ON SOME PARTIALLY DE RHAM GALOIS REPRESENTATIONS

YIWEN DING

ABSTRACT. In this note, we study some partially de Rham representations of Gal(Q,/L) for a
finite Galois extension L of Q,. We study some related subspaces of Galois cohomology and coho-
mology of B-pairs. We prove partial non-criticalness implies partial de Rhamness for trianguline
representations. As an application, we obtain a partial classicality result (in terms of Galois rep-
resentations) for overconvergent Hilbert modular forms. We also associate a locally Qp-analytic
representation of GL2(L) to a 2-dimensional (generic) trianguline Gal(Qp /L)-representation, which
generalizes some of Breuil’s theory in crystalline case [8].
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Let L be a finite Galois extension of QQ,, of degree d, F a finite extension of @, containing all the
embeddings of L in Q,, denote by ¥, the set of embeddings of L in @, (hence in E). Let V be a
finite dimensional continuous representation of G, := Gal(@/ L) over E, by Fontaine’s theory, one
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can associate to V an L ®g, E-module Dgr(V) := (V ®q, Bgr)%*. Using the isomorphism

Leg, E5 [[ B, a®bw (0(a)b)ses,
oeX

one can decompose Dgr(V) as Dgr(V) = [loes, Dar(V)s. For o € X, we say that V' is o-de
Rham if dimg Dar(V), = dimg V' (see also [31]). More generally, for J C Xy, V is called J-de
Rham if V' is 0-de Rham for all o € J.

Partially de Rham Gp-representations appear naturally in the study of p-adic families of G-
representations (e.g. see [29] and [12]), and may play a role in the p-adic Langlands program (cf.
[6]), initialized by Breuil. In fact, for a locally @Q,-analytic representation V' of GLg(L) (or other
p-adic L-analytic groups) over E and for any J C ¥, one can consider the J-classical vectors of
V (cf. §4.2, for example, all the locally J-analytic vectors (cf. [28, §2]) are X, \ J-classical, the
locally algebraic vectors are ¥p-classical). In the author’s thesis ([12]), we studied eigenvarieties X

constructed from (the locally Q,-analytic vectors of) the completed cohomology group H* (cf. [14))
of unitary Shimura curves. It turned out that for any J C Xy, J # 0, there exists a closed subspace
X of X associated to the J-classical vectors of H (cf. [12, §6.2.1]). Moreover, we showed that the
(2-dimensional) Galois representations associated to points in X7 (which we call J-classical points)
are always J-de Rham (cf. [12, Prop. 6.2.40]). We conjecture that the inverse is also true, i.e. for
a closed point z of X, if the associated Galois representation is J-de Rham and the weight of z is
J-dominant, then z is J-classical (cf. [12, Conj.6.2.41]). For example, when J = X1, this is implied
by Fontaine-Mazur conjecture. The “relation” between J-classical vectors and J-de Rham Galois
representations is rather a new phenomenon in the p-adic Langlands program for L # Q,,. Besides,
the J-de Rham Galois representations may also be useful in the study of p-adic Hilbert modular
forms (e.g. see Thm.0.5).

In this note, using a Lubin-Tate version of p-adic Hodge theory developed in [17], we study some
related subspaces of Galois cohomology and of cohomology of B-pairs (or equivalently cohomology of
(¢, T')-modules by [3]), and thus some partially de Rham trianguline representations. We summarize
some results in 2-dimensional case in the introduction.

Firstly consider extensions of Galois characters. Let x1, x2 be two de Rham characters of G,
over E, of respective Hodge-Tate weights (—ky, o )oes,, (—kys,0)oex, (Where we use the convention
that the Hodge-Tate weight of the p-adic cyclotomic character xcyc is —1). Consider the (finite
dimensional) E-vector space Ext!(x2, x1) of G-extensions of x5 by x1. For J C ¥, we put

(1) EXt;J(XQ,Xl) = {[V] € BExt'(xa2,x1) | V is J-de Rham}
which is an E-vector subspace of Extl(xg, X1). Suppose Dcris(sz;fIchc)“":l = 0, then one has
Theorem 0.1 (cf. §1). dimg Ext;J(XQ,Xl) = dimg Ext' (x2, x1) — {0 € J | kyy0 — kyoro < 1}

Example 0.2. Let x : G, — L* be a Lubin-Tate character, o € 31, we put X, := oox : G — E*.
By this theorem, Ext;)g(E,XU) = BExt'(E, xo), thus any extension of the trivial character of G, by
Xo 1S o-de Rham, which generalizes the well-known result: extensions of the trivial character by
cyclotomic character are always de Rham.

One can also define J-de Rham (p,T')-modules over the Robba ring Rg := B;rig,L ®q, E (or
equivalently J-de Rham E-B-pairs, cf. Def. 3.10). For a continuous character x of L* over E, we
denote by (ky o )oes, € E? the weights of x (cf. §3.3) and R(x) the associated rank 1 (¢, I')-module
over Rg (cf. [24, §1.4], ky o is in fact the inverse of the generalized Hodge-Tate weights of RE(X))
Let x1, x2 be two continuous characters of L* over E, denote by Ext(l%ln) (RE(XQ),’RE(Xl)) the

(finite dimensional) E-vector space of extensions (of (¢, T')-modules over Rg) of Rp(x2) by Re(x1).
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Suppose ky, » € Zforall o € ¥r,7=1,2, and for J C X, denote by Ext%%F)’g’J (Re(x2), RE(X1))
the E-vector subspace of Ext(, 1) (Rz(x2), Re(x1)) generated by J-de Rham extensions of Ry (xz)
by Re(x1). Suppose moreover yoxj ' # unr(q) [Les, o for any (ks)sex, € Z* (where unr(z)
denotes the unramified character of L™ sending uniformizers to z).

Theorem 0.3 (cf. Cor.3.20). Keep the above notation, one has

dimg EXt%Lp,F),g,J (RE(XQ), RE(XI))
= dimpg EXt%Lp,F) (RE(X2)7RE<X1)) — ‘{0’ elJ | kJXLg — sz’U < 1}‘

Let p be a 2-dimensional trianguline G'z-representation (cf. [11]) over E such that [Diig(p)] €
Ext%%m (Re(x2), Re(x1)) (where Dyig(p) denotes the (¢, I')-module associated to p, and the char-
acters x1, x2 are as above), for ¢ € X, we call p non-o-critical if ky, 5 —ky, o € Z<o (cf. Def.3.23).
We can thus deduce from Thm.0.3:

Corollary 0.4 (cf. Prop.3.24). Let o € Xp, if p is non-o-critical, then p is oc-de Rham.

This corollary generalizes the “non-critical trianguline representations are de Rham” result, which
might be seen as a Galois version of Coleman’s classicality result: “small slope modular forms are
classical”. Indeed, this corollary allows to get a (Galois version of) partial classicality result of
Hilbert modular forms: “partially small slope Hilbert modular forms are partially classical”, giving
evidence to Breuil’s conjectures in [7]:

Let F' be a totally real number field with p inert (for simplicity), w € Z and k, € Z>2, k; = w
(mod 2), for all ¢ € ¥ , h an overconvergent Hilbert eigenform of weights (EEFp;w) (where we

adopt Carayol’s convention of weights as in [10]) of tame level N (N > 4, p { N) with the Up-
eigenvalue a, € E*. Denote by pj the associated Galois representation of Gal(F/F), and v,(-) the
additive valuation on @Q, normalized by v,(p) = 1.

Theorem 0.5 (cf. §4.1). Keep the above notation, and let ) # S C X, .

(1) If vp(ap) <infoes{hos =1} + > cx w=ket2 then ppp = PrlGr, is S-de Rham.

(2) If vp(ap) < > eg(bo —1) + ZGEE@ w=kot2 “then there exists o € S such that py, is o-de
Rham.

Note that the statement in (1) in the case S = Xp, (and F, unramified) is implied by the
classicality results of [30, Thm.1] (note that the convention of weights in loc. cit. is slightly different
from ours).

The notion “partially de Rham” allows to get a more precise classification of trianguline repre-
sentations. As a result, in §4.2, we associate a semi-simple locally Q,-analytic representation II(p)
of GLo(L) to a 2-dimensional trianguline representation p of Gal(L/L), generalizing some of Breuil’s
theory in crystalline case [8]. We expect II(p) to be the socle of the “right” representation associated
to p in the p-adic Langlands program (cf. Conj.4.9). The corollary 0.4 plays an important role in
the construction of II(p) (see Rem.4.6 (2)). A main philosophy in our construction is that if p is
o-de Rham, then II(p) should have o-classical vectors, which more or less motivates our study of
o-de Rham Galois representations.

The results in this paper also find applications in establishing Colmez-Greenberg-Stevens formulas
(on L-invariants) in critical case [13], thus might find applications in p-adic L-functions in L # Q,
case. Besides, these results would also be useful for investigation of local behavior of the eigenvarieties
constructed in [12] (or of certain deformation spaces), which we leave for future work.
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1. NOTATIONS AND SOME p-ADIC HODGE THEORY

Recall some results in p-adic Hodge theory and introduce some notations, our main reference is
[17]. Let L be a finite Galois extension of Q, of degree d with Of, the ring of integers and wy, a
uniformizer, Ly the maximal unramified sub-extension of Q, in L of degree dy with Op,, the ring of
integers, q := |0, /wy| = p¥, ¥1, the set of Q,-embeddings of L inside Q,, v : C, — Z U {400} the
p-adic additive valuation on C, normalized by sending w;, to 1.

