since P is prime, we have o~ (a) C
B or o-1(b) CP. Hence a C o(P) or b C o (P). O

Let p be a non-zero prime ideal of Ok, and PB|p be a prime ideal of Op. Since PN Ok =
c(PBNOk) =0c(P) N Ok, we see a(P)|p.

Proposition 1.10.2. Let p be a non-zero prime ideal of Ok, then Gal(L/K) acts transi-
tively on {Bi C O | Pilp}. Morcover, e(Bi/p) = e(F;/p) =: eand f(Pi/p) = f(F;/p) =
[ for all ;. 3 p.

Proof. Let B|p, and suppose there exists P;|p such that for all o € Gal(L/K), o(B) # Bs.
So P, and {o(P)} are coprime, and there exsits hence = € P; and = ¢ o(*P) for all o.
The latter means o(z) ¢ B for all o. However [], cqui/r)o(z) € BiN Ok =p C P,
contradicting B is prime. The first part of the proposition follows.

Let B; = o(P). We write p = PLF/Pa where a is coprime to 8. Then o(p)
‘Bf(m/p)a(a) with o(a) coprime to ;). Since p = o(p), we deduce e(*B/p) = e(Bi/p).
Finally, o induces a bijection O /B = O /%;, and hence f(P;/p) = fF(B/p).

|

Put g :== {8 C O | Blp}|, we have hence n = efy.

For a non-zero prime ideal P C O, put Dy = {0 € Gal(L/K) | o(P) = B}.
For o inGal(L/K), it is easy to check D, = 0Dgo™!. Let Hy := L"* hence Dy =
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Gal(L/Hsy). Denote by Bp := B N Oy, that is a prime ideal of Op,. By Proposition
1.10.2, we easily deduce

Lemma 1.10.3. We have Dy = e(B/p) f(B/p).

Proposition 1.10.4. (1) The ideal B is the unique prime ideal of Op such that B|Pp.

(2) We have e(B/Bp) = e(B/p) (b =B N Ok), f(B/pp) = f(B/p), e(Bp/p) =1 and
fBp/p) =1.

Proof. (1) We know Dy = Gal(L/Hsy) acts transitively on the prime ideals of O above
LBp. However, o(P) =P for all 0 € Gal(L/H,). (1) follows.

(2) We have by (1) e(B/Bp)f(B/Bp) = Dy = e(P/p) f(P/p). Together with Lemma
1.9.3, (2) follows. O

For 0 € Dy, o induces @ : O /P — Op/B. We put kg := O /B, and O /p. We have
hence a morphism
Dy — Gal(ky/ky), 0 — . (1.8)

Denote by Iy the kernel of the above map, i.e.
Iy ={0 € Gal(L/K) | o(z) =2 mod P, Vz e O}
Proposition 1.10.5. The morphism Dy /Iy — Gal(ky/ky) is an isomorphism.

Proof. First by replacing K by Hgy, we can reduce to the case where Dy = Gal(L/K).

The injectivity is by definition. Let o € Op, such that the reduction @ € ki satisfies ky =
ky(@). Let f(x) € Ok|x] be the minimal polynomial of « over K, and p(z) be the minimal
polynomial of @ over k. Since L is Galois over K, we have f(z) = [, cx k(a1 (@ —0(@)).
By modulo B, we get f(z) = [oesx oy m)(@ — o(a)) € ky[z]. Since f(@) = 0, we see
p(x)|f(z). Thus for all 7 € Gal(ky/k,) (that is determined by 7(@)), there exists o €
S (K ()/K) such that o(a) = 7(@). Recall Gal(L/K) — %(K(a)/K). Let 6 € Gal(L/K)
such that 6(a) = o(«). Then (1.8) sends ¢ to @. This concludes the proof. O

Let Uﬁp = LLp, m[ = ‘,Bﬂ OU‘B'

Proposition 1.10.6. We have e(B/B;) = e(B/Bp) = e(B/p), e(Br/BVp) =1, fF(B/frr) =
L and f(B:1/Bp) = f(B/Fp) = f(B/p).

Proof. Since {0 € Gal(L/Usy) | o(z) = = (mod P)} = Gal(L/Uy), applying Proposition
1.10.5 to the case K = Usy, we see Gal(ky/kyp,) = 1. Hence f(B/9r) = 1. The others then
follows from Lemma 1.9.3. O

In summary, for a finite Galois extension L/K, and *B|p. We obtain K C Hy C Uy C L

such that Gal(L/Uy) = Iy, Gal(L/Hy) = Dy, [L : Ug] = e(B/p), [Uy : Hyp] = f(B/p),
[Hy : K] =g.
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Chebotarev’s density theorem (statement)

Let L/K be a finite Galois extension. Let p be a non-zero prime ideal of Ok, B be a prime
ideal of Op, Blp. We have then Dy = Gal(ky/ky). Let ¢ := |ky|. Then Gal(ky/ky) is
generated by Frob, :  — 29. We have thus

Lemma 1.10.7. Keep the notation.
€ Gal(L/K) such that ( )(x) = 27 (mod P).

(1) There exists a unique element (

(2) Let o € Gal(L/K), then

&)

(45) o (45)

Proof. Exercise. O]

We use (L/TK) denote the conjugacy class of (L/TK) for P|p.
Let Pk be the set of prime ideals of Ok, and let S C Pg. The Dirichlet density of S

is defined to be S NG
p —S
(S) =1l L.
e Tper Np)

One can also define the so-called natural density

_ iy P ES NP < mil
(&)= I TN ) < m)]

One can show that if §y(S) exists then 6y(S) = 6(S).
We can now state the Chebotarev density theorem:

Theorem 1.10.8. Let L be a Galois extension of K. For o € Gal(L/K), let (o) be the
conjugacy class of o. Then the set

L/K
S = {p € Pk : p is unramified in L and (—— / ) = (o)}
has Dirichlet density 6(S) = #?/'K)I

Remark 1.10.9. In particular, for any o € Gal(L/K), there exists infinitely many prime
ideals B of O such that (L/TK) =o0.

Hilbert class field (statement)

Suppose L/K is a finite abelian extension, i.e. L/K is Galois and Gal(L/K) is abelian. In

this case, we have LIKY has a unique element, still denoted b / K . Suppose moreover
“r y
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L/K is unramified for all prime ideals in O, thus (L/TK) is well-defined for all p. For a
fractional ideal a = [ p{’, we put

(L/_K) ~11 (L/_K) € Gal(L/K).

a pi
In this way, we get a well defined map Jx — Gal(L/K).

Lemma 1.10.10. Let Ly, Ly be finite Galois extensions of K.

(1) Let p be a prime ideal of O, suppose p is unramified in Ly and Ly, show p is
unramified in Ly Ls.

(2) Suppose L1/K, Ly/K are abelian, show that L1Lo/K is abelian.
Proof. Exercise. O

We call L/K is unramified if L/K is unramified for all prime ideals on O, and for any
0:K — C,and o, : L — C with o1|x = 0, we have Im(c) C R < Im(o) C R.

Definition 1.10.11. We call the mazimal abelian unramified extension H of K the Hilbert
class field of K.

Theorem 1.10.12. Let H be the Hilbert class field of K, then the morphism Jx —
Gal(L/K) factors through an isomorphism

CK = JK/PK % Gal(L/K)
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Chapter 2
Local fields

2.1 p-adic numbers

We have maps - -+ Z/p"™* raZ/p™ — --- — Z/p (that form a projective system), and we
put

Zy =M Z/p"Z = {(x,) € | [ 2/"Z | Zaii = @, € Z/1"L}.
We define the addition and multiplication on Z,:

{m) + (yn) = (0 + yn)

(%)(yn) = (xnyn)
Note we have an injective ring homomorphism Z — Z,, x +— (T (mod p")).
Exercise 2.1.1. Show that p™Z, = {(z,) € Z;, | x, =0 (mod p™), Vn > m}.

Proposition 2.1.2. Z, is a domain, and the unique maximal ideal of Z, is pZ,,.

Proof. Suppose (z,)(y,) = 0, and (z,) # 0, (yn) # 0. There exists k such that x; # 0,
yr. # 0. So there exist 4, j < k such that x;, € p'Z/p*\p"™Z,/p" and yi, € pP'Z/p"\p’ ' Z,/p*.
For any N >k, we have xy & p"™Z/pN, yny & pPPT1Z/pN. If N > max{k,i+ j + 2}, we see
ryyn # 0 in Z/p", a contradiction.

We have Z,/pZ, = Z/p, (x,) — 1. Hence pZ, is a maximal ideal of Z,. For any
x = (z,) € Z,\pZ,, and for all n € Z>, there exists a unique y,, € Z/p" such that z,y, = 1.
Since Tp;1 = 2, we deduce by the uniqueness that 7,51 = y,. Thus y = (y,) € Z, and
xy = 1. This implies that pZ, is the unique maximal ideal. O

Exercise 2.1.3. Any non-zero ideal of Z, is of the form p™Z,.

The ring Z, is equipped with a natural topology with an open basis given by {x +
"Ly} wcz, nez-, - This topology can be defined in the following more conceptual way: con-
sider Z, = @n Z/p" — 11,Z/p". We equip each Z/p™ with the discrete topology, and
IL,Z/p™ with the product topology, and Z, with the induced topology.
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Exercise 2.1.4. Check that the above two topologies on Z, coincide.

Lemma 2.1.5. Z, is a topological ring, i.e. the operations
Ly X Lyy = Ly, (x,y) =  + Y,

Zp X Zp — Zp7 (I7y) = l'y,
Ly = Ly, x> —1.

are continuous.

Proof. Exercises. O

Proposition 2.1.6. Z, is complete, i.e. any Cauchy sequence has a limit in Z,. And Z is
dense in Z,.

Proof. Let {a,} be a Cauchy sequence in Z,. Thus for any m € Z>;, there exists N such
that for any ny,ny > N(m), a,, — an, € p"Z,. This implies that for any n > N(m), the
image of a,, in Z/p™ is independent of n, that we denote by b,,. Let b := (b,,). It is easy
to see b € Z, and for all n > N(m), a, —b € p"Z,. Thus b is a limit of {a,}. One can
check that b is the unique limit of {a,} (exercise).

For any = = (z,,) € Z,, let Z,, be a lifting of x,, in Z. Then = — z,, € p"Z,. Hence Z is
dense in Z,,. O

We define @, to be the fractional field of Z,. Since Z) = Z, \ pZ,, we see for any
element x € Q,, there exists n € Zx such that p"z € Z,. We equip Q, with the topology
such that an open basis is given by {z + p"Z,}vc,nezs, -

Next we give an “alternative” construction of Q, using p-adic norm on Q: Put |- |, :
Q — R such that [p"¢|, := p™" where a, b € Z # {0}, and a,b are prime to p, and that
|0|p = 0.

Proposition 2.1.7. We have:
(1) |x|, = 0 if and only x = 0.
(2) lagly = Il
(3) (Non-archimedean) |x + y|, < max{|z|,, |y|p}

Thus | - |, is a metric.

Proof. (1) and (2) are clear. For (3), we have (suppose r < s)

a ¢ a oo ad+piTlbe
P+ =p(T+p d)—p( > ),

hence (the equality follows from (2) and the inequality follows from (p, bd) = 1)

a ad 4 p°*~"be -
b b =P

(3) follows. O

T sC —r
P+l =r(
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Remark 2.1.8. By the proof, we see if |x|, # |yl|,, then |z + y|, = max{|z|,, |y|,}-

We can define an additive p-adic valuation (that determines | - |, and vice versa): val, :
Q — Z U {+o0}, val,(0) := +oo, and val,(p"}) = r (for a,b € Z \ {0}, (ab,p) = 1). We
have then

(1) val,(x) = +o0 if and only z = 0,
(2) valy(zy) = val,(x) + val,(y),
(3) val,(z 4+ y) > min{val,(z), val,(y)}.

Proposition 2.1.9. Q, is the completion of Q with respect to | - |,

Proof. Let {a,} be a Cauchy sequence in Q. Then the set {a,} is bounded. There exists
thus M € Zs such that [pMa,|, <1 for all n.

Claim: Ifa € Q, |a|, <1, then for any € > 0, there exists b € Z such that |a — b|, < e.

We prove the claim. Since |af, <1, a = £ with (s,p) = 1. So for an integer b, we have
a—b="2"5 TLet N € Zs; such that p~¥ < e. Since (s, p) = 1, s is invertible in Z/p". We
let b € Z be a lifting of s~'r in Z/p". We have |a —b|, <p™ <e.

By the claim, we see the Cauchy sequence {p™a,} is equivalent to a Cauchy sequence
{b,} with b, € Z. However, {b,} is a Cauchy sequence for | - |, is equivalent to {b,} form
a Cauchy sequence in Z,. We let b := lim,, b,, € Z,. In this way, we get a map from the
completion of Q (with respect to |- |,) to Q,, {a,} — p~b. Tt is straightforward to check
this map is a homemorphism. O

We can now define |z|, for z € Q,: let {z,,} be a Cauchy sequence with z,, € Q that
converges to z, then |z|, := lim, |z,|, = |zy]|, for N sufficiently large. One eaisly check
the statements in Proposition 2.1.7 hold for | - |, on Q,.

Lemma 2.1.10. Z, = {x € Q, | |z], < 1}.

Proof. Let x € Q, such that |z|, < 1. By the claim in the proof of Proposition 2.1.9, we
can find a Cauchy sequence in Z that converges to z, hence x € Z,,. O

Exercise 2.1.11. Let a, € Q, for n € Zsg, then >~ a, converges in Q, if and only if
limy, 00 [Gn |, = 0.

Lemma 2.1.12. Every element x in Q, can be written uniquely of the formx =3 an,p",
with a, € {0,--- ,p—1}.

Proof. For the uniqueness, if >° o a,p" =3 b,p™, letting m be the minimal inte-

n>=—oo
ger such that b, # am, we see 0 = 3+

0 (bi — a;)p". However, | Z;o;(bl —a)pl,=p™
contradiction.

, A
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For the existence of the form, by multiplying = by p™ for M sufficiently large, we can

and do assume = € Z,. Now we choose a,, € {0,---,p— 1} for n such that Zi:o app" =
(mod p*) for all k. One easily checks z = ::’0 a,p". n

Exercise 2.1.13. In Q3, expand —% in the form of the lemma.

2.2 Absolute value

Definition 2.2.1. A wvaluation field (or a normed field) (K,|-|) is a field k together with
an absolute value: | -|: K — Rxq such that

(1) |x| =0 if and only if x =0,

(2) |vy| = |||yl
(3) |z +y| < |z|+|y|.

The norm | - | is called non-archimedean if |x + y| < max{|z|,|y|}. Two norms |- |1, | |2
on K are called equivalent if there exists v > 0 such that |- |5 = |- |1.

Let (K,|-|) be a valuation field, | - | defines then a topology on K such that U(a,¢€) :=
{z € K | |z — a| < ¢} form an open basis.

Example 2.2.2. The followings are valuation fields: (Q,|-]), (Q,|-],), (R,|-]), (Qp,|-p)-
Proposition 2.2.3. Let (K,|-|) be a valuation field. Then there exists a unique valuation

field (l?, | - |z) such that

1. K is a subfield of K, and the restriction of | - |z on K is equal to | - |.
2. K is dense in IA(,
3. K is complete for |- %,

4.9 f + (K,|-|) = (L,| - |1) is an embedding of valuation fields (i.e. |- |p ~ |- |
when restricted to K) with L complete, then f extends uniquely to an embedding
f(K, | |zg) = (L,]-|z) of valuation fields.

Proof. Define K to be the completion of k via | - |. Let (ay), (bn) be two Cauchy sequences
in K, one can check

e (ayb,), (a, +b,) are Cauchy sequences in K,

o if (a,) ~ (an), (b,) ~ (bn), then (anbn) ~ (anby,), (an +bn) ~ (a, +0,).
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Then K has a natural algebraic structure: for equivalent classes (an), (by) of Cauchy
sequences in K, define (a,)(b,) := (a,b,) and (a,) + (b,) := (a, + b,). For a Cauchy
sequence (a,) » (0) (noting this implies there exist ry, ro > 0 and N € Z>; such that
r1 < |an| < ro for n > N), (a;!) (removing the terms a,, = 0) is a Cauchy sequcence in
K and (a;')(a,) = (1). Thus we see K is a field. For z € K, represented by (a,), we
put |z|z = lim,, |a,|. By definition, the properties 1, 2, 3 hold for K. For 4, we define
]?: K — L, (a,) + lim, o f(a,). Actually, it is straightforward to check if (a,) is a
Cauchy sequence in K, then (f(a,)) is a Cauchy sequence in L, and that if (a,) ~ (a}),

n

then (f(an)) ~ (f(a.)). The existence of (K, |- | #) follows. The uniqueness follows from
the properties 4 and 1. O

Definition 2.2.4. An additive valuation v on K is a map v : K — RU{+0o0} such that

1. v(x) = 400 if and only if x =0,
2. v(zy) = v(x) +v(y),
3. v(r +y) > min{v(x),v(y)}.

Two additive valuations vy, vy are called equivalent if there exists r > 0 such that vy = rvy.

The following lemma is clear.

Lemma 2.2.5. Let ¢ > 1, the map v — [z — ¢ @] gives a bijection between the set of
additive valuations on K and the set of non-archimedean norms on K, where the inverse
is given by | - | = [x — —log,(|z]).

Theorem 2.2.6 (Ostrouski). Let | - | be a non-trivial norm on Q.
(a) If | - | is archimedean, then |- | is equivalent to the standard absolute value | - |-
(b) If | - | is non-archimedean, then it is equivalent to | - |, for prime number p.

2.3 Non-archimedean valuation field

Let (K, |-|) be a non-archimedean valuation field, let v be an associated additive valuation.

Lemma 2.3.1. |z + y| = max{|z|, |y|} of |x| # |y|.

