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Chapter 1

Lubin-Tate formal groups

1.1 Introduction

Let K be a number field or a finite extension of Q,. The class field theory for K gives an
“automorphic” characterization of the maximal abelian extension K2 of K. For example,
when K is a finite extension of Q,, we have the following (non-precise) statement:

Theorem 1.1.1. Let K be a finite extension of Q,, then there exists a natural continuous
injection K* — Gal(K®*/K), and the image is dense.

The global class field theory is a bit more involved to state for general K, while we have
the following theorem in the case K = Q.

Theorem 1.1.2 (Kronecker-Weber). We have Q** = U,,Q((,), and hence an isomorphism

Gal(Q™/Q) <> m(Z/nZ)".

Here is a short and non-complete timeline on the development of the class field theory

(1853) Kronecker-Weber theorem.
e (1927) Global class field theory on an arbitrary number fields.
e (1930’s) Local class field theory (global proof).
(

e (1940’s) Local class field theory (local proof).

We look back to Theorem 1.1.1. Let O be the ring of integers in K. By a choice of a
uniformizer w of K, we have an isomorphism O} X Z = K*, (a,n) — aw™. By Theorem
1.1.1, we see Gal(K**/K) = O x Z. In particular, we have a projection Gal(K®*/K) —»
O (depending on w). By (infinite) Galois theory, K admits an abelian extension K, such
that Gal(K,/K) = Of. A natural problem is to find an explicit construction of K.

Example 1.1.3. Gal(Q,((p)/Q,) = Z) where Qp((pee) 1= UnQy(Gpn)-
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e (1965) Lubin-Tate formal group (constructing K, explicitly).

In this course, we first study the theory of Lubin-Tate formal groups and give the explicit
of construction of K.

1.2 Formal group laws

We start with a quick introduction on commutative formal groups.

Definition 1.2.1. Let A be a commutative ring (with 1). An one-parameter commutative
formal group law is a power series F(X,Y) € A[[X,Y]] such that

1. F(X,Y)=X+Y + terms of degree > 2,

2. F(X,F(Y,2)) = F(F(X,Y), Z),

3. there ezists a unique ip(X) € A[[X]] such that F(X,irp(X)) =0,
4. F(X,)Y)=F(, X).

Remark 1.2.2. (1) From the exercise, we will see Condition (3) can be implied by (1)(2)(4)
and F(X,Y) has the following form:

FIX,Y)=X+Y+ >  a;; X'V,
1<i<o0
1<j<00

(2) One can similarly define n-parameter formal group laws.

(3) When A is the ring Ok of integers of a finite extension K of Q,, a formal group law
F defines a group structure on mg: For any a,b € my, the power series F(a,b) converges
i mg. One checks by definition the map

mg X mg — mg, (a,b) — F(a,b)
defines a group structure “+r” on mg.

Example 1.2.3. (1) F(X,Y) = X +Y is a formal group law (with ip(X) = —X). If
A= OK, then +r=—+.

(2) FIX,)Y) = X+Y+XY = 1+X)1+Y)—11is a formal group with ip(X) =
—X 32 (=1)X". In fact, one can find ip(X) by solving the equation:

F(X,ip(X)=0= X +ip(X)+ Xip(X)=0=ip(X)=—(1+X)'X.
If A = Ok, consider the following map
mK—N—>1+mK, a—1+a.

One easily checks this is a group isomorphism if the left hand side is equipped with the group
operation +p and the right hand side 1s equipped with the standard multiplicative structure.

(8) One may associate one parameter formal group laws to elliptic curves.
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Now we define morphisms of formal group laws.

Definition 1.2.4. Let F(X,Y), G(X,Y) be formal group laws over A. A morphism h :
F — G is a power series h(T) € TA[[T]] such that

h(F(X,Y)) =G(h(X),h(Y)).

Example 1.2.5. (1) If F = G, then h =T € End(F).

(2) Suppose F = X +Y, and h € End(F). By definition, h(X +Y) = h(X) + h(Y).
By comparing the coefficients, we see if A is torsion free over Z, then h = aT for a € A.
However, if p=0 in A then h(T) =T? € End(F).

(3) Suppose F = X +Y + XY = (1+X)1+Y) -1, and Z, — A. For a € Z,, put
[a(T) := (1 +T)* —1:= 320 ()T — 1 with (¢) = L=l - ppep

[(F(X,Y)) = (1+X)*(1+Y)* =1 = F([a](X), [a](Y)).
In particular, we get a map of sets Z, — End(F), a — (1 +T)* — 1.
Lemma 1.2.6. Let F, G, H be formal groups over A, and let f : F — G, g : G — H be
morphisms. Then go f:= g(f(T)) € TA[[T]] is a morphism from F to H.
Proof. g(f(F(X,Y))) = g(G(f(X), f(Y))) = H(g(f (X)), 9(f(Y))). O

Remark 1.2.7. As in Ezercise 1(b), the morphism g is invertible if and only if g = aT
(mod T?) for a certain a € A*. If so, we denote by g~* € TA|[[T]] the element such that

gog (I)=g~log(T)=T.
Let F' be a formal group law over A. Then
TA([T)) x TA[T)) = TAIT]], (f,9) = F(/(T),g(T)) = f +r g
defines an abelian group structure on T'A[[T]].

Lemma 1.2.8. The set End(F) C TA[[T]] is stable under “+r”. Moreover, End(F) has a
ring structure with the identity element T', multiplication given by composition and addition
given by “+g”.

Proof. Let f,g € End(F'). Then

(f +r g)(F(X,Y)) = F(f(F(X,Y)),g(F(X,Y))) = F(F(f(X), f(Y)), F(9(X),9(Y)))
= F(F(f(X),9(X)), F(F(f(Y),9(Y)))) = F((f +r 9)(X), (f +r 9)(Y)),

where the third equality uses the associativity and commutativity of F. We see thus
f+rg € End(F). For f,g,h € End(F), we have

Wf +rg) = MEf(T),9(T))) = F((f(T)), h(g(T)) = (ho f) +r (hog).

The lemma follows. 0



1.3 Lubin-Tate group laws

Let K be a finite extension of Q,, @ be a uniformizer of K and ¢ := |Ok/w|. Let
Fo={f(T) € Ok[[T)] | f(T)=wT (modT?), f(I)=T? (modw)}
Example 1.3.1. If f(T) = T+ a, \T""'---@T € Ok[T] is an Eisenstein polynomial,

then f(T) € F.
Lemma 1.3.2. Let f,g € Fp, and &1(Xy, -, X,,) = >, a;X; be a linear form with
coefficients in Og. Then there exists a unique ® € Ok|[ X1, -, X,)]] such that

O(Xy,- -, X,) = Py + terms of total degree > 2

Proof. By induction, it suffices to show that for any r € Zs;, there exists a unique
D, (X1, -+, X,) € Og[Xy, -+, X,] of degree r such that

(1.1)

O,.(Xy, -, X,) = Py + terms of degree > 2
f(@.(Xy, -+, X)) = Po(g(Xy), -+, g(X,)) + terms of degree > r + 1.

Indeed, if such {®,} are uniquely constructed, then we see by uniqueness ®,,; = ®, +
terms of total degree > r + 1. Then one checks @ := lim, &, € Ok|[[ Xy, -, X,]] satisfies
the property in the lemma.

First note ®; is the unique linear form satisfying the conditions in (1.1) (noting f =g
(mod T?)).

Assume the unique existence of @, and let ®,.1 := &, + Q) where @ is a homogeneous
polynomial of total degree r + 1. We want to find () such that

f(CDT(Xh T ’X”) + Q<X17 T 7Xn>) = (I)T(g(X1>7 e 7g(Xn))
+ Q(g9(X1), -, 9(X,)) + terms of degree > r + 2
As f € F,, we have

f(q)T(Xh"' 7Xn) +Q<X17"' 7X7L>)
= f(D, (X1, -, Xp)) +wQ(X1, -+, X)) (mod deg > r+2)

(noting for W(T) € T?Ok[[T]], h(®, (X1, -+, X,) + Q(Xy, -+, X)) =MD, (X1, -, X))
(mod deg >+ 2)). On the other hand we have

=P, (9(X1), -, 9(Xp)) + @ Q(Xy, -+, X,)  (mod deg > 1 +2)
So the equality holds if and only if (where (+),;; signifies the homogeneous of total degree
(r+1) term)
1
Q(X17 T 7XTL) - —(f(q)T<X17 T 7XTL)) - (I)T(g(Xl)7 e ,g(Xn)))T+1- (12)

wr—f—l — 1w
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The only problem left is that the right hand side lies a priori in K[[Xy,---, X,]]. Using
the binomial expansion and the fact a? = o (mod w) for @ € Ok, we have

f(@.(Xy, -, X)) =P (Xy, -+, X)) (mod w)
q)r(g(Xl)v"' 7g(Xn ) ECI)T(XEZW" 7ng) (HlOd w>’

and (X7, -+, X9) = ¥(Xy, -+, X,)? (mod @) for any ¥ € Og[[Xy,- -, X,]] with con-

stant term equal to 0. We deduce hence the right hand side of (1.2) lies in O [[ X7, - -, X,]].
The lemma follows. O

Proposition 1.3.3. For any f € Fg, there exists a unique formal group law Fy €
Ok[[X,Y]] such that f € End(FY).

Proof. Applying the previous lemma to ®; = X +Y and g = f, we obtain Fy := ®(X,Y) €
Ok[[X,Y]]. We need to show FY is a formal group law. By definition Ff(X,Y) =X +Y +
terms of deg > 2.

o Fi(X,F(Y,Z)) = Fy(F¢(X,Y), Z): Let ®' := Fy(X, F(Y, Z)) and & := Fy(Fy(X,Y), Z).
Then the both have the form X +Y + Z + deg > 2. One can check

FEX, Fy(Y, 2))) = Fr(f(X), f(Fp(Y, 2))) = Fy(f(X), Fy(f(Y), f(2))),

ie f(ONX,Y, 7)) = ®}(f(X), f(Y), f(Z)). Similarly, we have

F(@*(X,Y, 2)) = @*(f(X), f(Y), f(Z)).

By the uniqueness in Lemma 1.3.2, we see ®! = &2,
o[ (X,Y) = Fp(Y,X): by Lemma 1.3.2 and F¢(X,Y) = Fp(Y, X) (mod deg > 2).

As in Exercise 1 (4), the existence of ig, follows from the other conditions. So Fy is a
formal group law, and it is clear f € End(Fy). If there exists another formal group law F
such that f € End(F’), the uniqueness in Lemma 1.3.2 implies F' = Fy. This concludes the
proof O

Example 1.3.4. Let K = Q,, and f(T) = (1 +T)? — 1 € F,. We have seen in Example
1.2.5 that f € End(F) with F(X,Y) =X +Y + XY. Thus in this case by the lemma, Fy
1s no other than FF =X +Y + XY.

Let f,g € Fu, and a € Ok. Put &1(X) = aX. By Lemma 1.3.2, there exists a unique
la]y #(T') € Ok][[T]] such that

{[a]gyf(T) =aT (mod deg > 2)
lo.r (f(T)) = g(lalgs(T)).

Proposition 1.3.5. [al, ;(T) is a morphism from Fy to F.
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Proof. We need to show ®'(X,Y) := [a], (F¢(X,Y)) = Fy([aly. (X)), [aly.(Y)) = P*(X,Y).
It is clear that ®1(X,Y) = ®*(X,Y) (mod deg > 2). We have

O (f(X), F(V)) = [alg s (F(£(X), F(Y))) = [alg.r (f (FF(X,Y)))
= g(laly.s(F;(X,Y))) = g(@'(X,Y)).

Similarly, we have ®*(f(X), f(Y)) = g(®*(X,Y)). By Lemma 1.3.2, we deduce ¢! = 2.
The proposition follows. O

Proposition 1.3.6. (1) [a + bly s = [alg s +r, [0]g.-
(2) [abln,r = [alng © [glgs (as a morphism from Fy to Fy,).

Proof. (1) [a + by s(T) = (a + 0)T (mod deg > 2) = lalys +F, [blgs. We have [a +
blgs(f(T)) = gola+bl,s(T), and

(lalg.r +7, [Blg.)(f(T)) = Fy([alg,r (f(T)), [blg,s (f(T)))
= Fy(golalgs(T),

By Lemma 1.3.2, we deduce [a + b], s = [alg s +F, [b]g.s-

(2) We have [ab],; = abT = [a]py 0 [blgs (mod deg > 2). We have [abl, ((f(T)) =
W({ab)(T)), and

([alng © [0]g.p)(F(T)) = lalng(g([bly.r(T))) = h(lalng © [lg.f(T)).
By Lemma 1.3.2, [ab]p, s = [a]p4 0 [b]g.f- O

s
O
=
°
[
—
S
N~—
N~—

= 9([a]g,f tF, [b}g,f)- (1.3)

Corollary 1.3.7. For f,g € Fo, we have Fy = F,.

Proof. Let u € OF, then [u],; defines a morphism from F; to F,. By (2) of the above
proposition, we have [u™'];, o [uy¢] = [1]7;. By Lemma 1.3.2, one easily sees [1];; = T.
Hence [u™!];, = [ug.¢] 7. The corollary follows. O

If f =g, we denote by [a]; := [a]s for a € Of. By Proposition 1.3.6, we see:
Corollary 1.3.8. The map Ok — End(Fy), a — [a]; is an injective ring homomorphism.
Remark 1.3.9. The formal group Fy may be called a formal Og-module.

Example 1.3.10. Suppose K = Q,, f(T)=(1+T)" —1€ F, hence Ff =X +Y + XY
(Ex. 1.3.4). Fora € Z,, we have [a]s(T) = (1+T)*—1. The corollary (re)proves Ezercise

5.6 (3).
Lemma 1.3.11. [@w]|/(T) = f(T).

Proof. We have f = wT = [w];(T) (mod deg > 2), and f(f(T)) = f(f(7)). By Lemma
1.3.2, the lemma follows. [



1.4 Lubin-Tate extensions

We keep the notation of the precedent section. Let f(T') € F, and F; be the associated
Lubin-Tate formal group. Let K be an algebraic closure of K, O = UlL:K] <400 O MO
Let valg be the additive valuation on K, normalized with valg () = 1. Recall valg can
uniquely extend to a valuation (still denoted by valg) on K. We have thus Oz = {z €
K | valg(x) > 0}, and mp_ = {z € K | valg(z) > 0}.

The formal group law Fy defines an operation mp_ X mo_ — mo_, (a,b) = Fy(a,b).
This equips with me_ an abelian group structure. Similarly, for A € Ok, [a];(T') defines
an operator mo_ — Mo, a = [A]f(a). The following lemma follows directly from 1.3.8.

Lemma 1.4.1. The abelian group mo_ is an Ox-module, where Ok -action is given by
{[a]f}acoy, (and the abelian group structure is given by Ff).

We denote by Ay the O-module mp_ in the above lemma.

Lemma 1.4.2. For f, g € Fo, u € Op, then the map Ay — Ay, a — [u],r(a) is an
1somorphism of O -modules.

Proof. We have [u]yj(a +p, b) = [ulgr(a) +5, [ulgs(D), and [u]y;([e]f(a)) = [ualy s(a) =
laulg r(a) = [a]y([ulgr(a)). We see the morphism in the lemma is Og-linear, with the
inverse given by A, — Ay, a— [u™']s,4(a). The lemma follows. O

Let Af[@w”] C Ay be the O submodule of Ay (= my) annihilated by @™

Ale" ={aemoy [ [@"];(a) = fo f---o f(a) =0}

Let Ky := K(Af[@"]) be the algebraic extension of K generated by elements in A ¢[w"].

Lemma 1.4.3. The extension K, is independent of the choice of f € F, in particular,
K, 1s finite over K.

Proof. Let f,g € Fu, and u € Of. We have seen that [u],; : Ay = A, as Og-modules.
Thus [u], s induces an isomorphism Aj[w™| = Ay[w"] with an inverse given by [u™!];,.
Since [ul, ;(T) € O|[[T]] (vesp. [u™];4(T) € Ok|[[T]]), we deduce K(A,) C K(Ay) (resp.
K(Ay) € K(Ay)). The first part follows. Choosing f € F, to be a polynomial, we see
K, is generated by the roots of the polynomial [c"]; hence finite over K. O

Remark 1.4.4. We have [@"];(T) = T4 (mod w@). We deduce A[w,] = {z € K | [@"];(T) =
0}. By the proof of the above lemma, we see the same holds if f is replaced by any g € Fy.

In the sequel, without loss of generality we assume f(7") has the form 79+ ---@T (so
f is a monic polynomial). And we write A, := A¢[w"] for simplicity.



Example 1.4.5. Suppose K = Q,, and f(T) = (1 +T)? — 1. We have
Ap={reQ, | A+z)" —1=0} ={¢n — Lh<icpr1,

and hence Qp,(A,) = Q,((pm)-

Lemma 1.4.6. K is a totally ramified extension of K of degree (¢ —1).

Proof. By definition, f(T)/T = T9! + --- + w is an Eisenstein polynomial, the lemma
follows. o

Proposition 1.4.7. We have A,, = Ok /w"™ as Ok -module.

Proof. 1t is clear that A, is annihilated by @™ and |A,| < ¢". Together with the above
lemma, we see |A;| = ¢ and the morphism Ok /w — Ay, © +— za; for any non-zero a; € Ay
is an isomorphism.

Now we use induction on n. Suppose we have an isomorphism Oy /w"™ = A, ,
sending 1 to a,_1 € A,,_1. Let a, € A, such that wa, = a,, 1 (ie. a, € K such that
f(a,) = an_1). Consider Og/w™ — A,, © — xa,. Since @" la, = @ 2a,_1 # 0, we
deduce the map is injective, hence is bijective by comparing the cardinality. The proposition
follows. ]

Let o, € A, be a generator. For any a € A, there exists A € Ok such that a =
A f(a) € K(ay,). This implies K, = K(a,)

Proposition 1.4.8. o, is a uniformizer of K ,, and K, is totally ramified over K of
degree ¢" (g —1) .

Proof. We use induction on n. The polynomial f(T)/T = T97' 4 --- + w is an Eisenstein
polynomial over K, we deduce hence K1 = K(ay) is totally ramified over K of degree
g — 1, and oy is a uniformizer of K ;.

Suppose this holds for n — 1. We have K, = Kz ,-1(ay). Let ay—1 = [@]f(a,) =
f(ay,). Then a,,_1 is a generator of A,,_;. By induction hypothesis, a;,_; is a uniformizer of
K n-1. The polynomial f(T') — ,,_; is Eisenstein, we deduce that K, is totally ramified
of degree g over K, hence (again by induction hypothesis) is totally ramified over K
of degree ¢" (¢ — 1), and that «, is a uniformizer of K . ]

Proposition 1.4.9. K, is Galois over K, and Gal(K,,,/K) = (Og/w")*.

Proof. By definition, K, is the splitting field of [@w"|;(T") € K[T], hence is Galois over

K. The minimal polynomial p,(T) of a,, over K is of degree [Ky, : K] =¢"'(¢—1) =

|(Ok /@™)*|. Then it is easy to see p,(T) = (f/T)o fof---of. For a € A, with
—_—

n—1

pn(a) =0, we see [@" '] ;(a) # 0 (as p,(T) is irreducible) hence o ¢ K, ,,—1 and a ¢ A,,_1.
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By comparing cardinality, we see the roots of p,(z) are exactly given by A, \ A,_;. For
any A € (Og/@w")*, ay, +— [A]f(v,) defines an element o) € Gal(K ,,/K):

or: Kopn = Ko, h(an) = h([Nf(an)).
We deduce hence a map
tn (O /") — Gal(Kp ., /K), A~ 0. (1.4)

The map is surjective, as for any root «a of p,(T"), a € A, \ A1 hence there exists A € O
such that [A]f(a,) = a. We have ,,(AMA2) (o) = [MA2]f(ew,), and

tn(A1) (tn(A2) () = tn (A1) (Aa pan)) = Ao p(en (M) (an)) = [Aa] s (Ma] () = [Aada] p(em),

where the second equality follows from the continuity of the Galois action. We see ¢, is a
group morphism. Finally since | Gal(Ky,,/K)| = [Kpn : K] = ¢" (g — 1), we see (1.4) is
an isomorphism. O

Proposition 1.4.10. (1) The map (1.4) is independent of the choice of .

(2) The following diagram commutes

(O /o) —— Gal(Ky.,/K)

l l

(O /" 1) 2 Gal(Ky o /K)

where the vertial maps are natural projections.

Proof. Let o}, be another generator of A,,, and p € (Ok/@w™)* such that o), = [u|f().
Let ¢y, (resp. ¢,) be the map in (1.4) associated to a,, (resp. o), i.e. for A € (O /w,)*,
tn(M)an) = [Alp(om) (resp. 1, (M)(er,) = [Ms(a,)). We have

n

tn(A)(ar,) = tn (M) ([l (am)) = 1 (n(X) (o))
= [l (Al p(an) = [pA]f(om) = [N 5 () (A) (),

where the second equality follows from the continuity of the action of Gal(K,/K) on
K. (1) follows. Similarly we have

in(M([@]f(an)) = @] (an) = [Ap([@r](an) = tn-1(X)(@n-1),
and (2) follows. O
Let Ko :=lim Kg . We see Gal(K,/K) = @n(OK/w”)X = Og.
Proposition 1.4.11. Forn > 1, there exists o € K, such that Nk, /x(a) = w.
Proof. Let «a,, € A, be a generator. The minimal polynomial r(z) of «, has the form
2@ 4 @ Thus N k(@) = (1)@ D" . The proposition follows for

q # 2" orn # 1. However if n = 1, ¢ = 2%, -1 = (-1)1%Y = Ng_,/x(—1), hence
NKW/K(_O-/) = . D
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1.5 Local reciprocity map

Recall Gal(K™/K) = Gal(k/k), and we fix an isomorphism /RN Gal(k/k), 1 = Frob, :=
[z — x9]. We also use o to denote the element in Gal(K"/K) corresponding to Frob,, i.e.
the element such that o(z) = 29 (mod myur).

Theorem 1.5.1. There exists a unique homomorphism (called the local Artin map)
px : K* — Gal(K™/K)

with the following properties:

(a) for any uniformizer w € K>, and any finite unramified extension L over K, px(w)|p =
0-7

(b) for any finite abelian extension L of K, Np k(L*) is contained in the kernel a
pi(a), and px induces an isomorphism

K> /Npk(L™) — Gal(L/K).
Remark 1.5.2. By the property (b), one deduces that px has dense image.

Theorem 1.5.3. A subgroup H of K* is an open subgroup of finite index if and only if it
is a norm group, i.e. there exists a finite extension L over K such that Np x(L*) = H.

Corollary 1.5.4. The morphism px is continuous and injective.

Proof. By Theorem 1.5.1 (b), pi' (Gal(K® /L)) = Np,x(L*) that is open by Theorem 1.5.3.
Hence pg is continuous. By Theorem 1.5.3, Ker pi is contained in any open subgroup of
finite index. It is straightforward to check Ker pgx = {1}. O

One direction of Theorem 1.5.3 is fairly easy:

Proposition 1.5.5. A norm group is an open subgroup of K* of finite index.

Proof. Let L be a finite extension of K of degree d, then Ny x(L*) D (K*)% We show
(K*)* (hence N, x(L*)) is an open subgroup of finite index in K*. Using K* = Z x O,
it sufficies to (OF%)? is open of finite index in OF. However, let m be sufficiently large
(depending on d) such that 37, (%) (=1)"(z — 1)’ converges for any « € 1 +m}. Then

7

1+m C (OF)% The proposition follows. O

In this section, using the theory of Lubin-Tate formal groups, we prove a weaker version
of Theorem 1.5.1. Recall for each uniformizer w of K, we have constructed a totally
ramified extension K, over K such that Gal(K,/K) = Of. We have a decomposition
O xZ = K*, (A\,n) — Aw". We define a morphism p, : K* — Gal(K,K"/K) such
that

e for A € OF, pu(N) is trivial on K" and po(\)|x. = oyt = [\,

12



e po(@)|k, =1 and py|gw = 0.