Recall Fontaine’s ring
R:= {(CEn)neZZO | xh ) =%p, x, € Oc, /p, Vn € Zzo},
which is of characteristic p, equipped with a natural action of Gg,: g((Zn)nezso) = (9(Tn)nezs,)-
Let z = (xn)nezzo € R, let 7,, € Oc, be an arbitrary lift of x, for all n, one can prove the
sequence {:’Eﬁpn}nezzo converges in Oc,, and put z(© := lim, , zn?". The map R — Oc,,

z +— z(© is multiplicative (and Gq,-invariant), and we define a valuation vg : R — Q>0 U {+00}
with vg(z) := v(z(®). Let ¢ := (Cpn )nezs, € R, where (pn is a primitive p"-th root of unity.

Let W(R) be the Witt ring of R, and Wo, (R) := W(R)®o, Or. One can also construct Wo, (R)
more intrinsically by the theory of Witt Or-vectors (cf. [17, §5.1]). Any element 2 € Wp, (R) can

be uniquely written as
T = Z [zn]|w]

’I’LEZZO

where [-] : R = Wo, (R) denotes the Teichimiiller lifting. The Witt Op-ring We, (R) is naturally
equipped with an action of G, and ¢y, (which commutes):

o X lwdwt) = Y et voe G,

TLGZEO nEZZO

er( Y lonlwt) > el

nEZZO ’I’LEZZO

Let Bzr’b = Wo,(R) [11;], thus an element x € BZ’b can be uniquely written as = > o [74]

The action of G, and ¢, on Wp, (R) extends naturally to BZ’b. For any r € R>p, one has a

n
wr,-

. b
valuation v, on Bz’ :

v, Bf* = RU {+o0}, vy ( Z [zn]w]) = ian{vR(xn) +rn}.
oo ne
Denote by BI ;, the completion of Bz“b via the valuation v,., which turns out to be a Banach space
over L, moreover, for / > r, one has a natural inclusion B, | C B (cf. [17, §5.2.3]). Put
B; = OT>OB:L. All these L-algebras are equipped with a natural action of Gy and ¢, (which
extends that on Bz"b), moreover (B ) = Bl | (cf. [17, §5.2.3]), thus ¢, is bijective on By .
One has B = Bf @r, L, and ¢r, = ¢ @ id respectively (cf. [17, §5.2.4]).
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Put Pr o, = G}nZO(BZF)W:wE (cf. [17, Def.9.1]), which is a graded L-algebra, and let X, :=
Proj(Pp,w, ) (cf. [17, Def.10.1], which turns out to be independent of the choice of wy, see the
discussion after [17, Def.10.1]). By [17, Thm.10.2 (1)], X, is a completed curve defined over L, and

X1, = Xg, ®g, L. One has a one-to-one correspondence between L-lines in (B} )?2=%~ and closed
points of X, (cf. [17, Thm.10.2 (4)]).

Consider the Q,-case, let ¢ = log([e]) = Znﬂ(—l)”“w € (B&p)‘/’ﬂp:p, which is usual
cyclotomic period element (g(t) = Xeyc(g)t for g € Gg,) and corresponds to a closed point co
of Xg,. The completion of the curve Xq, at the point oo is Fontaine’s ring BIR. Let B,

(B(gp [ﬂ)m"_ld = B2 by [17, Thm.10.2 (6)], one has D (t) := Xg, \ {c0} = Spec(B.), B, is a

cris ?
PID. There is an exact sequence (Gg,-invariant)

OHQPHBG@B(TRMBM{%O

which is the so-called p-adic fundamental exact sequence.

Consider the natural covering m : X; — Xgq,, one sees 7 1(c0) is of cardinality d. We fix an
embedding ¢ : L < BJ; in this note (thus an embedding ¢ : L < C,), in other words, we fix a
closed point co, € 7 1(c0), which induces an embedding ¢ : B} < Big. Let t; € (Bf)#:=% be
the element corresponding to co, (which is unique up to scalars in L*), thus ¢, € tBj'R tQB(TR
(cf. [17, Thm.10.2 (5)]). Let B := (B} [i])“zld, by [17], D" (c0,) = Spec B 1, and B, is a
PID. The L-line L - ty, is stable by G. One gets in fact a Lubin-Tate character x.7 : Gp — L™,
xc7(9) = g(tr)/tr. One has a G p-invariant exact sequence

(zy)—z—y

(2) 0— L — Be® By Bar — 0,

called the p-adic fundamental ezact sequence of Be . Indeed, it’s clear that L C B. 1 N BIR; let
x € B N Bl; with 2z := xt? € B}, thus 2z € (B})¥:=%% Nt} B, which is zero if n > 1 by
[17, Thm.9.10], one can thus assume n = 0, so @ € (B} )¥:=d = [ (cf. [17, Prop.7.1]). To see
Bar = Be,1, + Bde one can use induction on tZ”BdR for n € Z>¢: suppose tZ”B;{R C B+ B§R7
let z € tL(nH Biz \t;."Biy, thus x = ¢ (nH)y with y € Bji \ tzBji. By [17, Thm.9.10], there
exists z € (B})#L= wj C P B, 1 and \ € t;,BJ; such that y = z + A, thus » = tL(nH)(z +A) €
B +t."Biz = Be,r + Bjy (by assumption).

Since X1, = Xg, ®q, L, for any affine subset U of Xg,, one can equip O(7~1(U)) = O(U) ®q, L
with an action of Gal(L/Q,) given by 7(u ® ) := v ® 7(X) for 7 € Gal(L/Qp), v € O(U) and
A € L. This action induces a regular Gal(L/Qj)-action on 7~ *(z) for each closed point z of Xg,
(cf. [17, Thm.10.2 (7)]). For 7 € Gal(L/Q,), let t7 € (B} )¥:=% be the element (up to scalars in
L*) corresponding to the closed point 7(00,) (by [17, Thm.10.2 (4)]). If 7 # 1, then 7(00,) # o0,
thus t] € (Bjg)* (since oo, ¢ VT (¢7), recall we have fixed the embedding ¢ : Bf < Bjy). Let
B!, = B.®q, L, s0o X, \ 7' (c0) = D¥ (77" (c0)) = Spec B], ;. The embedding ¢ induces also an
embedding ¢ : B;L — Bgr. In the following, we view B, 1/, Be 1 etc. as L-subalgebras of Bgr via
¢ with no further mention.

Let 7 € Gal(L/Q,), T # 1, the closed point 7(c0,) of D¥(¢r) is defined by the maximal ideal
m, = (i—i) of Be 1. Since DT (77! (00)) = D*(00,) \ {7(00,) }1£reqai(r/a,): Bty is the localization
of Be,r by inverting the elements {t7 /tr}14recal(r/Q,)- For T € Gal(L/Qp) # 1, denote by

ord; (eo,) : Be,p = Z>o U {+00} the valuation defined by t—, which extends naturally to a valuation
5



ord;(e0,) : Bl — ZU{+0o0}. Note that for 7 € Gal(L/Qy), T # 1

0 7#71
1 7'=71

(3) OrdT(ooL)(tzl /tL) = {

One has B, = {z € Bl | | ord;(c,)(x) >0, V7 € Gal(L/Qy), T # 1}. In other words, one has

Lemma 1.1. B, ={z € B, | 7(x) € By, V7 € Gal(L/Qy), T # 1}.

Let E be a finite extension of Q, which contains all the embeddings of L in Q,. For an L-algebra
B (e.g. B= Be,L7Bé7L etc.) and 0 € ¥, set B, := B®L , F. So we have

(4) B®g, E = Bor (Leg, E) > Be, ([[ B) = [] B

oeXL oEXL
For a B ®q, E-module M, using the above isomorphism, we can decompose M as
(5) M =5 ] M.
o€l
where M, = M ®Bog, E B, for o € Xp.

The Gal(L/Qp)-action on B/ ; induces a Gal(L/Qp)-action on B} ; ®q, E. Moreover, for any

7 € Gal(L/Q,), 7 induces an isomorphism 7 : B/ = B’

! Lo ! oor—1+ Ome can deduce easily from
Lem.1.1:

Lemma 1.2. Let o € ¥y, then Be 1, , = {.T e B’ | 7(z) € BSFR vor—1s VT € Gal(L/Q,), T # 1}.

e,L,o

Let V be a finite dimensional continuous representation of G, over E, set D,.(V) := (B, ®q, V)GL
where x € {dR,e,{e,L}}. When B, is moreover an L-algebra, D, (V') is an L ®q, E-module, and
we have D,(V), = (B.o, ®g V)%t for any 0 € X1. Put D; (V) = (B, 1, ®q, V)CL, by the
isomorphism B[ ; = B. ®q, L, one sees D; ;(V), = D.(V) as E-vector spaces for all o € 3.
There also exists a Gal(L/Q,)-action on D, ; (V) (induced by that on Be 1), and one can easily
deduce from Lem.1.1 the ’

Lemma 1.3. D, (V) ={ve D, (V)| 7(v) € DR (V) for all 7 € Gal(L/Q,), T # 1}.
2. GALOIS COHOMOLOGY

2.1. Bloch-Kato Selmer groups. Let V be a finite dimensional continuous representation of G,
over E, put (cf. [5, §3]):

HYG,V) = Ker[H'(GL,V) = H'(GL,V &g, B.)],
H,)(Gp,V) = Ker[H'(GL,V)— H'(GL,V ®q, Bar)],
H. ,(GL,V) Ker [H'(GL,V) = H'(GL,V ®g Be 1,0)]
H, (G, V) Ker [H'(GL,V) — H'(GL,V ®E Bar,s)],
H} ,(GL,V) = Ker[H(GL,V)— H'(GL,V ®g B, )]

By definition, one has natural injections H}(Gr,V) < Hgl(GL,V), H! (GL,V) = H;,U(GL,V),
H! (G, V)= H], (G, V). Since B, ; = B.®q, L, one easily deduces H} (G, V) = H,, ,(G,V)
for any o € ¥p. Thus for ¢ € X1, one gets a natural injection
(6) jo t Hy o(GL, V) — HXGL, V).
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By the isomorphism Bgr ®q, V & 11 Bar,c ®g V, one sees

oEX]

Noes, Hy ,(GL, V) =H,(GL,V).