Proof. Suppose |z| > |y|, then |z| < max{|x + y|,| — y|}. Note | —y| = | — 1|ly| = |y|
(|1-z| = |z| = |1||z| = |1] = L and |(=1)(—1)| = |1| = | — 1] = 1). The lemma follows. [

Lemma 2.3.2. Let r > 0, then {x € K | |z| <1} is an open subset of K.

Proof. For any a € {x € K | |[z| <7r},0<s <r,wehave {z € K | |t —a| < s} C{z €
K ||z| <r}. O

Put O ={z e K| |z| <1} ={zr € K | v(z) > 0}.
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Lemma 2.3.3. Ok is a subring of K.
Proof. Let x, y € Ok, then |zy| <1, and |z £ y| < 1. O

We call Ok the valuation ring of (K, |- |).

Proposition 2.3.4. Two non-trivial non-archimedean norms | - |, and | - | on a field K
are equivalent if and only if their valuation rings are the same.

Proof. “Only if” is clear. Suppose for any = € K, |z|; < 1 if and only if |z]; < 1. Let
b € K such that |b|; > 1, there exists r > 0 such that |b|, = |b|}. For any x € K\ {0}, there
exists p such that [z|; = [bf. For any u,v,u/,v" € Z such that v,v" # 0 and & < p < Z—:,
we have |b|1% < x| < |b|?, that is equivalent to |0*/x%|; < 1 and |z¥'/b*|;, < 1. Hence
b%/2%]); < 1 and |2¥' /0¥ |, < 1, and thus |b[§ < |zfp < [b]3". Let % and Z—: converge to p,
we see |z|s = [b|5 = |z|] and hence | - |1 ~ | - |2 O
Definition 2.3.5. If v|o,\foy has discrete image, then we call Ok a discrete valuation

Ting.

Remark 2.3.6. Let Ok be a discrete valuation ring, then v(K \ {0}) is a lattice in R. We
call the valuation v normalized if v(K \ {0}) = Z.

Example 2.3.7. Z, is a discrete valuation ring.

Proposition 2.3.8. Let (K, |-|) be a non-archimedean valuation field.

(1) Ok is integrally closed and is a local ring with mazimal ideal my := {x € K | |z| <
1} (a ring is called local if it has a unique mazximal ideal).

(2) Let K be the completion of K, then O is the completion of Ok under | -|. If
T € mg is a non-zero element, then one has a canonical isomorphism (where Ok /7™ is
equipped with the discrete topology)

Op = r%no,(/w” ={(zn) € [[ Ok /7" | #ns1 =2, (mod 7")}.

n>1

(3) If | | is a discrete valuation, then mg is principal and all the non-zero ideals of Ok
are of the form my with n € Z>.

Proof. (1) Let z € K and suppose " + @, 12" ' + -+ + a9 =0, a; € Og. If |z| > 1, then
|z" > |a;z’| for all i =0,--+ ,n—1. So 0 = |2" + - - 4+ ao| = |2"| > 1, a contradiction.

(2) Let z € Op C IA(, thus = = lim, , a, with a, € K. Since |z| < 1, we have
la,| < 1 for n sufficiently large. This implies x € Ok (i.e. the completion of O under
| -]). Conversely if z € Ok, then it is clear that |z|p < 1.

For any z € Op = (/’);, let (a,) be a Cauchy sequence in Ok that converges to z. By
removing certain terms, we can and do assume |z —a,| < |7|" that implies |a,, — a,| < |7|"
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for m > n. Thus |[77"(am —an)| < 1 & 7 "(am — an) € Ox < ay — a, € 70k If
(a!)) is another Cauchy sequence that converges to x satisfying the same condition, we see
la!, — a,| < |7|™ and hence a!, — a,, € T O by the same argument as above. In particular,

we obtain a well-defined map

Op — @OK/W", x> (an).

It is straightforward to check this map is a bijective ring homomorphism and is a homem-
orphism (Exercise).

(3) Suppose |-| is discrete, and let v be the corresponding normalized additive valuation.
Let oo € Ok such that v(a) = 1. For § € mg, v(f) € Zso and hence v(f/a) > 0 =
f € aOk. Thus mg = aOk. Let I be a non-zero ideal, and let m := inf{v(z) | x € I}.
Thus For z € I, v(z/a™) > 0 hence x € a™Ox = m}. If © € I satisfies v(z) = m , then
a™ € xQkg C I. Thus [ = mY. ]

Definition 2.3.9. Let (K, |- |) be a non-archimedean valuation field. We call Ok /my the
residue field of Ok. If Ok is a discrete valuation ring, we call a generator ™ of mg a
uniformizer of K (or of Ok ).

Proposition 2.3.10. For a domain R, R is a discrete valuation ring if and only if R is a
local Dedekind domain.

Proof. The “only if” part follows from the above proposition. Suppose R is a local Dedekind
domain, and let m be the unique maximal ideal (that is also the unique non-zero prime
ideal). Let z € m \ m?, using prime factorization (since R is Dedekind), we have m = (z).
For 0 # y € R, there exists a unique v(y) € Zso such that y € m*® \ m*@+1. So v(y) is
the integer such that y € x*® R*. One can check the map v : R — Zsq, y + v(y) defines
a discrete valuation on R. [

Let K be a complete discrete valuation field. Let S C Ok be a set of representatives of
Ok /mg =k, and let 7 be a uniformizer of K

Lemma 2.3.11. For all x € K, = can be uniquely written as x = a,7", a, € 5.

n->>—oo

Proof. 1t suffices to show for x € Ok, x can be uniquely written as :i% a,m". Let

ap € S be the unique element such that x —ay € 7Ox. We use induction to construct
{a;}: suppose there exists ag, - - ,a; € S such that x — 3% a;n/ = pi*laj, € 77Ok,
then let a;j;; € S be the unique element such that a;y — x4 € 1Ok. It is easy to see
= "% a,m If Y7 a,m" =3 "% b,m", and suppose m is the minimal element such
that a,, # by,. Then a,7™ — b, 7™ € 7™ and thus a,, = b,, (mod 7) a contradiction.
The uniqueness follows. O

If the residue field k is finite, we have a natural choice of the representative set S. We
begin with a lemma.

Lemma 2.3.12. For any x € O, (1 +7z)?" € 1 + 7" Ok
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Proof. We have (1 + 7"z)? = Y7 (?)(pi"z)". Since p € 7Ok, we see (1 + n"z)P €
1+ 7" Ok. The lemma then follows by induction. O

Now let a € k, and let a € Ok be an arbitrary lifting of a. Let ¢ := |k|.

Proposition 2.3.13. The sequence a?" converges. Let [a] = lim,a?", then [a] = a
(mod mg). The map k — Ok, a > [a] is multiplicative.

Proof. We have a?" —a? =a? (a?" 7 —1)=a? ((a?" "~1)9" —1). We have a?" "~! =1
(mod mg). The first part follows from the above lemma. We have a?" = a (mod mg)
and hence [a] = a (mod mg). Finally, we have [ab] = lim,(ab)!" = (lim,, a?")(lim,, 7") =
[a] [D]. O

Remark 2.3.14. The element [a] is called the Teichmiiler lifting of a.

The additive structure of O is rather clear:

Consider Ug := Of = Og \mg = {x € K* |v(z) =0}, Pt Up :={z € Ux |
(mod m’)}. We have

Proposition 2.3.15. (1) N, Ux = 1.
(2) Ug =1m Ug/Ug.
(3) We have isomorphisms of groups Uy /Uy = k* and U JUR 2k forn > 1.

Il
—_

Proof. (1) (2) are clear. The first isomorphism is given by x +— Z € k*. Let n > 1, and
consider the bijective map

Up /UG — k1 + 7 — 7.
We have (14 7"z)(1 + 7"y) — x +y. The second isomorphism follows. O

Exercise 2.3.16. Suppose p > 3, show that

oo _1TL
1+ pZ, — pZ,, leogx:Z( ) (x—1)"
n
n=1

s an isomorphism of topological groups.

2.4 Extensions of valuations

Theorem 2.4.1 (Hensel’s Lemma). Let (K| -|) be a complete non-archimedean field,
f(z) € Ok[x] such that 0 # f(x) € k[x] (such polynomial f(x) is called primitive). Suppose
we have f(x) = u(z)v(x) such that (u(z),v(x)) = 1. Then f(x) admits a factorization
f(z) = u(z)v(x) where u(x),v(x) € Oklz], such that degu(x) = degu(zx), u(zr) = u(z)
(mod mg), v(z) =v(x) (mod mg).
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Proof. Let r := degu(x), s := deg f — r (thus s > deg@(x)). Let ug(x), vo(z) € Oklx]
such that uo(z) = u(zr) (mod mg), degug(z) = r, vo(z) = v(z) and degvy(z) < s. Thus
f = upvy (mod mg). Since (u(z),v(x)) = 1, there exists a(x), b(x) € Ok[z] such that
a(x)ug(z) + b(x)ve(x) = 1 (mod mg). We remark that the leading coefficient of wug(z) is
a unit. If f(z) = ug(x)ve(z), then we are done. If not, by the above discussion, we have
f(x) —uo(x)ve(z) € mg[x] and a(x)ug(z)+b(x)ve(x) —1 € mg[z]. Thus there exist 7 € mg
and f1(z) € Ok[z] such that (so deg fi(z) < deg f(x))

f(@) = uo(x)vo(x) = 7 fi1(x)
a(x)ug(x) + b(z)vg(z) — 1 € (7O)[z].
We will use an induction argument to construct sequences of polynomials {u,(z)} and

{vn(x)} such that they converge the desired u(z) and v(z) respectively. To start, we want
ui(z), v1(z) to have the form uy(x) = ug(x) + mp1(x) and vy (z) = vo(x) + 7q1(z). Then

J(2) = (@)1 () = f(2) — o) ) — (uo(w)qs (@) + vo(@)pa(x)) — 7ps ()s ()
— 7 (fi(2) — uolw)q (&) — vol)ps (2)) + 71 (2)as ().

Claim: There exist pi(z), ¢i(z) such that degpi(z) < r, degqy < s, and fi(x) —
uo(2)q1(x) — vo(2)pr(x) = 7 fa(x) € TOk|].

We prove the claim. Since a(x)ug(x)+b(x)ve(z) =1 (mod 7), we see a(x)ug(z) f1(x) +
b(x)ve(z) fr(x) = fi(z) (mod 7). We need to control the degrees of the polynomials. Let
¢ (x) € Oklz] and p;(z) € Oklx] such that b(z) fi(z) = ¢} (x)ue(x) +p1(z) and deg p;(x) <
degug(z) = r. And let ¢;(z) be the degree < s part of a(x)fi(x) + ¢j(x). Then we have
(a(x) fi(x) + ¢, (2))uo(x) + p1(x)ve(x) = fi(x) (mod 7), and hence (by comparing degrees
and noting deg f1(z) < r+ ) q1(x)ug(z) + p1(z)ve(x) = fi(z). The claim follows.

Note we have deg fo(z) < deg f(x), so we can continue with the argument. Indeed, sup-
pose we have {u;(z)}izo,... n—1 and {v;(z)}izo,... n—1 such that degu,;(z) = r, degv;(z) < s,
u;(x) = wm1(x) (mod ), v;(x) = v;—1(x) (mod 7') and f(x) — wi(x)vx) € ' Oklz]. Let
Fuvs(2) € O [a] such that £(2) — ty1(2)vn1(x) = 7, (2) and dog f1(z) < dog f(x).

Applying the claim with (ug,vo, f1) replaced by (un—1,vn_1, fn), noting a(z)u,—1(x) +
b(x)v,_1(z) — 1 € (7Ok)[x]), we obtain polynomials p,(x), g,(x) such that degp,(z) < r,
degqn(x) < s and f,(z) — up_1(2)gn(x) — Vo1 (z)pp(x) € 7Ok[x]. Hence for un(x) =
1 () + 7 pn(2), 0n(2) = D1 (2) + 0 (), we have £(z) — un(@)on(z) = 7 (fu(z) —

Un—1(2)qn(2) — Va1 ()pn () + 72"pp(2)gn(z) € T"Ok(x]. Let u(z) := hmn U, (z) and
v(x) = lim, v,(z). Thus f(x) = u(z)v(z) and the theorem follows. O

Corollary 2.4.2. Let f(z) € Oglz], ap € Ok such that f(ag) = 0 (mod mg) and
f'(ag) # 0 (mod mg). Then there exists a unique o € Ok such that f(a) = 0 and
a = ap (mod mg).

Proof. Exercise. m

Corollary 2.4.3. Let f(z) = Y. ja;x" € Klz] and suppose f(x) is irreducible. Then
max{|a;|} = max{lao|, |ax|}-
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Proof. Exercise. O]

Theorem 2.4.4. Let (K,|-|) be a complete non-archimedean field. Let L/K be a finite
extension of degree n. Then there exists a unique extension |-|; of || to a non-archimedean
valuation on L. Moreover, for any x € L, |x|, = |NL/K(x)|% and L is complete for |-|L.

Proof. Put |z|, = |NL/K(x)|%. It is easy to see |z, = 0 < x = 0 and |zy|r = |z|L|y|L-
We show |z + y|r, < max{|z|r, |y|r}. Assume |z|; < |y|. and |y| # 0, it suffices to show

|1+§|L <1 (2.1)

Put Op, to be the integral closure of Ok in L.
Claim: Op = {z € L | |z|, < 1} (in particular, the latter set is a ring, and (2.1) follows).

We prove the claim. For a € Op, we have Np x(a) € Ok hence |a|, < 1. Suppose
lalr < 1, and let f(x) = 2™ + -+ + ap € KJ[z] be the minimal polynomial of o over K.
Since Ny k(o) € Ok, one deduces ayg € Ok. If f(x) € Oglz], then x € Of. If not, let

¢ € mg such that ¢f(z) € Oklz] is primitive. Using ag € O, we see 0 < degcf(z) < m.
By Hensel’s lemma applied to ¢f(z) and the decomposition ¢f(z) = ¢f(x) - 1, there exists
u(z) € Oklx], 0 < degu(x) < m such that u(z)|f(z), a contradiction.

We have shown that | - |, is a non-archimedean norm that extends | - |. We prove | - |
is unique. Suppose we have another |- |} that extends |- |. We will show |- |, ~ |- ;.
Indeed, if so, using the fact the both are the same when restricted to K, we see ||, = |-|].

By Proposition 2.3.4, it suffices to show that for all « € L, |a|, < 1 < |af) < 1. Let
f(z) = 2* + --- + ap be the monic minimal polynomial of a over K. If ||, < 1, then
f(z) € Ok[x], we deduce then |af} < 1 (otherwise, |f(a)|}, = |ads/@)|,, £ 0). We prove
the other direction. If |a|, < 1, we see the constant term of f(z) lies in mg. We claim
a; € my foralli =1,---  k—1. In fact, if not, then f(z) = z"v(z) where 7 is the minimal
integer such that a, ¢ mg, and (2",v(z)) = 1. Using Hensel’s lemma, we see f(x) is
reducible, a contradiction. Since f(a) = 0, and a; € mg, we see |a|; < 1 (otherwise,
|f()]; = |a*]}, # 0). So |a); > 1 = |a|r > 1 and hence |af;, < 1 = |a|, < 1. This
concludes the uniqueness of | - |1.

The completeness of L will follow from Lemma 2.4.6 on topological vector space. [
Definition 2.4.5. Let V be a vector space over (K, |-|). Then a (ultra-metric) norm on
Viisamap ||| : V — Rxo such that

o |[z]|=0<2=0,
o [[Az] = [Alll=l],

e [lz +yll < max{[l], [lyll}.

Tow norms || - ||y and || - ||2 are called equivalent if there exist c1,co > 0 such that cq||z|; <
|z|l2 < eoflz|| for allx € V.

36



Lemma 2.4.6. Let V be a finite dimensional vector space over (K,|-|). Then any two
norms on V are equivalent and V' is complete.

Proof. Let ey, - ,e, beabasisof V over K. Forz = >_" | a;e;, put ||z := maxi<;<n{|a;|}.
This defines a norm on V, and it is easy to see V' si complete for || - ||.

Let || - || be a norm on V, and let ¢z := maxj<;<,{||e;||'}. We have then [|z|" < ez

We use an induction argument on the dimension of V. Suppose any norm on a K-
vector space of dimension < n — 1 is complete (the one dimensional case is clear). Let
Vii=Kei+---+Ke; 1+ Ke;y1+---+ Ke,, that is complete for || - ||. This implies e; + V;
is closed in (V, ||-||'). AsO ¢ e;+V;}, there exists € > 0 such that U(0,¢) = {x € V' | ||z|| < €}
is disjoint from all e; + V;. Let x = ) a;e; and let r such that ||z|| = |a,|, then

a.
lzll" = 1) asesll” = larlll Y —uill’ = larle = ||z]le.
Ay

Hence || - || ~ || - || and V is also complete for || - ||’. O

Remark 2.4.7. By induction, the statement in Theorem 2.4.4 also holds for algebraic
extensions of K.

Let (K,|-|) be a complete non-archimedean valuation field. By Theorem 2.4.4, there
exists a (unique) norm, still denoted by |- |, on K that extends |- | on K.

Lemma 2.4.8 (Krasner’s lemma). Let (K, |- [) be a complete non-archimedean valuation
field. Let o, B € K such that |a — B| < |a — /| for all Galois conjugate o of o different
from a. Then o € K(B).

Proof. Tt suffices to show that for any o : K(a, ) — K, if o(8) = B then o(a) = a.
However, we have |o(a)—a| = |o(a)—o(8)+8—a| < |f—al. By assumption, o(a) = . O

Corollary 2.4.9. Let f(x) = 2" + -+ + ag € Oklx] be an irreducible monic polynomial of
degree n. Put dy := min,o{|o — o/|} where a, ' run through distinct roots of f(z). Let
g(x) :=a" + -+ by € Oklz]. Suppose |b; — a;| < dj. Let 5 be a root of g(x), then there
exists o such that f(a) =0 and o € K(B) (in particular, g(x) is irreducible).