The field K" is not p-adically complete. Indeed, write E = U,F, where F), are finite
extensions of F, such that F,,_; C F,,, and let a, € F,, \ F,,_1 and put a := >~ @w"[a,]
(where [a,] denotes the Teichmuller lifting of a,, in the unramified extension K" of K of
residue field F},), then a ¢ K": for any m, w "™ (a—Y""  @"[a,]) = a1 (mod @); we
have a,,11 ¢ F,, and hence a — " | w"[a,] ¢ K} that implies a ¢ K as > ", w"[a,] €
K;¥. We put K to be the completion of K.

Theorem 1.5.6. K"K, and py are both independent of the choice of w.

In the rest of the section, we prove the theorem. Let w;, ws be two uniformizers of
K. Let f € F, and g € F,. We want to show K K" = K_,K" and ¢, = ¢,. Let
u € Oy such that wy = wju. A natural idea is to compare the formal groups Fy and F,
over Q.

Lemma 1.5.7. There exists 0(T) € TO[[T]) \ T?O4#[|T]] such that

o(0) = 0o [uly, .
Oolulsofobd =g, (1.6)

where o(r)(T) := >, 0(a;)T" forr =3, a;T € Ox[[T]].

Proof of Theorem 1.5.6. We explain how to deduce Theorem 1.5.6 from the above lemma.
By (1.6), we have

[un]fofo...ofoe_l:H_logo...og'

n n

So if a,, € Ay, then 67 (av,) € Ay, The map a, — 67 '(a,) defines a bijection between
Ay, and Ay ;. We then deduce

KKgpn=KKg,n. (1.7)

We show K! = KK, NK = K"K, ,. It is clear K"K, , C K!. For any 7 €
Gal(K /K™K, ,), by the continuity of the Galois action, we see 7 fixes K’. By (infi-
nite) Galois theory, we have K’ C K"K, ,. (1.7) then implies K"K, , = K"K, ,
hence K"K, = KV K,.

Now we compare the “local artin maps” ¢, and ¢,,. By definition, we are led to
compare the power series [A]; and [\, for A € Ok.

Claim: For A € Ok, we have §o [A]; 007! = [)],.
We prove the claim. We first show 6 o [\]; 0 67! € Ok|[[T]]: we have

a(0o[NjofH(T)) =a(f) o [\]oa(0)(T)
=0oulfo[Ayso [ufl]f o N T)=10o [Alfo O~ 1(T).

Now we can apply (again!) Lemma 1.3.2. We have:

13



e Ho[N;ob0 HT)=AT (mod T?),

e Qo [N;obl Hg(T))=0o0[Nsolus]ofobt=gobofobl.
The claim then follows from Lemma 1.3.2.

We have

o on K%

w1ty on Ky p

o on K"

?
1 onKg,,

¢W1 (w2) = ¢w1 (wlu) = { , (wa (w2> = {

Let o, € Ag), C f(wa = [U(Kmn, and let 3, := A\, ,, such that a,, = 07'(,). Then

Py (@2) () = by (@2) (07 (Bn)) = ()7 (Ba) = [u™ ]y 0077 0. 0(80) = [u™"](ew),

hence ¢, (w2) = Py (w2). Let A € OF, we have

1 on K% 1 on K%
o (A) == y G (A) = )
P (M) {[A‘l]f on Ky n P2 (M) {[/\_1]9 on Ko, .,

By the claim, for any 8, € Ay, we see 6 o [\, 0071(8,) = [\ 71],(8,) hence (the last
equality uses 0, (A\) =1 on K)

G (MO0 (Br)) = [T p(071(8a)) = 07" 0 [AT]4(5n)
=07 Py (M) (Bn)) = 6, (\) (07" (Bn))-

Thus ¢, (A) = ¢, (A). This concludes the proof. O

Remark 1.5.8. In fact 0 induces an isomorphism of Fy and F, over O, i.e.
O(Fr(X,Y)) = Fy(0(X),0(Y)). (1.8)

We leave it as an exercise.

Proof of Lemma 1.5.7. We use induction to construct (7). We need to find 6,(T) = T
such that (1.5) (1.6) hold modulo terms of degree > 2. One sees this is equivalent to
o(e) = eu. The existence of such 6,(7") then follows from the following claim.

Claim: The map OF — OF, v — @ is surjective.

We prove the claim. Let 7 be the map x — @ We have O} /@ = Ogw /o = k. Thus
the induced map (O /w)* — (O /w)™ is given by x +— x4 and is surjective. The map
7 induces 7, : (Op/@w™)* = (O /@w™)*. We use induction to show 7, is surjective. We

have a commutative diagram

1 — 1+ @" 0 /1+ "0 —— (Op/w")* —— (Op/w" 1) —— 0

J | N

1l — 1+ @" 0 /1+ "0 —— (Op/w")* —— (Op/w" 1) —— 0

14



a—af—a

where the left vertical map is given by 1+ @" !0y /1 + @O = k k=14
" 1O /1 + @" O and is surjective. By induction hypothesis, the right vertical map is
also surjective, so is the middle one. We also see the natural projection (O /w™)* —
(O /@™ 1)* induces a surjective map Kerr, — Kerr, ;. Now for any z € OF, there
exists y, € (Op/w")* such that 7,(y,) = x (mod @"). By multiplying a certain element
in Ker 7,,, we can and do assume y,, = y,_1 (mod @"™!). The elements {y,} then give an
element y € OF such that 7(y) = x. (This also explains why we work with K rather than
K™.)

We use induction to show there exists a polynomial 6, of degree at most r such that

{er =06, (mod T (1.9)

o(0,)=6,0[ul; (modT")

We have constructed 6;(7') = €T". Suppose we have 6, satisfying the properties in (1.9)
and we put 0,.(T) = 0,.(T) + a,T". We have o(0,)(T) = o(0,—1)(T) + o(a,)T", and 6, o
[ulf(T) = 0,1 o [u]¢(T) + ar([u]f)" = 6r—1 0 [u]s(T) + u"a,T. Let b € O such that
o(0,_1)(T) — 0,0 [u];(T) = bT" (mod T"+?). Thus to have the second equation in (1.9),
we need b = u"a, —o(a,). Let ¢ € Oy such that u" = €'/o(e’) (where the existence follows
from the claim), then we need

bo(e') = (¢'a,) — o(e'a,). (1.10)
By similar arguments as in the proof of the claim, 0 — 1 : Op — Oy is surjective. The

existence of a, satisfying (1.10) follows.

By taking limit, we see there exists ¢ such that (1.5) holds. Now we want to modify
such that (1.6) also holds (noting in the above induction argument, a, is not unique).

Consider h:= 6o [u];o fof™' € O[[T]]. The we have

o(h)(T) = a(6) o [ulgo foa(0~)(T) = a(8) o f o ul; 0 o(8) !
o) ofold  (T)=0o[ulfofod N (T)=h(T). (1.11)

Hence h € Okl[[T]], we also have h(T) = w,T (mod T)?. Since 7! = e 1T+ ... fo
O—HT) = (0~H)4T) (mod @), we see a(f) o foHT)=o0c(c)o (A1) (mod w,). Using
a(0)(T?) = 67 (mod w,), we deduce () o (71)4(T) = T9 (mod ;). In particular, we
deduce h € F.,. Replacing 6 by [1], o 6, one can check both (1.5) (1.6) hold. This
concludes the proof. O
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Chapter 2

Group cohomology

2.1 Group cohomology: abstract formalism
Let G be a finite group, (M, +) be an abelian group eauipped with a (left) action of G:

lg(m) =m,
g(my +ma) = g(my) + g(my),
(hg)(m) = h(g(m)),

for m,my,my € M, g,h € G. We call M a G-module. Denote by Z[G] the group algebra
associated to G, i.e. Z[G] is a free Z-module with a basis {e,}4eq, and is equipped with
a ring structure that is induced by the relation eye, = egp. So we see a (left) G-module is
the same as a (left) Z[G]-module.

Let My, M5 be G-modules. A map f : M; — Ms is called a morphism of G-modules if
f is a group homomorphism satisfying f(g(m)) = g(f(m)) for all m € M; and g € G. In
other words, f is a morphism of Z[G]|-modules. We denote by Mod the category of left
G-modules.

Example 2.1.1. (1) Let G = {1}, then Modg is the same as the category of abelian
groups.

(2) A G-module M is called a trivial G-module if for any g € G and m € M, g(m) = m.

(3) Let L/ K be a finite Galois extension of fields. Then (L,+), (L, X) are both Gal(L/K)-
modules

A G-module [ is called injective (resp. projective) if for any injective (resp. surjective)
morphism M; — M, in Modg, the induced map Homg(Ms, I) — Homg(Mi, I) (resp.
Homg (P, M;) — Homg (P, Ms)) is surjective. Equivalently, the functor Modg — {Sets},
M — Homg (M, I) (resp. M — Homeg (P, M)) is exact.

Example 2.1.2. Let G = {1}, then Q/Z is an injective G-module (that is an injective
object in the category of abelian groups). In fact, let M < N, and f : M — Q/Z. Let S be
the set consisting of (M', far) where M’ D M is a submodule of N, and fyy - M — Q/Z
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is a morphism such that fuyr|ar = f. The set S has an obvious partial order. By Zorn’s
lemma, there exists a mazximal element (N', fn+). Suppose N' # N, and let € N\N'. The
set {r € Z | rB € N'} is an ideal of Z and is equal to (a) for a € Z>y. Let N" = N' + 7.
If a =0, then N' @ Z — N, and it is easy to see one can extend fy to N = N' & 7
(by sending B to any element in Q/Z). If a > 0, we extend fn to N” by sending 3 to
L fnr(aB). The both cases contradict that N' is mazimal.

We leave the following lemma as an exercise:

Lemma 2.1.3. An abelian group A is injective if and only if A is divisible, i.e. n: A — A
s surjective for any n € Zwg.

The following proposition will be proved later.

Proposition 2.1.4. The category Modg has enough injective objects, i.e. for any M €
Modg, there exists an injective object I such that M — 1.

Example 2.1.5. Suppose G = {1}, for any abelian group M, let F be a free abelian group
such that F' — M, and let N be the kernel of the projection. Then we have

0 > N F ey M — 0
0 » N F,Q — (F®zQ)/N —— 0

We deduce M — (F ®7zQ)/N, where the latter is injective by Lemma 2.1.5. So Modgy =
Ab has enough injective objects.

Let M € Modg, an exact sequence

0sMo0 S

0 1
(or the associated sequence I*(M) := 0 — I° LANY LN ) is called an injective resolution
of M. By Proposition 2.1.4, any M admits an injective resolution: first pick an injective
I° such that M < I then pick an injective I'' such that I°/M < I', then continue the

arguments....

Consider the functor Modg — Ab, M — MY :={zx € M | gv =z, Vg € G}.

Lemma 2.1.6. The functor is left exact, i.e. given an exact sequence 0 — M; — My —
Ms — 0 in Modg, then 0 — ME — M$ — MS is ezact.

Proof. Tt is clear that M — MS. Let v € MS, and suppose x is sent to 0 in Ms, by

the given exact sequence we see z € M;. However, we have M§ N M; = M. The lemma
follows. O
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Apply the functor to an injective resolution I*(M) of M, we obtain a sequence of abelian
groups
0
0— (9% L (/e &y ..
We put H(G, M) := Ker(d')/Im(d"~') (d~! := 0), called the i-th cohomology of the G-
module M. It is clear that H°(G, M) = M€,

Lemma 2.1.7. Let f : M — N be a morphism of G-modules, 0 — M — I*® be an ezxact
sequence of G-modules I®, and J®* be an injective resolution of N. Then there exists a
commutative diagram (of morphisms in Modg ):

d® dl

0 s M s J0 s I , I2
fl fﬂ fll le : (2.1)
0 N N N s RN o

Proof. We inductively construct f¢. The existence of f° follows from the injectivity of J°.
Now suppose the maps {f?},<; have been constructed. In particular, we have

[/ Im di—'s i)
J/fz fz+17
Ji/ Tm di-tedy it

As J*1 is an injective object, the existence of fi! : I**t — J*1 follows. This concludes
the proof. n

One can view the set of the morphisms {f’} as a morphism from the complex I* to
J*. Appyling ()¢ to both of the complexes, it is straightforward to see (2.1) induces
Hi(f): H(G,M) — H'(G, N).

Lemma 2.1.8. The maps H'(f) are independent of the choice of f;.

Proof. 1t suffices to show if f = 0, then H ‘(f) = 0 for any choice of f;. We claim there
exists g* : I'*! — J' such that ff =d;'og ™t + g odi (¢! =0):

d;t 70 49 e dl Iz d2
0=g~! l f(/ l fl/ l P
0 dy’ 0 dy g1 di 72 3

Since f = 0, fo factors through I°/M. Then by the injectivity of J° we deduce the
existence of g%

JO
fOT \
o/ 5 p
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Suppose {¢’},;<;—1 have been constructed. For x € Kerd, = Im di-t C I', writing z =
Ay (y) we have f'(z) = dito [ y) = di Mo (di 2o g 2 g Lo di ) = dy o g (),
So fi —d; ' o g™t = 0. Using the injectivity of J?, we have ¢g'*! such that the following
diagram commutes:

Ji

it1
fifd’f]_logi_l 9
7

I/ Kerdie— i1,
The claim follows. Applying ()¢, we get

9 (Il)Gd—}>([2)GL>...

e e 2 |

0 e Y el T (e

For z € Ker[d} : (I — (I't1)€], we see fi(z) € Imd’;", thus H'(f)(x) = 0. The lemma
follows. O

Corollary 2.1.9. (1) For M € Modg, H'(G, M) is independent of the choice of the
ingective resolution I* of M.

(2) For a morphism f : M — N in Modg, the induced morphism H'(f) : H/(G, M) —
H(G, N) is independent of the choice of the injective resolutions of M and N.

Proof. (1) Let I*, J* be two resolutions of M, let H} and HY be the cohomology group
of (I*)¢ and (J*)¢ respectively. The identity map on M induces a : H: — HY% and
B : H: — Hi. By the above lemma, ao 3 = id, and o a = id. (1) follows.

(2) follows by similar arguments. O
Example 2.1.10. (1) Suppose M is injective, then I° = M, I' = 0 for i < 0 give an
injective resolution of M. We then deduce H (G, M) =0 for all i > 0.

(2) Suppose G = {1}, by definition (I*)¢ = I*, we deduce then H'(G, M) = 0 for all
1> 0.

Proposition 2.1.11. A short exact sequence in Modg:

O—>M1i>M2i>M3—)O,
naturally induces a long exact sequence

H° (f) (

0 — H°(G, M) —= HY(G, My) —=

6

H°(G, M)
76, M) D i@ vy) Y i@, M) S
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Proof. Let I} (resp. I3) be an injective resolution of M; (resp. M3). Let I} := I} & I,. We
use {I4}; to construct an injective resolution of My such that the diagram commutes:

dj dy dj

0 —— I — Iiell — I
di=t di~t dit

0 — I — = et —— 1!
di? di=? di=?

! d dl (22)

0 —— I} — el — I}
& o &

0O —— N — Noll — I
h1 ha h3

0 —— M, —— M, — M;

0 0 0

where the horizontal maps are natural maps. We use induction to construct the maps ho
and {d,} such that the above diagram commutes and that the induced sequences

0 — Kerd) — Kerd, — Kerdj — 0

0 — Coker di — Coker d, — Coker d; — 0

are exact (also for h;).

First, since I? is injective, there exists a morphism A} : My — I? whose composition with
[ is equal to the morphism M; < I?. Let h} be the natural composition My — Mz — I3,
we then obtain a morphism hy = (h, hj) : My — IJ. One easily checks that this morphism
is injective. By snake lemma, we have

0 — Coker h; — Coker hy — Coker hz — 0.

Suppose {d‘%}jgi have been constructed. We need to construct d5™' such that the fol-
lowing diagram commutes

0 Ii+? I+ @ It Ii+? 0

di“T ditt ?T dg+1T

0 —— Coker d —— Coker d};, — Coker dj —— 0
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However, by similar arguments as for hy, the existence of dit' follows. there exists a
morphism dy. By snake lemma,

0 — Coker di™! — Coker dyt* — Coker di™ — 0.

We write 0 — I8 — I3 — I3 ra0 to denote (2.2). Applying the functor ()¢, we obtain
0 — (I — (I3)¢ — (I3)¢ — 0 that is exact, i.e. all the horizontal sequences 0 —
(INY — (ID)Y — (IH)Y — 0 are exact. The commuative diagram

0 —— (IHHG —— (6 —— (Y6 —— 0
dﬂ déT dgT
0 — (IHY —— (IH)Y —— (IHY —— 0
induces by snake lemma
0 — Kerd, — Ker d, — Ker d} — Coker d’ — Coker dy — Coker dj — 0.
Finally the commutative diagram

Coker d; —— Cokerd, —— Cokerd}, — 0

l l |

0 — Kerdi"' —— Kerds"' —— Kerds"!

induces by snake lemma an exact sequence
H'Y(G, M) — H(G, M) — H' (G, M3) — H™ (G, M) — H™ (G, My) — H (G, Ms).
This concludes the proof. O]

A G-module M is called acyclic if H(G, M) = 0 for all i > 0. By Example 2.1.10, any
injective G-module is acyclic and if G = {1}, then any G-module is acyclic.

Proposition 2.1.12. Let I* be an acyclic resolution of M, i.e. there is an exact sequence
0— M — I°— I'--. with I' all acyclic. Then H'((I*)Y) = H'(G, M) for all i.

Proof. Let My := M, and we inductively construct M; := I*"'/M;_; < I'. We have thus
an exact sequence 0 — M; — I* — M;,; — 0, that induces 0 — H°(G, M;) — H°(G, I') —
HO(G, Mz'—l—l) — Hl(G, Mz) — 0 and Hj(G, Mi+1) = Hj+1<G, Mz) fOI‘j > 1. By deﬁnition,
H(G, M) = Ker[d™! : 'Y — [*2] and hence H(G, M;) = H™L((I*)¥). We then
deduce H (G, M) = HY(G, My) 2 H"YG,M,) = --- = HYG, M;_,) = H'((I*)%). O

Remark 2.1.13. Let I°® be an acyclic resolution of M, and J* be an injective resolution
of M. By Lemma 2.1.7, the identity map on M induces a morphism of complezes of G-
modules: 1* — J*. By an induction argument as in the above proof, one can show that the
morphism I* — J* induces an isomorphism H*((1*)%) = H'((J*)) fori > 0.
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2.2 Change of groups

Let H C G be a subgroup. Note that a G-module is naturally an H-module by restriction.
The injection H < induces an injection of Z-algebra Z[H| — Z|G]. For M € Mod(H),
Z|G|®zm M is a left Z|G]-module (where Z[G]®z M is the quotient of Z[G]®z M modulo
the Z[G]-submodule generated by eze, ® m — e, ® hm). There is a natural morphism of
Z[H]-modules: ¢ : M — Z[G] @z M, m — 1 @ m.

Lemma 2.2.1. Z[G] is a free Z[H|-module, and consequently, the functor Mody —
Mode, M — Z[G]| @zim) M is exact.

Proof. Let R be a set of representatives of the right cosets H in G, then Z¢ = @ycpZ[H]e,.
]

For M € Mody, we put Ind§; M = {f : G — M | f(hg) = h(f(g)), Yh € H}. We
equip Ind$ M a left G-action by (9f)(¢') = f(¢'g) hence Ind§; M € Mody. There is a
natural morphism of Z[H]-modules: 5 : Ind§ M — M, f — f(1).

Lemma 2.2.2. (1) There is a natural isomorphism MY = (Ind$ M),

(2) (Frobenius reciprocity) Let M € Modg, N € Mody, then there are natural bijec-
tions:
Homg (M, Ind% N) = Hompy (M, N)

Homg (Z[G] @z N, M) = Homp (N, M).

Proof. (1) We have a natural map M < Ind$ M, m + [g — m)]. It is clear the image is
contained in (Ind§; M)%. Let f € (Ind$ M)%, we deduce f(g) = (gf)(1) = f(1) = m e M
for all g € G. Since f(h) = hf(1) = hm = m, we deduce m € M*. (1) follows.

(2) We have a natural map
Homg (M, Ind$; N) — Hompy(M, N), F s jo F. (2.3)

One can check the following map is well-defined and gives an inverse of (2.3): Homy (M, N) —
Homg (M, Ind$ N), F +— [m +— [g — F(gm)]]. Similarly, we have the following pair of
maps, that are inverse to each other,

Homg (Z|G] @zigy N, M) — Hompg (N, M), F +— Fou,
Hompy (N, M) — Homg(Z[G] @zim N, M), F = [eg @ m — gF(M)].
(2) follows. O
Lemma 2.2.3. We have Z[G] @z M = Ind$; M, in particular, we have

Hompy (N, M) = Homg(Ind$ N, M),
Home (M, Z[G] @zm N) = Homy (M, N),

for N € Mody and M € Modg.
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Proof. For e, ® m € Z|G] ®z M, consider the induced map

Y, Q/H{g’gm gdge H

0 otherwise

One can check the map lies in Ind§ M. One can also check this construction induces a
morphism of G-modules Z[G] @z M — Ind% M. The map admits an inverse given by

Ind$ M — Z[G) Qzim M, f Zeg ® flg™),

geER

where R denotes a set of representatives of left cosets of H in G (note the term on the right
hand side does not depend on the choice of R. The lemma follows. [

Remark 2.2.4. Let (Ind§ M) = {f : G — M | f(gh™") = hf(g9)}, and we equip
(Ind$, M) with a left G-action given by (gf)(¢") = f(g~'¢'). One can easily check that

Indf; M — (Ind M), f = [g= f(g~")
1s an isomorphism of G-modules.

Proposition 2.2.5. If M € Mody is injective, then Ind$y M (hence Z|G] @zpm M) is
injective in Modg.

Proof. Let My — M5 be an injection in Modg, and Iy be an injective H-module. Then
we have

Homg (Ms, Ind$, Iy) — Homg (M, Ind$, Iy)

HOIIIH(MQ, IH> R HOIHH(Ml, H)

hence the top map is surjective. The proposition follows. O

Corollary 2.2.6. The category Modg has enough injective objects.

Proof. Let M € Modg. Forgetting the G-action, we view M as an object in Ab = Modyy;.
Let I € Ab be an injective object such that f : M < I (in Ab). By Frobenius reciprocity,
this map induces a morphism of G-modules: M — Indﬁ}l (m +— [g — f(gm)]), that
one can check is injective (using f is injective). Since Ind?l} I is injective in Modg, the
corollary follows. O

Corollary 2.2.7 (Shapiro’s lemma). Let H C G and N € Mody. There is a canonical
1somorphism . '
H'(G,Ind$ N) = H'(H, N).

Proof. Let 0 - N — I°® be an injective resolution of N in Mody. Then by Proposition
2.2.5 and the fact Ind% — is exact, we see 0 — Ind$ N — (Ind$ I°*) is an injective resolution
of Ind§ N in Modg. We deduce H'(H, N) = H'((I*)") = H((Ind$ I*)) = H' (G, N).

O
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As an immediate consequence of Shapiro’s lemma, we have

Corollary 2.2.8. Let H C G and N € Mody. If N is acyclic for (=), then Ind$ N is
acyclic for (=)%. In particular, for any abelian group M, Ind?l} M is acyclic (for (—)¢).

Corollary 2.2.9. Let M € Modg. If M is a finitely generated abelian group, then
HY (G, M) is a finitely generated abelian group.

Proof. We have an injection M —» Ind{Gl} M. As M is finitely generated, we see Ind?l} M is
also finitely generated. We then deduce that M admits an acyclic resolution /°® consisting
of G-modules that are finitely generated as abelian groups. Hence H (G, M) = H*((I*)%)
is a finitely generated abelian group. O

Corollary 2.2.10. Let L/K be a finite Galois extension. Then H'(Gal(L/K), L) =0, for
all i > 0.

Proof. By the normal basis theorem, there exists o € L such that {g(«)}secar k) form
a basis of L over K. We see as Gal(L/K)-module, Z[Gal(L/K)] ®7 K = L ®4ccai(r/K)
Kg(a) = L, e, ® a — ag(a). Hence H(Gal(L/K),L) = H'({1}, K), and the corollary

follows. u

Corollary 2.2.11. Let H C G, M € Modg. There are natural morphisms Res :
H'(G,M) — H'(H,M) (called restrictions) and Cor : H'(H,M) — H'(G,M) (called

corestrictions). Moreover, CoroRes = [G : H].