Put H;VJ(GDV) = NgesH, ,(Gr,V) for J C ¥r, J # . Assume that V is J-de Rham (ie.
dimg Dgr(V), = dimg V for all o € J, see the introduction), and let [W] € H(GL,V), where W
is an extension of E (with the trivial action of G) by V:

0>V —->W—=FE—Q0,
thus (W] € H, ;(Gr,V) if and only if W is J-de Rham. Put H! ;(Gr,V) := Im(}, ., jo)
HYGL,V)C HYGL,V) (cf. (6)). For §) # J C J', one has thus
0C H: ;(Gr,V)CH, ;(Gr,V) S H(Gp,V)
CH)(GL,V)C H, ;(GL,V)CH, ;(GL,V)C H(GL,V).

Let o € ¥, by taking tensor products — ®p, » F, one deduces from (2) an exact sequence
(7) 0= E = Bero® Big, = Biro =0,
tensoring with V', one gets
(8) 0=V = Bero®eV®Blg, 9V = Baro®rV — 0.
By taking Galois cohomology, one gets

9) 0=V = D, (V)y ® D (V) = Dar(V)s 2= H'(G1, V)
— HY(GL,Bero®pV)® H (G, B:{RJ ®@pV)— H (GL,Bar.o ®@r V),
By the same argument as in [5, Lem.3.8.1], one has

Lemma 2.1. Suppose V is o-de Rham, then Hl(GL,B;rR,U ®pV) — Hl(GL,BdRyg ®p V) is
injective.

Consequently, in this case, one deduces from (9) an exact sequence

(10) 0= VG = Do a(V)o @ DIp(V)e = Dar(V)s 22 H. (G, V) = 0.

2.2. Tate duality. We use "U” to denote the cup-products (in Galois cohomology). For a finite
dimensional continuous G'z-representation V over E, we denote by V'V the dual representation, and
by V(1) the twist of V by the p-adic cyclotomic character. Let o € X, we denote by U, the
composition

Uy : HY(GL,V) x Dar(VY(1))y — HY(GL,Bar,sc ® V) x Dar(VV(1)),
- HY(Gy, Bar,, ®£ E(1)).

We have the following commutative diagram (see also [5, (3.8.6)])

HY(Gp, V) x Dan(VV(1))y 22220 011G, V) x HY(GL, VY (1))

(11) ual ul ,

HYGp,Bary ©p E(1)) —2—  HX(G,E(1)=E

where the d,’s are the connecting maps obtained by taking Galois cohomology of (8) (with V replaced
by VY (1) or E(1)). This diagram, together with (10) (with V' replaced by V/(1)), shows that if V' is
o-de Rham then H} ,(GL,V) C H} ,(Gr,,VV(1))* via the perfect pairing:
(12) U: HY (Gp,V) x HY(Gp,VY(1)) — H*(G1,E(1)) 2 E.
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Indeed, let V' := Homg, (V,Q,), one can equip V’ with a natural E-action and G'z-action (these two
actions commute). One has isomorphisms VY = Hompg(V, E) m) Homg, (V,Qp) = V. Thus the
Tate pairing H' (G, V) x HY(G,V'(1)) = H*(Gr,Qu(1)) = (Ql equals to the composition of the
pairing (12) with trg/g,, from which one deduces (12) is perfect.

Proposition 2.2. IfV is o-de Rham, then we have

H, (G, V)= H. (G, VY(1)*"

Proof. This proposition follows by the same argument as in [5, Prop.3.8]. We give the proof for the
convenience of the reader. It’s sufficient to prove

(13) So0U: HY(GL,Bar,o ®r V) x Dar(VY (1)), — H*(Gr, E(1))

is a perfect pairing. Consider the following commutative diagram (deduced from (2), where Blg =
tB;R, 0 denotes the morphism B(;FR — C,)

0 — L(1) ——  (tBer)®Bly  —— Bap — 0

I I I

(14) 0 —— L(1) (tBe,, N Big) ® Blg —— Biz —— 0,

! ! l

—_—
0 — L(1) ——  (tB.)NnBL —2— C, —— 0

by taking tensor products — ®y, , E, we deduce from the bottom exact sequence (recall C, is viewed
as an L-algebra via ¢):

(15) 0— E(1) = (tBe,£,s) N By, = Cpo — 0.
As in the proof of [5, Prop.3.8], we show that to prove (13) is perfect, it’s sufficient to prove he
following pairing is perfect:
(16)  HY(G1,Cpo @5 V) x H(G,Cpo @5 VY) 5 HY(GL,C,p) 22 HX(Gr, E(1))
where J, is induced by (15). Indeed, if we identify Dgr(V"V (1)), and Dgr(V"), as E-vector spaces,
then the pairing (13) equals to the pairing

HY(Gp, Bar,o @5 V) x Dar(V")y — HY(G1, Bar,») — H*(Gr, E(1))

where the last map is induced by the top exact sequence in (14) (twisted via — ®p, , E); moreover
by (14), one sees the restricted map

HY(Gr,Bfs , V) x DR(VY)s (= Fil™' Dar(VY(1)),) — H*(G, E(1))
factors through (16). Since V is o-de Rham, we have
HY(GL,tBjg ,©rV) = Ker[H(GL,Bjy, V) H(GL,Cyo®pV)],
Dir(VY(1))s = Fil' Di(VY), = Ker [Dir(VY)o - H(GL,Cp )]
So if (16) is a perfect pairing, then the orthogonal complement of H! (G, tB('IR’U ®g V) (via (13)) is
exactly DI (VY(1))e, from which we deduce (where the second isomorphism follows from the above
discussion applied to V(n —1) := V ®p x")
HY (G, t"Biy ,®e V)" = H (G, 1B, ,®V(n—1))" = DI (VY(2—n)), = Fil' " Dar (V" (1))
for n € Z>1. Thus to show (13) is perfect, it’s sufficient to show Hl(G’L,t"B(J{R,‘7 ®g V) =0 when
n > 0. Consider the Hodge-Tate decomposition (since V' is o-de Rham)

(17) (Cp,g RV AN @iez(cpyg(i)@ni
8



with C, (i) =2 C,(i) @0 E and n; € Z>g, n; = 0 for all but finitely many ¢ € Z; this, together with
the fact H'(Gr,,Cp.»(i)) = 0 for i # 0 shows the natural morphism

HYGL,t"Blg , ©5 V) — H' (G, t" "Bl , @ V)
is an isomorphism when n > 0, and hence H' (G, t"Bg'R » ®E V) =0 when n>>0.

In the following, we show (16) is perfect. By using the Hodge-Tate decomposition (17) of V', one
reduces to the case C,, ®p V = C, 4(n) for some n € Z. Since H*(Gp,,C, 5(n)) = 0 for i = 0,1,
if n # 0, one reduces to the case C, , ®g V = C,, »; since dimg H (GL,(CW,) =1 for¢=0,1, one
reduces to show the d, in (16) is non-zero, and hence it’s sufficient to show that the following map
(induced by the bottom exact sequence of (14)),

(18) §: HY(Gr,C,) — H*(Gyr,L(1))

is non-zero. Consider the following G p-invariant exact sequence (induced by (2) by the same way
as in (14) by replacing ¢ by ¢r,)

(19) 0 — L(xz7) = (trBe,r) N Bz — C, — 0.

Since ((tzBe,r) N BOJ{R)GL = 0, the induced map &' : H°(G,C,) — H*(Gp,L(xc7)) is injective.

Let ur, :=t/t; € (Big)*, Gr acts on uy, (and also on (ur) € C,) via the character X’ := XeyeXz7-
One has a commutative diagram

0 —— L(xer) — (tBe,r) N Bl C, 0
(20) xx/l XuLJ/ XG(uL)l
0 —— L(1) —— (tBe’L)ﬂBXR C, 0

Thus the bottom exact sequence of (20) of Gp-representations is the just twist of (19) by the
character x’. One gets hence a commutative diagram

& id
HY(G1,Cy) x HY(Gr, LX)~ HY Gy, L(xer)) x HY(Gr, L))

(21) ul ul ,

)

HY(Gp,C,) —T H*(Gr, L(1))
from which one sees § is non-zero since the top horizontal arrow is injective and the cup-product on
the right side is a perfect pairing (by Tate duality). O

Corollary 2.3. Let J C Xp, J # 0, and assume that V is J-de Rham, then the Tate pair-
ing induces a bijection of E-vector spaces: HelJ(GL,V) = H;J(GL,VV(l))J-, In particular,
H} (G, VY(1) = HYGL,VY(1) if H. ,(GL,V) =0 for any o € J.