Proof. Let 8 be aroot of g(z). Then |[[, (6—a')| = |f(B)| = |f(5)—9(B)| < maxo<i<n—1{|bi—
a;]}. So there exists a root o of f(x) such that | — «| < dyp. By Krasner’s lemma,

a € K(pB). O

Corollary 2.4.10. The algebraic closure (Q,, |-|) is not complete.

Proof. Let {a;}2, be a set of elements in Q, that are linearly independent over Q,. It
is easy to inductively find ¢; € Q) such that |c,a,| — 0 when n — +oo, and that
|ens1@ns1| < |o(sk) — sg| for all k < n, o(sy) # sk, where s := Zle cio. Let s :=lim s,
If s € @p, then |s — s,| < max;>pi1 |y < |o(sn) — su| for all o(s,) # s,. Using
Krasner’s lemma, we see s, € K(s) for all n. But {s;} are linearly independent over Q,, a
contradiction. O
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Let C, := Q, be the completion of Q,.

Corollary 2.4.11. C, is algebraic closed.

Proof. Let p(x) = 2¢+4---+ag € C,[z], d > 1. Tt suffices to show p(z) has a root in C,. We
can and do assume a; € Oc, (e.g. by replacing = by z/p* with k sufficiently large). Let C’
be the splitting field of p(x), and let X := min,zq/{|or — o'} where o, o/ run though distinct
roots of p(z). Let q(x) := 2%+ -+ by € Q,[z] such that |b; — a;| < A%. By Corollary 2.4.9,
there exist a root «a of p(x) and a root § of ¢(x) such that o € C,(8) = C,. The corollary
follows. O

Corollary 2.4.12. Let K be a finite extension of Q,. Then there exists a (irreducible)
polynomial f(z) € Qlx] such that K = Q,[x]/f(x).

Proof. Exercise. O]

2.5 Finite extensions of complete discrete valuation
fields

Let K be a complete discrete valuation field, vg : K — Z U {400} be the nomalized
additive valuation, and we have (1x) = myg C O C K, k = Og/mg. Let L/K be a finite
extension. Then L is also a complete discrete valuation field. Let vy be the normalized
additive valuation on L, and we have (7;) =m; C Oy C L.

Lemma 2.5.1. Oy, is a finite free Ox-module of rank [L : K].

Proof. Let b; inOy, such that {b;} form a basis of O, /w over Ok /wx = k.

We show first {b;} are linearly independent of K. Indeed, if not, suppose ), z;b; = 0,
there exists thus a € K such that az; € Ok but not all in my. Hence >olaz)by =0 =
Y. ax;b; = 0 a contradiction.

For all x € Oy, there exist z;,, € Ok, x; € Of such that x = ) . x;0b; + Txz1 =
Yo Tiobi + > (Trwiab;) + MLy = .

Thus there exists y, € Ogb; @ - -- & Ogb,, =: O} such that x — y,, € 72 Op. Since O}
is complete, this implies x € O}. The proposition follows. O

Remark 2.5.2. By the proof, we see by, - ,b, form a basis of O, over Ok if and only if
by, -+, b, form a basis of Or/wk over k.

Let e € Z>, such that 7x O = 7¢Oy, called the ramification index of L over K. Note
that O /7y is a finite extension of Ok /7, and we put f := [Op /7 : Ok /7k]. We call
L/K totally ramified if f = 1, and L/K unramified if e = 1.

Proposition 2.5.3. fe=[L: K| = [0 : Og].
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Proof. We know Op/mx = O /7§ is a k-vector space of dimension [Of, : Ok|. And O /7§

is isomorphic to a successive extension of WEOL/TF?HOL =k fori=0,---,e— 1. Hence
djnlkC)L/ﬂi :ZE(ihTu;kL:: ejﬂ SC)[C)L ZC)K]:: €f. ]
Lemma 2.5.4. Let ay,--- ,ay € Op such that o € ky form a basis of ki, over k. Then

{aﬂr}; |1<i< f,0<j<e—1} form a basis of O, over Ok.

-1 7L

Proof. Using dévissage (0 = O /7~ — O/ 7 — ki — 0) and an induction argument,
it is easy to see {aym | 1 <1 < f,0 < j < e — 1} form a basis of Op/7¢ over k. The
proposition then follows from Remark 2.5.2. O

Proposition 2.5.5. Suppose ki /k is separable, then there exists o € Op, such that Op =
C?Kﬂcﬂ.

Proof. Let B € Oy such that kz = k(B), then O, is generated by {5'7) Yo<icy1.
0<j<e-1

Claim: There exists 5 € O such that k;, = k() and that there exists a monic polynomial
f(z) € O[] of degree f satisfying that f(8) is a uniformizer of Op.

Assume the claim, then we see Of, is generated by {8'}o<i<n_1. We prove the claim.
First let By € Of such that k; = k(B), and let f(z) be the monic polynomial lifting the
minimal polynomial of 3 over k. Then we have () € my. If f(8) € m/m2 then we are
done with 5 = §y. Suppose v (f(5o)) > 2, and let 7, be an arbitrary uniniformizer of Oy..
Let (o + 71, then using Taylor expansion, we have f(8y+ 1) = f(Bo) + mrf (Bo) + 72b for
some b € Op. Since kg /k is separable, f'(83y) # 0. We deduce f(By + 7) € my \ m%. The

claim (hence the proposition) follows. O

Exercise 2.5.6. Suppose L is totally ramified over K. Then Op = Oklrr]. Let f(x) =
"+ - -+ag be the minimal polynomial of 71, over O . Show that a; € my and ag € mg \m?%
(i.e. f(x) is Esenstein).

Theorem 2.5.7. Let k'/k be a finite separable extension.

(1) There exists an unramified exetnsion K'/K with residue field k'. This extension is
unique up to isomorphism and K'/K is Galois if and only if k' /k is Galois.

(2) For any finite extension L/K with residue field kr. There is a natural bijection
between the set of K-embeddings of K' in L and the set of k-embeddings of k' in kr. In
particular, if k' /k is Galois, then Gal(K'/K) = Gal(k'/k).

Proof. (a) Let f € k' such that k(5) = K/, and let f(x) € Ok|x] be a monic polynomial
such that f(x) € k[x] is the minimal polynomial of @ over k. It is clear that f(z) is
irreducible. Put K’ := K[z]/f(x). Let a € O be a root of f(x). Thus f(a) = 0, and
hence f(K'/K) > deg f(z) = deg f(z). So K'/K is unramified, and Oy = Ok|al.

(b) Let L be a finite extension of K with the residue field k; a finite extension of &'.
Let ¢ : k' < kp, and consider f(x) € Oklz] — Op[z]. By Hensel’s lemma, there exists a

unique v € Op such that f(v) = 0 and 7 = «(@) (where « is as in (1)). We obtain then
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an embedding 7 : K’ < L, a + ~. Conversely, an embedding K’ < L induces O — Of,
and hence k' < k. It is clear this gives an inverse of the map ¢+ 7.

The existence in (1) then follows from (a), and the uniqueness from (b). (2) also follows

from (b). O

Exercise 2.5.8. Suppose Li, Ly are finite unramified extensions over K (with separable
extensions on residue fields), show that LiLsy is unramified over K.

Let L/K be a finite extension (with k/k separable). By the theorem, there exists a
unique subextension Ly over K such that L, is unramified over K and has residue field k.
We call Ly the maximal unramified extension in L.

Exercise 2.5.9. Let L1 := Q3(v/3), and Ly = Q3(v/=3), show that LiLy is not totally

ramified over Q3.

2.6 Different and discriminant

Let L/K be a finite extension of complete discrete valuation fields, we keep using the
notation: (7TL) =my C OL C L, (7TK) = mg C OK C K, OK/ﬂ'K = ]{Z, OL/ﬂ'L = ]{JL,
kO = 150, [ = [kr : k]. For a fractional ideal a of L (i.e. a finitely generated Op-
module of L), there exists k € Z such that a = 7§. We define Ny, x(a) := Ny x(71)*Ok.
It is easy to see this definition does not depend on the choice of generators of a.

Lemma 2.6.1. We have Np/x(m;) = W{(OK.

Proof. Let Ly be the maximal unramified subextension of L over K. Then Ny k(m.) =
Nio/k © Npjpo(mr). Since L is totally ramified over Ly, we deduce by Exercise 2.5.6 that
Npjr,(m) is a uniformizer of Ly, denoted by 7z,. Since Ly is unramified over K, pig is
also a uniformizer of Lg. So there exists a € OF, such that 7, = Tga. Hence Nk (7mr) =

Niy/k(Tra) = W};NLO/K(Q). Since a € O, Np,/i(a) € O and the lemma follows. [

Lemma 2.6.2. Let eq,--- ,eq be a basis of Op over Ok, a C Op, ay,--- ,aq be a basis
of a over Og. Let A € My(K) such that (cn,--- ,aq) = (e1, -+ ,eq)A, then Npjx(a) =
(det(A)).

Proof. The both sides of the equation is multiplicative, hence we reduce to the case where
a = 71;0r. However, if mp(er, -+ ,eq) = (e1,--+ ,eq)A, then by definition Ny /k(7r) =
det(A). O

Now assume L/K is finite and separable. Recall the (K-bilinear) map (,) : Lx L — K,
(z,y) = Trp/k(2y) is non-degenerate. We define

DZ/IK ={r € L| Tryk(zy) € Ok, Vy € Or}.

It is easy to see D;}K is a fractional ideal of L and contains Or. We call Dy /k := (DZ}K)_l
the different of L over K, and d;/x := Np k(DL k) the discriminant of L/K. Note Dy x
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is an ideal of Op. If e1,--- , e, for a basis of Oy over Ok, and let {e;} be the dual basis
with respect to (,), i.e. Trp/k(efe;) = 0;. Let A € GL,(K) such that (e, -+ ,e,) =
(e1,---,ex)A, then we have 6z, = (det A).

Proposition 2.6.3. Let a (resp. b) be a fractional ideal of K (resp. L), then Tryx(b) C a
if and only if b C aDZ/lK.

Proof. We have

Trrk(b) Ca s Trpy(a™'b) C Ox < a7 'b C Dy < b CaDp .

]

Corollary 2.6.4. Let M/L/K be separable extensions of finite degrees. Then Dy =
DyyDryx -

Proof. We have

aC D]T;/K =4 TrL/K OTI‘M/L(O) = TI'M/K<C1) C OK = TI'M/L(CI) C DZ/lK = aC IDZ/lKD]T/Il/L

[]

Proposition 2.6.5. Suppose there exists a« € Op, such that O = Okl[a]. Let f(z) € Ok|x]
be the minimal polynomial of a over K, then Dy x = (f'(a)).

Proof. Let {e;} be the dual basis of {1,---,a" '} with respect to (,), then we have

0<j<n—1

We deduce hence 0/ = det((Trz x(a’a’))) = [, .;(ci — aj) where {a;} are the roots
of f(x) (in the Galois closure of L). Since Nz /x((f'(@))) = (Iliy;(ci — ) = 1/ =
NL/K(DL/K)7 we see DL/K = (f/(Oé)) ]

Corollary 2.6.6. (1) Assume L/K is totally ramified of degree e, then Drjx C m§ .
Moreover the equality holds if and only if e is prime to char k.

J
7

(2) Assume ki /k is separable. The extension L]/K is unramified if and only if Dk =
Or.

Proof. (1) Since L/K is totally ramified, O = Og[rz]. Recall the minimal polynomial
f(z) = 2° + -+ +ag of 7 over K is Eisenstein. We have f/(r;) = en¢ '+ --- + a; (with
a; € 1gOk). We have UL(iaﬂrfl) >et+i—1forl <i<e—1and UL(eﬁi_l) =uvp(e)+e—1.
Thus v (f'(7)) > e — 1. Moreover, we see the equality holds if and only if vy (e) = 0 if
and only if e is prime to char k.

(2) Suppose L/K is unramified, let « € Op, such that k;, = k[@] and let f(z) be
the minimal polynomial of o over Ok. Since kj, is separable over k, f'(a) # 0. Hence
f'(a) € OF. Conversely, let Ly be the maximal unramified subextension of L over K, then
we have Dy i = Dr/1,Dr,/k. Since Dy, is totally ramified and Dk = Op, we deduce
by (1) [L: Lo] = 1. O
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Suppose chark = p, a totally ramified extension L/K is called tamely ramified if p 1
[L: K] (so Gy = {1} and Gal(L/K) is cyclic) and is called wildly ramified if [L : K| = p"
for some r € Z>;.

2.7 Ramification groups and (Galois theory

Let L/K be a finite Galois extension of complete discrete valuation fields. Let I :=
{o € Gal(L/K) | o(x) = x (mod my)}. By restriction, we have a natural surjection:
Gal(L/K) — Gal(Ly/K) = Gal(kL/k). It is easy to see this map coincides with the natu-
ral map Gal(L/K) — Gal(k/k) (induced by modulo my). The kernel of the latter map is
I, hence we have L' = L.

We assume henceforth L/K totally ramified. For n > 0, we put
G, :={0€Gal(L/K) |vp(o(x) —z) >n+1, Vo € Op}.
For 7 € Gal(L/K), we have
vp(ror () — 2) = v (o7 z) — 77 (2)).

Hence G,, is a normal subgroup of Gal(L/K). We call {G,} higher ramification subgroups
of Gal(L/K).

Lemma 2.7.1. Let 7y, be a uniformizer of Op, and o € Gal(L/K). Then the followings
are equivalent:

(1) vp(o(x) —z) >n+1, Vo e O,
(2) vp(o(my) — ) > n+ 1.
Proof. (1) = (2) is clear. (2) = (1) follows from the fact O = Ok[ry]. O

Corollary 2.7.2. We have

g(mr)

G, ={g € Gal(L/K) | eUr}.

We define a map
9(71)

G, — UL /U g —
L

(2.2)

Lemma 2.7.3. The map (2.2) is a group homomorphism and factors through an injection
Gn/Gri1 — Uf/UZ“. Moreover, the map is independent of the choice of 7y,

Proof. Let g, h € G,,, we have

gh(mr) _ g(h(rs)) h(mr)
Ty, h(ﬂ'L) T, .



For another uniformizer 77 of L, let s € OF such that h(r;) = mrs. Then we have

9(rz) _ 9(m1) 9(s) _ 9(TL) rni
/ L -
Uys s S uws

Since vz (g(s) —s) > n+1, we see 29 thus 9tr1) ¢ %Uf*l. Applying this to 7, = h(mp)

s '
(in (2.3)), we see ghfr?) = 90rL) hmn) (1yod U7+Y). The lemma follows. O

TL TL

By the lemma and Proposition 2.3.15 (3), we have:

Proposition 2.7.4. (1) If chark = 0, then G; = {1}, and Gy is a finite abelian group.

(2) If chark = p, then Gy is a finite group of p-power order, and Gy/G1 is a cyclic
group of order prime to p.

Exercise 2.7.5. Let n > 1, calculate the higher ramification groups of Gal(Q,((m)/Q,)
(where Cun is a primitive p™-th root of unity).

Infinite Galois theory

Definition 2.7.6. A profinite group G is a topological group that is an inverse limit of finite
groups, each equipped with the discrete topology: G = 1'&11,e ; G; (for an inverse system of
finite groups ({Gi}ier, { fij}iz;): I is a directed set, fi; - G; — G; fori > j satisfies fi; = id,
and fir, = fixo fij if 1 > 7> k).

Example 2.7.7. A discrete valuation ring with finite residue field is a profinite group.

Proposition 2.7.8. A profinite group is totally disconnected, compact and Hausdorff.

Proof. Let G = @iel G;. Since G, is compact, so is [ [, G;. We show G is closed in [ [, G;.
Let ¢ = (x;) € [[,G:i \ lm ;. By definition, there exist j > k such that fir(x) #
zy. Consider the open subset U = {z;} x {wx} x [[,;, Gi C [[;Gi. 1t is clear that
UNG =10, so G is closed in [, G; and hence also compact. Suppose V' C G is a connected
component, and (x;) # (y;) € G. Then there exists j such that z; # y;. Then we see
V= V(G \{y;}) x [Lig; Gi)) U (V1 ({y;} x [1;; Gi)), a contradiction. From the
proof, we also see G is Hausdorff. O

Remark 2.7.9. The converse of the proposition is also true, see for example

Corollary 2.7.10. For a subgroup H of a profinite group G, H is open if and only if H is
closed of finite index.

We briefly discuss infinite Galois theory.

Lemma 2.7.11. Let L/K be a Galois extension (not necessarily finite), G := Gal(L/K). If
F/K is a normal subextension of L/ K, then H = Gal(L/F') is a nomral subgroup of G and
F = L. And we have an exact sequence 1 — Gal(L/F) — Gal(L/K) — Gal(F/K) — 1.
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Proof. Since F//K is normal, we have a natural morphism
Gal(L/K) — Gal(F/K) (2.4)

and let A be its kernel.
Claim: The map (2.4) is surjective.

Let F’ be a normal extension over K such that ' C F' C L and F’ is a finite extension
of F. We show first Gal(F'/K) — Gal(F/K) is surjective. Suppose F' = F(«), and let F},
be the splitting filed of K(«), Fy := FjN F (the both being finite Galois extensions over
K). For 0 € Gal(F/K), by Galois theory for finte extensions, there exists 7 € Gal(Fj;/K)
such that 7|p, = o|r. Then ¢ : F(a) — F(a),za’ — o(z)7(a) defines a lifting of o
in Gal(F’/F). Indeed, to see ¢ is a well-defined map (namely if > z;a' = > y;a’, then
So(x) ()’ = Y o(y;)7(a)?) and gives an isomorphism, one can reduce to show these
hold with F replaced by any sufficiently large finite Galois subextensions F; D Fy of F over
K. But for finte extensions, these follow from the standard Galois theory. Now let J be
the set consisting of normal subextensions F’ of L over K and ¢’ € Gal(F’/K) such that
F' D F and ¢'|p = 0. Then J is equipped with a natural partial order: (F’,¢’) < (F”,0”)
if F/ C F" and 0%, = o’. Then it is clear that any non-empty chain in J has an upper bound
(given by taking union). By Zorn’s lemma, J has a maximal element L’. However, since
Gal(L"/K) — Gal(L'/K) is surjective (as shown above) for any finite normal extension L”
of L, we see L' has to be L.