Proof. By Frobeinus reciprocty, we have a natural G-equivariant morphism ¢ : M —
Ind% M, m + [g — gm], that induces Res : HY(G, M) — HY(G,Ind% M) = H'(H, M).
Similarly, by Frobenius reciprocity, we also have a G-equivariant morphism « : Z[G| ®zp
M = Ind§G M — M, g ®m — gm, that induces Cor : H'(H, M) = HY(G,Ind$ M) —
H{(G,M).

One checks kot : M — M, m |G : Hm, hence CoroRes = [G : H] (since the both
are induced from ko = [G : H], hence are equal by Corollary 2.1.9 (2)). O

Corollary 2.2.12. Let M be a finite G-module, if (|M|,|G|) = 1, then H (G, M) = 0 for
all 7> 0.

Proof. As (|M],|G|) = 1, multiplying |G| is an isomorphism on M hence is an isomorphism
on H'(G, M) for all i. Applying the above corollary to H = {1}, CoroRes = |G| :
HY(G,M) — H'(G, M). However, we have H ({1}, M) = 0 for all i > 0, hence Cor o Res =
0 on HY(G, M) when i > 0. As |G| is an isomorphism H'(G, M), we deduce H (G, M) =0
for all 7 > 0. ]

The restrictions are actually special cases of the following functorial property of the
group cohomology. Let G, G5 be two finite groups, and a : G; — G5 be a morphism.
The morphism « naturally induces a functor Modg, — Modg,: for each M € Modg,,
we equip M with a Gi-action via a.
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Proposition 2.2.13. Let M; € Modg,, and My € Modg,. Let f : My — M; be a
morphism in Modg,. Then f induces natural morphisms

HY(Gq, My) — H'(Gy, M), Yi > 0. (2.4)

Proof. First for any N € Modg,, as the Gi-action on N factors through G, there is a
natural injection
NE — NC.

Let 12, be an injective resolution of My in Modg,. Let I, be an injective resolution of M,
in Modg,. As the sequence 0 — My — I¢, is also Gi-equivariant , by the same argument
as in Lemma 2.1.7 (using I(;, are injective in Modg, ), there is a morphism o : I8, — I8,
in the category of complexes of Gj-modules. Applying (—)!, we get (I&Q)G1 — (]C';I)Gl.
By the above discussion, we have another morphism (I¢,)%? — (1&,)“". The composition
(18,)¢> — (1) then induces H' (G, My) — H'(Gy, Ms). The morphism f induces
H{(Gy, My) — H'(Gy, M;). By taking composition, the lemma follows. O

Remark 2.2.14. (1) By Corollary 2.1.9 (and the proof), one can actually show the maps
HY(Gy, My) — H'(Gy, Ms) are independent of choices of injection resolutions of M (in
either Modg, or Modg, ).

(2) Taking Gy = G, Gy = H — G, and M € Modg, the proposition can recover (check
it!) the restriction maps Res : H'(G, M) — H'(H, M).

Let H be a normal subgroup of G, and M € Modg. Then M inherits a natural
G/ H-action. Applying the proposition to the case Gy = G, Go = G/H, My = M* and
M, = M, we deduce natural morphisms inf : H(G/H, M) — H'(G, M) called inflations.

Proposition 2.2.15 (Inflation-Restriction). The following sequence is exact

Res

0— HY(G/H,M™) 2 HY(G, M) 2 HY(H, M). (2.5)
Suppose H'(H, M) =0 for 1 <1 <i— 1, then the following sequence is exact

0 — HI(G/H, M™y 2 H/(G, M) 2% HI(H, M). (2.6)

Proof. One can use cochains to directly prove (2.5) (that we will leave as an exercise for the
next section). Assume now (2.5) holds. Recall we have a natural G-equivariant injection
M — Indﬁ} M, m — [g — gm], and let N := Ind?l} M /M so that we have an exact
sequence in Modg:

0— M — Ind{j; M - N — 0. (2.7)

We have hence H'(G, N) = H*Y(G, N) for | > 1. For H' < G, Ind{}, M = Z[G] ®z M =
Z|H')®z (@ genncegM), hence is an induced module for H'. As H'(H, M) = 0, we deduce
from (2.7) H'(H,N) = H"*Y(H, N) for [ > 1 and an exact sequence (of G/H-modules)

0— M" — (Indfyy M)" — N — 0. (2.8)
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Now we use induction on ¢: suppose the proposition holds for £ < i — 1, and suppose now
HY(H,M)=0for 1 <1 <i—1. By the above discussion, H'(H,N) =0for 1 <1 <i—2
so we can apply the induction hypothesis to N and obtain an exact sequence as in (2.6)
with M replaced by N and i replaced by i — 1. Since (Ind{Gl} M)? > 7Z|G/H) @ ZM, we
deduce from (2.8) H{(G/H, N"¥) =~ H*Y(G, M) for [ > 1. We finally obtain the following
commutative diagram

0 —— H-YG/H,NH) 2Ly gi-}(q,N) 2= Hi-Y(H, N)
H(G/H,M") s Hi(@G M) 225 Hi(H N)
The proposition follows. n

Remark 2.2.16. The proposition is a special case of the so-called Hochschild-Serre spectral
sequences (concerning about the composition of the functors (—)¢ = ((—)H)¢/H.

2.3 Group cohomology via cochains

We use Corollary 2.2.8 to construct an explicit acyclic resolution of a G-module M so that
we can calculate H(G, M) in an explicit way. We put

Ni={¢p:G":=Gx--xG— M}
—_———

i+1
and we equip N* with a (left) G-action by

(9¢) (g0, +9:) = 9(&(g ™ g0, - .97 9))-
We put N} :={¢: G' — M}.
Lemma 2.3.1. We have N* = Ind{Gl} N¢ as G-module.

Proof. Recall Ind?l} N§ is isomorphic to {f : G — N/} with the G-action given by
(9)(¢) :== f(g7'¢'). Consider the map

{f:G—= N} — N, f[(g0,,9) — 90(f(90)(90 91, 95" 9:)]-

It is straightforward to check this map is G-equivariant. This map is clearly bijective

with the inverse given by ¢ — [g — [(g1,- " ,9) — ¢ 0(9,991, - ,99:)]]. The lemma

follows. m
Put

i+1
dzl tN' — NH_I) ¢ = [(907 e 7gi+1) = Z(_l)]¢(gﬂ7 e 7gAj7 e 7gi+1>]
j=0
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where ¢g; means omitting the term g;. One can check the morphism is G-equivariant. There
is also a natural morphism ¢ : M < N° m + [g — m]. One can directly verify the following

lemma (for example, if di(¢) = 0, then ¢(go, -+ , ;) = (—1)* Z;:o &(go, -+, Gjs-- 5 Gis 1) =
dl_l(,lvb) S Imdzl_l with ¢(g07 e 7gi—1> = ¢(907 T 0i-1, 1))

Lemma 2.3.2. We have an exact sequence of G-modules
bon0 B i 41 azitl
O—-M-—->N —N =N — N — ... (2.9)
Together with Lemma 2.3.1, we see (2.9) gives an acyclic resolution of M. Now we

apply the functor (=) to the resolution. We have C*(G, M) = {G* — M} L (N)C,
¢ (g0, 9i) = 90(d(90 91,91 ' 92, -+ g;_19:))] with the inverse given by

D= [(g1,+ 1 91) = (L, 91,9192, .17+ Gi)].
i 1 )
One can check the composition d’ : C*(G, M) % (N))¢ 4, (NHOE L2 i@ M) s
given by

i [(91» e gi1) = 1092, gia) Z<_1)j¢i(gla 39 i)
Jj=1

+ (=1 i(gn, 0] (2.10)

Put BY(G, M) :=Imd"~' C C'(G, M) called the set of i-th coboundaries, and

ZZ(Gv M) = Kerdi - {¢ S Cl(G7 M) ’ v(glu T 7gi+1) < Gi—Ha
glgbi(g% e 7gi+1) + Z(_l)j¢z(gl) 5 9595410 7gi+1) + (_1>i+l¢i(gl) e 79%) = O})
j=1
called the set of i-th cocycles. Then
HY(G,M)=Z'(G,M)/B (G, M).

Example 2.3.3. We have

1 ~ {f:G—=> M| f(g192) = 1. f(92) + f(g1)}
HAG M) = G S0 | flg) = glm) —m}

If G acts trivially on M, then Z'(G, M) = Hom(G, M) (Hom denotes group homomor-
phisms), and BY(G, M) = 0. We see in this case H'(G, M) = Hom(G, M) = Hom(G?*", M).

For a : Gy — G3, M; € Modg,. Let N? be the acyclic resolution of M; in Modg,
as in (2.9). Given a morphism f : My — M; in Modg,, f induces Gi-equivariant maps
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Ni — Ni, & — [(g0, -, i) — f(d(algo), -+ ,a(g)))] for all i. These maps form a G-
equivariant morphism N3 — NP. We have thus (N3)%2 — (N3)¢t — (N?)%1, that induces
for ¢ > 0:

Hi(GQ’ MQ) — Hi(le M1)> ¢ = [(glv e agi) = f(¢(a(gl)> e ’a(gi)))]' (2'11)

We remark that these (explicit) maps coincide with those given in Proposition 2.2.13.
Indeed, let I? be an injective resolution of M; in Modg,. By Lemma 2.1.7, we can obtain
a morphism of complexes in Modg,: N7 — I? (extending identity map on M;). Again by
similar arguments, there exists a Gj-equivariant morphism I3 — I such that the following

diagram commutes
Ny —— I3

Lo

Ny — 7
where the left vertical map is given by previous discussions (induced by f). Applying (—)¢
and taking cohomology, we then deduce (2.11) coincides with (2.4).

Proposition 2.3.4 (Hilbert’s theorem 90). Let L/K be a finite Galois extension, then
HY(Gal(L/K),L*) = {1}.

Proof. Let ¢ : Gal(L/K) — L* be a cocycle, i.e. ¢(g192) = g1(c(g2))c(g1). For x € L,
consider a =3 /) €(9)9(x). Then

has) = Y hlelg)(hg)(x) =ch) Y c(hg)(hg)(x) = c(h)a,.

g€Gal(L/K) g€Gal(L/K)

If a, # 0, then c(h) = h(a,)/a, € B'Y(Gal(L/K),L*) and the proposition will follow.
The existence of non-zero a, follows from the following claim (called Dedekind’s linear
independence of automorphisms):

claim: Let a, € L for g € Gal(L/K), if
Z agg(z) =0, Vo € L, (2.12)
geGal(L/K)
then a, = 0 for all g € Gal(L/K).

Suppose there exist non-zero {a,} such that (2.12) holds. We can and do take one such
that S = {g |a;, # 0} has minimal elements. It is easy to see |S| > 1. Let g1,¢2 € S,

and pick a € L* such that gi(a) # g2(a). Then > .1/ Gg9(ax) = 3 c5ag9(ax) =

D ges Ag9(@)g(x) = 0, and we deduce 3 _q\ (.1 ag(9(a) — g1(a))g(z) = 0 for all z, contra-
dicting |S| is minimal. O

Cohomology of profinite groups

Let G be a profinite group, M is called a (topological) G-module if M is a topological
abelian group equipped with a (left) G-action such that G x M — M, (g,m) — gm is
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continuous. We call M a discrete G-module if M is a G-module and M is equipped with
the discrete topology. We see M is a discrete G-module, if and only if for any m € M, the
subgroup {¢g € G | gm = m} is a open subgroup of G. Denote by Mod¢ the category of
discrete G-modules.

Example 2.3.5. Let K be a field, K be an algebraic closure of K, then K, K™ are discrete
Gal(K/K)-modules.

We summarize some facts on cohomology of profinite groups.

Fact 2.3.6. (1) The category Modg has enough injective objects, in particular, we can
define H'(G, M) as derived functors of the functor M — MS.
(2) We have M = lim prqc MH, and H(G,M) = lim proc H{(G/H, M), where

H open H open
H{(G/H,M") — H(G/H', M"") is the inflation map.

(3) Let M € Modg, then H' (G, M) can also be calculated using continuous cochains.
Namely, let C(G, M) :={f : G* = M | f continuous}, and we define a complex exactly as
the finite group case:

di+1

I cia, My s e, My 2
where d' are given as in (2.10). Then we have H'(G, M) = Kerd'/Imd"~'. For ezample,

| _{f: G = M continuous | f(g192) = f(91) + 91/ (92)}
H(G, M) = {f:G—M]|3Jae M st f(g9)=ga—a} '

Corollary 2.3.7. Let K be a field, then H'(Gal(K/K), K ") = 1.

2.4 Group homology

Let G be a finite group. We introduce the group homology of a G-module M. Most of
the theory is parallel to the group cohomology. We first define a functor Modgs — Ab,
M — Mg := M ®gjc Z. Let I = ker[Z[G] = Z,eq4 — 1]. Then I is a left ideal of Z[G],
called the ideal of augmentation. Then Mg = M ®gq (Z[G]/1g) = M/IcM.

Lemma 2.4.1. I = @yea\(13Z4(eg — 1) (note 1 = e, € Z[G]).
Proof. Let o = 3 _;a4e4 € I with a4 € Z, by definition we have > _,a, = 0. Hence

a =3 cqag(eg —1). Together with the fact {e,} is a basis of Z[G] over Z, the lemma
follows. O

As taking tensor product is right exact, the functor M +— Mg is right exact.

Lemma 2.4.2. The category Modg has enough projective objects, i.e. for any M € Modg,
there exists a projective object P € Modg such that P — M.
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Proof. Any free Z|G]-module is projective. For any M € Modg, we have a surjective
morphism ®,,enZ|Gly — M, where Z|G],, = Z|G] and the map consists of Z|G|,, = M,
eg — gm. The lemma follows. n

Consequently, any M € Modg admits a projective resolution

PosM: Py &ply % p s M0,

We deduce then a sequence - - (Piy1)g N (P)c i oy (Py)e — Mg — 0, and we

put Hl(G, M) = Ker dl,l/Imdl

M =0
Example 2.4.3. Suppose G = {1}, then Mg = M. We see H;(G, M) = {0 Z 0
1>

Proposition 2.4.4. (1) H;(G, M) is independent of the choice of the projective resolution
of M.

(2) A morphism f : My — My of G-modules induces naturally morphisms H;(f) :
H,(G, M) — H;(G, My) fori € Zsy. Moreover, a short exact sequence 0 — My — My —
M3 — 0 induces a long exact sequence

s — HZ(G, Ml) — HZ(G, Mg) — HZ(G, Mg)
— Hi_l(G, Ml) — Hi_l(G, MQ) — Hi_l(G,Mg) —
cee Ho(G,Ml) — Ho(G, MQ) — Ho(G, Mg) — 0.

(3) (Shapiro’s lemma) Let H C G, then H;(G,Ind% M) = H;(H, M) for any M €
Mody, and i € Zxy.

(4) Let Gy — G3 be a group homomorphism, M; € Modg,, and f : My — My be a
G1-equivaraint morphism. Then f induces natural morphisms

Hi(Gh Ml) — Hi<G2, MQ)

Sketch of proof. (1) & (2) Let f: M; — My be a morphism of G-modules, and let P,, Q,
be a projective resolution of My, M, respectively. Using the projectivity of P;, there exists
a morphism of complexes of G-modules f, : P, — ), such that the following diagram

commutes.
P, —— M,

Jo
Qe —— My

Moreover, different choices of f, satisfy a homotopy equivalence as in the proof of Lemma

2.1.8. (1) and the first part of (2) follow. Given a short exact sequence 0 — M; —

My — M3 — 0, one can construct as in the proof of Proposition 2.1.11 an exact sequence
0= (P1)e = (Py)e — (P3)e — 0 of complexes of G-modules with (P;). certain projective
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resolution of M;. Applying the functor (—)g and taking cohomology, we deduce the long
exact sequence.

(3) For any projective Z[H]-module, Z[G] @z N is a projective Z[G]-module. For
any M’ € Mody, (Z|G] ®zm M) = M};. Now let P, — M be a projective resolution.
Then Z[G] @zia) Po — Z|G] @z M is a projective resolution of Z[G] ®ziy) M (recalling
Z|G] @z — is exact). Since (Z[G] @z Po)a = (Pa)n, (3) follows.

(4) The morphism G; — G induces Z[G1] — Z|G2] that sends I, to Ig,. Thus for a
Gy-module M, there is a natural map Mg, — Mg,. Similarly as in the proof of Proposition
2.2.13, we deduce natural morphisms H;(G1, M) — H;(G5, M). Applying this to M = M,
then composing with the natural morphisms H;(Gy, M;) — H;(G1, Ms), (4) follows. O

Let H C G, by Proposition 2.4.4 (4), we have natural corestrition maps:
Cor : H1<H, M) — HZ(G, M)

The maps can also be obtained by applying H;(G,—) to the G-equivariant morphism
Z|G) @z M — M, e;g ® m — gm. The G-equivariant morphism A — Indf] M,
m +— [g — gm] induces restriction maps:

Res : H;(G, M) — H;(G,Ind$, M) = H,(H, M).
Similarly as in Corollary 2.2.11, we have

Proposition 2.4.5. CoroRes = [G : H].

Suppose H is a normal subgroup of GG. For M € Modg, My = M ®gzg) Z inherits from
M anatural G-action that factors through G/H. By Proposition 2.4.4(4), the G-equivariant
morphism M — My induces Coinf : H;(G, M) — H;(G/H, My), called coinflation maps.
Similarly as in Proposition 2.2.15, we have

Proposition 2.4.6. The following sequence is exact

Hy(H, M) <% Hy(G, M) <22 H\(G/H, My) — 0.

We end this section by a discussion on H(G,Z). We have an exact sequence 0 — I —
Z|G] — Z — 0, that induces (H,(G,Z|G]) = 0 as Z|G] is projective):

0— H(G,Z) — Hy(G, Ig) — Z|G]/I¢ — Z — 0.
The morphism Z[G]/Ig — Z is an isomorphism, hence H,(G,Z) = Ho(G, Ig) = I¢/I3.

Lemma 2.4.7. The map k : G — Ig/1%, g — e, — 1 is a group homomorphism, and
induces an isomorphism G = I /1.

Proof. We have ey, — 1 — (e, — 1+e, —1) =egp, — e, — (e, — 1) = (e, — 1) (e, — 1) € IZ,
for g,h € G. Hence k is a group homomoprhism. It is also clear that k is surjective. As
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I /1% is abelian, the morphism factors through G* — I5/IZ. We construct an inverse:
a:lg/IE — G*™ n(e, —1) — g". Indeed, as I is generated by e, — 1 over Z, we see [ is
generated by (e, —1)(e, — 1) over Z. We see (e, —1)(ep,—1) =egp—1—(eg—1) — (e, — 1)
is sent to ghg~'h™!, so the map « is well-defined. It is straightforward to check o gives an
inverse of k. The lemma follows. O

Corollary 2.4.8. We have a natural isomorphism H,(G,Z) = G=>.

Lemma 2.4.9. Let H C G be a subgroup, then Cor : Hy(H,Z) — H,(G,7Z) coincides with
the natural map H*® — G and Res : H\(G,Z) — Hy(H,Z) coincides with the transfer
map G* — H?P.

Proof. By the G-equivariant exact sequence 0 — I — Z[G| — Z — 0, we have a commu-
tative diagram

H{(H,7Z) —— Ho(H,ls) —— Z|G]|/1g

[
Corl CorJ{ C
[

~
N
~

o

]
l H . (2.13)

H\(G,Z) —— Hy(G,Ig) —— Z|G]/Ic Y/ > 0
We have an H-equivariant commutative diagram
0 —— Iy —— Z[H] > 7 > 0
0 — Iec — ZI[G] Z > 0

that induces N
H\(H,Z) —— Hy(H, Iy)

l . (2.14)
H\(H,Z) — Hy(H,Iz) — Z|G)/Iy

The composition Hy(H, Iy) — Ho(H,1s) — Ho(G, Ig) coincides with H*® — G2b. To-
gether with (2.13) (2.14), the first part of the lemma follows. We leave the second part as
an exercise. O

2.5 Tate cohomology

Let G be a finite group. For M € Modg, denote by Ng : M — M, m deG gm

Lemma 2.5.1. The map Ng is a morphism of G-modules, and Im(Ng) € MY, IoM C
Ker(Ng).

Proof. For m € M, h € G, Ng(hm) = 3 _oghm = h}_ o (h~'ghym = h} ] ,gm =
hNa(m). For o= .\ gm € Im(Ng), h(e) = 3 o hgm = 3 cpy gm = a so o € MC.
As I M is generated by (e,—1)m = gm—m and Ng(gm—m) is zero, IcM C Ker(Ng). O
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In particular we see Ng induces a map Hy(G, M) Ne, H°(G, M). We put

H'(G, M) i>1,
i _ JH(G,M)/Ng(M) = M /Ne(M) i=0
Hiy (G, M) = KGT(NG‘HO(G,M)) iz 1
Hfzel(G,M) 1 < =2

The groups Hi(G, M) are called Tate cohomology of M. Note Hi(G,—) are functors on
Modg: a morphism M — N in Modg induces natural maps H! (G, M) — H!' (G, N) for
all i € Z.

Example 2.5.2. If G = {1}, we see H-.(G, M) = 0 for all i.

Proposition 2.5.3. Let 0 — M; — My — M3 — 0 be an exact sequence in Modg. Then
there is a natural long exact sequence

<= HZ3(G, M) — H*(G, My) — HZ*(G, M3) —
H/Iil(G,Ml) — H;wl(G, Mg) — ijl(G, Mg) — H%(G, Ml) — H%(G, Mg)
— HY(G, M) — Hi.(G, M) — H#.(G, My) — H}:(G, M3) — -

Proof. We have a commutative diagram (for example, to see H1(G, M3) — Hy(G, M) Ne,
HY(G, M) is zero, one uses the fact H*(G, M;) — H°(G, M,) is injective, and H, (G, M3) —
Ho(G, My) — Hy(G, My) is zero).

Hl(G, Mg) E— Ho(G,Ml) —_— HQ(G, Mg) — H()(G, Mg) — 0
T e
0 —— HYG, M) —— HY(G,My) —— HYG, M) — HYG,M,)

Consequently, the morphism H;(G, Ms) — Ho(G, M;) (resp. HY(G, M3) — H'(G, M))
factors through Hy'(G, M;) (vesp. HY(G, Ms)). Moreover, by snake lemma, we deduce an
exact sequence

HZHG, M) — H7Y (G, My) — H (G, Ms) — HY(G, M) — HYG, My) — HXG, Ms).
Together with Proposition 2.1.11 and Proposition 2.4.4 (2), the proposition follows. ]

Remark 2.5.4. Tate cohomology can also be constructed by using the so-called complete
resolutions.

Proposition 2.5.5. Let H be a subgroup of G and M € Mody, then Hi:(G,Ind$ M) =
Hi(H, M). In particular, H(G,Indf), M) = 0.

Proof. We only need to show the isomorphism for ¢ = —1,0. Recall the isomorphism
L HO(H, M) — H°(G,Ind$ M) is induced by the H-equivariant morphism Ind$, M — M,
f= f(); o : Hy(H, M) — Hy(G,Ind% M) is induced by M — Ind§; M = Z[G] @z M,
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m — 1 ® m. One can then directly check the following diagram commutes (using the
isomorphism Ind$ M = Z[G| Rz M, f =Y ,crg ® Flgh)

Ho(H, M) —2— Hy(G,Ind$ M)
NHl Ncl

LO
HO(H, M) —— H°(G,Ind$ M)

The proposition follows. O

Similarly as for group cohomology and group homology, for M € Modg, we have restric-
tion and corestriction maps for Tate’s cohomology (induced by the natural G-equivariant
morphisms M — Ind§ M, Z[G] ®zm M — M respectively)

Res : H.(G, M) — Hi(G,Indf M) = Hi(H, M),
Cor : Hi.(H, M) = H}(G, Z[G] @z M) — Hip(G, M).
By the same argument as in the proof of Corollary 2.2.11, we have
Proposition 2.5.6. CoroRes = [G : H].

Theorem 2.5.7. Let G be a finite cyclic group, M € Modg. Then there is a canonical
(up to the choice of a generator of G) functorial isomoprhism HL(G, M) = Hi?*(G, M).

