COMPANION POINTS AND LOCALLY ANALYTIC SOCLE FOR GLy(L)
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1. INTRODUCTION

In this paper, we prove (under mild technical hypotheses) Breuil’s locally analytic socle con-
jecture for GLa(L) where L is a finite extension of Q.

Breuil’s locally analytic socle conjecture for GLa(L). Let Lo be the maximal unramified
extension over Qp, in L, d := [L : Q,], do := [Lo : Q,], E be a finite extension of Q, big enough
to contain all the Q,-embeddings of L in Q,, and X, := Home(L,@p) = Homg, (L, E).

Let pr be a two dimensional crystalline representation of Galy, over E with distinct Hodge-
Tate weights (—k1,6, —k2,0)sex;, (k1,0 > k2,5) (Where we use the convention that the Hodge-Tate
weight of the cyclotomic character is —1), let «, @ be the eigenvalues of crystalline Frobenius ¢
on Deis(pr), and suppose aa~! # 1,p™%. Put § := unr(a) [loes, okLe @ unr(a) [loes, ok2e
(as a character of T(L) = L* x L*, the subgroup of GLa(L) of diagonal matrices), and for
J C g, put 65 = 6([[yey o™ e @ [1,e; Ukl"’fkjvi) where unr(z) denotes the unramified
character of L™ sending uniformizers to z; we define 6, S the same way as ¢, S by exchanging
a and a. Recall py, is trianguline, and there exists ¥ C X, (resp. D C ¥1) such that o5 is a
trianguline parameter of pr, also called a refinement of pr. The refinement 05, (resp. g%) is

called non-critical if ¥ = () (resp. s = (). Note the information of ¥ and S is lost when passing
to the Weil-Deligne representation associated to pr, thus is invisible in classical local Langlands
correspondence. In fact, in terms of filtered p-modules, we have

» = {a eXr | Fil’ Dar(pr)o is an eigenspace of gpdo of eigenvalue o, — k1, <@ < —kzﬂ},
Y = {a € X1 | Fil’ Dgr(pr)s is an eigenspace of o of eigenvalue &, — k1o <i< —kgp},
where Dyr(pr) = Dcms(,oL) ®rLy L = Qpex, Dar(pr)eex, is naturally equipped with an E-linear
action of % and Fil' Dggr(pr)s is the one dimensional non-trivial Hodge filtration of Dar(pr)o
for —k‘l’g <1< —k27g.

For a continuous very regular character x (cf. (3)) of T'(L) over E, put

._ GL2(L)
I(x) = soc(IndE(L) X)

Qp—an
Y

which is an irreducible locally Qp-analytic representation of GLa(L) over E. Note if the weight
of x is dominant, then I() is locally algebraic. Put x* := y(unr(p~%) @ [loex, o)

Suppose pr, is the restriction of certain global modular Galois representation p (i.e. p is
associated to classical automorphic representations; in this paper, we would consider the case
of automorphic representations of definite unitary groups). Using global method, we can attach
to p an admissible unitary Banach representation II(p) of GLy(L) (e.g. in the case we consider)
such that I(8%65") = I(gﬁégl) < TI(p) where 65 = unr(p~%)@unr(p?) is the modulus character
of the Borel subgroup B (of upper triangular matrices). The representation ﬁ(p) is expected to
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be right representation of GLa(L) corresponding to pr, in the p-adic Langlands program (see [8]
for a survey). Let II(p)™ be the locally Qp-analytic subrepresentation of II(p), which is dense
in TI(p). We have the following Breuil’s conjecture (cf. [9, Conj.8.1] and [11]) concerning the
socle of TI(p)a.

Conjecture 1.1 (Breuil). For x : T(L) — E*, I(x) < II(p)™ if and only if x = (69)865" for
J C % or (65)465" for JC 3.

The “only if” part would be (in many cases) a consequence of global triangulation theory,
while the “if” part is more difficult. In modular curve case (thus L = Q)), this was proved in
[12] using p-adic comparison theorems and the theory of overconvergent modular forms. In [5],
Bergdall reproved the result of Breuil-Emerton by studying the geometry of Coleman-Mazur
eigencurve at classical points. In [21], some partial results (especially for |J| = 1) were obtained
in unitary Shimura curves case, by showing the existence of overconvergent companion forms
over unitary Shimura curves following the strategy of Breuil-Emerton. In this paper, under
the so-called Taylor-Wiles hypotheses (see below), we prove this conjecture in definite unitary
groups case, by studying the geometry of (certain stratifications of) the patched eigenvariety of
Breuil-Hellmann-Schraen ([15]) at possibly-non-classial points.

Main results. Let F'" be a totally real field, and suppose for simplicity in the introduction
that there’s only one place u of F'* above p. Let F' be a quadratic imaginary extension of F'*
such that u is split in F.. We fix a place & of F' above F'*. To be consistent with the notation
in the precedent section, we let L be F; = F. Let G be a two variables definite unitary group
associated to F/F* with G(F,}) = GLy(F,) = GL2(L). We fix a compact open subgroup
UP = [1yjp00 U of G(ALL") with U, a compact open subgroup of G(F,). Put

S(UP,E) = {f : G(FY)\G(A%,)/UP = E | f is continuous}

which is an E-Banach space equipped with a continuous unitary action of GLy(L) and of some
commutative Hecke algebra HP over Of outside p (where HP would be big enough to determine
Galois representations).

Let p be a two dimensional continuous representation of Galg over E associated to classical
automorphic representations of GG. Suppose that we can associate to p a maximal ideal m, of
HP ®0, E. We also put the following assumptions (which are often referred to as the Taylor-
Wiles hypotheses)

- p> 27

— F is unramified over F* and G is quasi-split at all finite places of F'*,

— U, is hyperspecial when the finite place v of F'* is inert in F,

= Plcalp .,y 1s adequate ([36]), where p denotes (the semi-simplification of) the reduction of p

over kg (the residue field of E)
Let S(UP, E) [m,] denote the maximal subspace of S(U?, E) killed by m,. The main result is:

Theorem 1.2. Conj.1.1 is true for I(p) := §(UP,E)[mp].

By Emerton’s method ([24]), one can construct an eigenvariety £(UP) from S(UP, E). The
closed points of £(U?) can be parameterized by (p',0") where p' is a semi-simple continuous
representation of Galg over E to which one can associate a maximal ideal m, of H”, and where
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8" is a continuous character of T'(L) over E. Moreover, (p/,8') € £(UP)(E) if and only if the
corresponding eigenspace

Jp(S(UP, E)*)[m,, T(L) = 6'] # 0,

where Jp(-) denotes the Jacquet-Emerton functor for locally analytic representations. By the
very construction and adjunction property of Jg(+), one can deduce from Theorem 1.2:

Corollary 1.3. Let x be a continuous character of T(L) in E*, then (p, x) € E(UP)(E) if and
only if x = ((53)ti for JC X or x = (53)ti for J C 3.

In fact, we also get a similar result in trianguline case (cf. Corollary 4.8). The points (p, (69)%)
for J C X (resp. (,0, (53)ﬂ) for J C Z) are called companion points of the classical point (p, 5ﬁ)

(resp. of (p, gﬁ)) We refer to § 4.1 for more discussion on the relation between Breuil’s locally
analytic socle conjecture and the existence of companion points.