Corollary 2.4. Assume that V is de Rham, then we have H;EL (G, V) = HXGL,V).

Proof. We have the following isomorphisms
Hgy, (G, V)t = Hyy (G, VY(1) = Hy(GL, VY (1)) 2 H(GL, V)™,
(we refer to [5, Prop. 3.8] for the last isomorphism), and hence H!y, (Gr,V) = H}(Gr,V). O
Corollary 2.5. Suppose V is de Rham and VGt = D (V), then the map
D do i @oex, He (G, V) — HJ(GL.V)

oEX]

is bijective.



Proof. Since V&t = D,(V), the injections (V ®q, L)+ < D, (V) and (V ®q, L) — D, (V)
are also bijective. By [5, Cor.3.8.4], H(G,V) = Dar(V)/DJx (V); by (10), one has H} ,(GL,V) =
DdR(V)U/DIR(V)U for any o € ¥1. In particular, we have
dimg H} (G, V) = Y dimg H, ,(GL, V).
oEeX
The corollary follows thus from Cor.2.4. ]

Remark 2.6. This corollary is not true in general. For example, if V is crystalline and DIR(V) =0,
D.(V) #0, by the lemma 1.3, we see D (V) = 0. So in this case, we have

Z dlmEH (G, V Z dimpg (DdR(V)o/Dg_R(V)U)

oEXL ceX

> dimg H, (G, V) = dimg (Dar(V)/ (D (V) + De(V))).
Corollary 2.7. Suppose V is de Rham and VGt = D (V), then the following map

(22) Zja : QBUEJH;,U(GIM V) — Hel,.I(Gln V)
oed

1s bijective for any J C X, J # (0. Consequently, in this case,

dimp Hy ;(Gr, VY (1)) = dimg H'(GL,VY(1)) = > dimg H} (G, V)
oed
= dimg H' (G, V¥(1)) = Y _ dimg (Dar(V)o /DI (V)o).
oed

Proof. The first part of the corollary follows from Cor.2.5. The second part follows from the iso-
morphism (22) together with Cor.2.3 and (10). O

Proof of Thm.0.1. By the corollary 2.7 applied to V := X2X1_1chc, the theorem follows. ]

3. B-PAIRS AND COHOMOLOGY OF B-PAIRS

3.1. B-pairs. Recall Berger’s B-pairs ([3]).

Definition 3.1 (cf. [3, §2]). (1) A B-pair of Gy, is a couple W = (W, W ) where W, is a finite
free B.-module equipped with a semi-linear continuous action of G, and WJR is a G-stable B(TR—
lattice of Wyr := W.®p, B('IR. Let r € Z~q, we say that W is of dimension r if the rank of W, over
B, equals to r.

(2) Let W, W’ be two B-pairs, a morphism f: W — W' is defined to be a G -invariant B.-linear
map fe : We — W/ such that the induced Bag-linear map far := fe ®id : War — W/ sends WJR
to (W')ix. Moreover, we say that f is strict if the Bi-module (W')1;/fir(WiR) is torsion free,
where ij = de‘WIR'

By [3, Thm. 2.2.7], there exists an equivalence of categories between the category of B-pairs
and that of (¢, T")-modules over the Robba ring Br]g " (Where Lj, denotes the maximal unramified

extension of Q, in Lo := UpL((pn), e.g. see [3, §1.1]).

Let W = (W,, W) be a B-pair of dimension r, set W/ 1= We®p, B, | = W, ®q, L, which
is a finite free We’ ;-module of rank r equipped with a semi-linear action of G 1, (induced by that on
10



W.), and an action of Gal(L/Q,) given by id ®c for 7 € Gal(L/Q,)). These two actions commute,
and W, = (W, )92(L/%) . We define
Wer = {we W, | 7(w) e Wi, Vr € Gal(L/Q,), T # 1},
which is hence a B, r-module by Lem.1.3. Note that W, r is stable under the action of G.
Recall for 7 € Gal(L/Qy), 7 # 1, one has a valuation on B/ : ord (e, : B ; — Z U {+00} (cf.

§1). Put ordeg, (z) :=sup{n € Z | € t} Biz}, one sees ord, (o0, () = ords, (r7*(z)). For a B-pair
W = (W, Wis), 7 € Gal(L/Q,), put
ord,(o0,) : Wi — ZU{+o0}, w— sup{n € Z | 7 Hw) € tEWRY,

e

80 0rd; (o0,) (aW) = 0rd;(s0,) (@) + 0rd; (o0, (w) for any a € B, ; and w € W/ ;. We have thus
Wer ={we W/ | ord-(,)(w) >0 for all 7 € Gal(L/Q,), T # 1}.

Proposition 3.2. Let W be a B-pair of dimension r, then W 1, is a finite free B, 1-module of rank
r, and we have a natural isomorphism

(23) We.r ®B, 1 Bé,L AR Wé,b

Proof. Let 0 #w € W/ 1, and set n, := ord;(«,)(w) for 7 € Gal(L/Qy). Put

w' = H (t7/tr) " w.
T€Gal(L/Qp)
T#1

By (3), one sees ord,(o,)(w') = 0 for any 7 € Gal(L/Q,), 7 # 1, and thus w’ € W, . The
surjectivity of (23) follows.

Let {e1,--,e.} be a basis of W/ ; over B ;. For any j = 1,---,7, by multiplying e; by an
invertible element in B ;, we can assume that ord (o, )(e;) = 0 for any 1 # 7 € Gal(L/Q,) (see the
above argument). So we have an inclusion

(24) Berei® - ® Be,re, € We L.
For 7 € Gal(L/Qy), let M, € GL,(B/ 1) such that
T(e1, - ,ep) = (€1, - ,ep) M.
Let {f1,--, fr} be a basis of W;_R over B&*‘R, then there exists N € GL,.(Bggr) such that
(fl’... 7'}"7,) = (61,"' ,67»)N.
For o =37 Nje; € W/ (with \; € B, | forall 1 <j <r),if x € W, 1, by definition, 7(z) € W

e

for all 7 € Gal(L/Q,), 7 # 1, from which one can deduce for all 7 € Gal(L/Q,), T # 1, there exist
Hr 1y s Hryr S B(TR such that

(A1) Hr1
(25) : =M 'N| :

7(Ar) Hrr
Let n, € Zxg such that M'N € ;"7 M, (Bjy). So 7(;) € t;"" Biy (thus ord,—1(s0,)(A;) = —n7)
for any 7 € Gal(L/Q,), 7 # 1 and 1 < j <r. By Lem.1.1,

II 5/t reBe

TE€Gal(L/Q,)
T#1

11



for 1 <j <r, and so (HTGGal(L/@p)(tfl/tL)"*)ac € ®}_1Be, e;. Hence
T#1

(26) Wer € IT (8 /)" (Burer @@ Bosey).
T€Gal(L/Qp)
T#1

Since Be, is a PID, by (24) and (26), we see We 1, is a finite free B, r-module of rank r. The
injectivity of (23) follows. O

Definition 3.3 (cf. [24, Def.1.2 and 1.4]). (1) Let E be a finite extension of Q, which contains all
the p-adic embeddings of L in Q,, an E-B-pair is a B-pair W = (W, W;R) such that W, is moreover
a finite B, ®q, E-module, and WC?'R is a GG -stable B;’R ®q, E-lattice of Wyr := W, ®p, Bdr.

(2) Let W, W’ be two E-B-pairs, a morphism f: W — W' is defined to be a morphism of B-pairs
such that fe: We — W, (cf. Def. 3.1 (2)) is moreover B, ®q, E-linear.

Lemma 3.4 (cf. [24, Lem.1.7 and 1.8]). Let W = (W., W) be an E-B-pair, then W, (resp. Wi )
is finite free over B,®q, E (resp. By ®q, E). Moreover we have kB, g, B We = rkBIR Wik =
r, and we call v the rank of the E-B-pair W.

®q, £

Note that there exists an equivalence of categories between the category of E-B-pairs and that
of (¢,T')-modules over B;rig 1 @, E (cf. [24, Thm.1.36]).
s

Let W = (W,, W) be an E-B-pair of rank 7. The following corollary follows easily from the
lemma 3.4 and the proposition 3.2.

Corollary 3.5. W, 1, is a finite free B. 1, ®q, E-module of rank v and W1, ®p, , B, = W .

With the above notation, one has decompositions W, 1, — ®yex, We 1.0 W;L = Doesy, We’,L’U7

~

Wik = ®oes, W;R,U. The Gal(L/Q,)-action on W/ ; induces isomorphisms
T: We/VL’J = W!

for 7 € Gal(L/Q,), 0 € X. For 0 € ¥, one has
Wero={weW.,,,|7(w)e WJRJOT_I, Vr € Gal(L/Qy), T #1}.