Proof. Let h be a generator of G, we have an exact sequence (of G-modules)
0—-Z—Z|G]| - Z|G]| - Z—0

whereZ — Z[G] sends 1 — > _ne,, and Z[G] — Z[G], e; > egn — €4, and Z[G] — Z
sends e, to 1. Taking — ®z M, we have an exact sequence of G-modules (with Z|G] @7 M
equipped with the diagonal G-action: g(a ® ) = g(a) ® g(B)):

0= M —Z[G]| @z M — Z|G] @, M — M — 0. (2.15)

Claim: The map Z[G]| ®z M — Z|G] @z M, g ® m — e, ® gm is an isomorphism of
G-modules, where the left hand side is equipped with the induced G-action: g(a ® ) =
g(a) ® B, and the right hand side is equipped with the diagonal G-action.

We prove the claim. We see g ® g~'m is sent to e, @ m, hence the map is surjective. If

> ey ®m; is sent to zero, then Y e, ® gi(m;) =0 = g;(m;) = 0= m; = 0 so the map is
injective. It is straightforward to check it is G-equivariant.

By the claim, (2.15) induces

0 — M — Ind{j, M — Ind{;; M — M — 0.

As Hj(G,Ind{}y M) =0 for all i, we deduce Hj(G, M) = H7*(G, M). O
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Remark 2.5.8. From the proof, (with a fized generator of G) the isomorphisms HL(G, M) =
H,}“(G, M) are functorial on M, i.e. if we have a morphism M — N, then the following

diagram commutes ' '
HL(G, M) —— HF*(G,M)

| |

HL.(G,N) —— HI*G,N)

Let 0 — M; — My — M; — 0 be an exact sequence in Modg (with G cyclic), then
the exact sequence in Proposition 2.5.3 becomes:

HHN G, My) — H7' (G, M3)

S

H7 ' (G, My) Hy(G, M)

\ /

HY(G, M3) +—— HX%(G, M)

For M € Modg, if Hi-(G, M) is finite, then we put h(M) := % called the Herbrant
T )

quotient of M. By the above discussion, we have

Corollary 2.5.9. Let 0 — M; — My — M3 — 0 be an exact sequence, if two of M; have
Herbrand quotients, so does the third. And if so, h(Ms) = h(My)h(Ms).

Lemma 2.5.10. Suppose G is finite cyclic, and M € Modg has finite cardinality. Then
h(M) = 1.

Proof. Let h € G be a generator, we have an exact sequence (of finite abelian groups)

m—hm—m,

0— M%— M 222 M — Mg — 0.

We deduce hence |M“| = |[Mg|. On the other hand, we have by definition an exact sequence
(of finite abelian groups)

0 — H7 (G, M) — Mg 2% M® — HY(G, M) — 0

and hence h(M) = Ty, O

[Mg|

2.6 Cup products

Let M,N € Modg, then M ®; N equipped with the diagonal G-action: g(a ® b) =
ga® gb, is a G-module. The operation can induce operations on (co)homology groups. For
example, there is a natural map MY ®z N¢ — (M ®z N)%. In general, we first construct

CH(G, M) ®z CI(G,N) 2 CH(G,M @z N), f@f v (g1, 9i45) = Flgr,-,9) ®
(g1---9:) [ (Gig1, -+~ 79i+j)]-
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Lemma 2.6.1. dyf2 (fU f) =dy,(f)U f'+ (-1) f Udyf'.
Proof. We have

dﬂgpzzv(f U )90, 5 Gitj)
i+j

= go((fU g1 gi5)) + Z(f U f)(g0, s Gr—1Gks ==+ 5 Gits)
k=1

H(=D)TFU ) (g0, 5 Givgn)
= 90f (91, ) @ (g0~ 9) f(Gis1 -+ Givs)

+) (=D F g0 k1950 9) @ (o 9i) /(G Giny)

i+7

+ ) (=D g0, 2 9i-1) @ (go - gim) (g 2 Ghm1Gh e  Gis)
k=i+1

+(— 1)“”1“1,}‘1(917 5 0i-1) @ (g0 - gi—1) [ (Gir -+ Girj—1)

= (dyf)Uf = (=D Flgo, ,9i-1) @ (90 ) [ (i1, + Gits)
< )f )+ (DT (g0, 9-) @ (9o~ 9:) f (Gins - Gies)
= dy(f)U S+ (D) fudy(f).

By the lemma, U induces
ZHG, M) ® Z/(G,N) = Z™ (G, M @z N)
B(G, M) ® Z/(G,N) + Z'(G, M) ® B'(G,N) — B*J(G, M @ N).
We deduce hence:

Proposition 2.6.2. The maps U induce H'(G, M) @z Hi(G,N) = H™ (G, M @z N) for
1,] € Z>g, called cup-products.

It is easy to see the cup-products are functorial on G-modules.

Theorem 2.6.3. The collection of maps

{HY(G, M) @z H(G,N) = H™(G,M @z N)} ijezs0

M,NeModg

is the unique one satisfying the following properties

1. ifi=35=0, H(G,M)® H°(G,N) — H°(G,M ®z N) is induced by the identity
map on M @z N: M€ @z N — (M ®z N)%;
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2. if 0 - My — M — M, is an exact sequence in Modg, and N € Modg such that
00— M ®;N—M®z;N — M, ®; N — 0 is exact, then

5(@2) upg= (5(0&2 Uﬂ) S Hi+j+1(G,M®Z N)
for all ay € HY(G, My) (s0 §(as) € H(G, M) and 8 € H (G, N);

3. if0 - Ny - N — Ny — 0 is an exact sequence in Modg, and M € Modg such
that 0 - M ®z Ny - M ®z N — M ®z Ny — 0, then

aUd(By) = (—1)"0(aUBy) € HYTHG, M @4 N)
for all « € H'(G, M) and 3, € HI (G, Ns).

Sketch of proof. One can directly check these conditions, using the following description of
the d-maps in term of cochains. If we have an exact sequence 0 — M; — M — M, — 0 in
Modg, then we naturally get exact sequences

0 — C(G, M) — C(G, M) — C"(G, M) — 0,

for all 2+ > 0. We deduce a commutative diagram

C(G,My) CY(G,M) C (G, M2) . 0
Bi(G,M) ’ Bi(G,M) ’ Bi(G,M>)

dfqll d;j dfgl

0 —— Z"YG, M) —— ZW (G, M) —— Z7YG, M)

and the é-map H*(G, Ms) — H**'(G, M) is induced by the snake lemma. Explicitly, for
f: G" = Ay such that d'y,(f) = 0. We lift f to amap f:G" — A, then d}yf : G'"' — A

has image in A;. Then [dY f] = §(f).

We now explain the uniqueness. When ¢ = j = 0, the uniqueness is clear. For M &
Modg, we have an exact sequence in Modg:

0— M — Ind{j; M — M’ — 0, (2.16)

that induces H°(G, M') - H'(G, M). Note that the exact sequence splits in the category
of abelian groups: Ind{Gl} M — M, f+— f(1). Hence for any N € Modg, we obtain an
exact sequence

0— M ®z N — (Ind{j; M) @z N = M’ ®z N — 0.
By Condition 2, the following diagram should commute

HY(G,M')® H(G,N) —— H(G, M’ @z N)

l l

HY(G,M)® H(G,N) —— H'(G,M @z N)
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As the left vertical map is surjective, the bottom cup-product map is determined by the top
one (for any M, N € Modg). This proves the case i = 1, j = 0. Using similar arguments
and induction on i, we obtain the uniqueness of H (G, M) ® H(G, N) = H(G, M @z N)
for all M, N € Modg and i € Z>(. Using similar arguments with M replaced by N and
induction on j, we then deduce the uniqueness of H(G, MY® H (G, N) = H™(G, M&zN)
for all M,N S MOdg, ’L,j S Zzo. ]

We have a G-equivariant isomorphism s : M ®; N — N ®z M, a ® b — b ® a, that
induces isomorphisms s : H'(G, M @z N) = H' (G, N @z M).

Proposition 2.6.4. We have a commutative diagram
H{(G,M)® Hi(G,N) —— H™(G,M &z N)
l l , (2.17)
HI(G,N) @ Hi(G, M) Z2% giti(G, N @y M)

Proof. We use induction on ¢, j. The case i = 7 = 0 is clear. Suppose it holds for 7, j. Using
the exact sequence in (2.16), we deduce a surjective §-map H'(G, M") - H"Y(G, M). We
have commutative diagrams

H{(G,M") @HI(G,N) —— H"i(G, M’ ®; N)
o] H I
H*YG, MYQHI (G, N) —— H™H(G, M ®z N)
Hi(G,N)® H(G,M') —— H"(G,N @z M)
| H | |
HI(G, NYoHY(G, M) "% gitity (@, N @y M)

Together with the assumption hypothesis, we deduce (2.17) holds for i 4+ 1, 5. The propo-
sition follows. m

Proposition 2.6.5. Let My, My, M3 € Modg, a € H(G,M,), 3 € H(G,M,), v €
H*(G, Ms), then

(UB) Uy =aU(BUy) € HTHG, My @z My @z Msg).

Proof. The proposition follows from the explicit formula (and the uniqueness in Theorem
2.6.3). 0

Notation 2.6.6. Suppose we have a G-equivariant morphism M ®z N — E, then we also
denote by U the composition:

HY(G,M)® H (G,N) = H*(G,M ®; N) — H*(G, E).
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Proposition 2.6.7. Let M, N € Modg.
(1) Let H be a subgroup of G, « € H'(G, M), B € H' (G, N), then

Res(a U ) = Res(a) U Res(p).

(2) Let H be a nomral subgroup of G, « € H'(G/H,M"), 8 € H'(G/H,N*™), then
inf(a U B) = inf(a) Uinf(8) € H™(G, M @y N).

(3) Let H be a subgroup of G, o € H'(H, M), B € H(G, N), then
(Cora) U B = Cor(aURes B) € H (G, M ®z N),
in other words, the following diagram commutes:
H(H,M)®H/(H,N) —— H™(H,M ®z N)

Cor l Res T Cor l

H(G, M)®H (G, N) —— H™(G, M ®z N)

Proof. (1) (2) follow by explicit formulas (or induction on degrees as for (3)). (3) follows by
induction on degrees: one first checks it holds for i = j = 0, then uses (2.16) and induction
on i to prove it holds for ¢ > 0 and j = 0 (as in the proof of Theorem 2.6.3); finally one
uses (2.16) with M replaced by N and induction on j to prove it holds for all 7,5 > 0. [

For M, N € Modg, we also have a natural morphism Mg ®z N¢ — (M ®z N)g,
m®n—m®n (asn € N the morphism is well-defined). This can induce the so-called
cap-products: H;y;(G, M) ® H'(G,N) = H;(G, M ®z N). We omit further discussion the
theory. Finally we have for Tate cohomology:

Theorem 2.6.8. There is a unique collection of maps

{HL(G, M) @5 H}(G,N) = Hy7 (G, M @z N)} ijez
M,NeModg

satisfying
(1) HY(G, M) HY(G, N) — HY%(G, M®zN) is induced by the identity map on M&@zN,

(2) the maps are compatible with 6-maps (in the same way as in Theorem 2.6.3).

Proof. The existence and uniqueness can follow by a dimension shifting argument, similarly
as in the proof of Theorem 2.6.3. O

Example 2.6.9. The map HY%(G, M)®@ H;' (G, N) = H; (G, M®zN) is given by (a,b) —
a®b. Indeed, as a € MY, and Ng(b) = 0, we see Ng(a ®b) =0 (so that the map is well-
defined).

By the same argument as in proof of Proposition 2.6.4, we have:
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Proposition 2.6.10. We have a commutative diagram

U

H}(G,N) & H}(G, M) 25 HiP(GN @ M)
We have as in Proposition 2.6.7 (1) (3):

Proposition 2.6.11. Let M, N € Modg.
(1) Let H be a subgroup of G, o € Hi(G, M), § € Hi(G,N), then

Res(a U ) = Res(a) U Res(p).
(2) Let H be a subgroup of G, a € HW.(H, M), 8 € H-(G,N), then
(Cora) U = Cor(a URes B) € Hi (G, M @4 N),

in other words, the following diagram commutes:

HiL(H, MY®H.(H,N) —— Hi7(H,M ®z N)

Corl Res T Corl

HL(G, M)QH(G,N) —— H:(G,M @z N)
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Chapter 3

Local class field theory

Let K be a finite extension of Q,. In this chapter, we finish the proof of Theorem 1.5.1
and Theorem 1.5.3. We will also prove

Theorem 3.0.1. Let L/K be a finite Galois extension, and M be the mazimal abelian
subestension of L/K. Then NpjxL* = NyygM*.

The key ingredient is the following theorem in terms of Galois cohomology.

Theorem 3.0.2. For any finite Galois extension L/K, there exists a canonical isomor-
phism

H(Gal(L/K),Z) — Hi?*(Gal(L/K),L™). (3.1)
Remark 3.0.3. (1) Leti := —2, then H-(Gal(L/K),Z) = H,(Gal(L/K),Z) = Gal(L/K)®,
and HY(Gal(L/K),L*) = K*/Normy x(L*). The induced isomorphism Gal(L/K)™ =
K> /Normyp, i (L*) will finally induce the local artin reciprocity map (the “canonical” in
the theorem will ensure the compatibility of the isomorphisms when L varies).

(2) The morphism (3.1) is in fact given by the cup-product with a certain element
in H*(Gal(L/K), L*), that will be a central object to study in this section. The group

H2(Gal(K/K),K ") = limy H?(Gal(L/K),L*) is the so-called Brauer group of K.

3.1 Tate’s theorem

Theorem 3.1.1 (Tate). Let G be a finite group and let M be a G-module. Suppose for
any subgroup H of G, H'(H,M) = 0 and H*(H, M) is cyclic of order #H. Then there
are isomorphisms

L He(G,Z) — HiP(G, M) (3.2)

that are canonical up to the choice of generators of H*(G, M).

Lemma 3.1.2. Keep the assumption of the theorem, then the restriction map H*(G, M) —
H?(H, M) is surjective for H < G.
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Proof. The lemma follows easily from the fact CoroRes = [G : H], and that H*(G, M)
(resp. H*(H, M)) is cyclic of order |G| (resp. |H|). O

We introduce the so-called splitting module for ¢ € H*(G, M). Recall ¢ € H*(G, M) is

represented by a 2-cocycle: ¢ : G* =M satisfying 91¢(92a 93) + ¢(91a 9293) = ¢<9192> gS) +
&(g192). We put M[¢p] := M & (@geg\{l} Z:cg), and denote by z1 := ¢(1,1) € M. We
define the following G-action on M |[¢] extending the G-action on M:

hxy == xpg — xp + (h, g) € M)

Indeed, for ¢', g, h € G, we have 1(z,) = v, — 1 + ¢(1,9) = x, (using ¢(1,¢9) = ¢(1,1))

9 (hxg)) = g'(wng — xn + ¢(h, g))
= Tgng — Ty + O(g' hg) = (xgn — xg + 69, 1)) + ¢'¢(h, )
= Tgng — Tgn + O(g'h, g) = (g'h) ().
The G-equivariant morphism M < M|¢] induces H?(G, M) — H?*(G, M[¢]). By the
construction, we see ¢ is sent to zero via the map (as ¢ is a 2-coboundary in M[¢]). We

have an exact sequence

0— M — M[¢p| — Z|G]

where the last map sends M to zero and x, to e, — 1 (so h(z,) = xp, — xn + ¢(h, g) is sent
toepg — 1 —ep +1=h(e, —1)). We deduce hence a G-equivariant exact sequence

0—>M— M[p| > I —0 (3.3)

Remark 3.1.3. We have the following conceptual explanation for splitting modules of ¢.
We have ¢ € H*(G, M) = Ext%[G](Z, M). Applying Homge)(—, M) to the exact sequence
0 = Ig = Z[G] = Z — 0, we deduce Exty(Ig, M) = Exty(Z, M). Then M[g] is
actually the premiage of ¢ via this isomorphism.

Recall the exact sequence 0 — I — Z[G] — Z — 0, induces H..(G,Z) = H:(G 1)
for all s.

Claim: HL(G,M|[¢]) =0 for all i.

Assume the claim, we deduce from (3.3):
H NG, Z) = Hy (G, 1g) = Hi' (G, M),

and the theorem follows (noting the last map depends on the choice of ¢).

For the rest of the section, we prove the claim. First note that Z[G] is an induced module
for any subgroup H of G: Z[G] = Z[H]'#! as H-module. Hence we have Hi(H, Z[G]) = 0
for all i. We deduce by (3.3):

0=H"(H M) — H'(H,M[¢)) - H (H,15) — H*(H, M)
— H*(H,M|[¢]) — H*(H,Ig) — - -
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Using the commutative diagram

H*(G,M) —— H?*(G, M[¢])

Res l Res l

H?(H,M) —— H?*(H, M|[¢])

and Lemma 3.1.2, we see the natural morphism H?(H, M) — H?(H, M|[¢]) is zero. We
have H'(H, I¢) = HY(H,Z) = 7Z/|H|Z. Using cocycles, we easily see H'(H,Z) = 0 hence
H?(H,Ig) =0 (for all H < G). We then deduce that H'(H, M|[¢|) = H*(H, M|[¢]) = 0 for
all H < G. The claim then follows from the following lemma.

Lemma 3.1.4. Let G be a finite group, N € Modg. Suppose
H'(H,N)= H*(H,N) =0 for all H < G, (3.4)
then H-.(G,N) =0 for all .

Proof. (1) Suppose first G is cyclic, then H:(G, N) = HEZ?(G, N). By (3.4), we deduce
HL(G,N) =0 for all 4.

(2) Suppose G is solvable, and we use induction on the order of G.
Induction hypothesis: if |G| < r, then for any N € Modg, if (3.4) holds, then
HL(G,N) =0 for all 7.

Assume |G| = r. By induction hypothesis, for any proper subgroup H' of G, we have
HiL(H',N) = 0. Since G is solvable, there exists a normal (proper) subgroup H of G such
that G/H is cyclic (and H%(H, N) = 0 for all i). By restriction-inflation sequence

0— HY(G/H,N") — H'(G,N) - H'(H,N)

we deduce hence H'(G/H, N¥) = 0. Similarly, using H'(H, N) = 0, we have an exact
sequence

0 — H*(G/H,N") — H*(G,N) — H*(H,N)
that implies H*(G/H, N*) = 0. Since G/H is cyclic, we deduce H:(G/H, N") = 0 for all
i. Since H~(H, N) = 0, the following sequence is exact

0— H(G/H,N") - H(G,N) — H'(H,N).

Together with the fact H'(G/H, N") = 0 for all i > 1, we deduce H'(G,N) = 0 for all
i. Hence HL(G,N) = HY(G,N) = 0 for all i > 0. We have HY(G,N) = N%/Ng(N).
As HY(G/N,N") = HOY(H,N) = 0, for any * € N¢, there exists y € N¥ such that
N¢/ry = x; and for such y, there exists z € N such that Nz =y. We deduce Ng(z) =«
hence HY (G, N) = 0.

Let N’ be the kernel of Z[G]®@zN — N, g&n +— gn. Taking Tate cohomology, we deduce
HL(H',N) = HEY(H', N') for all i and for any H' < G. In particular, H%(H',N) = 0
(resp. H'(H', N) = 0) implies H'(H', N') = 0 (resp. H*(H', N') = 0) for all H' < G. Thus
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N’ satisfies the condition in (3.4). By the above argument (and the induction hypothesis
applied to N’) we deduce hence H:(G, N') = 0 for i > 0, hence H:-(G, N) =0 for i > —1.
Continue with the argument, we see Hi»(G, N) = 0 for all i.

(3) Now we consider the general case. Let G, C G be a p-Sylow subgroup. The
composition CoroRes : HW(G,N) — Hi(G,, N) — HL(G,N) is equal to [G : G,).
As (.G : G,)) = 1, we see Hy(G, N)[p™] = UHL(G, N)lp"] =+ Hi(Gy, N). By (2)
HI.(G,N)[p>] = 0 for all i (and all p). Since H%(G, N) is annihilated by |G|, we deduce
HL(G,N) =0 for all i. This concludes the proof. ]

Remark 3.1.5. We show the (5.2) is given by o — U ¢. Denote by 6, : H (G, Ig) =
H?(G, M) the isomorphism induced by (5.3) (so depending on ¢), and &, : HY(G,Z) =
HY (G, Ig) the canonical isomorphism. We first show 6, o 6o(1) = ¢. Indeed, the map 0o
sends 1 to the 1-cocycle (see the proof of Theorem 2.6.3 for the description of §-maps in
terms of cochains): ¢1: g — g(e1) —e1 = e, — ey. Similarly (recall x4 is a lifting of e, — 1
in M[¢]) 02 sends cq to the 2-cocycle: co : (g1,92) — g1(Zg,) — Tgigy + Ty = O(91, 92).
Taking cup-product with 1 € HY(G,Z) gives the identity map H:2(G, M) = HL?(G, M),
B+ BUL. Fora € H-(G, M), we have

to(@) Ul = (01,002,) () Ul =aU(d0d)(l) =aUq,

where 61, - HE' (G 1g) = HE(G, M) (induced by (5.3)) and 82 - HW(G,Z) = HFH G, Ig)
(SO (51,0 = (51 and 52’0 = 52)

3.2 Brauer group of local fields

Let L/K be a finite Galois extension. We want to apply Tate’s theorem to G = Gal(L/K)
and M = L*. By Hilbert’s theorem 90, we know already H'(Gal(L/K),L*) = {1}. In
this section we study H?*(Gal(L/K), L*)." Note the natural exact sequence

10 >L"—=Z—0

is Gal(L/K)-equivariant (so that we can study the Galois cohomology of L* via that of
O] and Z).

We first consider the case L is unramified over K. Note in this case Gal(L/K) is cyclic,
and hence H*(Gal(L/K), L*) = H}(Gal(L/K),L*) = HY(Gal(L/K), L*) = K* /N x(L*).

Lemma 3.2.1. HY(Gal(k;/k), k) = {1}.

Proof. One can directly prove Ny, /i(kf) = k*, or use the fact h(k;) =1 (k] is finite) and
H(Cal(ky /1), k) = {1} =

Lemma 3.2.2. We have Ni,x(O;) = Of.

IThe group H2(Gal(K/K), K ) = limy H?*(Gal(L/K), L*) is called the Brauer group of K.
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Proof. By the above lemma, for x € O, there exists y; € O] such that Ny x(y1) = «
(mod wg), or equivalently, Ny k(y1)/ = 1 (mod wg). We use induction to show there
exists y; € Of such that y; = y;; (mod wi') and Ny x(yi)/z = 1 (mod wh). Let
b = ya(l+ i), then Noe(n) = Nogse(yi)(1L + tri, (a)ic?) (mod ). As
try, i - kr — k is surjective, the existence of y; follows. m

Lemma 3.2.3. We have Hy-(Gal(L/K),Of) = {1}.

Proof. As H-(Gal(L/K), L*) = {1}, for any f € Z'(Gal(L/K),Of) C Z'(Gal(L/K),L*)
there exists a € L* such that f(g) = g(a)/a for all g € Gal(L/K). Let ayg € OF such
that a = whap (note wk is also a uniformizer in L), then f(g) = g(ag)/ap. The lemma
follows. [l

We see H:(Gal(L/K),OF) = 0 for all i, hence H:(Gal(L/K), L*) = H(Gal(L/K),Z)
for all <. We see:

Proposition 3.2.4. If L/K is finite unramified, then H%(Gal(L/K), L*) is a cyclic group
of order [L : K]. Moreover, N[, .(L*) is generated by w‘[g:Kl (where wy is an arbitrary

uniformizer of K) and OF, and (hence) HY(Gal(L/K), L*) is generated by wi.

Now we assume L/K is a general finite Galois extension.

Lemma 3.2.5. There exists a finite free O -submodule V' of O, of rank [L : K|, stable by
Gal(L/K), such that H'(Gal(L/K),V) =0 for all i > 0.

Proof. Recall there exists o € L such that L = @gccar/x)Ko(a). Multiplying o be a

certain power of wg, we can and do assume a € Op. Put V := ®ocqar/x)Oko(a) C Op.
Then V is an induced Gal(L/K)-module. The lemma follows. O

Lemma 3.2.6. There exists an open subgroup W C Of, stable by Gal(L/K) such that
H{(Gal(L/K),W) =1 for all i > 0.