Strategy of the proof. Suppose Taylor-Wiles hypotheses, by [17], using Taylor-Wiles-Kisin
patching method, one obtains an R..-admissible unitary Banach representation I, of GLa(L),
where R is the usual patched deformation ring of p. A point is that one can recover S (UP,E)5
(the localisation at p) from I1,. In particular, to prove Conj.1.1, it is sufficient to prove a similar
result for Ilo[m,] (where we also use m, to denote the maximal ideal of R[1/p] corresponding

to p).
The patched eigenvariety X, (p) (cf. [15]) is a rigid space over E with points parameterized

by (my,d") where m, is a maximal ideal of R [1/p], and ¢’ is a character of T(L) such that
(my,0") € Xp(p) if and only if the eigenspace

Jp(IE=™"") [my, T(L) = &'] # 0,

where “R., —an” denotes the locally R..-analytic vectors defined in [15, § 3.1]. For J C X1, let
Ay = (k1,0 k2,0 + 1)oes, L(A;) be the irreducible algebraic representation of Resy, /g, GL2 with
highest weight \;, and L(A;)" be the algebraic dual of L()\;). In particular, L(\;) and L(A;)’
are locally J-analytic representations of GLo(L). Put

Hfooo_an(AJ) — (HOROoo—an RF L(A]),)EL\J_an ®L(AJ)>

which is a closed subrepresentation of I1f==2%  From ITfec—27();), we can construct a rigid
closed subspace X,(p,A;) of X,(p) such that (y,d") € X,(p,A;) if and only if the eigenspace

Jp(IE=""(A ) [my, T(L) = §'] # 0.

Denote by 77, the rigid space over E parameterizing continuous characters of T'(L), and put
Tr.(A;) to be the closed subspace of characters x with wt(x)s = (k1,6, k2,0 + 1) for o € J (e.g.
see [22, § 2] for the weights of characters). By construction, we have the following commutative
diagram (which is not Cartesian in general)

Xp(PsAg) —— Xp(P)

| !
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where the vertical maps send (y,d’) to &'. For J' C J, IZ==3"()\,) is a subrepresentation of
[fe==an() ), and hence X,(p,\,) is a rigid closed subspace of X,(p,A;) and the following

diagram commutes
Xp(ﬁv AJ) — Xp(ﬁa AJ’)

| l

,TL(AJ) ” ’TL(AJ/)
Put X, (p, Ay, J') := Xp(P; Ay ) X1, 0,0 TL(A), thus Xp(p, A ;) is a closed subspace of X, (p, A, J').

Now let J C ¥ (the case for 3 is the same), and suppose there exists an injection 1((69)f05") —
IIfee=an[m,) (which automatically factors through Hfo“*an(AEL\ 7)[m,]); suppose J # X, we
would prove there exists an injection I(((S?U{a})ﬁégl) — MMfe—a[m)] for all 0 € ¥\ J, from
which (the “if” part of) Conj.1.1 follows (as mentioned before, the “only if” part is an easy
consequence of the global triangulation theory) by induction on J (note the (J = 0)-case is
known a priori by classical local Langlands correspondence). For S C 3, we have in fact

— I((89)*05") < IE==2[m, ] if and only 2§ = (m,, (6§)%) € X,(p, As,\s)-

So by assumption, we have a point 25 € X, (p, Ay, 2\ 7), and it is sufficient to find the point 29 (o}
inside Xp(ﬁ, AEL\(JU{U})) force X \ J:

Theorem 1.4. Keep the above notation.
(1) The rigid space Xp(p, Ax;;\y) is smooth at the point x.

(2) The following statements are equivalent:

(a) o€ X\ J;

(b) the natural projection of complete noetherian local E-algebras

OX,(pAs, 1S \U{e)es — Ox, (s, | )

induced by the closed embedding X,(p, As;,\ ) = Xp(P, Asy,\ g 2L\ (JU{c})) is not an
isomorphism;

(¢) 25510y € Xp(P: An )\ (1Ugo))-

The smoothness of X,(p, Ay, \ ;) follows from the same arguments of [14] (see also [4]). A
key point is obtaining (a bound for) the dimension of the tangent space of Xj,(p, Ay, \ ;) at 25
via Galois cohomology calculation (in our case, it would in particular involve some partially de
Rham Galois cohomology considered in [22]).

For (2) (from which Theorem 1.2 follows), the direction (c) = (a) follows easily from global
triangulation theory; (b) = (c¢) follows from some locally analytic representation theory (e.g.
Breuil’s adjunction formula) and some commutative algebra arguments (cf. Theorem 4.4). The
equivalence between (a) and (b) is rather a consequence of infinitesimal “R = T” results, which
we explain in more details for the rest of the introduction.

Denote by R, the “prime-to-p” part of R (Where Ry = R&@oERpD ) By [15, Thm. 1.1],
p
we have a natural embedding

(1) Xp(p) — (Spf RE)™ x Xi3(7,)
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which induces moreover an isomorphism between X, (p) and a union if irreducible components
(equlpped with the reduced closed rigid subspace structure) of (Spf R5)"8 x X (p ), where
p p’GalL and X

t(p,) is the trianguline variety (cf. [27], [15, § 2]) whose closed points can
be parameterlzed as (pp, ") where pp is a framed deformation of p, over E, ¢’ is a continuous
character of T(L). Using partially de Rham data, one can get a stratification of XJ.(p): for

S" C S C X, one can get a closed rigid subspace th g/_qr(Ps Ag) of XH.(p) satisfying in

tri
particular (p},,¢') € Xi; o_qr (P, Ag) if and only if pl is §'-de Rham and wt(0)o = (k1,0,k2,0)
for o € S (in particular, p), is S’-de Rham and S\ $’-Hodge-Tate). For o € X\ J, we can
prove (cf. Theorem 3.21) that (1) induces a commutative diagram

Xy (P, AzL\J) ——  (Spf R%)"8 x XtDri,zL\J—dR(ﬁa AEL\J)

| | ,

Xp(P, Ap,0 0 20\ (JU{0})) —— (SPERE)™ % X{i o\ (ugoy)—ar (P An,\0)

and moreover the horizontal maps are “local isomorphisms” at 2 (see Theorem 3.21 and Corol-

lary 3.22 for precise statements, note also the vertical maps are closed embeddings). Denote by

25 J the image of x5 in Xm(pp) the equivalence of (a) and (b) thus follows from (cf. Corollary
5, Corollary 3.23):

— o € ¥\ J if and only if the complete local rings of XELZL\J_dR(ﬁ, A ) (whichisa X1\ J-

de Rham family) and X[\ ZL\(JU{U})_dR(ﬁ, As\g) (which is a ¥1,\ (JU{c})-de Rham and

o-Hodge-Tate family) at 29 are different,
which is a pure Galois result and follows by Galois cohomology calculations.

Let’s remark the particular global context that we are working in is not important for the above
arguments. For example, assuming similar patching result for the completed H' of Shimura
curves, one can probably prove Breuil’s locally analytic socle conjecture in that case using the
same arguments. On the other hand, by comparison of eigenvarieties, it might be also possible
to deduce from Corollary 1.3 the existence of overconvergent Hilbert companion forms.