,L,ooT—1

Definition 3.6. (1) Let 0 : L < E, a By-pair W, is a couple (WE,LJ,W;R ,) where We p , is
a finite free Be 1 ,-module equipped with a semi-linear G -action, and W;'RU is a Gp-invariant
Bg‘RJ—lattice in War,o = We,L,o0 ®B. 1., Bdr,o-

(2) Let W, W be two B,-pairs, a morphism f : W, — W/ is defined to be a G, -invariant Be 1, -
linear map fero : We,r,o — We,,L,o such that the induced Bgr,s-linear map far,o = fe,1,o ® id :
War,e — WéR’U sends W;'RJ to (W’)IR,U.

Proposition 3.7. Let 0 € ¥, the functor
(27) F,: {E—B—pairs} — {Bg—paim}, W = (W, W(;FR) — Wy = (We,L,a,W;RJ)

induces an equivalence of categories.

We construct an inverse of F:

Lemma 3.8. Let M, = (M., Mar,s) be a Bo-pair, then there exists an E-B-pair W =
(We, WJR) such that We 1, o = M. .o and W(;LRJ = MJLRJ.
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Proof. We construct W as follow. Let {e1 4, -+ , e} be a basis of M, , , over Be , o, put M =

e,L,o
Me 1.6 ®p, , B, which is thus free Bf ; ,-module of rank 7 equipped with a B ;  -semi-linear

action of Gr. For g € G, let Ay € GL,(Be,1,0) C GLT(B;L’U) such that

9(61,07 T 767“,0) = (61,07 T 76T,U)A9'

So Ag192 = A!hgl(Agl)a for g1, 92 S GL-

For 7 € Gal(L/Q,), let ¢/ := o o7~ € X, and M/, ., be a free B} ; ,,-module of rank r
equipped with a B}, ; ,,-semi-linear action of G/, such that the action on a basis {e1 57, , €0/} is

given by (recall one has an isomorphism 7 : B, — B;,LJ,)

(28) g(el,a'a T 7€r,a’) = (el,a’; T aer,a’)T(Ag)
for all g € G, This action is well defined since 7(Ag, 4,) = T(Ag, )91 (7(Ay,)) for g1,92 € Gp.

Put M/ | := @®orex, M 1, ,/, on which we define an action of Gal(L/Q,) by

€

T( Z aiei,o’) = Z T(ai)ei,a/O‘r—la
i=1 i=1
for Y27, aie; o € Me 1o and 7 € Gal(L/Q,). One can easily check W, := (M;L)Gal(L/QP) is a free
B, ®q, E-module of rank r (note B 1 o = B, ®q, E for all ') equipped with a B.-semi-linear and
E-linear action of G,

For 1 # 7 € Gal(L/Q,), let 0/ :==c o717 € ¥, let Myr,o = M 1 o @5 L Bgyr,o+ which is a
free Byr,,-module of rank r equipped with a Bggr,./-semi-linear action of G'r.. Let MJR o+ be the
Biy ,,-module generated by 7(M,1,) C 7(M., ) = M 1, 5 We claim

e,L,o
+ ~ T +
(29) MyR o» — ®i=1Big o Ciso'-

Indeed, since 7(e; ) = ;0 (by definition), the direction “D” is clear; since 7(Be,1.5) C BOTRJ/, the
other direction is also clear. Moreover, M, ;R,a/ is stable under the action of G, (defined by (28)),
because 7(Ag4) € GLT(B:{R’J,) for all g € Gp. Put Wi := Mz & (@ors0 Mz ).

It’s clear that W := (We, W) is an E-B pair, W/ = M} and W . = M, ., thus it’s
sufficient to prove We ., = M. 1 ,. For any z, = Z;=1 ae;, € WéLJ = MéﬁL’U, by (29), we see
Ty € We,po if and only if 7(a;) € Bl |, for all 7 € Gal(L/Q,), 7 # 1 and 1 < i < r, which

implies, by Lem.1.2, that a; € B. 1, for all 1 <7 <r. This concludes the proof. O

By this lemma, one gets a functor G, : { B,-pairs} — {E-B-pairs}, M, — W, and F, o G, = id.
It’s sufficient to show G, o F,, = id. For an E-B-pair W, let W =G, o F,(W), by Prop.3.2 (see also
Cor.3.5) and the construction of G, one has W, = W, and W;R’U ~ WQ‘R’U. Hence it’s sufficient to
prove WJRJ, =~ WJR,U/ for o’ # o. By the construction of G, as in the proof of Lem.3.8, we only
need to show

Lemma 3.9. Let W := (We,WjR) be an E-B-pair, let o € X1, 7 € Gal(L/Q,), T € 1, 0/ := gor ™1,
then W;RJ, is generated by T(We r.o) € War,or as a B$R7U,—module.

Proof. By definition, one has 7(We, 1 ») C W;‘R,U,. Now let {ei1,---,e,} be a basis of W, 1, over
Be 1o, thus {7(e1), - ,7(e,)} is a basis of Wyr o+ over Byr. Let z € W;RJ,, so there exist
a; € Bar,or for 1 < i < r such that x = Y._, a;7(e;), it’s sufficient to prove a; € B;’R’U, for all
1< <r.
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Since Be,r, + B(TR = Bgr (thus B, + B;R’a, = Bdr,s), by subtracting = by elements in
69::1351 .+ T(€;), one may assume a; € B, o foral 1 <4 <r (and thus z € We/,L,a/)' Since
7 (Be,d,0r) C BIRJ,O(T,),I and 7/(e;) € Wi for all 7/ € Gal(L/Q,), 7" # 1, we see 7/(z) =
S 7 (a)T oT(e;) € Wi for all 7 € Gal(L/Q,), 7/ # 77! (note z € W:R’J, by assumption).
Thus 771(z) € W, 1, this concludes the proof. O

Proof of Prop.3.7. By the above two lemmas, one has F, oG, = id and G, o F,, = id, the proposition
follows. |

Let W be an E-B-pair of rank r, we put
Dar(W) := (W, @5, Bar)“* = (W1, ®B... Bar)®" = @oex, We Lo @B, 1o Bar.)°",

which is an L ®q, £-module, and we have Dar(W)s = (We,L,o @B, 1, BdR,U)GL for any o € Xy.
It’s known that Dqr (W), is an E-vector space of dimension < r.

Definition 3.10. With the above notation, let J C Xy, W is called J-de Rham if dimg(Dar(W),) =
r for allo € J.

Similarly, put De(W) := WE=, Do (W) 1= W = @gex, WEE . and D, [ (W) := (W )Cr =
Boes, (W, 1 )60, (thus De (W), = WEE |, DL (W), = (W., )¢ for ¢ € S1). Note the

e,L,o
~

composition W, < W/ ; — W/ _is bijective, G’ -invariant and induces an isomorphism D, (W) —
D, [(W)e.

At last, note that one can naturally associate an E-B-pair W (V) to a finite dimensional continuous
representation V' of G, over E as follows:

W(V):= (W(V)e := B, ®q, V,W (V)i = Bjg ®q, V).

Denote by Bp the trivial E-B-pair ((Bg)e := Be ®q, E,(Bgp)j = Big ®q, E), and B, the
trivial B,-pair F,(Bg).

3.2. Cohomology of B-pairs. Let W be an E-B-pair, in [24, §2.1], Nakamura has defined the
Galois cohomology of W, denoted by H*(Gr, W), as the Gz-cohomology of the following complex
C*(W):

Co(W) := W, & Wi Leymemy, War =: C1(W).
By definition, one has a long exact sequence
(30) 0~ HYGL, W) — H(Gr, We) ® H(Gr, Wiy) = H*(GL, War)
% HYGL, W) — HY(GL,W.) ® H (G, W) = H (G, Wag).
One easily sees HO(G, W) = HY(Gr,W. N WiR).

~

Proposition 3.11 ([24, Prop.2.2, Rem.2.3]). (1) There exists a natural isomorphism H' (G, W) =
Ext!(Bg, W), where Ext'(Bg, W) denotes the group of extensions of E-B-pairs of Bg by W.

(2) Let V be a finite dimensional continuous G -representation over E, then we have natural
isomorphisms H (G, W(V)) 2 H (G, V) for all i € Z>y.
14



Put (cf. [24, Def.2.4])

H, ,(GL,W) := Ker[H'(GL,W)— H'(GL,War.0)],
Hy(GL,W) = Ker[H'(GL,W)— H'(GL,War)),
HYGp,W) := Ker[H (Gy,W)— H (G, W.)],

where the above maps are induced from the natural maps
C* (W) = [We = 0] = [War — 0] = [War,o — 0].

One has thus H)(GL,W) = Ngex, H) ,(Gr,W). If W is o-de Rham, let [X] € H' (G, W) =
Ext'(Bg, W), then X is o-de Rham if and only if [X] € H, (G, W). Put H, (G, W) :=
NocsH, ,(Gr, W), so if W is J-de Rham, [X] € H' (G, W) = Ext!(Bg, W), then X is J-de Rham
if and only if [X] € Hgl’.](GL7 w).

For an E-B-pair W, denote by WV the dual of W:
V. V. Vvt + B+
WY = (We = Homp, (W,, Be), (W) := HomBIR(WdR,BdR))

one can check WV, equipped with the natural E-action and G-action, is also an E-B-pair (e.g. see
[24, Def.1.9(3)]). Denote by W (1) the twist of W by W (xcyc) Where Xeyc is the cyclotomic character
of G, over E (by base change):

wW(1):= (W(l)e = We ®B.®q, E W (Xeye)es W(l)(TR = W;R ®B:{R®@pE W(chC)(TR)

One can show the cup product (see [25, Thm.5.10], note the composition of the following cup product
with the trace map trg /g, equals that in loc. cit.)