Proof. We use the notation in the proof of the above lemma. Multiplying o by a certain
power of w, we can and do assume that for all z € V, the power series exp(z) 1= Y . %
converges. Let W be the image of exp : V' — Of, that is clearly stable by Gal(L/K).
Moreover, as w™ Oy, C V for m sufficiently large, we see (using the log map) 1+wh O, C W

for n sufficiently large, so W is open. Finally, as the map exp : V' — W is an isomorphism
of Gal(L/K)-modules, we see H'(Gal(L/K),W) =1 for all i > 0. O

Corollary 3.2.7. Suppose L/K is cyclic. We have h(L*) = [L : K|, consequently, the
group H*(Gal(L/K), L*) is finite of order [L : K].

Proof. By the above lemma, we deduce h(Oj) = h(W)h(Ox /W) = 1. We also have h(Z) =
|HY(Gal(L/K),Z)| = [L : K]. The corollary follows from the fact h(L*) = h(O%)h(Z). O
<

Corollary 3.2.8. Let L be a finite Galois extension of K, we have |H*(Gal(L/K), L*)|
L: K].
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Proof. Recall Gal(L/K) is solvable (by ramification theory). By Hilbert’s theorem 90,
H'(Gal(L/K'), L*) = 0 for any subextension K'/K. The corollary then follows from the
above lemma by using restriction-inflation sequence (for H?). O

Theorem 3.2.9. Let L be a finite Galois extension of K, then H*(Gal(L/K), L*) is cyclic
of order [L : K.

Proof. Let d := [L : K| and let M be the unramified extension of K of degree d. Put
U := M N L, that is the maximal unramified subextension in L. We have the following
picture:

LM

L/ \M
N/

By construction, LM/L is unramified, LM /M and L/U are totally ramified. We have
moreover Gal(LM /L) = Gal(M/U), Gal(LM /M) = Gal(L/U). Consider the restriction-
inflation sequences

infyp, Resy,

1 —— H2(Gal(L/K), L) —™% H2(Gal(LM/K), (LM)*) L5 {2(Gal(LM/L), (LM)*) -

inf s Resps

11— H?(Gal(M/K), MX) Y H2(Gal(LM/K), (LM)*) == H2(Gal(LM /M), (LM)*)

As |H?*(Gal(L/K),L*)| < d, and H*(Gal(M/K), M*) is cyclic of order d, it is sufficient to
show Resy, oinf; = 0 (that will imply the injection inf s factors through H?(Gal(L/K), L*)).
First we claim Resy, oinf); is equal to the following composition

Res

H*(Gal(M/K), M*) == H*(Gal(M/U), M*) — H*(Gal(LM/L),(LM)>),

where the second morphism is induced by the H := Gal(M/U) = Gal(LM/L)-equivariant
injection M* — (LM)*. Actually, this follows easily by translating the maps in terms of
cochains. Recall as in the proof of Theorem 2.5.7 for a fixed generator o of G := Gal(M/K),
we have an associated exact sequence of G-modules

0 — M* — Ind{jy M* — Ind{jy M* — M* =0 (3.5)
that induces isomorphisms
Lo HA(G, M™) = HEP?(G, M), (3.6)
As Ind{Gl} M is also induced module for H, we deduce from (3.5) also isomorphisms

Lo o HW(H, M™) = HZP (G, MX) (3.7)
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that are compatible with (3.6) and the restriction maps. More generally, for any H-modules
N, tensoring the sequence (3.5) by N induces an exact sequence in Modg

0> N—=>ZG®zN - ZG &N —N—0 (3.8)

where Z[G] ®z N is equipped with the diagonal H-action. Using the isomorphism Z[G] =
®gemcZ|Hley, we deduce by the claim in the proof of Theorem 2.5.7 that Z|G] ®z N is
isomorphic to an induced H-module, and hence the sequence (3.8) induces

Lo : Hi(H,N) = Hit2(H,N)

(that gives the maps (3.7) when N = M*). It is clear that the isomorphisms are functorial
on N. In particular, the following diagram commutes

We finally deduce a commutative diagram

Res

H(G,M*) 2= H2(H M*) —— H*(H, (LM))

It is sufficient to show the top composition is zero. By Proposition 3.2.4, we only need to
show it sends wg to 1. Let wy be a uniformizer of L, thus wx = wfa for « € Of. The
composition sends wx to wfa. However, as LM is unramified of degree e over L, we see
(again) by Proposition 3.2.4: @wfa =1 € HY(H,(LM)*). This concludes the proof . [

Corollary 3.2.10. Let L/K be a finite Galois extension, taking cup-product with a gener-
ator of H*(Gal(L/K), L*) induces a canonical isomorphism

Gal(L/K)™ = K* /Ny x(L*).

Corollary 3.2.11. Let L/K be a finite Galois extension, and M be the mazimal abelian
subextension of L/ K. Then Ny (L*) = Nyyx(M>)

Proof. Itis clear Ny x(L*) C Ny (M*). By the above corollary, we have K /Ny, /p (LX) =
K> /Ny (M*). The corollary follows. O

We now study the compatibility of isomorphisms H?(Gal(L/K),L*) =~ Z/[L : K] =
(1/[L : K])Z/Z. We begin with one (more!) easy fact on group cohomology.

Lemma 3.2.12. Let G be finite group, there are canonical isomorphisms H' (G, Q/Z) —
H™YYG,Z) fori>1.
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Proof. Consider the exact sequence of (trivial) G-modules:
0-7Z—-Q—Q/Z —0. (3.9)

By the same argument as in the proof of Corollary 2.2.12 (using restriction and corestric-
tion), we see H (G, Q) = 0 for all 7 > 0. The lemma follows (by looking at the long exact
sequence induced by (3.9)). O

Remark 3.2.13. For a finite abelian group G, H'(G,Q/Z) = Hom(G,Q/Z) is called the
Pontryagain dual of G.

Assume first we have unramified extensions M D L D K. We have a commutative
diagram (where the top objects are the Gal(M/L)-invariant sub objects of the bottom
ones)

0 — Of > L* Z 0

b

0 — OF M Z 0

~

We deduce (using also the above lemma)

H*(Gal(L/K),L*) —~— H*Gal(L/K),Z) —— HY(Gal(L/K),Q/Z)

ian/ ian/ ian/ (310)
H2(Gal(M/K), M*) —— H*(Gal(M/K),Z) —— H'(Gal(M/K),Q/Z)
We fix a Frobeinus ox € Gal(K"™/K) (such that og|;/ is a generator of Gal(L'/K) for
any finite unramified extension L'/K). Then ok induces an isomorphism

1

Loy : H'(Gal(L'/K),Q/Z) = L: K]

Z]Z(— Q/Z), x = x(ok|r),

for any finite unramified extension L'/K. Moreover, it is easy to see such isomorphisms
(with L’ varying) are compatible with inflations. In particular, the following diagram
commutes

HY(Gal(L/K),Q/7) —5 Q/Z
infl H . (3.11)
HY(Gal(M/K),Q/Z) -+ Q/Z

For L’ finite unramified over K, denote by
vy k0 H2(Gal(L/K), L*) & HX(Gal(L/K),Z) = H'(Gal(L/K),Q/Z) <% Q/Z.
Note Im(invy k) = (1/[L' : K|)Z/Z. By (3.10)(3.11), we see

H2(Gal(L/K),L*) % Q)7

o] |

H(Gal(M/K), M*) 4%, /7
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We deduce hence a map invguw, g : H*(Gal(K"/K), (K™)*) — Q/Z. As invy/k is injec-
tive and has image equal to (1/[L' : K])Z/Z, we easily deduce invgw k is bijective. By
the proof of Theorem 3.2.9, we have H?(Gal(K™/K), (K")*) & H*(Gal(K/K),K ). We
finally deduce:

Theorem 3.2.14. There is a canonical isomorphism (depending on the choice of Frobeinus
O'K).' o o

invg : H*(Gal(K/K),K*) = Q/Z.
Proposition 3.2.15. Let L be a finite extension of K, op = O%L:k]
defined with respect to or,)

, then (where invy is

inv, oRes = [L : K]invg : H*(Gal(K/K),K") — Q/Z.

Proof. The unramified case is clear. As both sides of the equality respect the composition
of finite extensions, it suffices to consider the case where L is totally ramified over K.
Let e := [L : K|, M D L be a finite Galois extension over K (hence M is also Galois
over L), d := [M : K] (hence e|d). It suffices to show invy;poRes = [L : K|invyyk :
H*(Gal(M/K), M*) — Q/Z. Let My be the unramified extension of K of degree d. As L
is totally ramified over K, we see LM, is unramified over L of degree d. Let Ly C LM,
be the unramified extension of L of degree d/e = [M : L]. It is not difficult to see the
following diagram commutes

H2(Gal(M/K), M*) —2Ly H*(Gal(MM,/K), (MM)*)
Resl Resl
H2(Gal(M/L), M*) —2Ly H*(Gal(MM,/L), (MM)*)

As the top (resp. bottom) horizontal morphism factors through an (fixed) isomorphism
H?*(Gal(M/K), M*) = H?*(Gal(My/K), M) (resp. H*(Gal(M/L), M*) = H*(Gal(L,/L), L)),
it suffices to show the composition

H*(Gal(Mo/K), MJ) — H*(Gal(M M,/ K), (MMy)*) 2= H2(Gal(M Mo/ L), (M M,)*)

v g /L @/Z
is equal to [L : K] times the composition
H2(Gal(Ly /L), LY) 2% H2(Gal(LM,/L), (LMy)*) 25 H*(Gal(MM,/L), (MM)*)
vy /L Q/Z
It is straightforward to check the following diagram commutes

H?*(Gal(My/K), M) SN H?*(Gal(MMy/K), (M My)*)

| |

H?*(Gal(LM,/K), (LMy)*) SN H?*(Gal(MM,/L),(MM,)*)
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where ¢ is induced by the Gal(M,/K) = Gal(LM,/K)-equivariant injection My < (LM,)*.
We finally reduce to show [L : Kl]invag,/x = invia,,r ot. However, this follows from the
following commutative diagram (by our choice of op,):

H%(Gal(My/K), M) —— H2(Gal(My/K),Z) —— H(Gal(My/K),Q/Z) — Q/Z

1 o) ) 1

H2(Gal(LMy/L), (LMy)*) —— H2(Gal(LMy/L),Z) —— H(Gal(LMy/L),Q/Z) —— Q/Z

This concludes the proof. O]

3.3 Local reciprocity

We fix a Frobinus element ox as in the previous section. Correspondingly, we fix an
isomorphism

invg : H*(Gal(K/K),K*) = Q/Z
hence fix isomorphisms invy,/x : Hz(GaI(L/K) L*) = (1/[L : K])Z/Z for any finite Galois
extension L of K, we put ¢ /x = anL/K([L K}) Denote by pr/x : K* — K*/Np/(L*) —

Gal(L/K)* the morphism induced by (3.2.10), i.e. the inverse (of the second morphism) is
given by cup-product with ¢ /. In this section, we show {pr/x} (with L varying) can glue
to a morphism pg : K* — Gal(K/K)*. In particular, for abelian extensions M > L D K,

we show par/xc(a)lr = pr/x(a).

Example 3.3.1. We may try to understand pr/k in the case L/K is unramified. In this
case, K* /Ny /k(L*) is generated by an arbitrary uniformizer wg of K, and we want to
describe the element pr x(wk). We have a commutative diagram

U

H:%*(Gal(L/K),Z)x H2(Gal(L/K),L*) —— HY(Gal(L/K),L)

‘ ‘ ~ ~

22(Gal(L/K),Z)x H2(Gal(L/K),Z) —— HY(Gal(L/K),Z)
51| ~ 51| ~ : (3.12)

22(Gal(L/K), Z)x H.(Gal(L/K),Q/Z) —— H7'(Gal(L/K),Q/Z)

~ | x—=x(oK) ~
(1/[L: K|)Z/Z (1/[L: K|)Z/Z

The composition of the second column is equal to invy i, and the composition of the third
column sends wy to 1/[L : K|. Let x € H}(Gal(L/K),Q/Z) be the element corresponding
to o)k, so X(ox) =1/[L: K|. As prjx(wk)Udr/x = wk, we see prx(wrg)Ux = 1/[L
K. If pryx(wk) U X = X(pr/x(@k)), one can deduce pr/x(wk) = ox. In summary, we
need to understand the cup-product in the third row.

Lemma 3.3.2. Let G be a finite group, o € G with & its image in G* = H7*(G,7Z), and
X:G —Q/Z e H'(G,Q/Z). ThenaUx = x(0) € (j52)/Z = Hy'(G,Q/Z).
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Proof. Applying Homy(—, Q/Z) to the exact sequence of G-modules (that splits as abelian

groups)
0— I —Z|Gl| —-7Z—0, (3.13)

we obtain an exact sequence of G-modules
0 — Q/Z — Homyz(Z|G],Q/Z) — Homgz (I, Q/Z) — 0, (3.14)

where G acts on Homgz (M, Z) via (gf)(m) = f(g~'m) for a left G-module M. Both of the
exact sequences split as abelian groups, we deduce hence exact sequences of G-modules
(with diagonal G-action):

0— Ig®zQ/Z - Z|G) ®2,Q/Z — Q/Z — 0, (3.15)

0— IG X7z Q/Z — IG X7z HOmz(Z[G],Q/Z) — [G X7z, Homz<lc;, Q/Z) — 0. (316)

We claim Homy(Z[G],Q/Z) is an induced G-module. Indeed, by definition, we have
Homy(Z|G|,Q/Z) = Ind{Gl} Q/Z. By the same argument as in the proof of Theorem 2.5.7,
we see Z[G] ®7 Q/Z, I ®7 Homz(Z|G],Q/Z) are all induced G-modules.

We have commutative diagrams (where we use d; (resp. ds) to denote the d-maps

induced by (3.13) and (3.15) (resp. by (3.14) and (3.16)):

HR(G,Z) xHY(G,Q/Z) —*—  H;'(G,Q/2)

o .|

Hy (G, I6)xH'(G,Q/Z) —— HY(G, Ic ®,Q/Z)

H7 ' (G, 1) x HY.(G, Homy (I, Q/Z)) —— H;' (G, I¢ ®z Homy (I, Q/7Z))

H |- |-
(-1)U

H:N G, Ig)x HL(G,Q/7Z) — H: Y (G, Ig ®7 Q/Z)
Let f € HX%(G,Homg(Ig, Q/Z)) such that d»(f) = x, then

01(0 Ux) = 01(0) Ux = 01(0) U d2(f) = (=1)02(61(3) U ).

Recall we have 6;(c) = e, — 1. We can also directly check f satisfies f(e, — 1) = x(7) for
7 € G. Denote by j the natural morphism H,'(G, I ®z Homy(Ig, Q/Z)) — H' (G,Q/Z)
induced by the G-equivariant morphism I; ®z Homy(Ig, Q/Z) — Q/Z, a ® o — «fa).
Then we have j(6; (U f) = j((ex — 1) ® f) = f(e, — 1) = x(@). It then suffices to show
01 0 J = d3. One can check the following diagram commutes:

0 — Ie®zQ/Z —— I ®z Homy(Z[G],Q/Z) —— Ig @z Homy(lg, Q/Z) —— 0

H g /|

0 —— [G®Z@/Z —_— Z[G] ®ZQ/Z —_ Q/Z — 0,
where 0 is given by I ®z Homy(Z[G), Q/Z) — Z|G]) ®z Homz(Z|G],Q/Z) — Z|G] @z Q/Z,
a® f— a® f(a). We deduce hence §; o j = do. This concludes the proof. O
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By the lemma and the discussions in Example 3.3.1, we have

Corollary 3.3.3. Suppose L is finite unramified over K, then pr/x(wg) = ok-.

In general, we have:

Proposition 3.3.4. Let L be a finite Galois extension of K, x € Gal(L/K) — Q/Z €
HL(Gal(L/K),Q/Z) > H2(Gal(L/K),Z), then

invy,k(aUd(x)) = x(pr/x(a)) € Q/Z.
foralla e K*.

Proof. Denote by d := [L : K]. Recall ¢/ € H*(Gal(L/K), L) satisfies invy x(¢r/x) =
é. We have by Theorem 2.6.8 and Proposition 2.6.10 a commutative diagram:

invy /K

HO(Gal(L/K),L*)x H2(Gal(L/K),Z) —>— H2(Gal(L/K),L) (1/d)Z)7.

U(bL/KT H U‘z’L/KT %T

H;%(Gal(L/K),Z)x H2(Gal(L/K),Z) —>— HYGal(L/K),Z) —~— z/dZ - (3.17)

| - o

H;2(Gal(L/K),Z) x H-(Gal(L/K),Q/Z) —— H7'(Gal(L/K),Q/Z) —>— (1/d)Z/Z

We can now calculate:

invy x(aUd(x)) = invy k(¢r/x Upr/x(a) Ud(x)) = inve/r(dr/r U (6(pr/r(a) Ux)))
= invy )k (r/x Ud(x(pr/x(a))) = invix ((dx(pr/k(a)))édLx)
= (dx(pr/x (@) invr/(d) = x(pr/K(a)),

where the first two equalities follow from standard properties of cup-product, the third

equality follows from the previous lemma, the fourth uses the canonical isomorphisms
H:'(Gal(L/K),Q/Z) = 17,/7, H)(Gal(L/K),Z) = Z/dZ and the right bottom corner in
(3.17), the last equality uses the fact invy,x (¢ x) = 1/d. The proposition follows. O

Corollary 3.3.5. Let M D L D K be finite abelian extensions, then pyk(a)|r = pr/x(a)
foralla e K*.

Proof. By Pontryagain duality, it suffices to show for any x € H'(Gal(L/K),Q/Z), we
have x(pr/x(a)) = x(pm/x(a)|r). By the previous proposition, we have x(pr/x(a)) =

invz, k(@ Ud(x)). By definition, we have invy;/k oinf = invy, k. We have a commutative
diagram
H?*(Gal(L/K),Z) x H°(Gal(L/K),L*) — H?*(Gal(L/K), L")
infl infj/ infl

H2(Gal(M/K), Z)x H*(Gal(M/K), M*) —— H2(Gal(M/K), M*)
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and note that the middle inflation map is the identity map on K*. We have thus inv;x(aU

6(x)) = vk (inf(ald(x))) = invagyx (aUd(inf(x))) = (inf(x))(par/x (@) = x(par/x(a)|L).
The corollary follows. O

Corollary 3.3.6. There exists a homomorphism (called the local Artin map)
pr : K* — Gal(K*/K)

with the following properties:

(a) for any uniformizer w € K>, and any finite unramified extension L over K, px(w)|p =
0K,

(b) for any finite abelian extension L of K, Np x(L*) is contained in the kernel a
px(a), and pg induces an isomorphism

KX /Ny (L) = Gal(L/K).

Next we show the uniqueness of px and that any compact open subgroup of K* is a
norm group. Recall by Lubin-Tate theory, we have constructed a continuous morphism

PLT - K* — Gal(KwK“r/K)

that satisfies that ppr(w) fixes K, and that pyr(w) is equal to o on K™, prr(1+@"Ok) =
Lon K, Recall also w € Ng_ k(K% ) for all n.

Lemma 3.3.7. Fora € K*, pK(a)|KwKur = prr(a).

Proof. 1t suffices to show the equality for all uniformizers w’ of K (since they generate K*).

id Ko

Recall we have ppr(@’) = ' on . As @' € Ng_, kK7, forall n, pg()w') = id
ox on K% oo ’

on K. It is clear that px()w’) = ox on K". The lemma follows. O

Theorem 3.3.8. (1) We have KK = K, and px is unique satisfying the given prop-
erties in Corollary 3.5.6.

(2) Any open subgroup of finite index of K* is a norm group.

Proof. We put K,,,, = Kg,K,, where K denotes the unramified extension of K of
degree m. We see (1 + w"Ok)(w™) C K* fixes K, ,, (via ¢ = pur). Indeed, (1 +
@"Ok) C Nguw/k((K3y)*) hence fixes K, and it also fixes K, by Lubin-Tate theory;

@™ € Ng,,./k(K),,) hence fixes K, ,. We deduce hence (1 + @"Ok){@w™) C K* C
Nk, /i (K ,,). The map pg induces hence a projection

KX/(1 4+ @O {@™) — Gal(EK, /)

that has to be an isomorphism by comparing the order of the both sides. For any finite
abelian extension L of K, N k(L) is open of finite index in K*. We deduce hence there
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exists m, n such that (1 4+ @"O)(@w™) C N xL*. Let Ly, be the composition of L and
K, m. The map pg induces

KX /NLn,m/K(L;;m) —N—> Gal(Ln,m/K)

For a € K*, if px(a) fixes L, then a € Np/x(L*) C Nk, ,./x(K),,) hence pg(a) fixes
K, . This implies L C K,,,,. So Ko K" = K2 The uniqueness of pg then follows from
Lemma 3.3.7.

For any open subgroup U of finite index in K*, there exists m,n such that (1 +
w"Ok)(w™) C U. Using the isomorphism pg : K*/(1 + @"Ok)(w™) = Gal(K,,,/K),
we see there exists a subextension L of K, ,, such that px induces Gal(L/K) = K*/U,
implying U = Nk (L*). O

The following proposition gives the functoriality of the reciprocity law.

Proposition 3.3.9. Let L be a finite extension of K. Then we have the following commu-
tative diagrams (where ¢, sends uniformizers to o = U%L:k} € Gal(L"™"/L)):

L* — Gal(K/L)™

NL/Kl l

K* 5 Gal(K/K)™
where r denotes the natural injection of restriction;

K* —— Gal(K/K)»

L

L* —— Gal(K/L)®
where Vi i denotes the transfer map, j the natural injection;

L —— Gal(K/L)™

al "*l

o(L)* —— Gal(K/o(L))*
where o € Gal(K/K), and 0*(g) = ogo~! for g € Gal(K/L).

Proof. We prove the first commutative diagram leaving the other two as exercises. Let
M D L be a finite Galois extension of K, it suffices to show the following diagram commutes

L* /Ny (M*) 225 Gal(M/ L)

] !

PM/K

KX Ny e (M*) 2255 Gal(M /)
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However, this follows from the following commutative diagram

Uon/L

H:*(Gal(M/L),7Z) HY(Gal(M/L), M*)

Corl Corl

H-(Gal(M/K),Z) 2% g9(Gal(M/K), M*)

where ¢ar/r, = Res(¢ar/i) by Proposition 2.6.11 (2) and Lemma 2.4.9.
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Chapter 4

Class formation

4.1 Reciprocity maps

Definition 4.1.1. Let K be a field. A class formation (A, inv) for K is a discrete Gal(K/K)-
module A such that for all finite separable extension L/K, H'(Gal(K /L), A) =0, and

invy, : H*(Gal(K /L), A) = Q/Z
satisfying invy, o Resg,, = [L : E]invg for any separable subextension E of L over K:

H*(Gal(K/E), A) -2£5 Q/Z

Resl [L:E}l .

H*(Gal(K /L), A) -2 Q/Z

Denote by Aj, := AGIE/L), Suppose L/FE is a moreover a finite Galois extension, it is
easy to see the kernel of H?(Gal(K/E), A) — H*(Gal(K /L), A) is exactly H*(Gal(L/K), Ar)

(via restriction-inflation sequence), we deduce hence an isomorphism

invy,p: H*(Gal(L/E), Ar) — Z]Z. (4.1)

[L: E]
If we have finite Galois extensions M D L D E, we see the following diagram commutes:

il’lVL/E 1

H*(Gal(L/E), Ap) » THZ/Z y Q/Z
infl | H
H*(Gal(M/E), Ag) —"% A7/ Q/z

For L D ' D K, we have the restriction map Ap — Ap, and we denote by Ny /g : Ay — Ag
the corestriction map.

Example 4.1.2. If K is a finite extension of Q,, we see (K*,invg) is a class formation.
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Let (A,inv) be a class formation. Let L/K be a finite Galois extension, ar/x :=
invz/lK(l/[L : K]) € H*(Gal(L/K), Az). By Tate’s theorem, there is a canonical isomor-
phism

Ua
0Lk : Hy2(Gal(L/K), Z) —% HY(Gal(L/K), AL) = Ag /Ny Ay
071
Denote by pr/x : Ax = Ax/Nr/kAL LR, Gal(L/K)*. By exactly the same argument
as in the proof of Proposition 3.3.4 (with L* replaced by Ay, and using Lemma 3.3.2), we
deduce

Proposition 4.1.3. Let L be a finite Galois extension of K, x : Gal(L/K) — Q/Z €
HYGal(L/K),Q/Z), § be the connecting homomorphism for the ezact sequence 0 — Z —
Q — Q/Z — 0 of (trivial) Gal(L/K)-modules. Then we have

invy/x(aUd(x)) = x(pr/x(a))

for all a € Ag.