The results indicated above were the contents of a previous version of this paper, which are
contained in the section § 2 - § 4 of the current version. In the recent work of Breuil-Hellmann-
Schraen [13], by developing a deep theory on the local model of the trianguline variety, Breuil’s
locally analytic socle conjecture is now proved in general GL,(L)-case (also under the Taylor-
Wiles hypothesis). We find that the existence of such a local model allows a better understanding
of the closed subspaces (e.g. X,(p,A;)) of the (patched) eigenvariety, that we studied. In (the
new section) § 5, we prove a partial classicality result (Theorem 5.9) and obtain a description
of the locally analytlc socle in trianguline case (i.e. may not be crystalline, see Corollary 5.12),
which were conjectured in the former version of the paper. We refer to the body of the text for
more detailed and more precise statements (with slightly different notations).

Acknowledgement. I would like to thank Christophe Breuil for suggesting to consider the

patched eigenvariety when I noticed the existence of companion points could be deduced from

infinitesimal “R=T" results by the above arguments. I benefit a lot from the study workshop on
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and I would like to thank the organisers and all the participants, and especially thank Liang

Xiao for many inspiring discussions. I also would like to thank Rebecca Bellovin, Christophe
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Breuil, Toby Gee, and Yongquan Hu for remarks on this work or helpful discussions. I thank
the anonymous referee for the careful reading and helpful comments.

2. TRIANGULINE VARIETY REVISITED

2.1. Trianguline variety and some stratifications. Let L be a finite extension of Q,, Of,
the ring of integers of L, wy, a uniformizer of Or, dy, := [L : Q,], Ly the maximal unramified
extension over Q, in L, g1, := |Op/wy| = plLo@l  Gal; the absolute Galois group of L, and ¥,
the set of Qp-embeddings of L in @p. Let E be a finite extension of @, big enough containing

all the embeddings of L in Q,, Of be the ring of integers of F, wg a uniformizer of O,
kg :=Op/wg.

Let 71, := Galy — GLa(kg) be a two dimensional continuous representation of Galy, over kp.
Denote by R?DL the framed universal deformation ring of 7, which is a complete noetherian local

Op-algebra. Put XFDL := (Spf R?L)rig, which is thus a rigid space over E.

Denote by 77, the rigid space over E parameterizing continuous characters of T'(L) (where T
denotes the subgroup of GLg of diagonal matrices), thus

TL(E)={6:T(L) - E*, dis continuous}.

A continuous character § = &; ® & : T(L) — E is called regular if (where unr(z) denotes the
unramified character of L* sending uniformizers to z)

@) {51»5;1 # [yex, o(2)k for all by, = (ko)oes, € 2y i 4 J,
60, #unr(qr) [[,ex, 0(2)™ for ky, € Z35, i # j;
0 is called very reqular if
3) {21;53_11 # [lpes, o(2)* for alli ky, = (ko-)aedzL e ZL%L7
i, #unr(qr) [[,exn, 0(2)% for ky, € Z°F, i # j.
Let wt(d) = (Wt(01)s, Wt(92)5)oen, € E*™ be the weight of 6, wt(9) is called dominant (resp.

strictly dominant) if wt(d1), — wt(d2)s € Z>o (resp. wt(d1)e — Wt(d2), € ZZl) forall o € Xj..
If wt(0) is strictly dominant, then ¢ is regular if and only if 0 is very regular.

Let 7;°® be the subset of 77, (E) of regular characters, which is in fact Zariski-open in 77. Put
Ures .= {(r,6) € X5} (E) x T;°® | r is trianguline of parameter 4 }.

tri
Following [15, Def. 2.4], let X;(7) < X5 x T, be the (reduced) Zariski-closure of Ugi’reg in

tri
XFDL x Tr,. Recall
Theorem 2.1 ([15, Thm. 2.6 (i)]). X:i(FL) is equidimensional of dimension 4 + 3d,.

Let A be an artinian local E-algebra, r4 a free A-module of rank n equipped with a continuous
action of Galy. Using the isomorphism

L ®q, A = Boex, A, a@ b (0(a)b)sey,

we see Dar(74) := (Bar ®q, r4)%3L admits a decomposition Dygr(r4a) — @ees, Dar(ra)s. For
o € Xy, ra is called o-de Rham if Dgr(ra)s is a free A-module of rank n; for J C Xy, r4 is
7



called J-de Rham if r4 is o-de Rham for all o € J. In particular, r4 is de Rham if r4 is Xj-de
Rham.

Let J C Xp, ky = (k1o,k20)0es € 72Vl and suppose ki, # k2, for all o € J. Denote by
Tr(k;) the reduced closed subspace of 77, with

To(ky)(E) = {6 =01 ® 02 € TL(E) | wt(6i)o = ki, Vo € J,i=1,2}.

Actually, 77,(0;) is the rigid space parameterizing locally ¥p \ J-analytic characters of T'(L) (cf.
[21, § 6.1.4]). Let XZ.(p, k) := XZ:(F1) x7;, To(k;). Note that for (r,6) € XZ.(7p, k) (E),

tri tri

the Hodge-Tate weights of r at 0 € J are {—ki 5, —k2,} (e.g. see [15, Prop. 2.9], where we use
the convention that the Hodge-Tate weight of the cyclotomic character is —1).

Let XtDrL 7_ar(TL,|k|) denote the closed subspace of X (7) satisfying that

— for any artinian local E-algebra A and f : Spec A — X_:(71), the morphism f factors
through XEi,deR(?L> |k;s|) if and only if the associated Galg-representation r4 is J-de
Rham of Hodge-Tate weights (—k1 s, —k2,5)sec.r, i-€.

Fil % Dar(ra)e/ Fil %o Dyg(ra)s

is a free A-module of rank 1 for all i = 1,2, o € J.
The existence of XtDri’ J—ar(TL, |k ;|) follows essentially from [3, Thm. 5.2.4] (see also [35]). Ac-
tually, one can modify the proof of [3, Thm. 5.2.4], by replacing “DfR(V)” by “@GGJDj{R(V)U”,
to obtain a closed subspace X[™NN with N € Z-q sufficiently large (resp. a closed sub-
space X; for i = 1,2) of XI:(Fz) such that a morphism f : SpecA — XU.(7L) factors
through X[=N:N] (resp. X;) if and only if the A-module Fil™ Dgr(ra),/Fil¥ Dar(ra)s (resp.
Fil ko Dar(r4)s /Fil_ iotl Dyr(ra)s) is free of rank bigger than 2 (resp. of rank bigger than
1) for o € J. Then it is not difficult to see X iy —ar(TLs [k 5]) = XIENNN X 0 X,

Let
(4) Xiis-ar(Troky) = Xgi y_ar(Tr [y]) ¥ X0.(r )Xm(TLv ky)
Erli,J—dR(FLa kyg|) ¥, TL(ky)-

which is a closed subspace of X_.(71, k) and of XEi,deR(?Lv lk;|). For w = (wy)ees € S|2J‘,
denote by kY = <kw;1(1) ) ,)ocs. We have as closed subpaces of X{;(T1):