Finally we show LG E/F) = [ Suppose there exists a € L% /) such that o ¢ F.
Let E C L be the splitting field of « over F', and let o be a conjugate of o in E. There
exists o € Gal(E/F) such that o(«) = . By the above claim, ¢ can lift to an element in
Gal(L/F) = H. However, « is fixed by Gal(L/F) a contradiction. So we have LG!(E/T) —
F. O

We equip Gal(L/K) with the topology such that all cosets of Gal(L/F) with F finite
normal over K form a topological basis. This is referred to as the Krull topology on
Gal(L/K).

Theorem 2.7.12. (1) We have Gal(L/K) = Hm Gal(F/K) where F' runs though finite
normal extensions of K in L.

(2) The maps F +— Gal(L/F) and H — L define a bijection between subextensions
F/K of L/K and closed subgroups H of Gal(L/K).

Proof. By the above lemma, we have a natural map Gal(L/K) — lim  Gal(F/K) such that
for each F', the map Gal(L/K) — Gal(F/K) is surjective. We defuce hence the map itself
is surjective. We also see the kernel is Np Gal(L/F') = Gal(L/ Up F') = 1 since UF = L.
Finally, it is easy to verify the Krull topology on Gal(L/K) coincides with the inverse limit
topology on lim . Gal(F/K).

Let F/K be a subextension of L/K, and write F' = UF; with F; finite over F. It
is easy to see Gal(L/F) = N;Gal(L/F;). Let E; be the Galois closure of F; over K.
Then Gal(L/E;) is a closed (and open) subgroup of Gal(L/K). Since Gal(L/E;) has finite
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index in Gal(L/F;), we see Gal(L/F;) is a finite union of ¢ Gal(L/E;) for finitely many g,
and hence is also a closed subgroup of Gal(L/K). Thus Gal(L/F) = N; Gal(L/F;) is a

closed subgroup of Gal(L/K). The same argument as in the proof of Lemma 2.7.11 shows
LGal(L/F) — F.

Now let H be a closed subgroup of Gal(L/K). For a finite Galois extension F' over K
in L, let Hp be the image of H in Gal(F/K) via Gal(L/K) — Gal(F/K). Let Hp > H
be the preimage of Hp in Gal(L/K). We claim NHyr = H. Indeed, otherwise, there exists
o = (0p) € NHyp\ H and an open subgroup U such that ¢UNH =. Shrinking U, we can and
so assume U = Gal(L/F") for some finite Galois extension F’ over K. Since cUNH = (), we
see 0|gar k) ¢ Hpr, however o € Hp, a contradiction. Now let Fyy := FHr_ and Ly be
the subextension generated by {Fp}r. We have Hp = Gal(F/Fy) and Hp = Gal(F/Fy).

[]

Local class field theory (rough statement)

Put Gal(L/K)* to be the maximal abelian quotient of Gal(L/K), and L*> = LGal(L/K)?™
that is the maximal abelian subextension of K in L (noting the composition of abelian
extensions are abelian). We have Gal(L**/K) = Gal(L/K)*. We can now state (a not-so-
precise version of) the local class field theory for finite extensions of Q,:

Theorem 2.7.13. Let K be a finite extension of Q,,, then there exists a canonical contin-
uous injection K* — Gal(K®/K), and the image is dense.

The map is called local reciprocity map. There are many features that characterize
the local reciprocity map in a unqgiue way. However, we won’t discuss these in the note.
Recall we have a canonical exact sequence 1 — Ox — K* — Z — 0, and the quotient Z
corresponds, via the local reciprocity map, to unramified extensions of K in the following

way
KX —— Gal(K*/K)

| l

Z —— Gal(K™/K)

where K" /K denotes the maximal unramified extension over K, and the bottom map
sends 1 to a Frobenius element (that is a topological generator) in Gal(K"™/K) = Gal(k/k) =

= . . . 1—
Z.. By a chocie of uniformizer 7, we have an exact sequence 0 — 7Z —%5 K* — O — L

By the local reciprocity map, then there should exist an abelian extension K, of K such
that K, is disjoint from K" (so K, is totally ramified), and that Gal(K,, /K) = Oj.
The extension K, can be explicitly constructed by the theory of Lubin-Tate formal groups.
We end the discussion by the following exercise (as a special case of K, ).

Exercise 2.7.14. Let Q,((p~) := U, Q,((pn) where (pn is a primitive p"-th root of unity.
Prove the following map is an isomorphism

Zy = Gal(Qp(Gp)/Qp), a = (G = G,

45



where @, € (Z,/p")* denotes the reduction of a.

The Fontaine ring R (a glance)
Let R:=lim O,

Lemma 2.7.15. The map R — lim _ Oc,/p, (™) — (z™) is bijective.

Proof. We construct an inverse of the map. Let (z,) € hm . Oc, /p, and for each n,
let z,, be a lifting of z,, in O¢,. Put 2™ = limy, 400 %f:;m (Exercise: show that {if:;m}
converges). Then one can check (z™) € R, and is sent to (x,,). O

The ring structure on O¢, induces a ring structure on @xHx? Oc,/p = R.

Exercise 2.7.16. (1) Show that the map vg : R — Oc, AN QU {+o0}, (z™) = O
val,(z(V)) defines an additive valuation on R.

(2) Show that R is a domain.

One can show that R is complete for the valuation vg. Consider the fractional field
Fr R of R. One can show that Fr R is algebraically closed, complete for vg, and is of
characteristic p. It is clear that € := ((,») € R, and put 7 = € — 1. A direct calculation
shows vg(m) = ﬁ. We have thus F,[[r]] — R, and hence F,((7)) < FrR. The

Gal(Q,/Qy)-action on O, induces a Gal(Q,/Q,)-action on R (and hence on Fr R). Let
Qp.o0 := UQ,((pn), then we see  is fixed by Hg, := Gal(Q,/Qpc)-

—

Theorem 2.7.17 ((Fontaine-Wintenberger)). One has F,((m)) = FrR. The Hg,-action
on Fr R induces an isomorphism

Hg, = Gal(Q,/Qy) — Gal (F,((7))*/F,((7)))

where F,((7))* denotes the separable closure of F,((m)) (in Fr R).

2.8 Places of number fields

Let K be a number field.

Archimedean places: We let S, := ¥/ ~, where 0 ~ ¢’ if 0’ =7 : K — C. For each
embedding 0 : K — C, we get a (archimedean) norm |- |, : K — Rsq, z + |o(z)| which
only depends on the conjugate class of o.

Non-archimedean places: Let p be a prime ideal of Og. For x € K, we define
v, : K — Z U {400} such that (z) = p”a with a a fractional ideal that does not have
p-factor and v,(0) = +o00. One can show this is an additive valuation (exercise). Put
|- ]p : K — Rsg, 2 = N(p)~@ (recall N(p) = |Ox/pl|), that is thus a non-archimedean
norm on K. By definition, the valuation ring of | - |, (in K) is the localization O, of Ok
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at p. Let K, be the completion of K with respect to |- |y, (’)K the valuation ring of K.
Let mp, € p \ p°. Thus O, = lim O /m = 1&1 Okp/p" = lim O /p". Indeed, the
second isomorphism follows from the fact Ok, 1s a discrete valuation ring hence a PID.
For the third isomorphism, consider the natural morphism Ok /p" — Ok ,/p". We prove
this map is bijective. To see it is injective, let z € Ox N (p"Ok,p), by definition there exists
y € Ok \ p such that zy € p"Ok. Using prime decomposition, we see x € p"Ok. To see
it is surjective, let x € Ok, there exists yOg \ p such that zy € Ok. Let 2 € Ok such
that zy = 1 (mod p"). Then zyz = = (mod p"). Thus the residue field of Ok, is just the
residue field of Ok at p.

An element in the set S, U {prime ideals of Og} is called a place of K.

Theorem 2.8.1. (1) Any two of the absolute valuations | - |, for places v of K are not
equivalent to each other.

(2) Any absolute value of K is equivalent to | - |, for some place v of K.

Proof. (1) If vy is an archimedean norm, and vy is a non-archimedean norm. Then there
exist non-zero x, y € K such that |z +y|,, > max{|z|,,, |y|., }, hence |(x +y)/x|,, > 1 and
|(z+v)/yls, > 1. However, since v is non-archimedean, |(z+y)/x|y, < 1or [(x+Yy)/ylv, <
1. So they are not equivalent.

Let p; # po be two prime ideals of O, then by Chinese reminder theorem, there exists
z € py and x & py. We see |z],, < 1and |z, = 1,50 |- |p, % |- |ps-

Let {01, ,0.} be the set of real emeddings of K, {0,141, 0pys,Tri1, " ,0m1s} be
the set of non-real embeddings of K We identify S., with the set {01, -, 0,45} Consider
the embedding K — R" x C*(& Kg), x — (01(x), -+ ,0,45(z)). Recall Ok is a lattice in
R" x C* via the embedding. Hence K is dense in R" x C*. For any o;, there exists thus
r € K such that |z|,, > 1 and |z|,, <1 for j # 4. This implies that |- |,, = ||, for i # j.

(2) If | - | is non-archimedean, | - ||, is non-archimedean. Thus |z| < 1 for all x € Z.

]

For any y € Ok, y is integral over Z. QHence ly| < 1. Consdier {y € Ok | |y| < 1}. One
check by definition this is a prime ideal, denoted by p, of Og. One sees the localization
Okp C {z € K | |z| < 1}. Conversely, for any 0 # z € K, |z| < 1, consider the prime
factorization (z) = p [, (p")%. We claim e, > 0. Indeed, suppose e, < 0, there exists
0 # y € p~* such that (zy) = [],,, 9™ There exists 2 € Ok \ p such that zyz € O \ p.
We see |zyz| =1, |yz| < 1 and hence |z| > 1, a contradiction. Since |- |, and | - | have the

same valuation ring O, they are equivalent.

Suppose now | - | is archimedean, and let K be the completion of K via | - |. Consider
the closure Q of Q in K, that is the same as the completion of Q via | - l|lg- Since | - ||g is
a archimedean hence is equivalent to the standard absolute value by Ostrouski’s theorem,
Q ~R. Let o € K such that K = Q(«).Consider @(a) that is a finite extension of Q. We
see by Lemma 2.4.6 that Q(a) is also complete for | - |. Hence Q(a) is closed in K and
contains K. Since K is dense in IA(, K = @(a) = R or C. Let o denote the tautological
embedding o : K < K — C. It suffices to show ||| z is equivalent to the standard absolute
value. If K =R = @, it follows from Ostrouski’s theorem. Assume K = C, modifying | - |,
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we can and do assume | - ||]R is equal to the standard absolute value ||-||. We show |-| = || -||

0

on C. Let z = ru = re”, we only need to show |u| = 1. Let u, = x,, + y,i be a sequence

of roots of unity for || - || such that u,, — w and such that x,, y, are Cauchy sequences for
| - || hence also for | - |. We deduce u, is also a Cauchy sequence for | - |. Since u? =1, we
have |u,| =1 and hence |u| = 1. This concludes the proof. O

Proposition 2.8.2. Let S = {vy,--- ,v,.} be a finite set of places of K. Then the image

of the diagonal map K —» Hwes K,, is dense.

Proof. We need to show for any (z;) € [[ K,,, and any ¢ > 0, there exists z € K such that
|z — 2|y, < €. Since K is dense in K, for all v;, we can and do assume z; € K for all i. Let
= 22:1 rizi € K80 z—z;=(1—m)z + Z#i x;zj. We reduce to show that for 7, and
for any € > 0, there existx; € K such that

|z; — 1]y, < € and |z;],, < € for j # 1. (2.5)

Claim: There exists y; € K such that |y;],, > 1 and |y;]; < 1.

Assume the claim, then }1_{; a ‘v_ — 1 (for odd n, and replacing y; by —y; if necessary)
and ‘1_%2” - — 0. Let z; := lﬁN for N > 0, then (2.5) holds.
i ‘U5 i

Now we prove the claim. We use induction on |S|. If [S| = 2, the claim follows easily
from the fact | - |, » | - |,,- Suppose the claim holds for |S| < d. Now suppose |S| = d,
without lost of generality, let ¢ = 1. By the induction hypothesis, there exists y € K such
that |y|,, > 1 and |y|,, < 1 for 2 <i < d—1. If |y|,, < 1, then we are done. Suppose
1ylo, > 1. Let a € K such that |a|,, > 1 and |a|,, < 1. If |y|,, = 1, then put y; := ay”
with N sufficiently large; if |y|,, > 1, then put y; := ffyljv with N odd sufficiently large
(replacing y by —y if necessary). The claim follows. O

Exercise 2.8.3. Let S = {vy,--- ,v.} be a finite set of finite places of K, prove that the
image of the diagonal map Og — HviES Ok,, is dense.

Now let L/K be a finite extension, and w be a place of L. The restriction | - |, on K
then corresponds to a place v of K. We write w|v for this relation. Let K, be the closure
of K in L,, that is also isomoprhic to the completion of K at v. We have that L, is a
finite extension of K,. Indeed, let « € L — L, such that L = K(«), and consider the
subextension K,(a) C L,. Since « is algebraic over K hence over K,, K,(«) is a finite
extension of K, and thus is complete and closed in L,. Also the embedding L — L,
factors through K,(«). Since L is dense in L,,, we see K, () = Ly,.

If w is archimedean, then either L, = K, or L, = C and K, = R. Suppose w is
non-archimedean, let B, C O be the prime ideal corresponding to w. Then the place v of
K is also non-archimedean, and we let p, denote the corresponding prime ideal. We have
thus

pUZ{IEC/)K | |ZL”U<1}={JI€OK | |£L’|w< 1}=q3wm(91<.
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?Eerr;rr;a 2.8.4. We have e(Py,/p,) = e(Ly/K,) =: e(w/v) and f(Pu/po) = f(Lw/K,) =

Proof. Let , € p, \ 2, mw € Bu \ B2. Then m, (resp. m,) is a uniformizer of Ok,

(resp. Or,). By prime factorization, we deduce , /me”/ ) e Oxm Hence e(L,/K,) =
Uy (my) = e(Puw /o). We also have (’)K/m >~ Ok, /7 and Op /7, = Or,, /mw. The second
equality follows. O]

Proposition 2.8.5. The morphism ¢ : K, ® L — []
phism of K,-algebras.

wlp Lws T @Y = (2y)w s an isomor-

Proof. 1t is clear Im¢ is a finite dimensional K,-vector subspace, hence is complete and
closed in wa L. Consider the map L — [],, Lw, we know this map has dense image.
Hence Im¢ =[], L. Since

w|v

wlv

dlmKU HL Z w|v) (w/v) = Ze(mw/pv)fm:}w/pv) = [L : K]a

wlv w|v w|v
we see f is bijective. m

Remark 2.8.6. (1) Note that the map v is a homemorphism if we equip K, Q@ L with a
norm (compatible with | - |, on K,).

(2) Let o € L such that L = K(«). Let f(z) be the minimal polynomial of o over K.
Then we have K, @xc L = K, @y K|z]/f(x) = K.[z)/f(z). Suppose f(z) =TI, fi(z) €
K,[z]. We have thus K,®x L = [[;_, K,[z]/fi(x). In particular, we see there is a bijection
{wlv} & {fi(z)}.

(8) The statement in the proposition also holds when v is an archimedean place of K.
Actually, by the same argument in the proof, we see v is injective. It suffices to show
dimg, J[,, Lw = [L : K]. However, let ok : K — C be an embedding corresponding to v,
then one can check that dimg, ] = o : L — C |o|xk = ok} and hence is equal to
L: K].

w\v

Corollary 2.8.7. Let x € K, ®k L, and (zy)wp = t(x). Then

Trx,onr/m, (@) = > Tro,w,(Tv) (2.6)
wlv
Nicorr/i, (@) =[] Newr. (@). (2.7)
wlv
Proposition 2.8.8. Let ey, ,eq be a basis of L/K. For a non-archimedean place v of

K, let M, be the free Ok, -submodule of K, @k L generated by ey,--- ,eq. Then for all but

finitely many places v, the isomorphism ¢ induces an isomorphism M, — Hw|v Or,-

Proof. Let a« € K* such that aey, - ,aeq € Op. If |a|, = 1 (note this hods for all but
finitely many v), then M, = Ok, (ae1) & --- & Ok, (aeq). We reduce then to the case
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e, ,eq € O, then ¢ induces an injection M, — Hw‘v Or,. Let e}, -+ ,e; € L be the
dual basis of ey, - - , eq with respect to the perfect pairing L x L. — K. By tensoring with
K,, this perfect pairing induces a perfect pairing of K,-vector spaces:

Kv KK L x Kv KK L — Kv7 (l’,y) = TrKv@}{L/KU('ry)'

Let M be the O, -submodule of K, ® L generated by €7, --- ,ej. By the above corollary,
this pairing is compatible with:

1w > [ Lo = Koo ((@0), () = > Trr, sk, (zub), (2.8)

wlv wlv wlv

so in particular, ef,--- e are dual basis of ey, -+, e4 with respect to (2.8). Since M, C
[l Oros [1)y Or., € M. In summary, we have M, C [[,,, O, C M;. Consider

wlv
M::C’)K61€B-~-EB(’)K6dCOLCOKeT@---@OKeZ.