(31) U: HY (G, W) x H' (G, WY(1)) — H*(Gr,Bp(1)) 2 H*(GL, Xceye) = F

is a perfect pairing.

Proposition 3.12 ([24, Prop.2.10]). If the E-B-pair W is de Rham, then the perfect pairing U
induces an isomorphism H}(Gp, W) = H}(Gr, WY (1))*.

Now we move to the category of B,-pairs. Let o € ¥, for an E-B-pair W, put W, := F,(W) =
(We.L.os WJRJ). Consider the following complex of G-modules, denoted by C*(W,):

(z,y)—z—y
—_—

Co(Wy) :==We Lo ® W;R’U War,e =: C1(Wy).
Put H (G, W,) := H(Gp,C*(W,)), so we have a long exact sequence
(32) 0— H°(GL,Wo) = HY(GL,We o) HY(GL, Wiy ,) = H(GL, War.o)
22 HY (G, Wo) = HY (G, Wep0) ® H (G, Wik,) = H (G, War.o)-
One has H°(Gp,W,) 2 H*(GL,We .o N W;R’J).

Lemma 3.13. (1) For a B-pair W, W, 1, N\W3; (as an L-vector subspace of WE’L) is stable under
the Gal(L/Q,)-action, and one has W, N Wi, = (W, N Wi )Gal(L/Q)

(2) Let W be an E-B-pair, then the Gp-invariant composition W, N Wd"'R — Wer N W;'R —»
We,L,o N Wik . is an isomorphism.

Proof. One has W, N Wiy = {w € We®q, L | 7(w) € Wik, V7 € Gal(L/Q,)}. Part (1) follows.
Part (2) follows easily from the isomorphism W, N Wi = (W, N Wi )Gal(E/Q). O
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Thus for an E-B-pair W (with W, the associated B,-pair), one has
H(GL,We) = H(Gr,We 1o N Wi ) = H (G, We NW) = HY (G, W).
Consider now H'(Gp,W,), by the same argument as in [24, §2.1] (see in particular the argument

before [24, Prop.2.2]), one can show there exists a natural isomorphism between H'(Gp,W,) and
the group of extensions of B,-pairs, i.e. Gr-extensions (Xe 1o, XCTR o)

(33) 0= Wero = Xero = Ber,o —0,
0= Wik, = Xiho = Biro = 0,
such that X, 1, ®p,, Bar & X(;FRJ ®B:er, Bgr. On the other hand, the functor G, induces an
isomorphism Ext'(Bg o, W,) = Ext!(Bg, W). One gets thus
jo : HY(Gp,W,) == Ext'(Bg 4, Wy) — Ext!(Bg, W) —= H(G1,W).

Set

H, ,(GL,Ws) = Ker[H'(GL,Wy) = H' (G, War,o)],

H, (G, W,) = Ker[H (GL,Wy) = H (GL,We,L o)),

where the above maps are induced by the natural maps C*(W,) — [We ro — 0] = [War,s — 0].
Suppose W is o-de Rham, let [X] € H' (G, W,) = Ext'(Bg, W), then X is o-de Rham if and
only if [X] € H, (G, W,): indeed, [X] € H, (G, W,) if and only if the following exact sequence
induced by (33) is split

0—=Wero®ps., Bar = Xe,L,0 ®B. 4 Bar = Be,L,o ®B. , Bar — 0.

Similarly, [X] € H. (G, W,) if and only if the corresponding extension (33) splits, if so, by the
construction of X, from X, 1, as in Lem.3.8, we can easily deduce X, = W, @ (B, ®q, E), so [X]

lies in H}(Gr,W). In summary, the isomorphism j, induces an isomorphism j, : H} (G, W,) =
H, ,(Gr,W) and an injection

Jo Hel,a(GLvWU) — Hel(GL’ w).
Denote by H. (G, W) the image of the above map, and H_ ;(Gr, W) the E-vector subspace of
H!(Gpr,W) generated by H} (G, W) for o € J.

Remark 3.14 (Question). Since there is an equivalence of categories of E-B-pairs and (p,T)-
modules over R, a natural question is how to describe the groups H} (G, W) in terms of (¢,T)-
modules.

o~

Let V be a finite dimensional continuous representation of Gy, over E, we have C*(W(V))
V0] = C*(W(V),) (by the p-adic fundamental exact sequences), thus H (G, W(V),) = H (G, V) =
HY(GL,W(V)). Consider the cup product
(34) Us : HY(GL, Wy) x HY(G, WY (1)s) — H*(Gr,Bg(1),) = H*(GL, Xeye) = E,
by the same argument as in [24, Rem.2.9], one can show (34) is a perfect pairing and compatible
with U (cf. (31)) via j,. By the same method as in Prop.2.2, one can prove
Proposition 3.15. Suppose W is o-de Rham, then the perfect pairing U, (34) induces a bijection

H} (G, W,) = H} (G, WY(1),)".
Corollary 3.16. Suppose W is o-de Rham, then the perfect pairing (31) induces a bijection
H;,U(GL’ W) — Hel,a<GL7 WV(1)>L;

more generally, let J C X, J # 0, and assume W is J-de Rham, then the perfect pairing (31)
induces a bijection
H (G W) 5 1Y (G WY (1)
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In particular, we have H) ;(Gr,W) = H (G, W) if H} ,(GL,W"(1)) =0 for any o € J.

Proof. The first part follows from Prop.3.15, since the parings U, and U are compatible (see
the discussion before Prop.3.15). The second part follows from the first part and the fact that
H;J(G[” W) = ﬁge]]:Igl,g(GL7 W) and H@IVJ(GLa WV(].)) = ZUGJ H;G(G[” WV(].)) O

This corollary combined with Prop.3.12 shows:

Corollary 3.17. Assume that W is de Rham, then we have Hel,ZL(GL,W) = HNGL,W), i.e. the
natural map

(35) DPoesy, Hl (GL7W) — Hel(GL7W)7 (aa)UEZL = Z %

e,o
cEeX

s surjective.

By the same argument as in [5, Lem.3.8.1], one has (see also [24, Lem.2.6])

Lemma 3.18. Suppose W is o-de Rham, then H*(Gp, WJRJ) — HYG L, War,») is injective.

Consequently, we have Im(6) = H}(Gr,W) and Im(é,) = H} ,(GL,Ws) (cf. (30), (32)). One
has thus

Lemma 3.19. Suppose W is o-de Rham, then H} ,(GL, W) = Dar(W ),/ (Ddg(W)e + De,.(W)s).

Suppose the injection HO(G, W) — H°(G L, W.,) is bijective, thus H*(G, W,) — H*(GL,We L)
is also bijective: it’s straightforward to see the composition

~

(We NWiR)“* = Weno N Wi o) = Den(W)g — D, (W)o
equals to the composition (W, N W)t — D.(W) = D}, (W), from which the claim fol-
lows. In this case, we have H}(Gr,W) = Dar(W)/DJ (W) and H} (G, W) = H} (GL, W) =
DdR(W),,/D;fR(W),,. By comparing the dimension, we see, in this case, the map (35) is bijective

(in particular injective). Consequently, in this case, for J C X, J # (), the following map is also
injective and hence bijective (the surjectivity follows from definition):

GocsH. (G, Wo) — H} ;(GL,W).
By Cor.3.16 and the above discussion, one obtains
Corollary 3.20. Suppose W is J-de Rham and H°(Gp, W) < H°(Gp,W,) is bijective, then

(36) dimg H, ;(G, WY (1)) = dimg H' (G, WY(1)) — Z dimpg (Dar(W)s /D (W),).
oeJ

3.3. Trianguline representations.

Definition 3.21 (cf.[11], [24]). (1) An E-B-pair W is called triangulable if it’s an successive ex-
tension of rank 1 E-B-pairs, i.e. W admits an increasing filtration of E-B-sub-pairs

(37) 0=WoCWI S CW, o CW, =W

such that W; /W,;_1 is an E-B-pair of rank 1 for 1 < i <r. The filtration (37) is called a triangulation
of W.

(2) A finite dimensional continuous G r,-representation V over E is called trianguline if the asso-
ciated E-B-pair W (V') is triangulable.
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Let x be a continuous character of L* over E, as in [24, §1.4], we can associate to x an E-B-pair
Bg(x) of rank 1 (where we refer to loc. cit. for details). Conversely, given an E-B-pair of rank 1,
by [24, Thm.1.45], there exists a continuous character x of L* over E such that W = Bg(x). A
continuous character x : L* — E* induces an E-linear map

d
dy: L&g, E— B, arr ox(exp(at))]i=o-

So there exist wt(x), € E for all 0 € Xy such that dy((as)oex,) = Y ez, Go Wt(X)s for any
(a0)oex, € L®q, E = [],exn, £ We call (Wt(X)o)oes, the weights of x. In fact, (= wt(X)o)oes,
equal to the generalized Hodge-Tate weights of the E-B-pair Bg(x) (cf. [24, Def. 1.47)).