We deduce as in Corollary 3.3.5.

Corollary 4.1.4. Let L C M be finite Galois extensions of K, then pyk(a)|r = pr/x(a)
for all a € Ak.

We see the maps {pr/r} form a map px : Ax — Gal(K/K)™, called the reciprocity
map for K with respect to the class formation (A, inv):

Theorem 4.1.5 (Reciprocity law for class formations). Let K be a field and (A,inv) a
class formation for K, and px the associated reciprocity map. For any finite Galois ex-

tension L/K, the composition px with restriction induces a surjective map pr g = K* —
Gal(L/K)*® with kernel Ny L*.

Proposition 4.1.6. Let (A,inv) be a class formation for K and let L be a finite separable
extension of K. Then we have the following commutative diagrams:

Ay 2 Gal(K/L)*

NL/KJ l

Ax 2 Gal(K/K)*
where r denotes the natural injection of restriction;

Ax 2 Gal(K/K)*

Il

Ay 2 Gal(K/L)*
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where Vi i denotes the transfer map, j the natural injection;

Ay ——  Gal(K/L)™

“l ”*l

o(Ap) —— Gal(K/o(L))®

where o € Gal(K/K), and 0*(g) = ogo~! for g € Gal(K/L).

4.2 Norm groups

Let (A,inv) be a class formation for K.

Definition 4.2.1. A subgreoup A of Ak is called a norm group, if there exists a finite
separable extension L over K such that N = Np Ay = N].

Lemma 4.2.2. Let M D L D K be finite separable extensions, then Ny C N7,.

Lemma 4.2.3. Let L/K be a finite separable extension of K, and let E be the maximal
abelian extension of K in L, then A, = Ng.

Proof. 1t suffices to show Ax C A7. Let a € AE. Let M be a finite Galois extension
of K containing L, G := Gal(M/K), H := Gal(M/L), and let M* be the maximal
abelian extension of K in M (so M* D E). We have py/x(a) acts trivially on E. As
E is maximal abelian over K, we see [G,G|H = Gal(M/E) and hence the morphism
H — Gal(M/E) — Gal(M®/E) is surjective. Note the composition factors through H?2".
In summary, for pa/k(a) there exists o € H?" such that pm/k(a) = 0. Let b € Ap such
that o = pay(b). By Proposition 4.1.6, we see pa/x(Nijx (b)) = pamyr(a). Hence there
exists ¢ € Ay such that Ny (b) —a = Nyyk(c). So a = Npjx(b— Nuyr(c)). The lemma
follows. O

Remark 4.2.4. Note the statement is stronger than Lemma 5.2.11.

Corollary 4.2.5. Every norm group A4 has finite index in Ax, with [Ax : A < [L: K]
for & = A7, and the equality holds if and only if L/K is abelian.

Proposition 4.2.6. For any finite abelian extensions L, M of K, the followings hold.
(1) NNy = N
(2) N+ Ny = N
(8) Ny C A if and only if L C M.

(4) For any subgroup A of Ak containing A7, there exists an intermediate field E in
L/K with & = N.
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Proof. (1) D is clear. We have
Ar /N R Gal(LM/K)
Ag /N, x A/ My —— Gal(L/K) x Gal(M/K)
hence A7, N My = N

(3) The “if” part is clear. If Ay C A7, then A7y = A4 by (1). By reciprocity law,
we see LM = M.

(4) Let E := LPr/x") We have a commutative diagram

PL/E

- !

PL/K

Ak [/Nijx(AL) — Gal(L/K)

T T

and we deduce Ng/x(Ag) = A

(2) C is clear. By (4), there exists an intermediate field £ of L/K such that A5 =
N+ N As N D Ny, we see by (3) EC M hence E C LN M and A5 D Npan. O

Corollary 4.2.7. For a norm subgroup A of Ak, there exists a unique finite abelian
extension L/ K such that N = N.

For a finite separable extension L of K, we set D = ker py.

Lemma 4.2.8. Let L be a finite separable extension of K. We have

Dy, = Ny Ny (A,
where M runs through finite abelian (or separable) extensions of L.

Definition 4.2.9. We say that a class formation (A,inv) for K is topological if each Ap
(for finite extensions L of K) is given an additional Hausdorff topology such that if L]/ K
is Galois, Ay, is a topological Gal(L/K)-module, and for M C L C K, the topology on Ap
coincides with the induced topology from Ay via A, — Ay, and moreover the following
properties are satisfied:

1. the norm map Ny : Ay — Ay has closed image and compact kernel for each finite
extension M /L of finite separable extensions of K,

2. for each prime p, there exists a finite separable extension K, over K such that for all
finite separable extensions L of K, the kernel of ¢, : A, = A, a — pa is compact
and the image of ¢, contains Dy,
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3. for each finite separable extension L of K there exists a compact subgroup Uy of Ap
such that every closed subgroup of finite index in Ay, that contains Uy, is a norm group.

Remark 4.2.10. Let L be a finite separable extension of K, and M be a finite Galois
extension of K containing L. Then Ay is a topological Gal(M/K)-module, and we deduce
Ag = Affl(M/K) is closed in Aj = AJ\G/[aI(M/L), that is closed in Ayr. The property 1 implies
Dy is closed in Ax. The property 2 implies ker[¢, : Ax — Ak] is compact.

Example 4.2.11. Let K be a finite extension of Q,, we show (Fx,inv) 15 a topological
class formation where K™ is equipped with the p-adic topology. Condition (1) is clear. For
(3), one can take Up := OF, then (3) follows by considering unramified extensions of L.
For (2), the map L* — L*, x — P has compact kernel. As we knew Dy = 1, the second
part of (2) is also clear (recalling our proof of Dy = 1 used the Lubin-Tate theory). But in
fact, the second part can also follow from (the much eaiser) Kummer theory, that we leave
as an exercise.

Theorem 4.2.12. Suppose (A,inv) is a topological class formation for K, then a subgroup
M of Ak is a norm group if and only if A is closed of finite index in Ag.

Corollary 4.2.13. Let (A,inv) be a topological class formation for K, then there is a
canonical isomorphism (induced by the reciprocity map):

pic: Ag = 1lim Agc /.l > Gal(K/K)™,
Y
where M runs through open subgroups of finite index of Ak.

We prove the theorem in the rest of the section. We will frequently use the finite
intersection property of compact spaces: let X be a compact space, {Z;} be a set of closed
subsets, if any finite Z; have non-empty intersection, then NZ; # (). Now let (A, inv) be a
topological class formation, we first prove:

Lemma 4.2.14. Let L be a finite separable extension of K, then Np/x Dy = Dk.

Proof. 1t is clear that Np/xD; C Dg. Let a € Dg, and consider NL_/lK(a), that is a
compact subset of A by Property 1. For any finite separable extension M/L, as a €
Ny (An), we deduce Ny (Anr) N NL_/lK(a) # (). Using the finite intersection property
(and Proposition 4.2.6 (1)), we deduce @ # Nas(Nar/p(Anmr) N NL_/lK(a)) =Dy N NL_/lK(a).

]

The lemma follows.

Proposition 4.2.15. The group Dy is divisible, and Dg = N,nAk.

Proof. To show Dy is divisible, it suffices to show ¢, : Dx — Dg, x — px is surjective
for any prime number p. For any z € Dk, ¢, L(z) is closed hence compact. For any finite
separable extension L/K, there exists y € Dy, such that Ny /x(y) = x. Enlarging L, we
assume L contains K, by property 2, we have y € pAy hence ¢;1(a:) NN (AL) # 0 (for
any finite separable L over K,,). Using finite intersection property, we deduce ¢, ' ()N Dg #
(0, in other words, ¢, is surjective. We have Dg = N,nDg C N,nAk. If x € N,nAg, for
any finite separable M/K, x = Ny/x(1/[M : K|x) hence x € Dg. O
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Proof of Theorem 4.2.12. The “only if” part follows from the reciprocity law (= finite
index) and the property 1. Let .Z be a closed subgroup of finite index in Ax. To show it is
a norm group, by Proposition 4.2.6 (4) it suffices to show it contains a norm group. First by
the precedent proposition, we have .# D Dy as .# D nAy using .# has finite index. Now
we (finally) use the property 3. Since .# + Uk is obviously of finite index and open hence
closed, # + Uy is a norm group. We first claim there exists a norm group .4 such that
N NUg C A . Indeed, if not, ) # (AN NUg)N(Ag\ A ) = (Ux N (Ag \ A)) NN for any
A, which implies, using finite intersection property for the compact set Ux N (Ax \ A ),
(Ux N (Ag \ A)) N Di # O contradicting Dx C 4. Let .4 be a norm group such that
N NUg C . #. Then # NN is also closed of finite index, implying .# N A + Uk D Uk
is closed of finite index hence a norm group. We can check A N (4 NN +Ug) C M
(forz =y+zwithee S, ye NN, z2€Uk, z=0—y € UgNAN C M, hence
y+z € .M). So A is a norm group. ]
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Chapter 5
Global class field theory

5.1 Adeles and Ideles (revisited)

Let K be a finite extension of Q, Ax := [, K, be the ring of adeles (where v run though
the places of K and []  denotes the restricted product with respect to {Ok, }ueo), and
Iy = H; K¢ be the group of ideles. Let S, be the set of archimedean places of K.
For a finite set S D S of places of K, put Ag g := [[,cq Ky X Hues Ok,, and I g :=
[Loes K x HU¢S Ok, Recall that (Ag,+) and (Ix, x) are locally compact groups, and
{Ak s} (resp. {Ikxs}) form a topological basis of Ay (resp. Ik).

For a place v of K, we normalize the associated valuation |- |, on K, in the following
way:

|| K, =R,
’a’U = |O{|2 KU = C?
q;ordv(a) 'U'TOO

where ¢, is the cardinality of the residue field &, of K, and ord, : K, — 7Z is the additive
valuation normalized by sending uniformizers to 1. We then deduce a valuation on [g
(noting |a,|, = 1 for all but finitely many v. :

|k Ik — Rso, (ay) — H|av|v.

Let I}, :={a € Ix | |a|;, = 1}, which is a closed subgroup in Ix. Recall
Fact 5.1.1. (1) K* — I 1is contained in I}.
(2) The image of K* in I}, is discrete and I}, /K> is compact Hausdorf}.

Let Jg denote the group of fractional ideals in K. Consider the natural morphism

vl = Ty (ag)y = [ R0t

which is surjective and continuous if Jx is equipped with the discrete topology. Recall ¢
induces I}, /K* — Ji /Px = Ck (Px denoting the group of principal fractional ideals in K,
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and recall this proves Jx /P is finite since it is discrete and compact). Let Cx := I /K>,
called the idele class group. As a topological group, we have Cx = Ry x IL/K*.

Now let L be a finite extension of K, then we have A; = Ax ®x L. We have the
following natural maps

TI"L/K AL%AK, Oéw ZTer/Ku ozw

wlv

Nr/k : I — I, (Qw)w = HNLw/K Oéw

wlv
Note when restricted to L and L* respectively, we get the standard trace and norm maps.

Suppose L/K is Galois. Using Ax ®p L = Ap (resp. K, Qg L = Hwh} w), We see
Ap (resp. K, ®k L = ][, Lw) is equipped with a natural action of Gal(L/K). In fact,
each place w of L corresponds to an embedding ¢, : L < L,. For g € Gal(L/K), there
exists a unique place g~ *(w) of L such that the composition L 4 L = L, factors through

Lg=1(w) : L = Lg-1(), 1.6. we have a commutative diagram:

—L(w)

L =

‘| i
L =5 L,

Using the density of L in L,, and in Lg-1(y), g : Lg-1(w) = L, is an isomorphism. As g is
identity on K, for a place v of K, v|w if and only if v|g~!(w). In particular, we get an action
of Gal(L/K) on the set {w|v}. Denote by D,, := {g € Gal(L/K) | g~ '(w) = w}, then we
have a natural injection D,, < Gal(L,,/K,). Denote by S, := {g(w)}, then |D,||S,| =
[L: K] As 37,15, : K] = [L: K], it is not difficult to deduce D,, — Gal(L,,/K,) and
Sw = {w'|v}, i.e. the Gal(L/K)-action on {w|v} is transitive.

When w is a finite place with p,, the associated prime ideal of Op, then py-1(,) = ¢~ 'pu.

Lemma 5.1.2. Let g € Gal(L/K), then g sends L,, — K,®x L =[]

L, is viewed as a K, vector subspace of |]

wlo Lw 10 Ly (where
L, with 0 for factors at w' # w).

wlv

Proof. Let x = ), a; ® a; € K, @k L, and suppose = is sent to L,, — Hw|v
> Gity (a;) = 0 for all w' # w, w'|v. We have g(z) =, a; ® g(o), so we see

Z aitgur)(9(0i)) = Q(Z itw (0;)) =0

for w’ # w (or equivalently g(w’) # g(w)). Hence g(x) € L. The lemma follows. ]

L,,. Thus

The induced Gal(L/K)-action on K, ®x L is continuous, that implies [, Oy is stable
by the Gal(L/K)-action. We then deduce that I, inherits from A an action of Gal(L/K).
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Lemma 5.1.3. We have ASHI(L/K) = Ay and ISal(L/K) = Ik.

Proof. As I, N Ag = I, it suffices to prove the statement for A;. We first show (K, ®
L)GE/K) = [, for any place v of K. The direction “D” is clear. As Gal(L,,/K,) fixes the

factor L, and LS5/ = K, we see (Twjy L)@ %) C 1,1, Ko By the above lemma,
the Gal(L/K)-action on [[,, Ko <> [],, Lw is transitive, hence ([],, KGR c K.

wlv wlv

If w is a finite place, by Lemma 5.1.2 (and the discussions above it) it is easy to see

[Tujo Or. C 11, Lw is stable under the action of Gal(L/K). We deduce hence ASal(L/K) =

K O

Corollary 5.1.4. H°(Gal(L/K),C;) = Ck.

Proof. Consider the exact sequence 1 — L* — [, — C, — 1. Taking Gal(L/K)-
cohomology (and using the above lemma), we obtain

1— KX — I — CS"5) 5 FYGal(L/K),L¥) = 1.
The lemma follows. O

Finally we remark that, the norm map Ny x : I, — I induces Ny g : Cp — Cg.

5.2 Global class field theory (statements)

We first discuss more relation between local Galois group and global Galois group. Let
K/Q be a finite extension, v be a place of K, L/K be a finite abelian extension, w|v be
a place of L, and £ := L,. Note it is possible that we obtain the same L for different
w. Indeed, fixing a place w'|v such that L,, = L is the same as fixing an embedding
Ly : L — L that extends ¢, : K — K,,.

Lemma 5.2.1. The composition 3, : Gal(L/K,) = Gal(L,/K,) — Gal(L/K) is inde-
pendent of the choice of w.

Proof. Let w' be another place of L dividing v, ¢ € Gal(L/K) such that o(w) = w'. For
g € Gal(L/K,), juw(g) : L — L is the map satisfying the following commutative diagram

L -5 L

Jw(g)l gl-

L =5 L

We deduce Jy(u)(9) = 0(Juw(9))0 " = Ju(g) (using Gal(L/K) is abelian). O

We have Gal(K,/K,)* = Hm - py/k, Gal(M/K,). For each finite abelian extension

finite ablian

L/K, we choose a place w|v of L such that if L; C Lo are finite abelian over K, then
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the fixed places w; of L; satisfy w;|wy. Consider the composition (recalling for any finite
extension M of K, there exists a finite extension M, of K such that M is isomorphic to
the completion of My at a certain place)

Gal(K,/K,)™ = lim  Gal(M/K,) =  lim  Gal(L,/K,) < lim Gal(L/K)= Gal(K/K)™.
M/ K, L/K L/K
ﬁnite/ablian finite ébelian finite i/ibelian

(5.1)
If v is a finite place of K, we have defined the local artin recriprocity map pg, : K —
Gal(K,/K,)*. We briefly discuss the local artin reciprocity for archimedean fields. If
K, =R, we put pg, : R* — Gal(C/R) the unique non-trivial group homomorphism, which
factors through R* /R¢ — Gal(C/bR), —1 + [z + ; if K, = C, put pg, to be the trivial
map C* — Gal(C/C) = {1}.

Together with (5.1), for a,, € KX, we have pg,(a,) € Gal(K,/K,)* — Gal(K/K).

Neext, we show that this map can glue together to a reciprocity map on the group of ideles.

Lemma 5.2.2. Let L/K be finite abelian, a = (o) € Ik, then pr,/k,(0w) =1 for all but
finitely many places v of K.

Proof. We only need to consider the non-archemedean places. However, for all but finitely
many non-archimedean places v, we have «, € (’)IXQ and L, /K, is unramified. Hence
ay € Np,/k, (L) and pr, /i, (a) = 1. O

For L/K finite abelian, we put

dryi I = Gal(L/K), () = ] prwsr, (o)L

where for each places v of K, we choose a place w|v of L in the above product.
Lemma 5.2.3. Let L C M be finite abelian extensions of K, o € Ik, then ®p/x(a) =
/()]

Proof. For any place v of K, let w|v be a place of L and w|w a place of M. By the local
artin reciprocity law, we have pr, /k, (@w)|r, = pr./K, () (that obviously holds also for
archimedean places). The lemma follows. ]

We deduce hence Oy := (®r/x) : Ix — Gal(K/K)™. It is straightforward to check
®K(O{) = HU ¢Kv (Oév)|Kab.

Theorem 5.2.4. (1) For any o € K*, ¢ (a) = 1.
(2) For any finite abelian extension L/ K, ®r k is surjective with kernel K* Ny k(Ir).

By the theorem, we can define the so-called global reciprocity maps ¢x : Cx —
Gal(K/K)*, and @y : Cx — Gal(L/K) for L/K finite abelian. We also deduce:

Theorem 5.2.5. For any finite abelian extension L/K, ®p,k induces an isomorphism
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The following proposition follows from the definition of ®x and the corresponding facts
on local artin reciprocity law:

Proposition 5.2.6. Let L/K be a finite extension. Then the following diagram commutes
I, 25 GalE/L)™ Iy —%5 Gal(K/K)™
wl L L ]
Ix =25 Gal(K/K)*® I, -2 Gal(K/L)

and foro: L — K,
I, -2 Gal(K/L)™®

Ly 2 Gal(K/o(L))™

Proof. Exercise. m

Finally we have

Theorem 5.2.7 (Existence theorem). The open subgroup of finite index of Cx are exactly
the norm subgroups Ni/xCyr, where L runs through finite abelian extensions of K. Moreover,
let L, M be finite abelian extensions over K, then NyyxCy C NpjxCp if and only of
L cC M.

We will establish the theorems in the following sections. A rough idea is to show
(Gal(K/K),Cs := lim Cp)
L
is a topological class formation and is compatible with the local class formations. We end
this section by the following proposition.

Proposition 5.2.8. Let L/K be a finite extension, then Np kI is an open subgroup of
Ig.

Proof. Let S be a finite set of places of K containing all the archimedean places and those
that ramify in L, and Sp := {wlv,v € S}. By Lemma 4.2.3, Ny /gl s, = [[,eqUs X
[T,¢s O.- The proposition follows. O

5.3 Cohomology of idele class group: first inequality

Let L be a finite extension of K, and let S be a finite set of places containing all the
archimedean places of L. Recall

Lemma 5.3.1. Suppose S contains a finite set Sy of finite places w of L such that {p, }wes,
can generate the ideal class group of L, then Ij, = L™ g.
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Proof. Recall we have ]L/(LX(Hw|OO Ly X oo O} )) = Clg. By the assumption on S,
the induced map
L*Is/ (L (] ] L < [[ 05.)) — Cli

w|oo wfoo

is surjective hence is also an isomorphism. The lemma follows. O]

We deduce then C, = I/L* < I 5/(L* N ILg). Recall (9275 = L* N I,g is the
group of S-units in L. Denote by Sy C S the subset of finite places, then we have an exact

Sequence:
ZwG Sf valy

1= Of = Of g ——— Buyes, Z (5.2)
The image of the last map contains @,es, NZ for some N sufficiently large: indeed, let
N € Zs; such that pY is principal for all w € Sy, and let a,, € Op, such that p2 = a,,
then «,, € OE,S is sent to N at w and 0 at other places. By Dirichlet’s unit theorem, we
see O g is a finitely generated group of rank |S] — 1.

Now suppose L is finite Galois over K, and let v be a place of K. Let w|v be a place of
L.

Lemma 5.3.2. We have (L @k K,)* = Indgi(L/K) Ly and I1,, O = Indgil(L/K) Or.

w w' T w

Proof. The natural D,-equivariant injection Ly < [, Ly (resp. Op <= [, Ou)
induces a Gal(L/K)-equivariant map
Z[Gal(L/K)] @zqp,) Ly — [ [ Ly (vesp. Z[Gal(L/K)] ®zp,; O = [[ Ou).
w!|v w'|v
Using Lemma 5.1.2, one directly checks the induced maps are isomorphisms. O

We deduce hence

Hy(Dy, Ly) = Hp(Gal(L/K), (L @ K.)*)
Hi(D,,0}) = Hyp(Gal(L/K),[[ O%)

w’|v

Z

Notation 5.3.3. Let S be a finite set of places of K, we denote by I, s :=[],cq Hwh) LY x

HU¢S Hw|v O; :

Proposition 5.3.4. Let S be a finite set of places of K containing all the archimedean
places and the places that ramify in L/K. Then we have for all i € Z:

HA(Gal(L/K), I s) = @yesHir(Dy, LX)

where for each place of K, we choose a place w of L dividing v.
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Proof. First group cohomology commutes with product (one can see this using cochains, or
using the fact that a direct product of injective objects is still injective): H'(G, [, M;) =
[1, H(G, M;). We also have Ind% ([ ], M;) = [[, Ind%, M;. By dimension shifting, we deduce
HY(G L My) = 11 Hi (G, M;). We have then

Hy(Gal(L/K), I1.5) = [ [ Hr(Gal(L/K), [ [ Ly) x [ [ Hi(Gal(L/K), ][] O%)

veS wlv vgS wlv
= 1] #5(Du, L) x [ Hi(Dw, OF,) = [ [ Hi(Du, L),
veS vgS veS

where the last isomorphism follows from Lemma 3.2.2, 3.2.3 (and our assumption on S). [

Corollary 5.3.5. Let S be a finite set of places of K containing all the archimedean places
and places that ramify in L. Then |H0 (Gal(L/K), I s)| = [1,es 1D, Hi(Gal(L/K), I 5) =
1 and H3(Gal(L/K), I s) = @Ueng L] Z.

Proposition 5.3.6. W have H-(Gal(L/K), I1) = &,H(D,,, L}).

Proof. We have I, = hgl s I, s where S runs through finite set of places of K satisfying the
condition in Proposition 5.3.4. The proposition then follows from Proposition 5.3.4 and the
fact that Tate cohomology commutes with direct limit: taking (finite) group cohomology
commutes with direct limit+direct limit of induced module is induced+dimension shifting.

O

Corollary 5.3.7. We have H'(Gal(L/K),I;) =1 and H*(Gal(L/K), I) = @vﬁZ/Z.
Theorem 5.3.8. If L/K is cyclic, then h(Gal(L/K),Cr) = [L : K].
Proof. Let S be a finite set of places of K containing all the archimedean places, places that

ramify in L such that p,, for w|v, and v € Sy generate Cl;,. Denote by S, := {w|v,v € S}.
We have thus a Gal(L/K)-equivariant exact sequence

1= 0rg, = 11s—CpL— 1.

We then need to calculate Hi-(Gal(L/K), Of g ). The following sequence is also Gal(L/K)-

equivariant:
v: EwESL
X X f
— — _— .
1 OL OL,SL @'LUGSL,JIZ

We have
HL(Gal(L/K), Duwes,, L) = @uesfH%(Gal(L/K), Indgil(L/K) 7)

. | ®ves,z/|Dy|Z, i=0
g@UGSfHT@w,Z):{O cs 2/IDulZ. i=0

As Im v has finite index in ©yes, ,Z,

h(Gal(L/K),Imv) = h(Gal(L/K), ®ues, , Z) = [ ] IDul-

’UESf
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Now we calculate H:(Gal(L/K), Of). We have

O; i> EBwESL,ooR = V7 Q= (lOg |a‘w)weva"°.