There exists & € K* such that aM* C M. For a finite place v, if |a|, = 1, then a € O,
and hence M, = M} and +: M, = [L., Or.. O
Let
Dl ={z € L| Tryk(zy) € Ok, Yy € Or}.

Then D;}K is a fractional ideal in L. Indeed, it is clear that D;}K D Oy is an Op-module;
let €1, - ,eq € O, be a basis of L over K, and e be the dual basis with respect to the
perfect pairing (z,y) — Trp/k(zy), then DZ}K C Okel @ --- Oge}; and hence is a finitely
generated Or-module. Put Dy := (DZ}K)_I, called the different of L/K.

Proposition 2.8.9. We have Dy x =[], (Dr./x, NOL).

Proof. For a finite place w of L, and a fractional ideal I in L , denote by v, (I) € Z the
exponent of B, in the prime factorization of I. For a fractional ideal [, C L,,, denote
by vw(I,) € Z such that I, = (m,)"»). The statement in proposition is equivalent to
Vw(Dr/k) = vw(DL, /K, ), that is then equivalent to Uw(DZ/lK) = Uw(DZi/Kv) for all finite
places w.

Let z € DZ}K, and v be a finite place of K. By definition and (2.6), wa Trr,/k, (2y) =
Trr x(2y) € Ok for all y € Op. Since O is dense in [],,, Or,,, for any (y.) € [1,, Or..
we can find y € Oy, such that y—y,, € 7)) with N > 0. Then we have >l Tk, (TYw) =
wa Trp, /. (2y) + wa Trr, /i, (2(y — yw)) € Ok,. In particular, Trz, /x, (zyw) € Ok,
for all v, € Op,,, s0 v € DZi/KU' This implies Uw(DZ/lK) > Uw(DZi/KU).

Let v be a finite place of K, and let z € L N D;i/KU such that v, (z) = Uw(DZi/Kv> for

all w|v (one can show such z exists using Chinese reminder theorem). Then Try /x(zy) =
Zwlv Trr, /x, (xy) € Ok, N K for all y € Op. We have Og, N K = Ok,,. Let y1,--- ,y, be
a set of generators of O, over Og. Since Try /k (vy;) € Ok, there exists z € Ok \ p, such
that Try/x(22y;) € Ok for all y;. Hence zx € D;}K We see then Uw<DZ/1K) < vy(x) =
Uy (DZi / x,)- The proposition follows. O]
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For a fractional ideal T = [, Bu'" in L, denote by Ny k(1) := [T, po""7 ™" that
is a fractional ideal in K. Let d;/x := Np x(Dr/kx). Then by the above proposition and
Lemma 2.6.1, we have 67,k = [[,,(0r./x, N Ok).

Corollary 2.8.10. For a prime ideal p C O, p is ramified in Oy, if and only if 9|61k -

Proposition 2.8.11. Suppose L is Galois over K. Let w be a finite place of L and B,
be the associated prime ideal of Op. Then the natural restriction map j : Gal(L,/K,) —
Gal(L/K) factors through an isomorphism Gal(L,/K,) — Dy, C Gal(L/K), and induces
an isomorphism I(L,/K,) = Iy, .

Proof. Since L is dense in L,, we see j is injective (noting o € Gal(L,/K,) acts con-
tinuously on L,). Let ¢ € Gal(L,/K,), then o(m,) = m,. We deduce j(o)(m, N
Op) = m, N Op. Together with the fact m,, N O = B, we see Im(j) C Dy,. Since
| Gal(L,/K,)| = f(w/v)e(w/v) = |Dg,|, the first part of the proposition follows. The
second part follows by similar argument, that we leave as an exercise. O]
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Chapter 3
Adeles and Ideles

3.1 Adeles

Definition 3.1.1. A locally compact group is a topological group G such that G is Hausdorff
(in group case, this is equivalent to that any point is closed) and any point in G admits
a compact neighbourhood (i.e. there exists an open U containing the point such that U is
compact).

Example 3.1.2. The followings are locally compact groups: (Q,, +), (R, +), (C,+), (Qp, *),
(R, x), (C*,%).

Let J be a index set, J, be a finite subset of J. Suppose for all j € J, we have a locally
compact group G;. Moreover, suppose for j ¢ Jo, G, admits a compact open subgroup
H; C G
Definition 3.1.3. Put H;EJ G; ={(z;) | z; € Gj and x; € H; for all but finitely many j},
called the restricted direct product of {G;};es with respect to {H,}.

It is clear that H;G J
topology such that an open basis at 1 € H;E ; G given by

G; has natural group structure. We equip H;e ;G with the

esU; x Wjgs Hy C I ;G

where S runs though finite subset of J containing J.,, and U; runs through open neigh-
bourhoods of 1 in Gj.

Remark 3.1.4. Let S D Jy be a finite set of J, we have a natural injection
WiesG x WigsHj = e ;G5

One can easily check that the induced topology on HjeS G; X Hj¢s H; coincides with the
product topology.

/

Exercise 3.1.5. Prove that the topology on Hjej
the product topology on [[,c; G; via the natural injection H;EJ Gj = [ljes G-

G 1s finer than the topology induced from
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Proposition 3.1.6. H;EJ Gj is a locally compact group.

Proof. Exercise. O

Now let K be a number field, .J be the set of all places of K, J, be the set of archimedean
places of K, and G, := K, for v € J, and H, := Ok, for v € J\ J. Let Ag := H;eJ K,,
called the ring of adeles of K.

Exercise 3.1.7. Prove that the multiplication map Ax X Ax — Ak is continuous.

Lemma 3.1.8. The diagonal map K — [][, ., K, factors though an injection K — A.

ved

Proof. For any x € K, there are only finitely many v € J \ Jo such that x ¢ Ok,. The
lemma follows. O

For a finite set S O Ju, denote by Ag :=[],c5 Ko X [ 45 Ok,

Proposition 3.1.9. We have K + A;_ = Ag.

Proof. We need to show that for all (x,),e; € Ak, there exists x € K such that (z —z,) €
Aj_. Let m € O \ {0} such that mz, € Ok, for all v. Let S be the set of finite places
v such that m € p,, and for v € S, denote by e, the maximal integer such that m € p¢v.
Let x € Ok such that = maz, (mod pt) for all v € S (the existence following from
Chinese reminder theorem). Then we have x — maz, € Ok, for all fintie places v and

r —mz, € mOg, for v € S. Hence > — x, € O, for all finite places v. The proposition

follows. OJ

Let L/K be a finite extension. Denote by ¢ the injection ¢ : Ag — Ap, (a,) — (2w),
Ty = @, for wov.

Proposition 3.1.10. Let ey, -+ ,eq be a basis of L over K. The morphism
fiAger®--- B Areqg — Ap, Z a;e; — Z t(a;)e;
1s well defined and is an isomorphism of topological groups.

Proof. Recall for all places v of K, the morphism ¢, : K,e; @ --- K,eq — lev L, is an
isomorphism. Moreover, for all but finitely many finite places v, ¢, induces an isomorphism
Ok,e1D-- DOk, eq — Hwh} Oy, So the map f is well defined. Since ¢, is injective for all
v, we deduce f is injective. For any (2y)w = ((Zw)wp)s € Ar, since ¢, is surjective, there
exist a,; € K, such that 1,(>_ ay€;) = (Tw)wjw € Hwh} L,,. Since t, induces an isomorphism
OKU€1 D OKved :> Hw\v
all but finitely many places v. In particular, the element (a,;), lies in A for any i. So f
is surjective.

O, for all but finitely many v, we see a,; € Ok, for all i for

Let Sy be a finite set of places of K containing all the archimedean places, and let S, :=
{wlv | w € S}. Let Sy be large enough such that for all v ¢ S, Lox K, — [],,, Lw induces

wlv
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an isomorphism O, e; @ -+ ® Ok, eq — [T, Or.- Wesee {U = Us x[[,¢5(Ok,e1®--- &
Ok, €a) } 55,5 With Ug running though open neighbourhood of 0 in [, . s (Kye1®- - - @ Ky eq),
form an open basis of Age; @ -+ P Ageyg of 0. Using L ®k K, = Hwh} Ly, f(Ug) form an
open basis of [[,cq [, Lw- We see {f(U) = f(Us) Xuwgs; Or,} form an open basis of 0
in A;. So f is a homemorphism. O

Theorem 3.1.11. K is a discrete, cocompact subgroup of Ay (i.e. Ax/K is compact).

Proof. Let ey, --- ,eq be a basis of K over Q. We have by the above proposition

K —— Qe1®- - ®Qey

! !

AK —— AQel@-~@AQed

It thus suffices to show the statement for K = Q.

Let U := {(zy) € Ag | |Too]oo < 1/2,|2], < 1, for all finite places v}, that is an open
neighbourhood of 0 in Ag. It is clear that U N Q = {0}. We deduce Q is discrete in Ag.
By Proposition 3.1.9, for any = € Ag, there exists y € Q such that |z — y|, < 1 for all
finite places v of Q. Replacing y by y — n for a certain integer n, we can and do assume
r—y € U. Hence U = Ag/Q. Since U is compact, we see Q is cocompact in Ag. O

3.2 Ideles

Let Iy := [], ., K where the restricted product is with respect to {O% }oen ..

Lemma 3.2.1. As a set, we have I = A%.

Proof. For (x,) € Ix C Ak, we have L € Ok, for all but finitely many places v. Hence
(z,') € Ak, so I C Af. Conversely, if (z,) € Ak and (x,') € Ak, there exists a finite set
S of places of K such that for all v ¢ S, x, € O, and x,;' € Ok,. Hence (z,) € [. 0O

It is clear that the injection I < A is continuous. However, the topology on [ is
finer than the topology induced from Ag via [ — Ag.

Lemma 3.2.2. If we equip Ay with the topology induced from Ak, then the morphism
vi A — A%, x> 27! is not continuous.

Proof. 1f + is continuous, then it is a homemorphism. For the induced topology, we see
U= A N (Us X [[,¢5(Ox, \ {0})), where S runs through finite subset of places of K
including all archimedean places of K and Ug runs through open neighbourhoods of 1 in
[[,cs K, form an open basis of 1 in Ajg. If ¢ is a homemorphism, then V := TN U) =
(Vs x [L,¢s(Kv \ mg,)) NAL (where Vg = Ug') forms an open basis of 1 in A%.. However,
one can check U does not contain any subset of the form V' = ,~}(U’) with U" = A% N
(Ug x Il,es/(Ox, \ {0})), a contradiction. O
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Exercise 3.2.3. Prove that Ix — Ag x Ag, x — (z,27') induces a homemorphism of I
onto its image, equipped with the topology induced from Ax X Ag.

By the exercise and Theorem 3.1.11, we easily see:

Corollary 3.2.4. We have K* is a discrete subgroup of I .

For each place v of K, we equip K, with the normalized norm: if K, = C, then
%], := |az|, if K, = R, then |z, := |z|; if v is non-archimedean, then ||, := ¢, **"") where
¢ = |ky| = |Ok,/mg,| and v, is the additive valuation sending uniformizers to 1. Note
in all cases, we have |z|, = |Ng,q, ()|, for p = {prime integer} U {oo} (Qs = R). We
define | - |x : Ix = R>o, (ay) = [1, |av|v. Since |a,|, =1 for all but finitely many v, p is
well-defined. Tt is also clear that |- |x is continuous. Denote by I}, := {z € I | |x|x = 1}.

Theorem 3.2.5 (Product formula). The natural embedding K* — I factors through I

Proof. By the discussion above the theorem, for (z,,) € I, [(z)o|x = [(IL,, Nk./0,(%0))slo-
Thus for x € K, we have |z|x = |Ng/g()|g. It then suffices to prove the theorem in the
case K = Q. Since | - |g is multiplicative, the theorem then follows from: |1|p = 1 (clear),

| = 1]g = 1 (clear) and [plo=1 (using |p|e = p, |pl, = 1/p). O

3.3 Idele class group

A digression: Haar measure (a survey)

Let G be a locally compact group. Let B := {Borel subsets of G} (recall a Borel subset
is an element in the smallest o-algebra generated by open subsets of G. Let p be a Borel
measure on G (i.e. YU € B, U is measurable for ). The measure p is called outer regular
if W(E) =1inf{w(U) | U D E, U open}; u is called inner regular if u(F) = sup{u(K) | K C
E, K compact}.

A Radon measure on G is a Borel measure that is finite on compact sets, is outer regular
on all Borel subsets and is inner regular on all open subsets. Note that a Randon measure
s determined by its value on compact subsets.

Let p is a Borel measure on GG, we call p left invariant (resp. right invariant) if u(gFE) =
w(E) (resp. p(Eg) = p(E)) for all Borel subset E C G and g € G.

Definition 3.3.1. Let G be a locally compact topological group. A left (resp. right) Haar
measure on G is a nonzero Radon measure that is left (resp. right) invariant.

Example 3.3.2. Let G = (R",+). Then the standard Lebesgue measure u is a left and
right Haar measure on G, as it is clear that p(x + U) = u(U) for any measurable subset.

Theorem 3.3.3. Let G be a locally compact group. Then G admits a left (also a right)
Haar measure. Moreover, the measure if unique up to scalar multiple.
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Example 3.3.4. (1) Let K be a number field, v be a finite place of K, and G = (K,,+).
Let p, be a Haar measure on K, (the existence following from the above theorem). We
have p,(Ok,) # 0, since otherwise p, = 0. By multiplying u by a non-zero scalar, we can
assume p,(Ok,) = 1. Then we have p,(vOk,) = |z|,. Indeed, let 7, be a uniformizer
and suppose x € mOp and n > 0 (the case n < 0 being similar). Let {xy, -+ x4}
be a set of representatives of Ok, /7l in Ok,. Then we have Ok, is a disjoint union of
x;+20k,. Since p, is left invariant, we have p(z; + Ok, ) = u(xOk,). Hence p,(Ok,) =
Qo to(10k,) = 11,(2O0k,) = ¢, = |,

(2) If v is an archimedean place of K, we let p, denote the standard Lebesgue measure
on K, (that is isomorphic to R or C.

(3) Let G = Ak = [[,., Ko. Then there exists a unique Haar measure y on G such
that for any U =[], U, C G with all U, compact and U, C O, for all but finitely many
v, we have

pl0) = [T (02, (31)

Actually, let p be the Haar measure satisfying (i(I], oo Co X [ 0o Ox,) = 1 where Cy, = [0, 1]
if K, 2R and C, =1[0,1] x [0,1] if K, = C, then one can check (3.1) holds.

Lemma 3.3.5. Let v = (z,) € Ix, p be a Haar measure on Ay, and let E be a compact
subset in Ag such that u(E) # 0. Then p(zE) = |z|xpu(E) (noting by Exercise 3.1.7, xE
is a compact subset of Ay ).

Proof. Since u is a Haar measure, we deduce U +— p(zU) is also a Haar measure. Actually,
by Exercise 3.1.7, the element x induces a homemorphism Ay — Ak, a — xa. By Theorem
3.3.3, it suffices to show the statement for a single compact subset E with u(E) # 0.
Multiplying p by a scalar, we can and do assume p is the one in Example 3.3.4 (3). Let
E= Tl {lzolo <1} =] jellzole < 1} X [l 40 Ok, 80 p(E) = 7* (where s denotes the
number of complex places of K'). One easily checks that u(zE) = 7°[], |z|y. The lemma
follows. [

Idele class group

The group €k = I /K* is called the idele class group.

Theorem 3.3.6. [} /K> is compact.

Proof. Consider the natural map I < Ag x Ag, z — (z,27'). Recall there exists a
compact subset ® C Ak such that K + ® = Ag. Indeed if K = Q, we can take ® to be
the set U in the proof of Theorem 3.1.11. In general, letting e, --- , e4 be a basis of K over
Q and U as above, then the compact set ® = [], Ue; satisfies ® + K = Ag. Let p be a
Haar measure on Ag. We have p(®) # 0 since otherwise p(Ax) < > g p(z + @) = 0.
Let Z be a compact subset of Ax such that u(Z) > u(®). For x € I}, we have thus

pZ) = pa='Z) = u(Z) > p(2).
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Claim: Let U C Ak such that p(U) > p(®). Then there exists u; # us € U such that
u; —uy € K.

We prove the claim. If not, we have (r; + U) N (ro + U) = 0 for all 1y # r, € K. So
(P) = cx(@N{r+U}) =3 cxu((r+@)NU) > u(U), a contradiction.

By the claim, for any x € I} there exist uy, us, u3, us € Z such that x(u; — up) € K*,
x(ug —uyg) € K*. Let Z; be the image of Z x Z via the continuous map Ay X Ax — Ak,
(a,b) = a —b. So Z; is also compact, and we see v € K*Z;, v~ 4inK*Z;. We write
T = yz, vt = ¢z with y,y/ € K*, z; € Z1. So 2120 = (yy')™! € K*. Let Zy be
the image of Z; x Z; via the continuous morphism Ay x Ax — Ag, (a,b) — ab, that
is a compact subset of Ag. Then we see (yy')™' € K* N Z,. However K* N Z, is both
compact and discrete, hence finite, say, K* N Zy = {y1,- - ,Ym}. Thus there exists y; such
that ¢/ = y~'y;'. We embed K* into Ax x Ag via a — (a,a™"). And consider the set
KU, (Z1,y; ' Z1)) € Ag x Ag. By the above discussion, we see for any x € I, there
exist y € K*, and i € {1,--- ,m} such that z € yZ; and 27! € y~'y;'Z;. Thus the image
of I, — Ay X A, a > (a,a™t) is contained in K* (U, (Z1,y; ' Z1)) C Ag x Ag. Since
(U, (Z1,y;'2y)) is compact, so is T}/ K*. O

Recall Ji denotes the group of fractional ideals of K. We have a natural map

7 Ik = Jk, (x,) — Hpgrdv($v)~

vfoo

Then we see Ker(y) = Q(Jw) 1= [[es K X [L,¢s., Ok, It is also easy to see j sends K*
onto the subgroup of principal fractional ideals of K. Thus j induces an isomorphism

I/ K*Q(J) = Ck.