(5) Xeg v, k) = | | Xihs—ar(Tr, KY).
weS‘Qil

For J' C J, we have XJ.(Fp, k;) = X5 (Fr, k) X1k, TL(ky). We put

(6) Xthy—ar(Fr.ky) = XtDri,J/—dR(FLvEJ') X7 (k) TL(E ).
In particular, for any finite extension £’ of E, we have
XtDri,J’—dR(?DEJ)(E/)

={(r,61 ® &) € Xi3(FL)(E") | Yo € J, wt(6;)s = ki, and 7 is J'-de Rham}.
8



We have the following commutative diagram of rigid spaces over E (compare with (22) below)

(7)

XtDri,deR(FIMEJ) _— XtDri,J’—dR(FLMEJ) — XtDri,J’—dR(FL’EJ’) e XEi(FL’EJ') I XEi(FL)

l l I I l

Te(k;) — Te(k,) — Te(ky) — Tulky) —— T
where the horizontal maps are all closed embeddings, and the second and fourth square are
cartesian. For a closed subspace X of X (), put X (k;) :== X X X0 (71) XE(rr,ky) 2 X x7p

tri

77:(&1), XJ’de(EJ) =X XXL:’ri(FL) Xtri,J/—dR(FL’EJ)'

2.2. Tangent spaces. For a rigid space X over F, x a closed point in X, denote by k(x)
the residue field at x, and T’x, the tangent space of X at z, with can be identified with the
k(z)-vector space of morphisms Speck(z)[e]/€> — X with the induced map Speck(z) — X
corresponding to x.

Let # = (r,d = 61 ® 02) be a closed point in X (). Suppose that § is locally algebraic, i.e.
wt () € Z%4L. Let
(8) YH(8) :i={oceXy | wt(d

Suppose that § is very regular and Wt( 1
and [15, Prop. 2.9], there exist X(x) C
triangulation of parameter

> wt(d2)e}, B7(0) := 2 \ BF(9).
7é t(d2)s for all o € ¥r. By [29, Thm. 6.3.13]
(), ne € Zso, N2 € Z such that r admits a

)o
)o

(5’:51@5&:5 H (O’nl’0®0'n2’a).
oeX(x)

By [15, Prop. 2.9], n1,» = wt(02)o—Wt(01)0, N2,0 = —N1,0. 1t is easy to see X(z) = BT (6)\XT(8).
Let

C(r):={o € ¥ | r is 0-de Rham}.
By [22, Prop. A.3], we have

»H () C C(r).
Suppose that r is ¥(z)-de Rham.
Let J C X%(8), k; = (k1.0,k2.0)0es With ki s = wt(d;)s. Suppose J C C(r), i.e. r is

J-de Rham. Thus, z is a closed point of thJ R k) — XL (Fr,ky) — Xi(Fr). Let

X be a union of irreducible components' of an open subset of XL.(71) such that X satisfies
the accumulation property at x (cf. [15, Def. 2.11]). The following theorem is due to Breuil-
Hellmann-Schraen (cf. [14, § 4]).

Theorem 2.2. Keep the above situation, then
(1) dlmk(x) TX,x =4+ 3dy,;
(2) dimpg(z) T (k) = 4+ 3dr — 2|7 N (2L \ X(z))| — [T N E(z)|;

Which together with Theorem 2.1 implies:
Corollary 2.3. The rigid space X is smooth at the point x.

1. By [13, Cor. 3.7.10], we know now X3;(7r) is irreducible at .
9



We will give the proof of Theorem 2.2 for the convenience of the reader and the author.
Indeed, from this proof together with some results in [22], we can also obtain

Theorem 2.4. Let J' C J, then

(1) dimye) Tx;_ap(k,)e = 4+ 3dr — 2[J];

(2) ity Tx, iy = 4+ 345 — 2170 = 21T\ 7)1 (51 \ @) - (1) 7) 1 5(@)]
Corollary 2.5. If (J\J")NX(z) # 0, then X j_qr (k) is a proper closed subspace of X yr_qr(k ).

The rest of the section is devoted to the proof of Theorem 2.2 and 2.4.

Since X (71) is equidimensional of dimension 4+3dy,, to prove Theorem 2.2 (1), it is sufficient
to show dimy,) T'x . < 4+ 3dr. Asin [14, (4.21)], one has an exact sequence:

(9) 0= K(r)NTx, — Tx, e Extgy, (r,7)

where dimy,) K(r) is a k(x)-vector space of dimension 4 — dimy(,) Endgar, () (see [14, Lem.
4.13]). Since

(10) dlmk(ax) EXt(l}alL (7“, r)= dlmk(r) Endgal, (7“) + 4dy,
to prove Theorem 2.2 (1), it is sufficient to prove

(11) dlmk(z) Im(f) < dlmk(x) EXt%}alL (r, 7") —dy.

We view an element r of ExtéalL (r,7) as a rank 2 representation of Galy, over k(z)[e]/€?,
whose Sen weights thus have the form (wt(d;)s + €do,i)i=12.0cx,. We have a k(z)-linear map

V i Extéy, (r,r) — k(2)?%, 7 (do, do2)oes, ,
which is known to be surjective (e.g. see [14, Prop. 4.9], see also Lemma 2.7 below).

For t € Tx o : Speck(z)[e]/e* — Xgi(FL), the composition Speck(z)[e]/e* — X (Fr) — X5
gives a continuous representation 7 : Gal;, — GLa(k(x)[€]/€?), which in fact equals the image

of t in ExtGal (r,7) via f. The composition Speck(z)[e]/e> — X (Fr) — T gives a character

tri

6 =061® 0 : T(L) — E[e]/€* satisfying § = § (mod ). We have

(Wh(01)o + €do1, Wt(02)g + €y 2)ges, = (WH(1)o, Wh(32)s) , cy;, € (R(x)[e]/€2)*.

The representation 7 satisfies the following two properties
(12)
(1) V(?‘,) eW = {(da,lvde)UEZL | da,l = da,2) Vo € 2(93)}7 _
(ii) there exists an injection of (¢, I')-modules over Ry (z)¢/e2: Ri(a)[e]/e2 (61) <= Duig(7);

where (ii) follows from the results in [6] [30, Prop. 4.3.5], and (i) is due to Bergdall (cf. [6,
Thm. 7.1], see also [10, Lem. 9.6]). Indeed, by an easy variation of the proof of [10, Lem.
9.6] (or the proof of [6, Thm. 7.1]) with the functor Dgis(-) replaced by the o-component
of Dyr(+) for o € ¥(z), one can deduce from (ii) that wt(d2), — wt(d1), is a constant Sen
weight of Dyig(7) ®ka 2 Ri(a)[e]/e2 (5 ) which, by the precedent discussion, has Sen weights
(0 Wt(52) ;= wt(&l) (d 1o — d /71))0 rexy - We deduce then do-72 — do-71 =0foro € E( )
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As in [14, § 4], we show the properties (i) (ii) cut off a k(z)-vector subspace of ExtéalL (r,r) of
dimension dimy,(,) ExtéalL (r,7)—dr (from which Theorem 2.2 (1) follows). Recall r is trianguline
of parameter (&7, d5):

0 = Riy(z)(01) = Drig(r) = Ryy(z)(0z) — 0.
Consider the composition (where the last one is induced by the natural inclusion Ry, (01) —
Ry (01))

(13) EXt%%F) (Drig(r), Drig(’l")) — EXt%%F) (Rk(x)(d’l), Drig(’l“))
— Bxt{, 1) (Ri(a)(01), R (5)) == Exct{, 1y (Ris(a (1), Ry (62))

One can check 7 satisfies the property (ii) if and only if D,is(7) lies in the kernel of the above
composition, which we denote by V;. As in [14, Prop. 4.11], we have

Lemma 2.6. dimy,) V1 = dimy,, Ext%;alL (ryr) — (dr — |2(x)]).