The map j is moreover Gal(L/K)-equivariant, if we equip @yes, R with the Gal(L/K)-
action by g(aw) = (bw) where by, = agq. Recall Imj is a lattice of rank |S; | — 1, and
Ker j is the finite group of roots of unity in L in particular h(Gal(L/K),Kerj) = 1. Let
A := Dyes, Z be the standard full lattice of V. Then

, veSo L/ | Dy|Z 1 =10

Hi(Gal(L/K), A) = { Pres=L/DulZ =0
0 1=1

Lete:=(1,---,1) € V, then Im j+Ze = Im j®Ze is a lattice in V. By the lemma below, we
have h(Gal(L/K),Im j+Ze) = h(Gal(L/K),A) = [],cs.. [Duw|- Asthe Gal(L/K)-action on
Ze is trivial, we have h(Gal(L/K), Ze) = | Gal(L/K)|. We deduce hence h(Gal(L/K),Of) =
WGal(L/K),Im j) = rqarrmy [ues.. [PDwl- So MGal(L/K), Of 5,) = rquirmn Hves [Dul
and h(Gal(L/K),Cr) =[L : K]. O

Lemma 5.3.9. Let V' be an R-vector space equipped with an R-linear action of a finite
group G, and let Ay, Ay be two G-equivariant lattices in V. Then Ay ®7 Q = Ay ®7 Q as
G-modules over Q. Consequently, h(G, A1) = h(G, \s).

Proof. Let n := dimg V. For a characteristic 0 field k, se have a natural isomorphism of
k-vector spaces (of dimension n?)

Homgyz (A1, Ag) ®z k = Homy (A ®z k, Ay ®z k),

which is moreover G-equivariant if we equip the both with the G-action given by gf(v) :=

gf(g7 ). For f € Homg (A ®zk, Ao®zk), f is G-equivariant if and only if f € Homy(A; ®7

k, A2 ®7 k)¢, Let f; be a basis Homz (A1, Ag). For g € G, let A, := (a;;(g)) € M,2(Z) such

that gfi = >, ai;(9)f; Let f € Homg(A; @z k, Ay ®z k), and let b; € R for i =1, - - - ,n?

such that f =3, fi ® b;. Then f is G-equivariant if and only if >, (>~ (ai;(9)f;) ® bi) =
by

> fi @ b; for all g if and only if AT [+ [ =0forall g. Let Wy, :={b = (by,--- ,b,2)" €
b2

kn® | AgTb =0, Vg € G}. By the above discussion, we have Homy (A @z k, Ay @7 k)¢ =2 W),

sending f to the coefficients under the basis f;. As it is clear that Wy ®g R = Wg, we

deduce
HOIHQ(Al X7 Q, Ag X7, Q)G ®Q R 1) HOIHR<A1 X7, R, A2 X7 R)G

Now we need to find a bijection in Homg(A; ®7 Q, Ay ®7 Q)Y. Let a; be a basis of this Q-
vector space, which we view as elements in M, (Q) by identifying Homg(A; ®7z Q, As ®7 Q)
with M, (Q) (with respect to a basis of A; and Ay). We need to show there exist a; € Q such
that det(> a;;) # 0. However, by assumption, there exists a; € R such that det() alo;) #
0. We deduce the map (a;) — det(>_ a;c;) is given by a non-zero Q-coefficient polynomial
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(of multi-variables), hence can not be constantly zero for (a;) (in Q). The first part of the
lemma follows.

Put Vo == A1 ®2 Q =2 Ay ®2 Q, and we view A; as Z-submodules of V. There exist
thus my, mg € Z>; such that myAs C Ay C m%AQ. We see the quotient A;/mjAs is finite,
hence h(G, Al) = h(G, mlAg) = h(G, A2> (m1A2 = Ag) ]

Corollary 5.3.10 (First inequality). If L/K is cyclic, then [Cx : Np/xCp] = [Ik :
KXNLKIL] Z [L . K]

Corollary 5.3.11. Let L/ K be a finite abelian extension. Then there exists infinitely many
places of K that do not split completely in L.

Proof. 1t is easy to reduce to the cyclic case. Assume hence L/K cyclic. Suppose the
statement does not hold. Let S be the finite set of places of K containing S, the places
that ramify in L and the places that do not split. For any v ¢ S, w|v, we have L,, = K,
hence Ny, /k, (L) = K. Let I® := {(x,) € Ix | x, = 1, Yv € S}, then I® C Np/kl.
Recall K* is dense in [], .4 K. We deduce K*I* is dense in I hence K* Ny I} is dense
in Ix. However Ny kly is open in Iy = K*Np Iy is open = K*Np Iy is closed =
K*Npkl = Ix. By the first inequality, L = K. O

Let L/K be a finite abelian extension, and v be a finite place of K that is unramified
in L. For w|v, we have Gal(L,,/K,) — Gal(L/K), and we denote by Frob, the image of
the arithemetic Frobenius element in Gal(L,,/K,). Recall the injection hence Frob,, do not
depend on the choice for w|v.

Corollary 5.3.12. Let L/K be a finite abelian extension, S be a finite set of places of K
containing Se and those that ramify in L. Then {Frob,}.¢s generated Gal(L/K).

Proof. Let H be the subgroup generated by {Frob,},¢s, and M := L¥. By assumption,
for all v ¢ S, and w|v a place in M, we have M,, = K,. Thus any v ¢ S splits in M. By
the above corollary, M = K hence H = Gal(L/K). O

Corollary 5.3.13. Let Ly, -+, L; be cyclic extensions of K of prime degree p, such that
each L; 1is disjoint from the composition of L; for j # i. Then there are infinitely many
places of K that are inert in Ly and splits completely in L; for i > 2.

Proof. Let L := Ly---L; and L' := Ly--- Ly, then Gal(L/L") = Z/pZ. By the above
corollary, there exists infinitely many finite places w of L’ such that w is unramified in L and
(Frob,) = Gal(L/L"). Such w is inert in L. Let v be the place of K divided w. Removing
finitely many w, we can and do assume v is unramified in L. The local Galois group
Gal(L,/K,) has to be cyclic. But Gal(L/K) = (Z/pZ)®*, hence Gal(L,,/K,) = Z/pZ and
v splits in L. We have L¥™P > [/ hence an equality. Thus v has to be non-split hence
inert in L, (since otherwise L; C LF"). The lemma follows. O
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5.4 Cohomology of idele class group: second
inequality

Theorem 5.4.1. Let L/K be a finite Galois extension, then
(1) [Cx : NpykCr] < [L: K],
(2) HH(Gal(L/K),Cr) = 1,
(3) #H2(Gal(L/K),Cyr) < [L: K].
Remark 5.4.2. By the first equality, (1) < (2) < (3) in the cyclic case.

We first reduce to the case where L/K is cyclic of order p.

Lemma 5.4.3. Suppose the statements in the theorem hold in the case where L/ K is cyclic
of prime order, then they hold in general.

Proof. Assume first L/K is solvable, and we use induction on the degree [L : K]. Let M
be an intermediate extension. We have restriction-inflation sequence

0 — HL(Gal(M/K),Cy) — H}-(Gal(L/K),Cr) — HL(Gal(L/M),Cp)

By induction hypothesis, we easily deduce H3(Gal(L/K),C;) = 1. This allows to obtain
the restriction-inflation sequence for H?:

0 — H2(Gal(M/K),Cy) — H2(Gal(L/K),Cy) — H2(Gal(L/M),Cyp).

Using again induction hypothesis, we deduce #H2(Gal(L/K),Cr) < [L : K]. We have

IK IK
(C . N (C = —
(Cre: NiyxCil ‘KXNL/KIL‘ ’KXNM/K(NL/MIL)‘
I K*NarreInr K*Ny il
== | | < M2 K| .
K*Nagjscly ' K*Npjicly K*Nyxlp
. ) Nk .
The (surjective) norm map Iy —— Ny/x Iy induces
Iy Ny I K> Nayr I
NM/K : TN T — » —» » .
M*Np vy (K*Np/klp) N Ny I K*Np Iy,
Hence |II{:X];[\?Z; ﬁf\ < |3m ]\I/X/ —| < [L : M] by induction hypothesis. We then deduce

[(CK . NL/K(CL] S [L . K]

Now assume L/K is finite Galois. Let Gal(L/K), C Gal(L/K) be the p-Sylow sub-
group (that is solvable). We have Hi(Gal(L/K),Cp)[p™®] — H%(Gal(L/K),, CL)[p*]. The
general case then follows (from the solvable case). O
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We reduce furthermore to the case where ¢, € K.

Lemma 5.4.4. Let L/K be cyclic of order p, suppose the statements in Theorem holds for
the extension L((,)/K((,), then they hold for L/K.

Proof. As pt [K(¢,) : K] =:d, [L((,) : K(¢)] = p and Gal(L((,)/K(¢,) = Gal(L/K).
We prove the natural map

I/ (K*Npxlp) = HY(Gal(L/K),Cyp)
— Hp(Gal(L(G) /K (G)), Crin) = Tr(en) /(K (6)* Negy/x e Iri)

is injective. Let x € Ix and suppose there exist y € K((,), z € I, such that z =
yNL(Cp)/K(Cp)(Z)' Then ili‘d = NK(Cp)/K(y)NL(Cp)/K(Z) € KXNL/K[L, hence l’d =1 €
H2(Gal(L/K),Cp). As HY(Gal(L/K),Cyp) is p-torsion, we deduce x = 1 € H%(Gal(L/K),Cp).
The lemma follows. O]

Now suppose we have L/K cyclic of order p and ¢, € K. An upshot is we can apply
Kummer theory. As shown in the Exercise 5.6, we have an isomorphism:

K* /(K™ = Hom(Gal(K/K), i),
sending « to g — g(a%)/&%. We have the following easy fact:

Lemma 5.4.5. Let « € K* and v be a non-archimedean place of K, v{p. Then Kv(oz%)
is unramified over K, if and only if there exist x, € OF, y, € (K))P such that o = x,y,.

Proof. The “if” part follows by Hensel’s lemma. Suppose Kv(a%) is unramified over K,,

then valg, () = val )(a) =pval ( %)(a%) € pZ. The “only if” part follows. O

1
1 1
We let Ag := (L*)P N K*, then L = K(A}) = K({a? }aecn,). We want to understand

Np/kCp. Let S be a finite set of places of K containing {v|oc}, {v[p}, those that ramify
in L such that {p,}ves, generate Clg (so Ix K> = Ig).

Lemma 5.4.6. Let A := (L*)? N Of 5. Then L = K(A¥).

Proof. Let x € (L*)PNK* such that L = K(a:%) Forv ¢ S, Ky(x%) is unramified over K.
1

( %)(l') = pval ( %)(aﬁ) € pZ. There exist thus u, € O , y, € K

such that o = w,y5. Put y, := 1 for v € S, and y := (y)vgs X (Yo)ves € Ix. There exist

z € K*, w € Igg such that y = zw. Then /2 € I g N K* = O[XQS, and it is clear

L= K((x/2)7). O

So valg, (x) = ValKv

Lemma 5.4.7. There is a set T of |S| — 1 places of K, disjoint from S, such that the
following sequence is exact:

L= AJ(OF sV = (O s/ (O s — [ KX /() — 1.

veT
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Proof. By (generalized) Dirichlet’s unit theorem, we have O /(O )P = (Z/ pZ)®S! (not-
ing pug /(pr)? = Z/pZ as ¢, € K). We have (noting Oy ¢ N (K*)? = (O ¢)?)

AJ(Ok ) = Ok /(O o) = K™ /(K*)" = Hom(Gal(K/K), ).

Let Kg be the finite extension of K generated by a%, a € O[XQS. We have L C Kg, and
by Kummer theory, Gal(Kgs/K) = (Z/pZ)®!. Let g1,--- ,gs1-1 € Gal(Kg/K) be a basis
of Gal(Ks/L) = (Z/pZ)"*I=. For each g;, let L; :== K¥%. By Corollary 5.3.13, there exists
v; ¢ S such that v; is not completely split in Kg and v; is completely splits in L; (one can
just pick a place w; of L; such that w; is inert in Kg and the underlying place v; in K does
not belong to S). As L = NL;, v; are all split in L. So forany a € A, a € (O, )P C (K)P.
The composition Z

A(Of s = Ok s/(Ok s = [ Ok, /(O )" (5:3)
is trivial. If x € Ker(Og s — [],, Ok, /(Of, )?), then K(x%) C K is split at all v; hence
K(x%) C MiL; = L sox € A. We deduce (5.3) is exact and the lemma follows with

Let Jisr = [l,es(KJ)P X [Ler K5 X [l,¢sur Ok, The following lemma is clear
(since v € T splits in L).
Lemma 5.4.8. We have Np x(I1) O Jk s
Lemma 5.4.9. We have [Ix : K*Jk g1| = p.

Proof. Note Ix = K*Ik sur. We have an exact sequence

I sor N (K*Jksr) o Ixsor K*Igsur

1—
JK s JK s K*Jk st

— 1,

and isomorphisms:

Ok sur ~ Iesor VKX I sor N (K™ Ik s7)
Jksr N K> JggrN K> Jk 5T

Now I sur/Jx,sur = [les K/ (KS)P. o, K =7 x p(K,) X ZLK”:QZ], then (recalling
Gp € u(Ky))

K = PPl (54)
If v]|oo, we also have (5.4) (noting if p > 2, then K, = C). We deduce hence
Ik sur/ I sur| = p*°! H pl, "t = p*" H Ipl, " = p™. (5.5)
vES v

By the following lemma, we have Jx g7 N K* = (OIX( sur)?, hence

IX(,SUT | _ | [X(,SUT | _ 2|81
Jrsr N KX (O sur)?

The lemma follows. 0
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Lemma 5.4.10. We have Jx 5w N K* = (O g,7)"-

Proof. “2O7 is clear. Now let x € Jg g7 N K>, and consider M = K(mé) Then M/K is
unramified for v ¢ SUT and split at v € S. Thus

Ny O [T 5 < [ 00 x [Ty o [ & = [ or < [J00)r.

veS vgSUT veT veS vg SUT veT

As OIX<,S - HveT OIX(U/(OIX(U)pv we deduce OKSNM/K]M ) HveS Kzf X HveSUT OIXGJ X
[I,er Ok, Then K*Nyyxly O K*Ig s = Ix. By the first inequality, M = K. O

Proof of Theorem 5.4.1. By Lemma 5.4.3, Lemma 5.4.4, we reduce to the case L/K is
cyclic of order p and ¢, € K. By Lemma 5.4.8, Lemma 5.4.9, [Ix : K*Np/l] < p. This
concludes the proof. O

5.5 Global reciprocity law

Let L/K be a finite Galois extension of number fields. Consider the exact sequence 1 —
L* — I, — Cp — 1. Since H'(Gal(L/K),Cy) = 1, we deduce

H*(Gal(L/K),L*) — H*(Gal(L/K),I1) = ®&,H*(Gal(L,/K,), LY).

For each K, let invg, : H*(Gal(L,/K,), LX) < Q/Z be the local invariant mapj, that is
associated to the Frobenius x — 2% when v is non-archimedean. Denote by inv, the com-

position H2(Gal(L/K),I;) — H2(Gal(L,/K,), Ly) —%% Q/Z, and invyx = ¥, inv,.
Taking direct limit, we get

H*(Gal(K/K),K") = H*Gal(K/K), Ix) = ®,H*(Gal(K,/K,), K, )
and invg : H*(Gal(K/K), Iz) — Q/Z.
Lemma 5.5.1. For a € Ix, x € Hom(Gal(L/K),Q/Z) LN H?*(Gal(L/K),Z), we have

vk (@U(x) = Y v, (@Ud(x) = x(®r/x(@) € Q/Z,

v

where @ is the image of « in HY(Gal(L/K), Ir).
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Proof. For a place v of K and w|v, we have commutative diagrams

HY(Gal(L/K),I))  x HZ(Gal(L/K),Z) —— H2(Gal(L/K), I)

HY(Gal(L/K), [T, Li) x H3(Gal(L/K),Z) —— HZ(Gal(L/K), [T, L)

HY(Gal(Ly/K,), T, L) x HE(Gal(Ly /K,), Z) — H3(Gal(Lu/K.). TL,, L)

HY(Gal(Ly/K,), LX) xH2(Gal(Ly/K,),Z) ——  H2(Gal(Ly/K,), L)
(5.6)
and
HY(Gal(L/K),Q/Z) —2— H?(Gal(L/K),Z)

l l

HY(Gal(Ly,/K,),Q/Z) —— H2(Gal(L,/K,),Z)

We deduce inv, (@Ud(x)) = invg, (0 U6 (X)) = Xo(pLw/K, () Where Xo := X|Gai(L.,/k,) (=
Res(x)), and the last equality follows from Proposition 3.3.4. We deduce hence

Z inv, (@ U d(x Z Xo(PL, /1, (O0))

_ZX oL,/ Ko(@)) = Hpr/KU ) —X(‘I)L/K(Oé))‘

Lemma 5.5.2. For any n € Zx1, a € Q*, we have ®g(a)((n) = Ca-

Proof. Tt sufficient to prove the case where a is a prime number ¢ or —1, and n = p*. First
suppose q # p:

e for a prime number ¢ different from p and ¢, the extension Qy((,) is unramified, and
q € Z; hence po,(q)(Gpr) = G5

o Q,((yr) is unramified, hence pg,(q) acts on Qy((yx) via the Frobenius: pg,(q)({pr) =
Cpka
o asq € 2}, po, (0)(Gr) = G

® pr(q)(Cpr) = i
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We see @q(q)((pr) = Cpr. If ¢ = p, then

Finally, we have

The lemma follows. ]

Lemma 5.5.3. Suppose L C K((,), then ®1/x(a) =1 for all a € K*.
Proof. By Proposition 5.2.6, we have ®x,y/x(a)|ac,) = Poc.)/0(Nk/gla)). O

Before going further, we give/recall some facts on Tate cohomology.

Lemma 5.5.4. Let G be a finite cyclic group of order n, x : G — Q/Z, and 0 be the
connecting map for 0 - Z — Q — Q/Z — 0. Let g be a generator of G, viewed as an
element, denote by u,, in H7*(G,Z) = G*. Let X be the composition G — L /Z = Z/nL.
Then u, Ud(x) = X(9) € HNG,Z) = Z/nZ.

Proof. The lemma follows from Lemma 3.3.2 and the following commutative diagram:
H7*(G,Z)x H2(G,Z) —— HNG,Z) ——= 7Z/nZ
H il |- |
Hy* (G, Z)x H}(G,Q/Z) —— Hy'(G.Q/Z) —— (1/n)Z/L
O

Corollary 5.5.5. Keep the situation as in the above lemma, and suppose x is injective.
Let A be a G-module, then the map

H(G, A) = Hi?(G, A), e §(x) Ue
18 an isomorphism.
Proof. The composition HA2(G, A) —% Hi(G, A) LN HI?(G, A) is given by ¢

cU(uy,Ud(x)) = x(g)c, hence is an isomorphism. Similarly, H:(G, A) 09, HF (G, A) SN
Hi(G, A) is also an isomorphism. The corollary follows. ]

The following lemma will allow us to use cyclotomic extensions to study Brauer groups
on number fields in general.
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Lemma 5.5.6. Let S be a finite set of places of K containing all archimedean places. For
n € Zs1, there exists a cyclic extension L of K contained in K((y) for some N > 1 such
that [Ly, : K] is divisible by n for v € Sy, and [L,, : K,| =2 for all real places of K.

Proof. We can and do assume n is even, and write n = [[; pj*. For each odd p;, consider
Li = lim K (Cpm)p;» where K (Gpm),, denotes the maximal subextension in K ((ym) of p-th
power degree over K. For p; = 2, let L; := lim K (Gam —(om) (noting Q(Com —Com ) is totally
imaginary). Put L to be the composition of L;. Then L is a procyclic extension of K. Let

L; be the subfield of L; such that p{*|[L; ., : K,] for v € Sy, and L be the composition of L;
(that is a subextension of L). Then L satisfies the properties in the lemma. ]

Proposition 5.5.7. The map invg = 3 inv, : H2(Gal(K/K),K") — Q/Z is trivial.

Proof. Let 8 € H2(Gal(K/K),K "), and S be the set of places such that inv,(8) # 0. Let
n be the least common multiple of the orders of the elements inv,(5). By Lemma 5.5.6,
let L € K((n) (with N sufficiently large) be a cyclic extension of K such that L, /K, is
divisible by n for allv € Sy and L,, = C for all w|oo. In particular, n|#H?*(Gal(L,/K,), LX)
for v € Sy. We have inv,(8) € inv, (H2(Ga1(L/K),FX)) for all v € S. We have a
commutative diagram

H2(Gal(K/K),K") — ®,Q/Z

] l

H2(Gal(K/L),K™) —— ©,Q/Z

where the right vertical map sends (a,) to (([Lw : Ky]ay)wje). As HYGal(K/L),K*) =1
the kernal of the left vertical map is H*(Gal(L/K), L*). We deduce 8 € H*(Gal(L/K), L*).
Let x : Gal(L/K) < Q/Z, then there exists b € H%(Gal(L/K), L*) such that 3 = bUd(x)
We have ®(L/K)(b) = 1 hence x(®r k(b)) = 0. Thus ) inv,(bUd(x)) = x(Pr/x (b)) =
0. [

Corollary 5.5.8. ®x(a) =1 for alla € K*.

Proof. Let L be a finite abelian extension of K. We have x(®/x(a)) = >, inv,(aUd(x)) =
0 for any character x : Gal(L/K) — Q/Z. Hence ®1,x(a) = 1 (for all L). The corollary
follows. H

Proposition 5.5.9. Let L/K be a finite cyclic extension, then iﬁvL/K induces an isomor-

phism invy g : H*(Gal(L/K),Cp) = WIL/K”Z/Z.

Proof. The exact sequence 1 — L* — I, — C; — 1 induces
1 — H*(Gal(L/K),L*) — H*(Gal(L/K),I) — H*(Gal(L/K),Cp) — 1

By Corollary 5.3.12, for each p|[L : K] with e = val,([L : K]), there exist places v of K such

that [L, : K,] = p°. We then deduce invy x = Y inv, : H*(Gal(L/K),I1) — ﬁZ/Z
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is surjective. By Proposition 5.5.7 and the above exact sequence, invy x induces invy /k :

H?*(Gal(L/K),Cp) — ﬁZ/Z, which has to be surjective hence bijective by the second

inequality. O
Let &k be the set of finite cyclic extensions of K which are contained in K((y) for
certain N. By Proposition 5.5.9 and taking limit, we get:
Corollary 5.5.10. The natural morphism
m H*(Gal(L/K),I) — hgl H*(Gal(L/K),Cyp)

Lefk Lefk

is surjective, and invg on @LGSK H?(Gal(L/K),Ip) factors through a bijection
invy : lim H*(Gal(L/K),C.) — Q/Z. (5.7)
Lelk

Lemma 5.5.11. Let L D E D K be finite Galois extensions, then the following diagram
commutes

H?*(Gal(L/K),I1) L \Gal(lL/K)\Z/Z
Res\]/ [E:K]l
H?*(Gal(L/E), IL) S \Gal(lL/E)|Z/Z

Proof. Let v be a place of K, and w be a place of L dividing v. For each place u|v of
E, there exists 0, € Gal(L/K) such that o,(w)|u. Recall o, induces an isomorphism
o, 1 LY = L:u(w), that is compatible with the group homomorphism D, — Dq, (),
g+ o.g0, . Denote by ¢, the following composition

HX (Do, L) “ H*(Do s L, 1y) == H(Gal(Loy )/ Bu)s L )

To prove the lemma, it is sufficient to show the following diagram commutes:

~

H(Gal(L/K), 1, L) —— H*(D,, L) — G

Resl b:(Lu)J( [EZK}\L

~ >, invy
H2<Ga1(L/E>7H Ly) —— @u\sz(Gal<Lou(w)/Eu)a L:u(w)> > |G31(IL/E)\Z/Z

7/Z

wlv
However, we have (using invy, . /x, 00, = invy,/rk, for the third equation)

E VL, (/B Olu = E E, : K] v, /K. oo

ulv ulv

= Z[Eu . Kv] inVLw/KU = [E . K] inVLu,/KU .

ulv

The lemma follows. 0
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Proposition 5.5.12. Let L/K be a finite Galois extension, then H?(Gal(L/K),Cy) is
cyclic of order [L : K.