We have I,Q(Jy) = Ix. Indeed, for any x € I, let v be an archimedean place of K,
and consider the element y := (y,, 1, -+) € Q(J) with |y,|, = |z|x, then z/y € I}.. The
embedding I} < I induces thus an isomorphism

L /KX (QJoe) N 1) == I/ K*Q(Jo) (22 C).
Since I}./K* is compact, and Q(J,) N I is open in I}, we deduce:
Corollary 3.3.7. The group Ck 1is finite.
Let C' = {(2y) € Ik | |wolo = 1} = [[, ey Alzlo = 1} X [[,¢, Ok, Wesee C'is a
compact closed subgroup of I}.

Proposition 3.3.8. We have CNK* ={x € K* | 2™ =1 for some n}.

Proof. Since K* is a discrete subgroup of I, we see C'N K* (with the induced topology)
is both compact and discrete, and hence is a finite set. So C'N K* is a finite (hence cyclic)
subgroup of K*. Any element in C'N K* is thus a root of unity. Conversely, if z € K*
satisfies ™ = 1, we see |z|' = 1 for all v, and so z € K* N C. O
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Let S D J be a finite set of places in K, and we put

Ins = [[&;*x]]Ox%.

veS vgS
AK,S = HK” XHOKU
veS v¢S

Then Ik s (resp. Agg) is an open subgroup of Ix (resp. Ag). If S = J, we have
Ak . NK =0k, and I ; NK* = Of. We call Og s := Ak s N K the ring of S-integers
in K, and (’); g the group of S-units K. The following theorem generalizes Dirichlet’s unit
theorem.

Theorem 3.3.9. We have O ¢ = pg x ZISI71,

Proof. The goal is to realize Of ¢ as a lattice of certain R-vector space. Let I ¢ :=
I} NIk s, that is an open subgroup of I 5. We have OIX(,S = Ill(,S N K*. We have an exact
sequence

1— I}QS/O;S — [KS/(’)[X(,S % Rog — 1.

Since If ¢ is open in I3 and Iy /K™ is compact, we deduce I /O ¢ is compact. Consider
the following commutative diagram

X X id X X
Oks/(OgsNC) —— Ok o/(OgsNC)

! l

1 —— [Il(,S/C — [K,S/C log of | R s 0
| ILJCOE, ——  Iks/COLs R g

Since If /O ¢ is compact, so is I} s/COx . We have Ok, g N C = pg. It is clear that
Ik s/C = Tl Roo X [lyesyn Z = RYV=Ix ZISVL We show O g/px is discrete in
I s/C (hence also discrete in I ¢/C'). Let U be an open neighbourhood of 1 in I g with
U compact (recalling I s is locally compact). Consider UC N K* C UC N K*. Since UC
is the image of the compact set U x C in I via the continuous morphism I x I — Ig,
(a,b) — ab, UC is compact. Recall K* is closed and discrete in Ir. So K*NUC is discrete
and compact hence finite. The image U in I g/C is open in Ik s/C and only has finite
intersection with the image of O 4. Together with te fact Ix s/C is Hausdorff (using C
is closed, fact: a topological group is Hausdorff if and only if {1} is closed), we deduce
Ok s/t is discrete in I /C.

The embedding Z < R induces an embedding I g/C = RWV=! x 75\l <y RIVeel

RISVl .= V. The map f : RV=IxZIS\/=l = [} o /C Lo8°l1%, R has the form Ay, Nigp) =
Y- a;A; for certain a; € R (Mg, -+, Apy| € bR and Ajy_j11, - Ag| € Z). We extend the
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map to f: V = R, (A, ,Ais)) o aiA;. Let Vo= Ker(f) that is R-vector space of
dimension [S] — 1, and we have I} 5/O ¢ = Vi N Ig5/C.

Since Ok ¢/px is discrete in I o/Ok g, it is also discrete in V;. Since V/(Ix s/C)
is compact (= (R/Z)I$\=l) Vi /(I 4/C) is also compact. This, together with the fact
(If5/C)/(Ok s/ 1x) is compact, imply V1 /(O /) is compact (Exercise). Hence O o/ px
is a lattice in V;. The theorem follows. O

Global class field theory (some statements)

Theorem 3.3.10. Let K be a number field. There is a canonical morphism (called Artin
map) rec : €x — Gal(K?/K) that induces an isomorphism € — Gal(K**/K), where
Cx = 1'£1U €K /U where U runs though open subgroups of finite index in €.

Exercise 3.3.11. Let Koo =[],
KZX. Show that for any open subgroup U of finite index in €, U contains (KX)°.

K,, and (KX)° be the connected component of 1 in

Consequently, the map ¢x — Gal(K?*/K) factors through
KX\IK/(K;)O = Gm(K)\Gm(AK)/Gm(KOO)O'
We describe in more details of the structure of € (and of (f})

Lemma 3.3.12. Let S be a finite set of places of K containing all archimedean places such
that {po}ves\s.. can generate Cx. Then K* Ik g = Ik.

ordy (zv)

Proof. Let x = (z,) € Ik, and consider the fractional ideal a; =[], P . By the
assumption on S, there exists & € K* such that a,a™ = [Toes\ . pir for certain e, € Z.
So za™! € Ik s. The lemma follows. O

Proposition 3.3.13. We have an isomorphism Gy = Ix/KX(KX)° (where (-) denotes the
closure).

Proof. 1t suffices to show Ix/K*(KZ)° is profinite. Let S be as in the above lemma, we
have I 5/Of o(KX)° = I /K> (KX)°.

One can prove that the open subgroup Ik s, O s(KZ)° C Ik s has finite index (Exer-

cise). So t is also closed, and contains O ¢(KX)°. We also deduce
Ik 7. Ok s(K5)’ /O s (KX = I 5. O (KX)°

is an open subgroup of finite index in I 5/Of (KX ). It suffices to show I 5., /Ox (KX )°
is profinite. One can show the morphism

L {1} % HO[X(U — Ig 5. JOR(KX)°

vfoo
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factors though an isomorphism ({£1}" x [Toeo Ok %)/ Kere = Iy /O (KX)°. The propo-
sition then follows from the fact ({£1}" x va O )/ Keru is profinite (noting Ker ¢ is
closed). O

Exercise 3.3.14. Prove the map Q* x Ruo x [[,Z) — Ig, (7,700, (7)) = (270, (v2))
is an isomorphism of topological groups. Deduce €k = 7x Hp /s

Theorem 3.3.15 (Kronecker-Weber). FEvery abelian extension of Q is contained in a cy-
clotomic extension.

We give a more explicit description of the artin map using the language of modulus. A
modulus m of K is a formal product m>*m, where m*> = [[, p¢ is an ideal of Ok and
M, is a subset of {0 : K < R}. For a place v of K, we write v|m if p,|fm> when v is
non-archimedean, and if v € m,, when v is archimedean. For v|m, define

Define Jg(m) C Jx to be the group of fractional ideals that are relatively prime to m®™
(i.e. that do not have p,-factor in the prime decomposition for all p,|m>). Put Px(m) =
{(a) | @ € K*, v € Up(m) Yv|m}. The quotient Jx(m)/Pk(m) is called a Ray class group
of K.

Put Ix(m) := I O[], Us(m) X [[0 K Wi(m) := Ix(m) N Ik, . that is a open
subgroup of Ix(m). Consider the natural morphism

Ix(m) — Jg(m), (z, HHpord““

It is clear that this map is surjective, with the kernel equal to Wi (m). We deduce then an
isomorphism

Iy (m) /Wic(m) (K> N I (m)) — Iic(m)/ Py (m),

which gives an adelic description of the ray class group.

Lemma 3.3.16. The natural map Ix(m) — Ix induces an isomorphism
Ix(m)/(Ig(m) N K*) — I/K*.

Proof. The injectivity is trivial. For (z,) € Ik, since K is dense in [],,, Ko, there exists

a € K* such that « is arbitrarily close to z, for all v|m. In particular, if v is non-
archimedean, « can be chosen to have the same norm as z,, and # € U,(m); if v is
archimedean, then o has the same sign as z, (so 2 € U,(m)). The lemma follows. O

Using similar argument as for Corollary 3.3.7, one can prove

Proposition 3.3.17. The ray class group Jx(m)/Px(m) is finite.
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Proof. Exercise. O]

Let L/K be a finite abelian extension. Let m be a modulus divisible by all ramified
primes (including infinite primes) of K in the extension L/K. For p C Ok, p 1 m, recall
we have the Artin symbol (L/TK) € Gal(L/K): (L/TK)(.T) = 2VN®) = for all 2 € Op, and
for B a (or any) prime ideal of Oy dividing p. We have then a morphism

Jic(m) — Gal(L/K), []p* ] (L/TK)GP.

Theorem 3.3.18. The above morphism is surjective, and factors through Jx(m)/Pg(m)
when the exponents of the finite primes in m are sufficiently large. Moreover, the induced

map Cx — Ji(m)/Pg(m) — Gal(L/K) is equal to €x — Gal(K*/K) —» Gal(L/K).
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Chapter 4

Zeta functions

4.1 Riemann-Zeta function

Let (s) = Y., L called the Riemann-Zeta function. Recall the power series > o0 L is

n=1 ns s n=1n
.y 11
not convergent: » ... 4 > 5.

Proposition 4.1.1. There are infinitely many primes.

Proof. Suppose there are only finitely many prime numbers py,--- ,p,.. Then we have
N .. N r
P Pr 1 1 1
o —=JJa+=++ =)
—1 i pi P
We then deduce Y F1 7" % converges as N — 0o, a contradiction. ]

Proposition 4.1.2. >> | & is absolutely convergent if Res > 1 and ((s) ==Y oo | - is
holomorphic for Res > 1.

oo 1
n=1 na

Proof. We have = |-wes| and Y7 | = is absolutely convergent for a € Roy: >
1

floo v %dx = ;—. Recall the following fact in complex analysis:

1
port

e Let 2 C C be an open subset, f, be a sequence of holomorphic functions on €2
such that {f,} uniformly converge to f on each compact subset K C €, then f is
holomophic on €.

We then deduce ((s) is holomorphic on Re s > 1. [

n=1 ns s—1
In=* — a7 = |s [Tyt ody| < |s|nTtRe| we see Y07 ff“(n*s — x7%)dx is absolutely
convergent and is holomorphic for Res > 0. In this way, we get an analytic continuation
of ((s) on Res > 0 given by

Remark 4.1.3. In fact, we have > oo L — L = 5> f:ﬂ(n* — x~%)dx. Since

1 o0 n+1
s—1+;/n (n=* — 2~%)da. (4.1)
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Recall [[2, a, (with a, # 0 for all n) is called convergent if Hflvzl a, converges to a
non-zero element in C. In particular, if [[7, a, converges then a,, — 1. We recall the
following basis facts:

e The followings are equivalent:

— [[0Z,(1 + ay,) is convergent,
— > log(1 + a,) is convergent (where log denotes the principal branch of the
logarlthm i.e. Im(log(z)) € (—m, 7)),

— 3> . a, is convergent
n=1an gent.

e We call [['7 (1 + a,) absolutely convergent if > 7 log(l + a,) is absolutely con-
vergent. Then [[” (1 + a,) is absolutely convergent if and only if > 7 |a,| is
convergent.

e Let © C C be an open subset, and assume a,(z) is holomorphic on Q. Let K be a
compact subset of . Then [[) (1 + a,(z)) is absolutely and uniformly convergent
on K if and only if > 7 | |a,(2)| is uniformly convergent on K. And if this holds for
any compact K C €, then []>2,(1 + a,(#)) is holomorphic on .

Proposition 4.1.4. The product [[ (1 — #)_1 is absolutely convergent for Res > 1 and
1

[1,(1 =) =C(s).
Proof. We have |((s) — Hp<pN - 1 | < > opy lnsl = 0 as py — oco. The proposition

follows. L

Exercise 4.1.5. Show that ((s) # 0 for Res > 1.

Theorem 4.1.6. The Riemann zeta function ((s) extends (uniquely) to a meromorphic
function on C, holomorphic everywhere except for a simple pole at s = 1. We have the
so-called functional equation:

1—s
2

TG (s) = 7 T (5 )C (L~ s).

Recall ['(s) = [ e "t*% (that can be viewed as the oo-Euler factor). Recall the following
fact:

e Let D be a measurable subset of R, U C C open. Suppose

1. f is measurable on D x U,
2. f(z,2) is analytic on U for any = € D,

3. there exists a measurable function M : D — R such that |f(x,z)| < M(x) for
r €D, zEUande r)dr < oo.

Then F(z) = [, f(z,z)dz is analytic on U.
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We write I'(s fo e 't"d 4 [Fet*%. Since |e7't*7!| < e7'/? when ¢ is sufficiently large,
we see the second term 1s always analytic (for s € C). We have |e~'t57t < |¢Res=1| for
t € (0,1]. So for Res > 0, we have |f01 el < fol tRes—1dt — L Using the above fact,
we deduce I'(s) is holomorphic on Re s > 0.

Using I'(s + 1) = sI'(s) (exercise), I'(s) extends to a meromorphic function with poles
at non-positive integers. Note we have T'(1) = [[“e~*dt = 1, so T'(n) = nl.

Proof of Theorem 4.1.6. We have w2T'($)-L = [ t3~te "’ dt (for Res > 0). Thus

o0

1 o
e = [uas [T e
1

n=1 0

W*%F(;

\l/
I
—
[Va)
SN—
Il
O\
8
~
o

Where w(t) = S e ™™ For t > 1, we have w(t) = O(e™™) (for t — o00): w(t) <

n=1

Yo Oe ””t)e_”t Hence the term [ t3 Yw(t)dt is holomorphic for on C. We have
f1 31w = [[Fw(1/t)t~27'dt. Using Lemma 4.1.7, we see

- g > s_1 1 o £l 1 ° s_1
/ w(l/t)t™2 7 dt = / t> 2 w(t)dt — —/ t72 Nt + —/ tT272dt

In summary, we have

IT(G)C(s) = —ﬁ " /100“5‘1 + 7 (). (4.2)

We see thus W_%F(g)c (s) has a meromorphic continuation that has simple poles at 0, 1.
The functional equation also follows.

We know I'(s) only has simple poles at non-positive integers, and I'(s) has no zeros
(using the fact I'(s)I'(1 — s) = =%—). We deduce hence ((s) has only one pole at s =1. [

sin s

Lemma 4.1.7. We have w(1/t) = -1 + %t% + t2w(t).
Let 0(z) :=>"0" e then 2w(z) = 0(z) — 1. It suffices to show 0(1/z) = 226(z).
We first recall some facts on Fourier transform. A function f : R — C is called a
Schwartz function, if f € C* and f is or rapid decay, i.e. |f"™ ()| = o(|t|?) (t — £o0) for
all n € Z>o and ¢ € R. Denote by S(R) the space of Schwartz functions.

Example 4.1.8. The function f(x) = e ™ is a Schwartz function.

Let f : R — C be an absolutely integrable function (for the Lebesgue measure). The
Fourier transform f : R — C is defined by:

f(s) ::/_ e 2S£ () dw

o0

that is a uniformly continuous function. We have the following facts:
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o If f € S(R), then f € S(R) and f = (iz)"f, anf = i" f)

o [xg(s) = (s)g(s) where fxg(y) = [ f(y — 2)g(x)da.
Theorem 4.1.9 (Poisson formula). Let f: R — C be a Schwartz function, then

Yo fm)=>"Jn)

nez ne”L

Proof. Let F(x) := >, ., f(n + ). Note since f is Schwartz, the series is absolutely
convergent and uniformly continuous for compact sets in R. Hence F'(x) is continuous, and
F(x+1) = F(x). We have F(z) =3, _; a,e*™"" where

1 +o00 R
ay, = / F(z)e 2™y = / Z f(n+x))e * " dy f(z)e ™" dx = f(n).
0 nez B
Hence F(0) =3, ., f(n) =3,z f(n) —~

Let g(z) = e ™ € S(R). Then

§(9§) :/6—27ri:cye—7ry2dy :/e—ﬂ'(y2+2i:cy)dy
R R

— / e*ﬂ((erim)QJer)dy _ 677712 / €7ﬂ(y+ix)2dy — eﬂxQ/ €7ﬂ-22d2.
R R z=1x+R

We have ]f”:JFN e dz — fiVNe_”2dz| < 2zle™ — 0 as N — +oo. We deduce
—TZz 7T22 .
Jivim© ‘de = [,e™dz = 1

) +oo 5 +o0 +oo
/e” dz = 2/ e ™ dz=2 / —”Zde/ e~ dx
R 0
“+o0o
=2 / / e ”T2rdrd0—2\/ (—— —7”’2)300: 1.

Let fi(z) = e*’mzt, then 0(t) = ZnEZ fi(n) = ZneZ ft( ). We have

~ , 1 y?
f y) = / e—ﬂx2te27rwcydx — / 6_ T2 27rl\/ydx - /g\ y \/% — e—TI’T.
=, Vi A =

Thus ),z J?t(n) = \/%9(%) Lemma 4.1.7 follows.

Exercise 4.1.10. Let u(n) be the Mébius function:

(n) {(—1)6" n is square free and e, is the number of prime factors of n
win) = :
0

n has a squared prime factor

Prove 300 M) — ﬁ
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4.2 Prime number theorem

For z € Rs, denote by 7(z) := #{p < x}. In this section, we prove the following famous
theorem.

Theorem 4.2.1. We have m(z) ~ 5~

Let ¥(z) :== >, logp.

Lemma 4.2.2. If ¥(z) ~ z, then 7(z) ~ .

Proof. 1t is clear that ¥(z) < m(z)log(z). On the other hand, for any ¢ > 0, J(z) >

D gt eepepogp > (1 =€) 0o ogar = (1 — e)(logx)(n(x) — w(z'79)). If I(x) ~ x,
then (logz)z'™¢ = o(¥(x)). Hence ¥(z) ~ m(x)logz and x ~ w(x)log(x). The lemma
follows. O

Lemma 4.2.3. We have ¥(z) = O(z).