Proof. We sketch the proof. Since r is very regular, the first two maps in (13) are surjective.
Using results in [14, § 4.4] (see also the proof of Lemma 2.9 below, which is in term of B-pairs),
one has dimy,) Im(j) = dr, — [X(x)], thus

dimy(g) Vi = dimy(p) Ext(,, r) (Duig(r), Drig(r)) — (dr. — [2(2)])
= dimyy) ExtéalL (r,r) — (dp — |2(2)]). O

As in (the proof of) [14, Prop. 4.12], one has

Lemma 2.7. The induced map V : Vi — k(z)?I is surjective.

Proof. This lemma follows from the fact that the trianguline deformations of Dyig(r) over Ele] /€
are contained in V; (which is obvious), and the tangent map from the trianguline deformation

space to the weight space is surjective. Indeed, for any continuous character 5 LX = (Ele]/€)*
with 0" = 61(5)~! (mod €), consider the exact sequence of (,T')-modules over Ry )

0 = Ry (61(85) 1) = Ry (0) = Ry (81(85) ™) — 0.

Since r is very regular, the induced map H(lg} r) (Rio()e] 2 (3’)) — H(lgo r) (Rio(a) (61(65)71) is

surjective. Let D' € H(l%r) (Ris(a)e)/e2(8")) be a preimage of [Dyig(r) OR (e Ry ((85)71)], thus

for any continuous character 55 : L* — (k(x)[e]/e?)* with 55 = ¢, (mod €), we see D =
D’ ®Rk(z)[e]/e2~7zk(r)[6}/j2 (05) isNa trianguline deformation of Dyig(r) over Ry(y)g/e2 With Sen
weights (Wt(5/)g+wt(5’2)g,Wt(éé)o)aezL. it is straightforward to see [D] € V;. For any (as,bs) €
k()% choose &' and &) such that wt(3h)y = by, Wt(8')s = ao — by, then V([D]) = (ao, by )oes,
so Vly, is surjective. O

By (12), we have Im(f) C Vi N V~1(W). Since V|y, is surjective, dimy,) V1 (W) N Vi =
ExtéalL (ryr) — (dr — |2(x)]) — |2(2)| = ExtéalL (r,r) —dr. The part (1) of Theorem 2.2 follows
11



(cf. (11)), and one gets equalities

14 {Im(f) =NV (W),

K(r)NTx, = K(r).
By Lemma 2.7, the composition
(15) Ty -1 Im(f) -5 W
is surjective. Put Wy := {(dml,dmg)gegL | do1 = dy2 =0, Yo € J}. By definition, T ). C
Tx » equals the preimage of W N W via (15), and thus
dimyp () Tx (k)0 = dimy(e) Tx e — [J N E(@)] = 2[J N (XL \ X(z))],
Theorem 2.2 (2) follows.

We prove Theorem 2.4. For v € T, let 7 be the Galy-representation over k(z)[e]/e? asso-
ciated to f(v) (cf. (9)). By definition and (14), v € T'x, (k) if and only if 7 satisfies the
condition (i) (ii) in (12) and

(iii) 7 is J-de Rham.

Denote by ExtéalL,gJ(r, r) the k(z)-vector subspace of Ext(y,, (r,r) consisting of J-de Rham
extensions. By the above discussion, (9) and (14), we have an exact sequence

f _
0= K(r) = Tx, in(k,)e = Extgalm Sy NVN VI W) = 0.

For J' C J,veTx,
exact sequence

_anlky)e fandonlyif v € Tx , (x ). and Vo f(v) € Wy, so we have an

0= K(r) = Tx, (ke Extly, o p(rr) NNV (W AW, = 0.
Theorem 2.4 is then an easy consequence of the following proposition.

Proposition 2.8. (1) dimy,,) Ext%;alng(r, r)NVINV~HW) = dimy,) ExtéalL (ryr)—dr—2]J|.

(2) dimy () Extiyy, o o (r,7) NVINV Y W NW) = dimy () Extéy, (r,r) —dp — 20" = 2|(J \

TN (EL\Z@)] = [(T\ T) N Z(a)].
We deduce Proposition 2.8 from the following two lemmas.
Lemma 2.9. dimy,,) ExtéalL7gJ(r, 7) N V1 = dimyy) ExtéalL (ryr) =3|J| = (dr, — |2(z)| = |J N
SN
Lemma 2.10. The induced map
V: ExtéalL,gJ(r, r)NVy — Wy

18 surjective.

Proof of Proposition 2.8. (1) We have
dlmk’(:z:) EXt%}alL,g,J(rv 7’) nvin vil(W) = dlmk(az) EXt%}alL,g,J(Tv 7’) nvi— ‘E(x) N (ZL \ J)‘
= dimy(y) Exthy, (r.7) = 31J] = (de — (@) — |7 1= (@) = [£(@) N (22 )|
= dimy(y) Extgg, (r,7) — dp — 31J|+ [J N EH()| + [J N E(2)|
= dimy,,) EXt%}alL (r,r) —dr —2|J|,
12



where the first equality follows from Lemma 2.10, the second from Lemma 2.9, and the last from
() UX(z) =2T(6) and J C BT(4).

(2) By Lemma 2.10 applied to J’, we deduce that the following map is surjective:
Extéy, g0 (rr) VIOV HW) — W AW,

It is straightforward to see ExtéalL’gJ/ (r,?) N VL NV=YW N W) is the preimage of W N W)
via the above map. So (2) follows from (1) and the easy fact that |[W N Wy | — |[W NW;| =
21(J\J) N E(@) )+ [(J\ ) N E()]. O

We use the language of B-pairs in the proof of Lemma 2.9 and 2.10.