Proof. For any finite Galois extension M /K, denote by
H*(Gal(M/K),Cy)o C H*(Gal(M/K),Cyy)

the image of the natural map H?*(Gal(M/K),Iy) — H?*(Gal(M/K),Cy). The map
invyr then induces a map invy x : H?(Gal(M/K),Cy)o — Q/Z. Note if M/K is
cyclic, we have by Proposition 5.5.9: H?(Gal(M/K),Cy)o = H*(Gal(M/K),Cy;). We
have an exact sequence

1= HXGal(L/K), L) — lim . H(Gal(LM/K),Irp) — lim  H2(Gal(LM/L), Irn)

l l !

1= H*(Gal(L/K),Cp) — lim . H*(Gal(LM/K),Cpa) — lim . H*(Gal(LM/L),Cra)
(5.8)
which induces an exact sequence

1 — H*(Gal(L/K),Cp)y — lim H*(Gal(LM/K),Cp)o — lim H*(Gal(LM/L),Cra)

Me€k Me&k

where H?(Gal(L/K),Cp); := H*(Gal(L/K),Cr) N @MGEK H?(Gal(LM/K),Cpra)o (that
contains H?(Gal(L/K),Cr)o).

By Lemma 5.5.11, we can deduce a commutative diagram
. Res .
hﬂMGSK H2(Gal(LM/K),(CLM)O — hﬂMGSK Hz(Gal(LM/L),(CLM)
inv’Kl invy lw
[L:K]
Q/Z — Q/Z
We also have a commutative diagram

. inf .
ling,, o H*(Gal(M/K),Cy) —— lim . H*(Gal(LM/K),Crar)o

inVKJ,N inv}{\l(
Q/Z B Q/Z
We let ¢ := infoinvy! : Q/Z — LHEM@EK H?*(Gal(LM/K),Cra)o. We have thus

[L:K]

Q/z Q/Z

s .
1anT vaTN

0 — H*(Gal(L/K),Cp)y — lim . H*(Gal(LM/K),Cpa)o — lim . H*(Gal(LM/L),Cpar):

LT invle~

Q/z SLEIN Q/Z
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The map ¢ induces ¢ : [L:—IK}Z/Z — H?(Gal(L/K),Cp)y — H*(Gal(L/K),Cp), and the
composition has to be bijective by the second inequality. In particular, H*(Gal(L/K),Cy)
is cyclic of order [L : K]. O

Corollary 5.5.13. The morphism lim, H*(Gal(L/K),Ir) — lim H*(Gal(L/K),Cy) is

surjective, and invy factors through a bijection

invye : lim H*(Gal(L/K),Cr) — Q/Z. (5.10)
L

Proof. We have by Corollary 5.5.10 (where the injection is induced by inflation)

Q/Z ™F, iy H(Gal(L/K).C) » lim  HA(Gal(L/K).C,).
Lelk LK
finite Galois

By the precedent proposition, we see the map is in fact bijective. We have a commutative
diagram
lim, . H*Gal(L/K),Ip) — lim 1 H*Gal(L/K), I1)

finite Galois

| !

@Le&{ H?*(Gal(L/K),Cp) —— hﬂﬁnié/&bis H?*(Gal(L/K),Cp)
The first part then follows from Corollary 5.5.10. Together with Proposition 5.5.7 (and an
obvious exact sequence), the second part also follows. O

Theorem 5.5.14. Let K be a number field. Then (Cg := ligL Cyp,inv) is a class forma-
tion. Moreover, the induced reciprocity map Cx — Gal(K /K)* coincides with ®.

Proof. Let L be a finite extension of K. We have H'(Gal(K/L),Cy) = 1, and invy, :
H*(Gal(K/L),Cr) = Q/Z. Moreover, by Lemma 5.5.11 (and taking limit), for a finite
subextension E of L over K, we have inv;oResg/, = [L : E]invg. So (Cg,inv) is a class
formation. Let ®} : Cx — Gal(K/K)* be the induced reciprocity map. Then for a finite
abelian extension L/K, and x : Gal(L/K) — Q/Z, we have invyx (@Ud(x)) = x (P} x(a)).
However, by definition, we also have invy/x(a U d(x)) = x(®r/x(a)). By Pontryagain
duality, this implies @' K= ¢/ hence Oy = Pg. O

Let L be a finite extension of K. Then L* is a closed and discrete subgroup of I;,. We
deduce Cy, equipped with the quotient topology, is Hausdorff. If L/K is moreover Galois,
it is clear that Cy, is a topological Gal(L/K)-module.

Lemma 5.5.15. We have an isomorphism of topological groups Cx = I}./K* x Ry.

Proof. We have an exact sequence 1 — I} /K* — Cg Hl) R.p — 1. Let v be an

archimedean place of K, then K, &> R.o admits a section, i.e. there exists a continuous
map ¢, : Ryg < K, such that |- |, o¢, = id. We deduce | - |1, admits a section ¢ that is

equal to ¢, at v and to 1 for places different from v. The lemma follows. O
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Proposition 5.5.16. With the above natural topology on Crp, (LHEL Cp,inv) becomes a
topological class formation.

Proof. We check the three conditions in Definition 4.2.9.

(1) Let M D L be finite extensions of K. By Proposition 5.2.8, we easily deduce
Nuyr(Car) is open hence closed in C,. We have Ker(Nyy ) is closed and contained in the
compact set I /K. Hence Ker(Nyp) is compact.

(3) For a finite extension L over K, we take U := I; /L* C Cp. Then any closed
subgroup of finite index in I,/L* containing I; has to be I,/L* hence is a norm group.

(2) Let K, := K((,). Let L be a finite extension of K((,). We have ker[¢, : C, —
Cr,z + zP] is closed in I} /L* hence compact. We construct certain norm groups. Let
S be a finite set of places of L containing all archimedean places, places dividing p, that
is sufficiently large such that {p,}.,es, generates Cly. So Cp = I1, 5/OF 4. For a finite set

S 5 S of places of L, put Jr,s == [[,es(LX)" % [L,gs O D g Let Ls := L((OF5)7).
By Kummer’s theory, Lg is an abelian extension over L of degree |OF ¢/(OF §)?| = plSl (see
the proof of Lemma 5.4.7). It is clear that J;, g C Npg/r(I1y). By similar arguments as in

Lemma 5.4.10, we have J, s N L* = (Of g)P: for x € J, s N L*, L(ac%) is split at v € S

at unramified at v ¢ S, thence NL( %)/L(IL( %)) D I s implying L(x%) = L. Then by the

proof of Lemma 5.4.9, we deduce
[Ip:L*Jys] =p® = [Ls: L.

As #HY(Gal(Lg/L),Cr,) = pl*l, we deduce Ny /r(Cry) = L*Js/L".

Next we show (L*I7)/L* is an intersection of certain norm groups (which concludes the
proof). Recall we have L*Iy, g/L* = I7 /L* x Ry, we deduce (L*I] ¢)/L* = (I} /L*)P x
R-o. As the map ¢, is continuous and I} /L* is compact, we see (I} /L*)P is also compact
and hence closed (noting Ir,/L* is Hausdorff). So (L*IV)/L* = (I} /L*)P X R+g is also a
closed subgroup of Cy. As I} /L* is compact, it is not difficult to show the closed subgroup
(I} /L*)? is equal to the intersection of open subgroups (of finite index) which contain
(It /L*)P. We deduce (L*I¥)/L* is also equal to the intersection of open subgroups H
of finite index in C, which contain (L*I7)/L*. For such a group H, denote by U the
premage in [, (then L* C U and I;,/U = C/H). Note C/H is p-torsion. As U is open,
there exists S sufficiently large such that U D [[,cg1 x J[,¢5 Oy As I7 C U, we have
[Toes(KS)? x [1,¢5 OF C U hence U > L*Jy 5. We deduce H = U/L* is a norm group.
This finishes the proof. O

Corollary 5.5.17. A subgroup H of Ck is a norm group if and only if H is open of finite
indez.

Let Ky := HU‘OO K, and K2 be the connected component of 1 € KX. The reci-

procity map @ : I /K* — Gal(K/K)* factors through I/ K* K2, hence factors through
I /K> K9 where K> K¢ denotes the closure. As Ic/K* K¢ is profinite, we finally deduce:
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Corollary 5.5.18. The reciprocity map P induces an isomorphism
Ix/KXK9o, — Gal(K/K)™. (5.11)

Corollary 5.5.19 (Kronecker-Weber theorem). We have Gal(Q/Q)™ = Z* = [[,Z; and
any finite abelian extension of Q is contained in a certain cyclotomic field.

Proof. We have I = Q*(Rso x [[,Z;). Hence the natural injection [[ Z; — Ig in-
duces an isomorphism [], Z¥ = Ig/Q*Rso. Hence we have Gal(Q/Q)™ = Z*. We

write k£ the induced map Cg « Z*. Let K be a finite abelian extension of Q, to
show K C Q(Cy) for a sufficiently large N, it suffices to show (Ng/g(Ck)) contains
Q

/Q(NK/Q((CQ((N))) ertlng N le , wWe have NC@C )/Q(C@(CN ) = ﬂN@( Z)/ (

Cac
We calculate hence Ng,.)/0(Co(,.)) for a prime number e. We have [@(Cp ) @] =
D

p“Hp —1). For £ # p, Qu((pe) is unramfied, hence Noy(¢e)/00(Qe(Gpe)*) D Zy. At p,
we have No,(c,e)/0,(Qp(Gpe)*) D 1+ pZ,. We deduce No,. )/Q(IQ( ) D ]R>0 x (1+

P°Zp) x 1,4, Z; - By comparing the order, we deduce K (N, /@(CQ(C ))) = (1+p°Z,) x

[1rsp Z)- Let H := k(Nk/o(Cr)) (that is open of finite index in ZX), 1t is clear that there
exist p;* such that H D [[,(1+p;'Zp,) X [ 1,4, Z; - Hence K C Q((y) with N = [[p;". O

5.6 Global class field theory via ideals

Recall a modulus m of K is a formal product m*m,, where m* =[] p¢* is an ideal of Ok
and my, is a subset of {0 : K < R}. For a place v of K, we write v|m if p,|m> when v is
non-archimedean, and if v € m, when v is archimedean. For v|m, define

Define Jix(m) C Jx to be the group of fractional ideals that are relatively prime to m®™
(i.e. that do not have p,-factor in the prime decomposition for all p,|m>). Put Px(m) =
{(a) | « € K*,a € U,(m) Yo|m}. The quotient Jx(m)/Pk(m) is finite and called a Ray
class group of K.

I (m) N Ik that is a open subgroup of Ix(m). Consider the natural morphism

I(m) — Jx(m), (z, n—>Hp°rd“"””

It is clear that this map is surjective, with the kernel equal to Wi (m). We deduce then an
isomorphism

e (m) /Wi (m) (K% 0 I (m)) =2 I (m)/Prc(m), (5.12)

which gives an adelic description of the ray class group. Recall the natural injection
I (m) < Iy induces an isomorphism I (m)/(I(m) N K*) = I /K*.
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Let L/K be a finite abelian extension. Let m be a modulus divisible by all ramified
primes (including infinite primes) of K in the extension L/K. For p C O, p 1 m, recall
we have the Artin symbol (L/TK) € Gal(L/K): (L/TK)((E) = zN®) =9 for all x € Op, and
for P a (or any) prime ideal of Oy, dividing p. We have then a morphism

Jic(m) — Gal(L/K), JTe* ~ ] (L/TK)EP. (5.13)

Theorem 5.6.1. There exists a modulus m divisible exactly by all ramified primes of K
in L/K such that the induced map Ix(m) — Jxg(m) — Gal(L/K) coincides with ®g.
Moreover, in this case, the morphism (5.13) factors through a surjective map

Proof. Let m = m,m*> be a modulus divisible exactly by all ramified primes of K in
L/K such that Wg(m) C Np/k(Ir). Then we have a surjective map Ix(m)/((/x(m) N
K*)Wg(m)) - Gal(L/K). Together with the isomorphism (5.12), we obtain Ic(m)/ Pk (m) —
Gal(L/K), which by definition coincides with (5.13). The theorem follows. O

Recall we have I /(K> Ik ) — Jix/Px = Clg. By Corollary 5.5.17, there is an abelian

extension H/K such that I /(K* Ik ) — Gal(H/K), that is called the Hilbert class field
of K.

Proposition 5.6.2. H is the maximal unramified abelian extension of K.

Proof. By the local-global compatibility of class field theory, we have for any place v of K:

L /(KT ) —%  Gal(H/K)
KX el Gal(Hy/K,)

We see pp, /k,(OF) = 1 hence H, /K, is unramified. Let L be a finite unramified abelian
extension of K. Then Ix . C Np/xlp. We deduce Ny/k(Cp) DO Ny/x(Cy) hence L C
H. O

We end the section by the so-called principal ideal theorem.

Theorem 5.6.3. Let H be the Hilbert class field of K. For any fractional ideal a in K,
aQOy is principal in H.

Proof. Let H' be the Hilbert class field of H, then we have a commutative diagram

Clg = I /(K ¥ Ixns)  —— T/ (H*In) = Iy

o | o |

Gal(H/K) = Gal(H'/K)* —Y— Gal(H'/H) = Gal(H'/H)*
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The theorem amounts to say that the top map is trivial, which follows from the following
lemma. 0

Lemma 5.6.4. Let G be a finite group, G' be the commutator subgroup. Then the transfer
map G — G'* is trivial.

Proof. See Theorem VI.7.6 of Algebraic number theory by Neukirch. n
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Exercises

Exercise 1. (Formal groups) Let A be a commutative ring with 1.

(1) (1a) Let f(T) € A[[T]] with f(T) = aT (mod T?), a € A*. Show that there exists a
unique g(7') € T A[[T]] such that f(g(T")) = T. Moreover, prove g(f(T)) =T.

(1b) Let F,G be (one-parameter commutative) formal group laws, and h : FF — G be a
morphism. Show that i admits an inverse if and only if A(T) = aT (mod T?) with a € A*.

(2) Let f(T) =ap+ a1 T+ --- € A[[T]] with ay € A*, show that there exists g(T") € A[[T]]
such that f(7)g(T) = 1.

(3) Let F(X,Y) € A[[X,Y]] with FI(X,Y) = X+Y +terms of degree > 2, and F(X, F(Y, Z)) =
F(F(X,Y),Z). Prove that F'(X,0) = X = F(0, X).

(4) Keep the situation as in (3), prove that there exists a unique ip(X) € A[[X]] such that
F(X,ip(X))=0.

(5) Suppose Q — A, prove that the formal groups over A: F(X,Y) = X +Y and
G(X,Y) =X +Y + XY are isomorphic (hint: consider exp(T) = > 7  I-).

n=0 n

(6) Suppose Q — A, we show that any formal group F'(X,Y’) over A is isomorphic to the
(trivial) additive formal group X + Y:

(6a) Let f(X) = 2E(X,Y)|y—o € A[[X]]. Prove
OF

oy K V(X)) = f(FX,Y)).

(6b) Let h(X) € A[[X]] such that /(X)) =
(here we use Q < A!). Prove

h(F(X,Y)) = h(X) + h(Y).

ﬁ which is called the logarithm for F’
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(hint: consider differentiating with respect to X.)
Exercise 2. (1) Prove that p|(p;) form>1,and 1 <i<p"—1.

(2) Let i > 0, for a € Z,, show that (() := 1)

CL) _afa-— 1)--%!(a—i+1) -

Moreover, show that the map Z, = Z,, a — (C:) is continuous.

(3) For a € Z,, show that [a](T) := (14+T)* — 1 := 3.2 ($)T" — 1 is a endomorphism
of the formal group FI(X,Y) = X +Y + XY (over Z,). Moverover, show the morphism
Z, — End(F), a — [a](T') is a ring homomorphism.

Exercise 3. Let K be a finite extension of Q,. Let F’ be a finite unramified extension of
F. Let d := [F : K], q be the cardinality of the residue field of K, let o € Gal(F/K) be
the arithmetic Frobenius, i.e. o(z) = 2% (mod mp) for z € OF.

(1) Let @ € mp, b € Op, prove that the equation ao(x) —x = b has a unique solution in Op.

We assume the following facts: for , 7’ € mp \ m%, with Np/x(7) = Np/x(7'), there exists

0 € Op such that 5 = @.

For F(X1, -, Xm) =Y aiy..i, Xi - Xim € Op[[ X1, -+, X,]], denote by
Fo(Xp, o Xn) = Y 0(, ) X7 Xim € Op[[Xy, -+, X)),

Let o € m% \ m%™ (where my denotes the maximal ideal of Or), put

Fo i ={f(X) € Op[[X]] | f(X)=X? (modmp),
f(X)=7X (mod X?) for some 7 € Op such that Np/x(7) = a}.

(3) Let f(X)=7nX+---, g(X)=7"X+--- be two element in F,. Let F1(X;,---,X,) =
>, a;X; be a linear polynomial in Op[X7,- -, X, such that 5= %‘21) for all 7. Prove
that there exists a unique F(Xy, -+, X,) € Op[[X1, -, X,]] such that

o F(Xy, -, X,)=F(Xy, - ,X,)+ terms of higher degree,
o F7(g(Xn), -+, 9(Xn)) = F(F(Xy, -+, X)),

(4.1) For f € F,, show that there exists a unique one dimensional formal group law
Fy(X,Y) € O[[X, Y]] such that FF(f(X), f(Y)) = F(F;(X.Y)).
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(4.2) For f € F, and a € Ok, show that there exists a unique [a](X) € Op[[X]] such that
[a](X) = aX (mod X)? and [a]” o f = f oal.

(5) Show that for f, g € F,, Fy = F, (as formal group laws over Op).

(6) For n € ZZl, let

Ae={z€F| " ore 70 f(z) = 0}.

Show that A,, = Ok /m¥ where the Og-action is given by x +— [a](z).

(7) Show that F,, := F(A,) is independent of the choice of f € F, (and only depends on
«). And prove that Gal(F,/F) = (Og/m})*.

Exercise 4. Let 6 be as in Lemma 1.5.7, prove # induces an isomorphism of the formal
groups Fy = F, over O.

Exercise 5. Let o be as in the § 1.5, show 0 —1: Oz — O} is surjective.

Exercise 6. Show that an abelian group A is injective (in the category of abelian groups)
if and only if A is divisible, i.e. n: A — A is surjective for any n € Z+,.

Exercise 7. Let G be a finite group. Let N := ) _.e, € Zg.

geG

(1) Prove that N is a central element of G and N? = |G|N.

(2) Prove Z|G]¢ = ZN.

Exercise 8. Prove the restriction-inflation sequence (2.5) in Proposition 2.2.15 is exact.

Exercise 9. Let GG be a finite group, M € Modg. A group E is called an extension of G
by M, if E sits in an exact sequence of groups

0—-M—ESG—1 (5.14)

such that the induced conjugate action of G = E/M on M (noting M is abelian) coincides
with the given G-action on M. Two extensions F, E’ are called isomorphic if we have a
commutative diagram

0 > M E G > 0
TN
0 > M E G > 0




Let E be an extension as in (5.14). For g € G, let s(g) € E be a preimage of g via
k. For g1, go € G, we have k(s(g192)) = r(s(g1)s(g2)) and hence we get c(g1,g2) =
5(91)5(92)s(g192) " € M.

(1) Show that the map ¢: G x G — M, g1, g2 — c(g1, 92) is a 2-cocylee, i.e.

91¢(92, g3) — (9192, 93) + (g1, 9293) — c(g1, 92) = 0.

(hint: consider the associativity of the group operation in E.)

(2) Prove the above construction gives a bijection between the isomorphism class of exten-
sions of G by M and H?*(G, M).

Exercise 10. Let G be a finite cyclic group, h € G be a generator. For M € Modg,
recall there is a canonical isomorphism H;'(G, M) — HI(G,M). For a € Ker(Ng :
Ho(G, M) — H°(G, M)), describe the 1-cocycle corresponding to « via the isomorphism.

Exercise 11. Let K = Q,(,/p). Compute the Herbrand quotient of K* as a Gal(K/Q)-
module.

Exercise 12. Let H be a subgroup of G. Let M be a G-module, N be an H-submodule
of M. For o € G, put H° := cHo !,

(1) Show that o(N) is a H?-module.

Show that the morphism N — o(N), n — on is compatible with the group homomorphism
H° — H, h — o 'ho and induces isomorphisms o, : H'(H,N) — H(H?,0(N)) for all
i>0.

(2) Show that if M’ is a G-module, then we have for all o« € H'(H, M), 3 € H(H, M'):

o.(aUB) =0, Uoay.y.

Exercise 13. Let H be a subgroup of G. Show that the restriction Res : H;*(G,Z) —
H;*(H,Z) corresponds to the transfer (Verlagerung) map G*® — H?.

Exercise 14. Let K be a finite extension of Q,. Construct a finite Galois extension L
over K, such that Hi(Gal(L/K),O;) is not trivial (for all i).

Exercise 15. We use the notation of Theorem 3.2.14. Let L be a finite extension of K,
oL = inyk]. Show that

inv, oRes = [L : K]invg : H*(Gal(K/K),K*) — Q/Z.
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where invy, is defined as invg with ok replaced by o. (hint: divide into two cases: L/K
unramified or L/K totally ramified.)

Exercise 16. Let K be a finite extension of Q,, Ly, Ly be finite abelian extensions of K,
and L := LlLQ. Show NL/K(LX) = NLl/K<Li<> N NLZ/K(L;)

Exercise 17. Let K be a finite extension of Q,, L be a finite extension of K, f := [k, : k].
Let o € Gal(K™ /K) be the fixed Frobeinius as in Corollary 3.3.6, o, := o). € Gal(L*" /L),
and pg, ¢ be associated the local Artin map respectively. Show that the following diagram

commutes: .
K* 2 Gal(K/K)™

l LV
L~ Gal(K/L)™

where the left vertical map is the natural injection and the right vertical map is the Ver-
lagerung map. (hint: use Exercise 13)

Exercise 18. (Kummer theory) Let K be a field, L be a finite Galois extension of K.
Let n > 2, (n,char K) = 1.

(1) Suppose Gal(L/K) = Z/nZ, and ¢, € K (where (, is a primitive n-th root of unity).
Prove that there exists a € K such that L = K(oz%), where an denotes an n-th root of

a (note that different choices of such root differ by n-th roots of unity (contained in K)).
[Hint: consider the 1-cocycle on Gal(L/K) induced by Z/nZ < Gal(L/K) — K*, i+ (']

We define Kummer pairing. Let j, := {a € K | a" = 1}. Suppose u, C K. For a € K*,
let an € K be an n-th root of a. For g € Gal(K/K), we have kq(g) := glan)/an € pin.
Let (K*)" :={a",x € K*}.

(2) Check that k, is independent of the choice of n-th root of a;, and we obtain a morphism
of groups o
Kk K*/(K*)" — Hom(Gal(K/K), i),

or equivalently, a pairing
KX /(K" x Gal(K/K) — jtp.

(3) Prove the map & is bijective.

Now suppose moreover K is a finite extension of Q, (containing p,,), px : K* — Gal(K/K)
the reciprocity map. We can define the so-called n-th norm residue symbol:

(y gt K X K* = p,

with (o, B)nxc = prc(B)(an)/ar.
(4) Prove (, ) is bimultiplicative
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5) Prove (a,1 — ), x =1 for all @« € K\ {0,1}. [hint: show 1 —« € NK(Q%)/K.]

6) Prove (o, —a), x = 1 for a € K*.

7) Prove (a, 8)nx = (5, a);lK for a, 5 € K*. |hint: consider (a3, —af), k]

8) Prove (', )nx induces a perfect pairing K /(K*)" x K*/(K*)" = py.
)

(
(
(
(
(9) Deduce directly Ny x Np/k(L*) C (K*)" where L runs through finite extensions of K
(Wlthout USil'lg ﬂL/KNL/K(LX) = ].)

Exercise 19. Show (at least one of) the diagrams in Proposition 5.2.6 commute.

Exercise 20. Keep the situation as in Lemma 5.4.7 and let Kg be the extension of K as
in the proof of Lemma 5.4.7. Prove [Ix : K* N /rlry) = pl.

Exercise 21. Let L/K be a cyclic extension of number fields. Let a € K* and suppose
a € Ni,/k, L, for some w|v for all places v of K. Prove that a € Ny xL*.
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