Proof. We have

2n —9(n
22712(”)2 H p = =0

n<p<2n

Hence 9(2n) —9(n) < 2nlog?2, thus ¥(2x) —J(z) = O(2x). From which, one easily deduces
the lemma. ]

Lemma 4.2.4. If [[© 19(2#(1;5 exists, then 9(x) ~ .

Proof. Let A > 1, and = > 0 such that ¥(z) > Az then
Az

9(t) —t ANp —t AN —t
3 ®) dtz/ v dt:/ dt > 0.
12 T Nz

xT

Thus if [° 19(fg)[‘”dx exists, then limsup,_,. ¥(x)/z < 1. Similarly, let A < 1, and = > 0
such that ¥(z) < Az, then

T o T o 1 o
/ V(t) tS/ AT tdt:/ A tdt<0.
12 12 t2
Az Az A

We deduce liminf, ., ¥(z)/x > 1. The lemma follows. O

Theorem 4.2.5. Let f(t) be a bounded, locally integrable function. Suppose g(z) =
fooo f(®)e~#dt (that is absolutely convergent and holomorphic for Rez > 0) extends holo-
morphically to Rez > 0. Then fooo f(t)dt ezists and is equal to g(0).
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We first assume the theorem. To prove floo Z_m dr = fo — 1)dt exists, we are

led to study the function

e t o0 e 1
/ ) ety - / (e CHD1(et) — )t = / e Gt — -
0 0 0

et s

et

We put ®(s) :== > 1‘;% (that is absolutely convergent and holomorphic for Res > 1).
Lemma 4.2.6. We have [;° etV (e)dt = SH) (for Res > 0).

Proof. We have (for Re s > 0)

3(s) =Y <<Zlogpj><]§ Z /

= s/ I(z)r 5 dr = 8/ I(eh)e *dt.
1 0

The lemma follows. O]

Lemma 4.2.7. We have (for Res > 1)

~d(s) _ log p
O +Z D) (4.3)

In particular, ®(s) can extend to a meromorphic functor on Re z > %, that has a simple at
s = 1 with residue 1.

Proof. We have

([Ta-2")'=> (- [T @=-@)) (1 —p*)2p*logp)
P<pPN pP<pN ppifév
a1 lo

Thus for Res > 1:

_dls) 3 logp *Z logp logp _ *Z logp

¢(s) ~p =1 pP—1 ps pi(ps — 1)
The functlon > Slogp is holomorphic on Re s > . Recall also ((s) is also meromorphic
on Res > 3 1 and has a snnple pole at s = 1 with re81due 1. The lemma follows. O
P(s+1)

Now we want to show —— < can extend holomorphically on Re s > 0. By the above
lemma, it is sufficient to show <I>(s) has no other poles on Res = 1 (except for s = 1).
Again by (4.3), this is equivalent to the statement in the following proposition.
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Proposition 4.2.8. We have ((s) # 0 for any Res =1 and s # 1.

Proof. First by (4.2) (or (4.1)), if ((s) = 0, then ((5) = 0 for Res > 0. Suppose 1+ ai is a
zero of ((s) of order A\, and 1 + 2«i is a zero of ((s) of order p (with u, v € Zso, a € R¥).
Then lim, o e®(1 + @i +¢€) = =\, and lim,¢ e®(1 £ 2ai + €) = —pu. Let € > 0, consider
2 4 2 4 logp log p
. - . a, —aiv4
We deduce lim,_,q 6(2?272 (2+])<I)(1 + jai + e)) > 0. However, we have (recall lim, e®(1 +

€)=1)

2
4
lime(z <2+j><1>(1 + jai+€)) = =8\ — 2 + 6,

e—=0
Jj==2

and hence A = 0. The proposition follows. O

As discussed above, Theorem 4.2.1 follows from the proposition. We finally prove the
analytic theorem:

Proof of Theorem 4.2.5. For T' > 0, let gr(z fo t)e *'dt, that is holomolorphic on
C. We need to show hrnT_m(gT(O) g(0)) = 0 Let R > O and let > 0 such that g(z) is
holomorphic on the region Q := {Resz > §} N {|z| < R} (so ¢ depends on R). Let- C be
the boundary of 2. We have thus

dz

1 2T
or(0) = 0) = 5~ [ (r(2) — gD (14 )
Let CT :=CN{Rez > 0}, and B :=sup|f(t)|. Then for z € C*, we have

. —RezT
() —9(2) = | [ f(0re e < B
and (noting R? = 2%)
leT(1+ = > )l| _ hes —lz+ 2z = 26R”T Re z. (4.4)
R? R? R?
So | [oi(gr(2) —g(2)e" (1+ % )d;| 28, Let C~ := CN{Resz < 0}, and Cy := {|z| =

is holomorphic,

R,Res z < 0}. Since gr(z)e*(1 ]z%_)
[ om0 T = [ ot T

For z € (], we have

N W

T e—RezT
<B 2t = B——
or(2) < B | Jela = B

and (4.4) holds. Hence| [, gr(z ZT(1+R22)dZ| < 272 The only left term is [, g(z)e*T (1+

RQ) dz, that goes to zero when T — 00 (since Re z < O e.g. using g(z )(1+§—Z)/z is bounded
on C'7). We deduce then limsup;_, . |g7(0) —g(0)| < 2B/R. As R is arbitrary, the theorem
follows. N
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4.3 Dedekind Zeta functions

Let K be a number field. Put (x(s) == > o, ﬁ

Lemma 4.3.1. The series ZaCOK ﬁ 18 absolutely and uniformly convergent on any

compact subset of Res > 1, and we have

Cr(s) = [[A=N@™)™"

P

Proof. We first show [, (1 — N(p)~*)~! is absolutely and uniformly convergent on any
Ny For
any prime number p, there are at most [K : Q,]-prime ideals p such that N(p) = p. We
deduce that for Res > 1 (noting |p‘m5| < |p‘5\ for m € Z>1):

IZ |_Z| |_

The convergence then follows from the same result for ((s). The power series Y~ N(p)~"*
is also absolutely and uniformly convergent on any compact subset of Res > 1. We have

then
am(s)= [[ a=nNp™*= T] <ZN<P>‘mS>:Z_N<1a>S
PN (p)

p,N(p)<n <n m=0 acln

compact subset of Res > 1. It is sufficient show the same convergence for Zp

(K : Q]
Z pRes ’

p

where I, denotes the set of ideals a satisfying all the prime factors of a has norm at most
n. And {g,(s)} is absolutely and uniformly convergent on any compact subset of Res > 1.
We then deduce the same holds for (x(s). O

Proposition 4.3.2. Let f(s) = >, % that absolutely converges for Res sufficiently

n=1
large. Let S; = ant a, fort > 0. Suppose there exists k € C and 0 < § < 1 such
that S; = Kkt + O(t'°) as t — +oo. Then f(s) can extend to a meromorphic function on
Res > 1 — 4§ with only one simple pole at s = 1 with residue k.
Proof. Consider f(s) — r((s) =: bo “and put S = > oncibn S0 S; = O(t'?). Tt is

n ns’

sufficient to show Y % can extend to a holomorphic function on Res > 1 — 4. First,

n ns

" Z—" is absolutely convergent for Re s sufficiently large. We have thus for Re s > 0:

- ns ~ T (n —I— 1)s
/ S ! (s —s—1

= g (Sn/n xsﬂdx) =S E (Sn/n r % dx).

n

Let C > 0 such that S, < Ct'~°, we have

n+1 n+1 -
> VSZ/ v ldz| < Cs| Z/ Ty = C’|s|/ -
n n " n 1

that is absolutely convergent for Res > 1 — 4. The proposition follows. O

69



We want to apply the proposition to Dedekind zeta functions. We can write (x(s) =
> on =, where a, = #{a C Ok | N(a) =n}. Wesee S(t) =) ., an =#{a C Ok | N(a) <

n ns’

n}. In the rest of the section, we will prove

Theorem 4.3.3. Keep the above notation, then

s(t) = 2 Bhi, oty
wy/|Ak]

where Ry is the regulator of K (that will be defined later), hy is the class number of K,
w = |pk|, Ak is the discriminant of K.

Corollary 4.3.4. The function (x(s) can extend to a meromorphic function on Res >
2" (2m)* Rchge

w\/ ‘AK|

Let € be an ideal class in Cx. We will estimate #{a C Ok | [a] = €, N(a) < t} =
Neg(t).

Lemma 4.3.5. Let J be a fractional ideal such that [J~'] = %. Then the following map is
a bijection

1-— %, that only has a simple pole at s = 1 of residue

{a€J| N(a)<tN(J))}/O; - {aC Ok | [a] =%, N(a) <t} ,ar aJ '

Proof. The map is clearly well-defined and injective. For a C O such that [a] = € and
N(a) < t, there exists @ € K* such that a = aJ~!. Since a C Ok, a € J. Using
N(a) = N(a)N(J)™', N(a) < tN(J). The surjectivity follows. O

We discuss some examples on the calculation of Ny ().

Example 4.3.6. (1) Suppose K/Q is an imaginary quadratic field. Let o : K — C be an
embedding. Recall o(J) is a lattice in C = R?, and we have Vol(R?/a(J)) = 3N (J)/|Ak|
(where Vol(.) is with respect to the standard Lebesgue measure on C, and hence is equal to
Volo(.) in §1.7). We need to estimate my(yy = #(o(J)N{z | |z|> < N(J)t}). Let ey, es be
a basis of A\(J), and Q = {x1e1 + x9eq | x; € (—=1/2,1/2]}. For s > 0, denote by m} (resp.
my ) be the cardinality of the set consisting of a € J such that (a+ Q)N {x | |z|* < s} 75 0
(resp such that (a+Q) C {x | |z> < s}). We have m; < ns2/ Vol(R?/o(J)) = —255

N(V/IAK]
dmt > —27__ Let§:= —yl, th
anems = 55 N~ € SUP, yeq [ — yl, then

m+

(N 2—gy2 S TNy S TN S My < M

((N())/2+8)2"

t+ O(t'/?).

We deduce thus my(j = \/m + O(t'/?) and hence Ny (t) = \/‘_
K

(2) Suppose K/Q is a real quadratic field. Let A : K — R?* a — (o1(a),0e(a)).
Let € € OF be a fundamental unit, and we assume o1(¢) > 1 (hence |oa(€)| < 1). For
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any * = (r1,22) € R with zyxy # 0, there exists thus a unique y = (y1,y2) such that

1< B—{j < % = 01(e)? and xy~! € e£. We deduce hence a bijection

(M) N (21, 22) | |z12s] < N(J)E})/OK
— (M) N (@1, 22) | 2] S N1 < l%' < 01(2)’}) /1.

Let Dy = {(21,22) | |z12a| < N(J)t,1 < |2 < 01(e)?}. We see the length [0D;| = O(tz).
We can find [|0D;|]-points {z;} on ODy, such that for any x € ODy, |x — z;| < 1 for some
x;. Asin (1), let ay, as be a basis of \(J), and Q = {x10q + za02 | |z;| < 1/2}. We
see if v is sufficiently large (depending on ), then A(J) N Dy is bigger than the number
M, of elements o in J such that « + QN D, \ (U;B(x;,7)) # 0, and is smaller than the
number My of elements « in J such that o + Q C Dy U (U;B(x;,7)). We have My >
((Dy) = >, mr?) [ Vol(R?/A(J)), and My < (u(Dy) + Y, 7r?)/ Vol(R*/A(J)). Note that
the term Y2, 72 VOl(R2/A(J)) = O(t2). For Dy, we have

_ _ ity
w(Dy) = 4ﬁ<x1$2SN(J)t,z,->O dzidzy = 4/y1+y2§10g(N(J)t) e dy dy:
1<%§U1(5)2 0<y1—y2<2log(o1(g))

=2 e*tdzidzy = AN (J) log(oy(e))t.

z1<log(N(J)t)
0<2z2<2log(a1(¢))

Together with Vol(R?/X(J)) = N(J)\/|Ak|, we deduce Ng(t) = \/‘22_|t +O(t

To prove the theorem for general K, we start with some preliminaries.

S

).

Definition 4.3.7. (1) A function f : [0,1]"~' — R™ is called Lipschitz, if the ratio w
is uniformly bounded for x # y € [0, 1]"1.

(2) Let B be a bounded region in R*. We call 9B = B\ B° is (n — 1)-Lipschitz
parametrizable, if it is covered by the images of finitely many Lipschitz functions: f :
0, 1" - R™.

Lemma 4.3.8. Let B be a bounded region in R™ such that OB is (n—1)-Lipschitz parametriz-
able, and A C R"™ be a complete lattice. Then for a > 1, we have

#(ANaB) = %an +0(a™Y).

Proof. We give a sketch of the proof. First the map = — ax induces a bijection between
(FA)NB — ANaB. Let €1, e, be a basis of A, and Q1= {}_, ze; | — 5= < 2; < 5-}.
Since 0B is (n—1)-Lipschitz parametrizable, for any r > 0, there exists M,-points {x;} such
that M, = O(a™") and for any « € 9B, there exists x; such that [z — ;| < . We can then
choose r (independent of a) and M = O(a™!)-points {x;}, such that if (« + Q)N IB # 0,
then (a+ ) C B(x;,r/a) for some x;. Similarly as in Example 4.3.6, we have

p(B\ UiB(zi,r/a)) p(B U (U;B(z;,r/a))
1(Q) () '

<HCA)NB<

71



B) B
Using U5 = i

a”, and W = O(a" '), the lemma follows. O

We now calculate #(J N{a € K | N(a) < tN(J)})/Ok. Let A : K < R" x C?,
z v (o1(x), - ,00(x),0011(), - ,0015(x)). Let e1,--- ,e.45-1 be a set of fundamental
units (that are a basis of O /ur). Consider

0f —25 R x C*

T
H —— R'fs

where Log(zy, -+, 25) = (log |z, - log |z,|, 21og |xpia], - -+, 2log |x,15]), and where H
is the hyperplane of R™** defined by Z _, z; = 0. Recall /(Of) is a complete lattice in H.
Let X, := (JN{a € K | N(a) < tN(J)}), and X; := X; \ {0}. The image of the region
X; under the morphism Log is the region X := {(z;) € R™™* | S04 2, < log(tN(J))}.
The natural O}-action on X} transfers to an £(O})-action on X;°% by addition. Put
vi=——(1,---,1) € bR™**, then (v,{(e1),- - ,{(g,45-1)) form a basis of R""*. Let Dp°8 .=
{tov+ 212 1”(@) | to € (=00, log(tN(J))), t; € [0,1)}.

Lemma 4.3.9. For any x € X[°%, there exists a unique y € Dy°® such that x —y € £(O}).

Proof. The lemma follows easily from the fact {3777 t,0(e;) | t; € [0,1)} is a fundamental
mesh of the lattice ©Z{(e;) in H. O

Let D; C X; be the inverse image of D}°® under the morphism Log. By Lemma 4.3.9,
we have

Lemma 4.3.10. For anyxz € X}, there exists a unique y € Dy such that xy™" € HT+S ! el —
Ox.
Consequently, we have a bijection
(JN{a € K | N(a) <tN(J)})/OF +— (A(J) N Dy)/pxc.
We have D, = tw Dy and D is (n — 1)-Lipschitz. By Lemma 4.3.8, we have

w(D1)
x| Vol(R™/A(J))

We have Vol(R"/A(J)) = 27°\/|Ag|N(J). Now we calculate pu(D):

Ne(t) = + Ot ).

(D) = / dys - dypdz, - d,
Dy

Writing z; = p;e then x; = log|y;| for 1 <4 <7, and z; = 2logp; for r +1 <i <r + s,

we have

ey =/ dyy - dy,py -+ psdpy - - dpsdfy - - db, =2’"7rs/ ey - dy .
Dy DLog
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Let tg, -+ ,t,4+s—1 be the new variables such that

(l'l, ce ,ZEH-S)T = (U, 6(51)7 T 76(5r+s—1))(t07 T ,tr+5—1)
then we have
log(tN(J rts—1
/’L(Dl) = ‘det<U7£(€1)7 U €T+s 1 ’/ to H / dt

We define Ry := |det(v,l(g1), -+ ,l(e15-1))|, called the regulator of K. We see that Ry
is independent of the choice of the fundamental units, and is unchanged if v is replaced by
any vector (zy,--+ ,2,4s) € R™ such that Y77 z; = 1. Thus u(D;) = 2"7m* R N(J) and
the theorem follows.

4.4 Dirichlet L-functions

We first discuss characters of finite groups. Let GG be a finite abelian group, we let G = {x:
G — C*} be the set of characters of G. Then G has a natural (abelian) group structure:
(x1x2)(9) = x1(g)x2(9)-

Lemma 4.4.1. (1) We have a (non-canonical) isomoprhism G = G.

(2) Given an exact sequence 1 — H — G — G/H — 1, the induced sequence 1 —
G/H—>G—>H—>1 is exact.

(3) The morphism G — G, g— (x — x(9)) is an isomorphism.

—

Proof. (1) By the structure theorem of finite abelian groups, it suffices to show Z/nZ =
Z/nZ. However, it is clear that x € Z/nZ is determined by x(1) € u,(C) ={{ € C* | (" =
1}.

(2) One directly checks that the sequence 1 — G /H — G — H is exact. By comparing
the orders and using (1), we deduce G — H is surjective.