Lemma 3.22. Let x be a continuous character of L™ over E, for o € X1, Br(x) is o-de Rham if
and only if wt(x)s € Z.

Proof. The “only if” part is clear. Suppose now wt(x), € Z, by multiplying x by o~ “*(X)s and
then an unramified character of L™, one can assume that y corresponds to a Galois character
x : G = E* and wt(x), = 0. In this case, by Sen’s theory, one has C, , ®g x = C, » (since x is
of Hodge-Tate weight 0 at o). Consider the exact sequence

0= (tBig , ®6 X)“* = (Big, @6 )" = (Cpe @5 X)“* = H'(GL,tBig , @ X);

it’s sufﬁcient to prove H'(Gy, tBiR’J ®@g X) = 0. For i € Z~, we claim H' (G, t“‘lB;rRJ ®F X) =
HY (G, tlBiR - ®g x) is an isomorphism: indeed, one has an exact sequence

(Cpoli) @p ) = H (G, t""' Bl , ®p X) = H(GL,t'Bi , ®5 x) = H'(GL,Cp 0 (i) @5 x),

since Cp, , ®g x = Cp, o, the first and fourth terms vanish. We get an isomorphism HY(Gyp, th'fRJ RE
x) — HY(Gy, t"B;{R"7 ®p x) for n > 0, from which we deduce H*(Gp, tB:{R,U ®gx) = 0. O

Definition 3.23 (cf. [22, Def.4.3.1]). Let W be a triangulable E-B-pair of rank r with a triangulation
given as in (37), let x; : L* — E* such that W;/W;_1 = Bg(x:), for 0 € ¥, suppose wt(x;)o € Z
forall1 < i <r, W is called non o-critical if (note the generalized Hodge-Tate weight of Bg(x;) at
o is —wt(xi)o)

wt(X1)o > Wt(X2)o > -+ > Wi(X7)o;
for 0 # J C Xp, suppose wi(x;)o € Z for 1 <i <r, o € J, then W s called non J-critical if W is
non o-critical for all o € J.

Proposition 3.24. Keep the notation in Def.5.23, let ) # J C X1, suppose W is mnon J-critical,
then W is J-de Rham.

Proof. 1t’s sufficient to prove if W is non-o-critical, then W is o-de Rham for ¢ € J. We use
induction on 0 < i < r, suppose W; is o-de Rham, we show W, is also o-de Rham. Note [W;1] €
Ext' (Wi, Be(xi+1)), let W/ := W; ® Be(xi}4), Wi = Wiy1 ® Be(x;34), by Lem.3.22, Wy is
o-de Rham if and only if W/, is o-de Rham. And one has [W/, ] € H' (G, W/). It’s sufficient
to prove H* (G, W/) = H} ,(G,W/), and thus sufficient to prove HZ (G, (W/)¥(1)) = 0. Since
wt(xj)oe > Wt(xit1)o for 1 < j < i, we see the generalized Hodge-Tate weights of W/ at o are
negative integers. Thus the generalized Hodge-Tate weights of (W/)¥ (1) at o are positive integers,
so one has Dar (W) (1)), = Dz ((W/)¥(1))_. By Lem.3.19, H} ,(Gr,(W])¥(1)) = 0, which
concludes the proof. O

4. SOME APPLICATIONS

We give some applications of the above results in p-adic arithmetic.
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4.1. Overconvergent Hilbert modular forms. Let F' be a totally real number field of degree
dr, L the set of embeddings of F'in Q, w € Z, and k, € Z>2, ke =w (mod 2) for all 0 € ¥p. Let
¢ be a fractional ideal of F'. Let h be an overconvergent Hilbert eigenform of weights (k, w) (where
we adopt Carayol’s convention of weights as in [10])), of tame level N (N > 4, p{ N), of polarization
¢, with Hecke eigenvalues in E (see [1, Def.1.1]). For a place p of F' above p, let a,, denote the
U,-eigenvalue of h, and suppose a, # 0 for all p|p. Denote by p, : Gal(F/F) — GLy(E) the
associated (semi-simple) Galois representation (enlarge E if necessary) (e.g. see [1, Thm.5.1]). For
©|p, denote by ps (, the restriction of py, to the decomposition group at g, which is thus a continuous
representation of G, over E, where F|, denotes the completion of F" at p. Let vy, : Qp » QU{+o0}
be an additive valuation normalized by v, (F},) = ZU {+oco}. Denote by Xf, the set of embeddings
of Fy, in @. This section is devoted to prove

Theorem 4.1. With the above notation, and let O # J C EFKJ,
(1) If vy(ay) < infyey{ks — 1} + ZUEE% w=bet2 then p,, is J-de Rham.

(2) If vg(ay) <>, cg(bs —1) + ZJGE% w—het2 then there exists o € S such that pp., is o-de
Rham.

Remark 4.2. This theorem gives evidence to Breuil’s conjectures in [7] (but in terms of Galois
representations) (see in particular [7, Prop.4.3]). When J = Xp,_ (and F,, unramified), the part (1)
follows directly from the known classicality result in [30].

Proposition 4.3. For g|p, pp, is trianguline with a triangulation given by
0 — Bg(61) = W{pn,o) = Br(d2) =0,
with

 w—kg+2 _
51 = uan(aK’) HUEE(, o el HUGZh Ul kg’
_witkeg _
02 = unrg(gpbp/ap) [Toes, 07 2 Iloes, 07"

where unr,,(z) denotes the unramified character of FJ sending uniformizers to z, qg, = ple with fo
the degree of the maximal unramified extension inside F, (thus vy(qe) = dy,, the degree of F, over
Qp), and y, is a certain subset of .

Proof. Consider the eigenvariety £ constructed in [1, Thm.5.1], one can associate to h a closed
point zp, in €. For classical Hilbert eigenforms, the result is known by Saito’s results in [26] and
Nakamura’s results on triangulations of 2-dimensional potentially semi-stable Galois representations
(cf. [24, §4]). Since the classical points are Zariski-dense in € and accumulate over the point z,
(here we use the classicality results, e.g. see [4]), the proposition follows from the global triangulation
theory [20, Thm.6.3.13] [22, Thm.4.4.2]. O

Since W (p,,) is étale (purely of slope zero), by Kedlaya’s slope filtration theroy ([19, Thm.1.7.1]),
one has (see also [24, Lem.3.1])

Lemma 4.4. Let w,, be a uniformizer of F,, then vy,(d1(w,)) > 0.

Proof of Thm.4.1. By the above lemma, one has vy(ag) > 3 ey, (ko —1) + 2, w—kot2 Thus
for ) #J C Xp,, if vy(ay) < infoes{ks —1} + Zaez% % (resp. vp(ag) <D peglho —1) +
Zaez% %), then JNX, =0 (resp. J ¢ Zh) and thus py,, is non-J-critical (resp. there
exists o € J such that pj, , is non—a-critical) (Note ¥p, \ Xy, is exactly the set of embeddings where
Ph.o 1s non-critical). The theorem then follows from Prop.3.24. |
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4.2. Locally Qp,-analytic representations of GLy(L) in the trianguline case. As another
application, we associate a (semi-simple) locally Qp-analytic representation II(V) of GLy(L) to a
2-dimensional trianguline representation V' of G, and we expect it to be the socle of the “right”
representation associated to V' in the p-adic Langlands program (cf. Conj.4.9).

Firstly recall some notions on locally Q,-analytic representations of GL2(L). We denote by g the
Lie algebra of GLa(L), and g, := g ®1,, F for 0 € ¥,. We have a natural decomposition

g®q, E = H 9o

oeXy
For J C ¥, we put g5 := [[,c; 8o (and gp := {0}).

Let V be a locally Q,-analytic representation of GLa(L) over E, which is thus equipped with a
natural E-linear action of g (hence of g ®g, E) given by

d
£ = S exp(t) () mo.

For J C X1, a vector v € V is called locally J-analytic if the action of gx, on v factors through gs
(cf. [28, Def.2.4)); v is called quasi-J-classical if there exist a finite dimensional representation U of
gy and a gj-invariant map

(38) Ut v

(with n € Zs¢) whose image contains v, if the gj-representation U can moreover give rise to an
algebraic representation of GLa(L), then we say that v is J-classical. In particular, v is Xy, \ J-
classical if v is locally J-analytic.

Let x : L* — E* be a continuous character such that

wt(x)s #0, forall o € &,
X # HaezL ake, for all (ky)yex, € zldl,

Put S(x) == {0 € T | wt(x)se € Z}, N(x) := {0 € S(x) | wt(x)s > 0}. Consider II(x) :=

(In dGI(“sz) 1® (xunr(q) [Tyes, 0’1))Qp7an where B(L) denotes the Borel subgroup of upper trian-
gular matrices, and we refer to [28, §2.3] for locally Q,-analytic (and locally J-analytic) parabolic

inductions. We begin by an observation (which follows directly from results in [28, §2]):

(39)

Lemma 4.5. One has

ﬂ-(X’N(X)) 1= SOCGL,(L) H(X) AN ® (Symwt(x)o—l E2)g
ocEN(x)

SL\N(x)—an
o (10 comto T+ [ o))"
ocEXL ocEN(x)

where the action of GLa(L) on (Sym" E?)?, for n, € Z>o, is induced by the standard action of
GLy(E) on Sym™ ~* E? wia the embedding o : GLa(L) < GLg(E). In particular, T1(x) has non-zero
N (x)-classical vectors.