Proof of Lemma 2.9. Let W (r) denote the k(x)-B-pair associated to r, which lies in an exact
sequence of k(x)-B-pairs (cf. Appendix A below for the notation for B-pairs)

Identifying Extéy,, (r,r) and H'(Galg, W (r) @ W(r)"), Extg,, 4 ;(r,m) N V1 equals thus the
kernel of the following composition (see (13), note we also identify the cohomology of (¢,I')-
modules with the cohomology of the corresponding B-pairs, e.g. see [31, § 5])

(16) H, ;(Galy, W(r) @ W(r)¥) — Hj ;(Galy, By (55) @ W(r)¥)
— H, ;(Galy, By (63) ® Bk(az)((‘si)_l)) =~ H, ;(Galg, Bk(az)(fsé((si)_l))
— Hgl’J(GalL, Bk(x)(éééfl))
where the first two maps are surjective by Proposition A.5 (since § is very regular), and the last
map is induced by the natural inclusion By, (05 (1) — Biy(a) (6567 1). Denote by & := 407 ',

§h = 05(84) 71, thus dp = d), [Lres@ o™, with ne := [wt(1)s — Wt(d2)o| € Z>1 for o € ¥y,
and

(17) wt(0h)o = {”a oeX\XT()

—ny o€ XT()

wt(60)e o€ Xr\ B(x)

» Wh(do)o = {0 o€ X(z)

One has an exact sequence (of Galz-complexes)

0 — [Br(x)(80)e ® Bi(z)(60)ar — Br(x)(80)ar]
— [Bi(@)(60)e ® Br(2)(60)3r — Br(x)(00)dr]
— [ @oes(z) Br)(%0)dr,o/t" — 0] — 0

which induces
0 = Boes@) H"(Galr, By (00)dg o /t"") = H'(Galr, Byz)(5)))
i) H! (GalL, Bk(:p) ((50)) — EBO’EE(CE)Hl (GalL, Bk(w)(ég):irma/tng) — 0.

By (17), one has By,)(00)ir, = Big, for 0 € X(x). Thus dimy) Im(j) = dp — [S(x)].
Moreover, by [22, (7)], Im(j) = H; E(I)(GalL, Byy(2)(00)). We claim that the map j restricts to a
surjective map

Hg ;(Galy, Br()(8)) — Hy s (zyus(Galr, Bi(a)(60))-
13



Indeed we have a commutative diagram

H! (GalL, Bk(z)(é(’))) 4) Hglg(x)(GalL,Bk(a:) (50))

l l

Boen(z\2(@) ' (GalL, Biw) (00)dre) — Boesne\s@)H (GalL, Biw)(00)dr, o)
where the top map is surjective, and the bottom isomorphism follows from (17). Note the kernel
of the left vertical map is H;JH(EL\E(I)) (Galg, By (85)) = H;J(Gal,;, Biy()(00)), since for all
o€ JNX(z) C S\ XH(), H) ,(Galr, By (6))) = H'(Galg, By(,)(6))) by [22, Lem. 1.11]
and (17). The kernel of the right vertical map is by definition H;,Z(m)UJ(GalL’ By(z)(00)). The
claim then follows.

By this claim, the composition (16) induces a surjection
H, ;(Galp, W(r) @ W(r)") — Hgl,Z(x)uJ(Galb By (00))-
Since ¢’ is very regular, by Proposition A.3 and Corollary A.4, we have
dimy () H, ;(Galg, W(r) @ W(r)")
= dimy(,) H' (Galy, W(r) @ W(r)") = Y _ dimy,) H(Galy,, (W(r) @ W(r)") iz )
oced
= dimyy) ExtéalL (r,r) — 3|J],

dimy (e HY w0 (Calr, By (80)) = di, — [S(2)| — |7 1 £5()].

The lemma follows. O

Proof of Lemma 2.10. Let 0’ : L* — (k(z)[€]/€2)* be a continuous character with &' = & (65)~!

(mod €). As discussed in Example A.2 (4), the associated k(z)[e]/e*-B-pair By (z)e)/e2) (0) is o-
de Rham if and only if wt(d) € Z. For any ¢’ : L* — (k(x)[e]/€2)* as above satisfying moreover
wt(0')s = wt(d), for all o € J, by Proposition A.5, the natural morphism B (z)(q/e2)x (8') —
Biy()(07(65) 1) induces a surjection H;’J (Galr, B((a)q ey (01) — Hgle (Galg, By (61(65)71)).
Let W' € HgIVJ(GalLLB(k(x)H/Ez)X (6")) be a preimage of [W(r) @ Bk(z)((éé)_lz] which is thus
J-de Rham, and let &5 : L* — (k(z)[€]/€2)* be a continuous character with §, = 65 (mod ¢)
and wt(0y)y = wt(8h), for all o € J (thus By, (dh) is J-de Rham). it is straightforward

to see that W := W' ® B(y(y)q/e2)=(03) lies in Extéalng(r, r) N Vi. For any (as,b,) €

k(z)2@2=17) " choose &' and o), as above which satisfy moreover wt(d), = wt(6})s + boe,
wt(6)o = wt(61(0%) 1) + (ag — by )e for o € J. We have V([D]) = (as,bs)ses;, and thus
V: ExthalLyg,J(r, r) N Vi — Wy is surjective. O

3. PATCHED EIGENVARIETIES REVISITED

3.1. Setup and notation. We fix embeddings i, : Q < C, and ¢, : Q < Q,. Let F'' be

a totally real number field, F' be a quadratic imaginary extension of '™ and ¢ be the unique

non-trivial element in Gal(F/F ™). Suppose for any finite place v|p of F*, v is split in F. Let

E be a finite extension of Q, big enough to contain all the embedding of FT in Q,, with O
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its ring of integers and wg a uniformizer. Denote by %, the set of Q,-embeddings of F," in Q,,
Xp = Uv‘pzv.

Let G be a 2-variables definite unitary group over F'™ which splits over . We fix an isomor-
phism of algebraic groups G X p+ F = GLg /F. If v is a finite place of F* split in F', v is a place
of F dividing v, thus F,f 2 F;, and we get an isomorphism iz : G(F,") = GLg(F5). Let UP be
a compact open subgroup of G(A7}") of the form UP = ][, U, where A7 denotes the finite
adeles away from p, and U, is an open compact subgroup of G(F,").

Let S be a finite set of finite places of '™ that split in F' containing all the places above p
and the places v where U, is not maximal. Let S, denote the set of the places of F™ above
p. We fix a place v of F' above v for v € S and denote by v° its image under ¢. In particular,
for v|p, we identify F; and F,", the set X5 of Q,-embeddings of F; in Q, and %,. Denote by
F; o the maximal unramified extension of Q, inside Fy, wy a uniformizer of Fy, dy := [Fy : Qp),
¢z = plFs.0 Q] valg(-) the additive valuation on Fy normalized by sending wy to 1, and unry(2)
the unramified character of F* sending wy to z.

Suppose moreover that for any finite place v ¢ S and v split in F', we have U, = 2'51 (GL2(OF,))
(note that this condition is actually independent of the choice of v|v). For such a place v of F*,
let T, be the commutative spherical Hecke algebra

OplU\G(F)) /U] % Op[GLy(F5)// GLo(OF,)] = Op[T3, 55 ']

where Tg = GLQ(OFT}) <LT617 (1)) GLQ(OFT}) and S’ﬁ = GLQ(OFT}) (%ﬁ £~) GLQ(OFT}) One has
v

in fact i (Ty) = iz (5. The), iy (S3) = i (Spe) with v = 5%, Put T% := lim, (©uerTy) for 1

running over finite sets disjoint from S of finite places of F'™ which are completely decomposed

in F, thus T? is a commutative O g-algebra.

Let p be a 2-dimensional continuous absolutely irreducible representation of Galg over kg such
that p¥oc = p®Ez and p is unramified outside S (where e denotes the cyclotomic character). We
associate to p a maximal ideal m(p) of T generated by wg, T — tr(p(Frobg)) and Norm(v)Sy —
det(p(Frobg)) where Norm(v) denotes the cardinality of the residue field of Fj, Froby denotes a
geometric Frobenius.