(3) Both of the groups having the same order, it suffices to show the morphism is
injective. Let H :=N, g Ker(x). Since G — H is surjective by (2), we see H = 1 and the
injectivity follows. O

Proposition 4.4.2. Let y € CA?, X # 1, then deG x(g) =0

Proof. Let h € G such that x(h) # 1, then x(h) deGx(g) = de(; x(hg) = zgeG x(9).
The proposition follows. O

Remark 4.4.3. Using the canonical isomorphism G = G, we see for g # 1, > eax(g) =0.
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Let N € Z~1, and we call a character x : (Z/NZ)* — C* a Dirichlet character. If m|N,
we have a natural (surjective) morphism (Z/NZ)* — (Z/mZ)*. A Dirichlet character
X : (Z/NZ)* — C* is called primitive if x is not induced from a character (Z/mZ)* for

m|N, m # N (ie. x € (Zﬁ\fE)X does not lie in the image of (Zﬁnz)X — (Zﬁ\f?)X for
m|N, m # N). In this case, we call N the conductor of x, denoted by f,. We call x even
if x(=1) =1 and odd if x(—1) = —1.

Let x be a Dirichlet character of conductor f,, we extend x to a morphism x : Z — C

such that
_x@ (a,fy) =1
x(a) = {O otherwise.

We put L(y,s) := 5%, X% called Dirichlet L-function. It is easy to see 320, X1 jg

n=1 ns n=1 ns

absolutely convergent on Res > 1, and hence L(y,s) is holomorphic on Res > 1. By
similar arguments as in Proposition 4.1.4, we also have for Res > 1,

Lix.s) = [ [ = x)p~) "

p

Proposition 4.4.4. If x # 1, then L(x, s) can extend to a holomorphic function on Re s >
0.

Proof. By Proposition 4.4.2, the absolute value of S; :=}_ _, x(n) is bounded by f,. The
proposition then follows from Proposition 4.3.2 (with k =0, § = 1). ]

We study the relation between Dirichlet L-functions and Dedekind zeta functions. Let
K be a finite extension of QQ, and suppose there exists N such that K C Q({y) (¢y being a
primitive N-th root of unity). Note by the theorem of Kronecker-Weber, this is equivalent
to that K is a finite abelian extension of Q. Recall we have ¢y : Gal(Q((y)/Q) = (Z/NZ)*

such that g((y) = ]L\gg). Let H := Gal(K/Q), then we have a natural morphism (Z/NZ)* =

Gal(Q(Cy)/Q) — H, that induces j: H < (Z/NZ)* (we omit 7 if there is no ambiguity).
In particular, any character of H is a Dirichlet character (of conductor dividing N).

Theorem 4.4.5. We have
I Lx.s) = ¢k(s). (4.5)

xeH

Proof. Tt suffices to prove the equality for Re s > 0. Using the formulas of Euler product
for both L(x, s) and (k(s), we reduce to show

[Ta=xwpr) =[]0 -Nwm)™) (4.6)

xeH plp

for all prime number p.

We first show some facts on cyclotomic field. For a prime number p, we have

74



e if p{ N, then p is unramified in Q((y),

e if N =p", then p is totally ramified in Q((y).

Indeed, to see these, we consider the extension Q,(Cy) over Q,. If p { N, using Hensel’s
lemma it is easy to see Q,((x) is unramified over Q,. If N = p", by Exercise 2.7.5,
Q,((yr) is totally ramified over Q,. Suppose p 1 N, then the decomposition group D, C
Gal(Q(¢n)/Q) is generated by the absolute Frobenius Frob,, i.e. the element satisfying
Frob,(z) = 2P (mod p) for all z € Og,y) and p C Ogc,) dividing p (actually, one can
show that Og,) = Z[(n], but we don’t need this fact). We claim Frob, is the element
sending (y to (&.. Suppose Frob,({x) = (k for r € (Z/NZ)*, and suppose r # p (mod N).
By assumption, (& — (& € p for p|p. However, in Q,(Cy), we see easily that (f — (& is a
unit, a contradiction. We conclude that the map vy : Gal(Q(¢y)/Q) = (Z/NZ)* sends
Frob, to p.

Back to the proof of (4.6). First consider the case p t+ N. For (any) p|p, denote by
f=1[0k/p:F ], and hence N(p) = p/. Let g := d/f (d = [K : Q]). Then [, (1 —
N(p)~*) = (1 — p~7#)9. We calculate now [T,cz(1 = x(p)p~). We have

Plp(

—~

D, « H < Cal[@((n)/Q) & (Z/NT)*.

We have x(p) = x(Frob,) for y € H, in particular, x(p) = X|p, (Frob,). Thus J[ .7(1 —
x(p)p~°) = oneﬁp(l — Xo(Frob,)p~*)9. Since D, is a cyclic group of order f generated by

Frob,, we have {xo(Frob,) | xo € l/)\p} ={¢}|i=0,---,f —1}. We have

f-1
IT (t = xo(Frob)p) = [J(1 = ¢jp~) = (1 = p~'*)°,

X()eb\p 1=0

where the last equation follows from (1 — X/) = Hf;ol(l — (;X). The equation in (4.6)
follows in this case.

Consider the case p|N. We write N = p"M with (p, M) = 1. Let Ky := K N Q(Cu)-
For any prime ideal py; of O,, dividing p, pas is totally ramified in K (for example by
looking at the corresponding extensions with Q replaced by Q,). In fact Gal(K/Ky) C H
is exactly the inertial group I, at p. For the prime ideal B C Ok, Blpns, we have N () =

#Oxk /B = #O0k,, /pa = N(par). Hence T] (1=N(p)™*) = I1,,,,(1=N(pa)~*). We have
(Z/NZ)* = (Z/p"Z)* x (Z/MZ)*, and by definition x(p) # 0 if and only if x|z/prz)x = 1.

We have a commutative diagram
Gal(Q(¢w)/Q(Gr)) — Gal(Q(¢n)/Q)

| |

Gal(K/Ky) —— Gal(K/Q)

1)



Hence for y € I/-j, x(p) # 0 if and only if y is trivial on [, = Gal(K/K)s). Then by Lemma
4.4.1 (2), this is equivalent to x € Gal(K,;/Q). So we have

[Ta-x@pr=7'= I G=xep)=]110-NEw™) (4.7)

xeH XE€Gal(Ka7/Q) parlp

where the last equality follows from our previous results in the case pt N. This concludes
the proof. O

Note L(1,s) = ((s) has a simple pole at s = 1 of residue 1. We deduce from Theorem
4.4.5 and Corollary 4.3.4:

Corollary 4.4.6. We have

H L X 2'r+s SRKhK
XEH v |AK|
x#1

In particular, L(x,s) # 0if 1 # x € H. Asan application, we prove Dirichlet’s theorem
on arithmetic progressions. Let N > 2, and a € Z. Consider }_ _, (104 n) ]% (that is
absolutely convergent on Res > 1).

p=a

Theorem 4.4.7. We have 3 _, (noa n) z% ~ @(N) log(s — 1) as s — 1%. In particular,
there are infinitely many prime numbers p such that p = a (mod N).

Proof. Let x : (Z/NZ)* — C* be a Dirichlet character. We have (for Res >1

log L(x, s Zlog ZZX perl

p n=l1

Consider

Y. x@ogLixs) =) > (( Y X(alp"))ﬁ).

XE(ZINZ)* P on=l e(Z/NT)x

Using Proposition 4.4.3, we see

S x@ togLins) =¢(N) Y MY Y Ly

XG(ZmX p=a (mod N) n=2 p"=a (mod N) np
We have
n=2 pn=qa modN) n=2 pn=q modN) n=2 p p P

and hence the second term of the right hand side of (4.8) is holomorphic on Res > 1/2. By

Corollary 4.4.6, we see Z Z/NZ)X x(a)tlog L(x, s) ~ log((s) ~ log =5 and we deduce

hence SO(N) sza (mod N) log O
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Exercise 4.4.8. Prove (without using the theorem) # ~ log .

Exercise 4.4.9. Deduce from Theorem j.J.7 Chebotarev’s density Theorem 1.10.8 in the
case L =Q((y) and K =Q

Let x be a Dirichlet character of conductor f, and ¢; be a primitive f-th root of
unity. For a € Z/ f7Z, consider the so-called Gauss sum (that can be viewed as the Fourier
transform of the function xy on Z/f/7)

)= > x(=)(F

2€L/f)2
We put 7(x) := 71(x). Note we have y = x .
Lemma 4.4.10. (1) 7,(x) = x(a)7(x)-
(2) TO)T(X) = x(=1)f-
(3) 700l = VT

Proof. (1) Assume first (a, f) = 1. Then we have
()= Y x(2)¢F =x(a) > x(az)¢f = x(a)7(2).

2€Z/fT. 2€Z/ {7

Assume now (a, f) =m > 1, and put fy := f/m, ap = a/m. We have

fo—1
)= > x@EET =D > x(?)
e 0 b o)
z=i (mod fg

Fori =0,---,fo—1,if (i, fo) > 1, and z = ¢ (mod fy), then x(z) = 0. If (¢, fo) = 1,
letting H be the kernel of (Z/fZ)* — (Z/ foZ)*, then

> x(2)=x(0))_ x(2).

2=0,-f—1 zeH
z=i (mod fo)

Since x is of conductor f, x|g is not trivial and hence > . x(2) = 0. We see 7,(x) = 0.
This conlcudes the proof of (1).

(2) We have
)T = Y rx@¢G = Y mldG= D (Y (=G
a€Z/fZ a€Z/f]Z a€Z/ 7 z€Z]fZ
= > x(=( ) .
2€L)fZ a€Z/ f7
If 2 # —1, one easily calculates 3, .,/ (§7* = 0. Hence 7(x)7(x) = x(=1)f.

(3) It suffices to show |7(x)| = |7(x)]. We have 7(X) = >_.cz/;z X(2)(j and hence

(00 = Xz 2 X(2)G7 = x(=1)7(x) O
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Theorem 4.4.11. Let x be a Dirichlet character of conductor f > 3. Then L(x,1) =
—7‘()2)’125;} ()Z(a) log(1 — Q}L)) (recalling log denotes the principal branch of the loga-
rithm,).

Proof. Let a € {1,---,f — 1}, and consider u,(s) = > - " Then u(s) is absolutely

n=1 ns
convergent for Res > 1. By Proposition 4.3.2, u,(s) extends to a holomophic function on
Res >0 (using »_, ., (f" = O(1) as t — +00).
Claim: u,(1) =Y i —log(1 — ().

n=1 n

We prove the claim. By the proof of Proposition 4.3.2, u,(s) = Y>>0, L (<;(1—¢;n)

n=1 n° 1}
a(1__ a(n—1) a(1__ran
Cf(%fc;)) =53, o (11_ éf )(# — ﬁ) with the right hand side absolutely convergent

on Res > 0. Hence u,(1) =77, i (11:5; 0 n(nlJrl)' One can directly check

SN I X
2 1-¢§ n(n+1)_27‘

n=1 n=1

Moreover, we have

1im°°z(1—zn) 1 :i}(l—(}”) 1
et i= 11—z nn+1) = 1-¢ nn+1)

lz|]<1 ™7

and for |z| < 1, we have

Putting these together, we see uq(1) = lim;—cs —log(1l — 2) = —log(1 — (}).

For Res > 0, we have

LA > x(a)Cs" 2 Ta(X =, v(n
S (aue) = Y 2 XK mlD i S5 ),

s}

The both being holomorphic on Re s > 0, we deduce hence L(y, 1) = —% S (x(a)log(1—
Gt)): =

Remark 4.4.12. By a bit more work, one can obtain more user-friendly version of formulas
on L(x, 1), and hence, combing with Corollary 4./.0, more user-friendly version of formulas
on class numbers. For example, let K be a quadratic extension of Q with Ax € 7Z the
discriminant of K/Q. Let xi : Gal(K/Q) — C* be the unique non-trivial character. One
can prove that x i s a Dirichlet character of conductor |Ak|. In this case, the term on the
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left hand side of Corollary 4.4.6 is just L(xk,1). With a bit more work (say, on T(xk)),
one can prove the so-called Dirichlet’s class number formula:

_IA_lK\ LA:’l(‘fl Xk (a)a A < —4
154

hg =
= _10;(5) > a1 Xr(a)log(sin ﬂ) Ag >0,

where € is a fundamental unit of K.

4.5 Adelic point of view (a la Tate)

Let k be R, C or a finite extension of Q,. Let ¢ : k& — C* be the following (unitary)
continuous character (“unitary” means that Im(z)) C S* := {z € C* | |z| = 1}):

6_27ri1‘ k - R
v(x)=qe?™(x+1) k=C "
2™ (Trk /g, () k- @p] < +00,

where for x € Q,, A\,(x) is an element in ) #Z such that \,(z) —x € Z, (it is clear that
such element exists and that e?™»(#) does not depend on the choice of \,(7)).

Remark 4.5.1. For an abelian locally compact group G, one can consider the group G
of continuous (unitary) characters on G. The group G can be equipped with the so-called
compact open topology: the sets {W(Z,U)} with W(Z,U) = {x € G¥ | x(Z) Cc U}, Z
(resp. U) running through compact (resp. open) subsets of G (resp. S') form a topology
basis. Then a fact is that GV is also a locally compact group. Moreover, for k, 1 as above,
one obtains a morphism k — kY, v — [y — (xy)]. A factis that the morphism is actually
a topological isomorphism (and this is referred to as the self-duality of k).

We define the space S(k,C) of Schwartz functions on k. If & = R or C, then the defi-
nition is standard: S(k,C) consists of smooth functions of rapid decay (see the discussion
above Example 4.1.8). If k is a finite extension of Q,, then S(k,C) consists of locally
constant functions with compact support.

We fix a Haar measure on k such that: if £ = R, then dx denotes the standard Lebesgue
measure; if k£ = C, then dx denotes the twice of the standard Lebesgue measure on C; if £ is
a finite extension of Q,, then dx is chosen such that |, o, 4z = N(Dy, /@p)_% (for a fractional
ideal a of k, Na = p” such that Nj/g,a = (N(a))).

For f € S(k,C), Fourier transform f¥ of f is defined to be f(z) = [ F)v(zy)dy.
Note since f € S(k,C), f is absolutely integrable, so f is well-defined. Moreover, one can

show that f € S(k,C) and f(x) = f(—=x) (actually, we normalize the Haar measure as
above to make this equality hold).

79



Let | - | : K — Rso be normalized such that
|ZE|R k=R

2] = { Jaf2 k=C
N(p)™™) [k Q] < +oo

where p is the maximal ideal of O, and valg(k*) = Z. We denote by
4z = (k) — (4.10)

the Haar measure on k*, ie. [, d*z = (k) [, & 7 (using [, f(x)dz = [, f(au)|a|dz, it is
not difficult to check d*x is invariant under the k*-action) where 6(k) = 1 if k = R or C,
and 0(k) = B if [k : Q) < oo.

N(p)

A continuous morphism x : £ — C* is called a quasi-character of £*, and x is called
unitary if Im(y) C S*.

Fact: For any x, there exist a unitary character xo and s € C such that y = yol - |*.

We can now define the local zeta function: for f € S(k,C), x = xo|-|® a quasi-character
of k*,

C(fix) = [ fl@)x(z)d .
k)(
It is not difficult to see that ((f, xo| - |*) is absolutely convergent on Re s > 0.

Example 4.5.2. (1) Suppose k =R, f =e ™" and x = |- |°. Then

+o00
C(f,x) = / e |a [ da = 2/ e ™ 5Ly = 7 3T(D).
RX 0 2

(2) Suppose k = C, f = e ™ and x = | -|°. Similarly, one can calculate ((f, x) =
2175 (s).
(3) Suppose k is a finite extension of Q,, f =1p,, and x =|-|*. Then
Q(f,x)zé(k)/ Lo |- "™ 1dx—6k2/ |* e
k> n>0 Y @" O
1 1
k) N(p)(l‘s)”/ dx = 6(k)N(D N(p)d=n(1 — ——)
Z om0} h/a) Z N(p) N(p)"
1 1
= N(D 2
O

Theorem 4.5.3. The function ((f, xo| - |?) can extend to a meromorphic function on C.

Now let K be a number field. The local Haar measure defined as above gives a Haar
measure dr = [ [, dx, on Ag. We use dx to denote the quotinet Haar measure on Ag /K.
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Then one can show that fAK/K dxr = 1. For each place v of K, let ¥, : K, — S! be the

character defined as in (4.9). And put ¢ := [], 9, : Ax — S'. One can check ¢ is trivial
on K. Let S(Ag,C) be the space of Schwartz functions on A, i.e. the space of linear
combinations of funtions on Ag of the form f =[], f, where f, € S(K,,C) and f, = 1o,
for all but finitely many v. Then one can define the Fourier transform of f € S(Ag, C):

fly) = [ F@)ey)z.

A fact is that f € S(Ag,C).

We have a Haar measure d*z = [[ d*z, with d*z, defined as in (4.10). A Hecke
character of K is defined to be a continuous morphism y : I /K* — C*. Similarly as in
the local setting, there exists a unitary character yq : I /K* — S and s € C such that
X = Xol| - |5 (vecall | - |k is trivial on K*). Let f € S(Ag,C), x be a Hecke character, we
define the zeta function of f at x to be

C(fix) = i f(x)x(z)d*z.

When Res > 1, f = ®f,, one can decompose ((f, xo|-|°) into a product [], {(f,, x») where
Xo = Xlgx- Then it is not difficulet to show that ((f, xol - |°) is absolutely convergent on
Res > 1.

Theorem 4.5.4 (Tate). The zeta function C(f, xo|-|?) extends to a meromorphic function

A~

on C satisfying the functional equation ((f,x) = ¢(f, X51| |*=%). Moreover, C(f,xo|-|°) is
holomorphic everywhere except that when xo =1 there are two simple poles at s = 0 with
residue — f(0)2—Thlic gnd ot s = 1 with residue f(0)2—rhuhc

wr/|Ak| WK/ |Ax|

Remark 4.5.5. Applying the theorem to the case xo =1, f = ®,f, where

e ™ K,=R
Jo= e TrTY K,=C

log, K, non-archimedean

one obtains the analytic continuation of (k(s) to the whole complex plane.
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