For N(x) C J C S(x), we put

T06J) = (I dg(LfgL) (Xunr H -1 Ho’l Wt(x)o))EL\J*an7
oEX] ocJ
m00d) = @ (Sym W B e (T oM odet ) @ T(x 7).
e’ cEI\N(X)
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The locally analytic representations I(x,J), w(x, J) are J-classical, and (topologically) irreducible
if J# 3 or x[[yex, oo £ unr(gtt) for all (k,)ges, € Z4.

Now let W be a trianguline E-B-pair with a triangulation given by
(40) 0—=W(x1) =W — W(x2) =0,

suppose X := x1X; - satisfies the hypothesis in (39). Denote by C(W) the set of embeddings o such
that W @ Br(x; ') is o-de Rham. By Prop.3.24, N(x) C C(W).

Assume firstly that W has a unique triangulation as in (40). If C(W) # X1 or x[[,cx, 0™ #
unr(g~1) for all (ky)sex, € Z%, set

(41) (W) = (xz  det) @5 ( @ncgcoccm) 706 7))
if C(W) =% and x = unr(¢™") [T,ex, o™t 0e  we put
(42) (W) := (x2 o det) @5 (7(x B0)/F () & (@npocses, 706D) )

where F(x) = Q,ex, (Sylrnl"Vt(X)”‘_1 E?)? is the unique non-zero finite dimensional subrepresen-
tation of 7(x, X1 ) in this case.

Assume now that W has a triangulation other than (40) (this is the case potentially cristallin up
to twists of characters, cf. [24]):

(43) 0— W(xs) =W — W(xa) — 0.
By [24, Thm.3.7], one has C(W) = S(x) = X, and there exists S C N(x) such that
(44) xs=xz2 [[ o™ ™7 xa=x1 [ o~ ™0

oS o€es

Let x' := x3x5 5, thus S(x') = S(x) = 21 |wt(X)e| = |Wwt(x)o| for all ¢ € £, and N(y') =
SU (XL \ N(x)). Put x5 := x*[lyex, ot e for x € {/,0}. Thus xj = xg - If xo # unr(¢*'), by
the intertwining relation of smooth parabolic inductions of GLo(L) (and (44)), one can easily deduce
(x2 o det) @ m(x,X1) = (x4 o det) @p w(x', L) =: m(W); if xo = unr(¢~*) (resp. xo = unr(q)),
then x; = unr(q) (resp. Xo = unr(q_l)), one has (W) := (x2 o det) ®p (T((X, ZL)/F(X)) =
(x4 0 det) @ socgr, ) m(X', BL) (resp. (W) = (x2 o det) ®g socgr, (1) T(X, X1) = (x4 0 det) ®p
(m(X',SL)/F(x))). In this case, put

(45)
(W) := n(W)@ ((x20det) @5 (Sn(cics, (X, 1)) & ((xaodet) O (Bn () cocs, (X5 T)))-

Remark 4.6. (1) The representation II(W) is semi-simple, indeed, in this note we only consider
the socle of the “right” representation associated to W in p-adic Langlands (cf. Conj.4.9 below).
By definition and [24, Th.1.18 (3)], we see that II(W) is no other than socgr,r) II(D), with TI(D)
defined by Breuil in [8], when W is crystalline and D := Deyis(W) = (Bers @B, We)C® (which is
hence a filtered o-module over L ®q, E as in [8, §3]).

(2) By the very construction of I(W), we see that if W is J-de Rham up to twist of characters,
then II(W') has non-zero quasi-J-classical vectors. Note also that our definition of II(W) highly
relies on Prop.3.24, since if we don’t know N(x) C C(W) a priori, this construction does not make
any sense (see (41)).

As in [8, Cor.5.2], one can prove
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Proposition 4.7. Keep the above notation, if I(W) has a GLy(L)-invariant Og-lattice (in other
words, II(W) is contained in a unitary Banach representation of GLg (L)), then the E-B-pair W is
étale, i.e. there exists a 2-dimensional continuous G, -representation V over E such that W =2 W (V).

Proof. We use the notation of [24, §3].

If TI(W) is contained in a unitary Banach representation of GLo(L), by [8, Prop.5.1] applied to
(x2 © det) @p m(x, N(x)), we have

v(x1(@)) + v(xa(@r)) = 0, v(xi(wr)) =0,
and hence (x1,x2) € ST (cf. [24, §3.1]).

If W has a unique triangulation as in (40), by [24, Thm.3.7 (1)] (although this theorem is in
terms of trianguline representations, we can get similar results for rank 2 triangulable E-B-pairs by
the same argument), we have [W] ¢ S’(x1, x2). Then by [24, Thm.3.4], we see W is étale.

In the case where W have two different triangulations given by (40) and (43), by the same
argument as in the proof of [24, Thm.3.7], we see

[W] € S/(XDXQ) = PE( 69o‘EN(X) Eea)~

There exist hence a, € E for all 0 € N(x) such that [W] = [ZaeN(x) aves] € PE( @pen(y) Feo).
Moreover, a, # 0if and only if o € S (cf. (44)). By [8, Prop.5.1] applied to (x4odet)@pm(x’, N(X')),
we have v(xs(wr)) > 0, and hence (by (44))

o)) + 3 wt(x)s > 0.
oges

So [W] € 8" (x1, x2) (cf. [24, §3.1]) and W is étale by [24, Thm.3.4]. 0

Remark 4.8. The proposition in the case where W is cristallin (so W have two different triangula-
tions) can also be deduced directly from [8, Cor.5.2] (see Rem.4.6 (1)), since in this case, W is étale
if and only if the associated filtered p-module D.,is(W) is weakly admissible (cf. [2, Thm.B| and [24,
Thm.1.18 (3)]).

4.2.1. Some local-global consideration. Let F' be a totally real field of degree d € Z>, over Q, assume
that p is inert in F' and the completion F}, of F' at p is isomorphic to L. Let B be a quaternion
algebra of center F', denote by S(B) the set of places of F' where B is ramified. We assume
|IS(B) NEoo| = d—1 and p ¢ S(B). In this case, we can associate to B a projective system of
algebraic curves {S(K)}xc(Bgrazx)x over I, indexed by compact open subgroups of (B @p AF)*

(where AR := H' F, denotes the ring of finite adeles of F'). Let K? be a compact open subgroup

vtoo

of (B®@p AR?)* (where AR = Hv{m’p F,), following Emerton ([14, §2]), we put

HY(K?) = (limlim B (S(KPK,) x ¢ @, O /p"Op) ) €0, E
n K,

where K, ranges over all compact open subgroups of (B ®p F},)* = GL2(L). By loc. cit., HY(KP)
is a Banach space over E equipped with a continuous unitary action of GLy(L) x Gal(Q/F).

Let p be a 2-dimensional continuous Gal(Q/F)-representation over E, we put
II(p) := Homg, g, r) (p, H'(KP)).
Conjecture 4.9 (See [8, Cor.8.1] for the crystalline case). Suppose ﬁ(p) # 0 and pp := p|Ga1(@/Fp)
is trianguline, then there exist r € Z~q and an isomorphism of GLa(L)-representations

(W (pp))®" — socar,(r,) H(p)g,—an;
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where ﬁ(p)(@p,an denotes the locally Q,-analytic vectors of ﬁ(p) (for the action of GLy(L)).

Remark 4.10. (1) When p is modular (i.e. p appears in the classical étale cohomology of quater-
nion Shimura curves, thus C(W(pp,)) = X1 ), then by local-global compatibility in local Langlands

correspondence for ¢ = p, m(W(pp)) is a subrepresentation of (p) (cf. (45)).

(2) This conjecture implies that if p, is J-de Rham, then II(p) has non-zero J-classical vectors.

In particular, if pp is de Rham, then ﬁ(p) would have non-zero classical vectors, which is more or
less an equivalent formulation, in terms of locally analytic representations, of the Fontaine-Mazur
conjecture for finite slope overconvergent Hilbert modular forms.

(3) As in[12, Prop.6.2.40] [13, Prop.4.14], one can actually show if TI(W (p)) is a subrepresentation
of II(p), then py, is C(W(p,))-de Rham.

(4) This conjecture also implies that if ﬁ(p) # 0 and p, trianguline, then JB(ﬁ(p)Qp,an) #0
where Jp(-) denotes the Jacquet-Emerton functor [15].

(5) If we suppose JB(ﬁ(p)) # 0, one can then associate to p certain points in the eigenvariety
(constructed by Emerton’s theory). Moreover, as in [12, §6.2.2], by companion points theory and
adgunction formula for Jacquet-Emerton functor (cf. [16]), one can actually prove there exists certain
non-zero subrepresentation II'(W (p,)) C II(W (pp)), such that II'(W(p,)) — f[(p)

(6) In [9], Breuil explains to the author his beautiful idea on how to see a larger locally analytic
representation, say I(W (p,,)), inside I(p), with SOCGL, (L) (W (p,)) = TI(W (p,,)). Roughly speak-
ing, Breuil associates to each irreducible constituent of II(W (p,)) a “hypercube” (which is kind of
similar as that in [8, §4], but involves some extensions in “opposite” direction). This representation
still carries the same information on p, as I(W (p,,)). We would not include it in the note, since
this requires much more locally analytic representation theory.
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