For a compact open subgroup U, of G(F't ®g Q) and s € Z, put
S(UPUy, Op/wg) = {f : GIF\G(AFL)/(UPU,) — Op/wi}
which is a finite O /@},-module. Put S(U?, Op) := lim_ ling,, S(U”Uy, O /w}), S(UP,05); =
Jim ligUp S(UPUp, O /@E)m@), S(UP, E)s := S(UP, Op)«®o, E with x € {}, p}. All these Op-
modules (or E-vector spaces) are equipped with a natural action of TS via continuous operators.

For x € {0,p}, =+ € {Op, E}, S(U?,*x), is equipped with a continuous (unitary) action of
G(FT ®q Q) = [1,, GL2(F%) commuting with TS.

Recall the automorphic representations of G(Ap+) are the irreducible constituants of the
C-vector space of functions f : G(FT)\G(Ap+) — C, which are
— C™ when restricted to G(FT ®g R),
— locally constant when restricted to G(A%,),
15



— G(FT ®qg R)-finite,

where G(Ap+) acts on this space via right translation. An automorphic representation 7 is
isomorphic to T ®c 7 where 7o, = W is an irreducible algebraic representation of G(F* ®qQ
R) over C and 7> = Homy F+®QR)(WO<>; 7) & @, is an irreducible smooth representation of
G(A%,). The algebraic representation Wy, is defined over Q via too, and we denote by Wy, its
base change to Qp, which is thus an irreducible algebraic representation of G(F't ®g Qp) over
Q,. Via the decomposition G(F™ ®q Q,) — [Loes, G(F;"), one has W), = ®,¢x, W, where W,
is an irreducible algebraic representation of G(F,"). One can also prove 7> is defined over a
number field via (o (e.g. see [2, § 6.2.3]). Denote by 7P := ;@m, thus m = 7°9F @g mp. Let
m(m) € Z>1 be the multiplicity of 7 in the space of functions as above.

Proposition 3.1 ([10, Prop. 5.1]). One has a G(F* ®q Q,) x T*-invariant isomorphism

9

~ __ - em(m)
S, B 050, = @ (") &g (v, 85 Wy))

where g(Up,E)1alg denotes the locally algebraic subrepresentation of §(UP,E), T T Q¢ T°
runs through the automorphic representations of G(Ap+) and W), is associated to mo as above.

Let Gp := [, |, GL2(F%) (which is isomorphic to G(FT®qQp)), By := [1., B(F5) with B(F5)
the Borel subgroup of upper triangular matrices, B, the opposite of By, N, o N (Fy) the
unipotent radical of By, and T}, = [[,,, T(F3) =: [],, T the Levi subgroup of B, (with T' the
subgroup of GLy of diagonal matrices). Let K, := Hv|p GL2(OF;). For a closed subgroup H of
Gy, denote by HY = Hn K,. Denote by g,, by, Ep, ny, t, 95, by, by, ng, ty the Lie algebras
of Gp, By, By, Ny, Tp,, GLo(F3), B(F3), B(Fy), N(F3), T(Fy) respectively. Recall one has an
isomorphism g, ®q, E = Hv‘p HU625 05 OF,0 I, for J C 3, put g5 := Hvlp Hong 95 Q0
with Jy := J N X5. Similarly, we have Lie algebras over E: by, b; etc.

A weight of t, ®g, E (with values in E) will be denoted by Az, = (Mos Aoo)oes, € 2%
with
Azp( H diag(ao,dg)) = Z oMo+ doMog.
o€y oeY,

For J C X, let Aj := (Mo, A2.0)ses, Which we view as a weight of t, ®q, ' via

As( H diag(ae, do)) = Zagh,g + do A2
o€y oed

We call A; dominant (with respect to by) if A\j o — Aoy € Z>q for all o € J. If )\ is integral,
ie. Ny € Z for all 0 € J, and dominant, then there exists a unique irreducible algebraic
(and locally J-analytic) representation L(A;) of G, over E with highest weight \; and one
has L(A;) & ®esL(A(s}). For a locally Qp-analytic representation V' of Gp, A; integral and
dominant, put

(18) V)= (Ves L)) s L)
(where L(A ;) denotes the dual of L(\;), “X,\J—an” denotes the locally ¥,,\ J-analytic vectors,

see § B below) which is in fact a subrepresentation of V.
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For a locally Qp-analytic character 6 = 6; ® d2 of T}, over E, let d5 = 015 ® 095 := d|, for
v|p. Let
wt(0) = (Wt(6) 1,0, Wt(6)2,0)oex, := (Wt(61)o, Wt(d2)5)oex,
be the induced weight of t, ®g, E. For an integral weight Ay, of t, ®qg, F, denote by (5Azp the
algebraic character of T}, with weight Ay, e 5A2p = ngzp oMo @ 0?2, A locally algebraic
character 0 of T}, (resp. of T} for v|p) is called spherically algebraic if 55;%1( 5) is unramified.

Denote by 7, (resp. Ty) the rigid space over E parameterizing locally Qp,-analytic characters
of T}, (resp. of Tj), thus T, = Hv|p Ts. For J C ¥, (resp. Jy := J N X5), denote by 7, (resp.
Ts, JT}) the rigid closed subspace of 7, (resp. of 7'5) parameterizing locally J-analytic (resp.
locally Jp-analytic) characters of T), (resp. of T), thus 7, j = Hv|p T, The rigid space Tg ;.
is smooth and equidimensional of dimension 2 + 2|.J3|, thus 7, s is smooth and equidimensional
of dimension 2|S,| 4 2|J|. Indeed, one has a smooth morphism (e.g. see [21, § 6.1.4])

(19) To — (AY x AHPL y s wi(x),

and Tg, s, is just the preimage of {(A1,, A2o)oes, | Aig = 0, Vo € 5\ J5, @ = 1,2}. More
generally, let A\; = (Ao, A20)oes € B2 A i= (Mo, Aoo)oes, € B! for v|p, denote
by T3(A;.) the preimage of {( Lo Mgloesy | Ay = Nig, Yo € 5, 0 = 1,2} via (19), and
put Tp(As) = [, T5(As,). Note for any locally Qp-analytic character ¢ of T, over E with
wt(0)i o = \io for o € J, i = 1,2, the isomorphism

Tp — Tp, 0+ 6,

induces an isomorphism 7, s \ 7 = Tp(Ay). Let Tz? := K, NT,, and denote by 7;) the rigid space
over I parameterizing locally Q,-analytic characters of TI(,) , thus the restriction map induces a
projection

T — TP

p
Denote by 7;(7)Ja 7%07 7%07J57 7;9(&])7 7%0(&]5) the image in 7;) of 7;,]7 7%7 7717,‘]5) E(AJ)a T’J(AJT])

respectively.

Let V be an E-vector space equipped with an E-linear action of A (with A a set of operators)
and x be a system of eigenvalues of A. Denote by V[A = x] the yx-eigenspace, V{A = x} =
{v €V | AN € Z~¢ such that (a — x(a))Nv =0 Va € A}. If A is moreover an Op-algebra with
an ideal J, denote by V'[J] the subspace of vectors killed by J, and V{J} := ling V3™

3.2. Eigenvarieties. We briefly recall some properties of the eigenvariety of G (with tame level
UP).

Let p be a 2-dimensional continuous absolutely irreducible representation p of Galp over kg
such that p¥oc = p&E, p is unramified outside S and S(U?, E)lﬁalg # 0 (where S(U?, E)lﬁalg denotes
the locally analytic subrepresentation of §(UP,E)5 of Gp). Let J C Xy, Aj = (Moy A2o)oet €
Z2V1 with Ay g > Ao for all ¢ € J. Consider S(UP, E)2();) (cf. (18), where S(UP, E)a" is
the locally @Q,-analytic subrepresentation of S (UP,E)5 of Gp), which is an admissible locally
Qp-analytic representation of G, equipped with an action of TS which commutes with Gp.
Note S(U?, E)3M(Ay) is in fact a closed subrepresentation of S (UP, E)3". Applying the Jacquet-
Emerton functor ([23]), we get an essentially admissible locally Q,-analytic representation of T},
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JB, (S(U E)%“(A )), which is also equipped with an action of T¥ commuting with 7},. By [25,

§ 6.4, to Jp, ( (Ur, E)5( (A;)), one can naturally associate a coherent sheaf M(UP, ;)5 over
Ty such that

L (Tp, MUP, Ap)5) = T, (S(UP, B (A))
where I'(X, F) denotes the sections of a sheaf F on a rigid space X, ()" denotes the continuous
dual equipped with strong topology. This association is functorial, so M(U?, ;)5 is equipped
with an O(7),)-linear action of T°. Using Emerton’s method (cf. [24, § 2.3]), we can construct
an eigenvariety form the triplet { M(UP, )5, O(T,), T*}:

Theorem 3.2. There exists a rigid space E(UP, \;)5 over E finite over T, and equipped with a
morphism
O(T,) @0, T¥ — O(E(UP, A,)p)

such that

(1) a point of E(UP,Ay)5 is determined by its induced closed point § : T, — E” of T, and

its induced system of eigenvalues b : T° — E, and will be denoted by (b,6);
(2) (,6) € E(UP,\;)5(E) if and only if the eigenspace
(7, (S(U7. B)5"(A))) @ B)[T% = b, T, = 6] # 0.

Remark 3.3. By definition (and [21, Lem. 7.2.12]),
(20) T, (S(UP, E)3*(Ay) = Jg, ((S(UP, E)&" @5 L(A;)) ™\ =) @p by,

from which we deduce M(UP, ;)5 is supported on T,(A;) and hence the natural morphism
EWUP,Nj)p — Tp factors through Tp(Ay).

Recall a point z = (h,0) of E(UP, \;)5 is called classical if
(75, (S(U”, E)p(A,)%) @5 E) TS = 0, T, = 5] # 0.

Theorem 3.4. The rigid space E(UP,\;)5 is equidimensional of dimension 2|3, \ J|, and the
set of classical points is Zariski-dense in E(UP,Aj)5 and accumulates at points (h,5) (see [2,
§ 3.3.1]) with § locally algebraic.

Remark 3.5. The proof of the theorem is omitted, since it is an easy variation of that in the
patched eigenvariety case given below (and the same as in the case of eigenvarieties for unitary
Shimura curves [21, Prop. 7.2.30]), where there are two key points:

(1) a classicality result as Proposition 3.16 (see also [21, Cor. 7.2.28]);

(2) there exists an open compact normal subgroup H of G, such that S(Up B3y =

CY—2n(H, E) as locally Qp-analytic representations of H, where the latter denotes the
space of locally Qp-analytic functions of H equipped with the right reqular action of H;
this fact in particular allows [23, Prop. 4.2.36] to apply.

Put £(UP); := E(UP, A\y)5. The following proposition follows easily from the natural G,, x T*-
invariant injection S(UP, E)3"(A;) < S(U?P, E)3".
Proposition 3.6. There exists a natural closed embedding
EWUP Ap)p — EUP)p, (0,6) = (b, 0).
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By discussion in Remark 3.3, we have a natural commutative diagram

EUP,Ap)p —— EWU)p

| |

ToXy) —— T

Note this diagram should not be cartesian in general. Indeed, as we would see later in patched
eigenvariety case, the difference between £(UP, A ;) and E(UP, A ;)" := E(UP)px 1, Tp(A ;) somehow
would be the key point for the existence of companion points.

Recall there exists a family of Galp-representations on £(U?)5, in particular, for any point
z = (h,0) of £(UP)z, there exists a 2-dimensional continuous representation p, of Galp over
k(z), which is unramified outside S and satisfies

02 (]:7‘1"0b5)2 — f)(Tg) Froby + Norm(U)b(Sg) =0

for v ¢ S completely decomposed in F, and v|v, Froby € Galp, is a geometric Frobenius. The
(semi-simplification of the) reduction of p, modulo @y, (a uniformizer of k(2)) is isomorphic
to p.

Theorem 3.7. Let z € E(UP);. For vlp, the restriction p,z = p:|lgal,. s trianguline. If
z € E(UP,Ny)p for J C X, (which implies wt(6); o = Nis for o € J, i =1,2), then for v|p, p,z
is moreover Jz-de Rham of Hodge-Tate weights (—\1,5,1 — Ao o) for o € Jy where J; :== J N 5.

Remark 3.8. By Theorem 3.4, the first part of Theorem 3.7 follows from the global triangulation
theory (129], [30]) applied to E(UP)5; and the second part follows from results of Shah [35, Thm.
2] applied to E(UP, Aj)5.

In particular, roughly speaking, £(U?, A ;)5 gives a Jy-de Rham family for v|p while £(U?, AJ)%
should only give a Jz-Hodge-Tate family for v|p. We will show a more clear picture in the patched
eigenvariety case.

3.3. Patched eigenvarieties.

3.3.1. Patched Banach representation. Denote by Rj; g the deformation ring (which is a complete
noetherian local Og-algebra with residue field kg) which pro-represents the functor associating
to local artinian Op-algebras A the sets of isomorphism classes of deformations pa of p over A
such that p4 is unramified outside S and pYj o ¢ = ps ® e. For a finite place v of F', denote by

Fix g € Z>1, let Ry = Rgs[[xl, o xgl, Soo = O[y1, -+ Y] With ¢ = g+ [F*:Q]+4|S|, and
a=(y1, - ,Yq) C Seo. In the following, we assume the so-called Taylor-Wiles hypothesis.

Py = Plcalp » R%' the maximal reduced and p-torsion free quotient of R;E, and Rﬁis = @vesRﬁDN.

Hypothesis 3.9. Suppose
-p> 27
— F is unramified over F* and G is quasi-split at all finite places of FT,
~ U, is hyperspecial when the finite place v of F* is inert in F,
- p’GalF@p) is adequate ([36]).
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By [36, Prop. 6.7], S(U?, E)z is naturally equipped with a Rj; g-action. Moreover, the action

of R; s on S (UP, E)j factors through R; s — R; s, where Rj s is the deformation ring associated
to the deformation problem (as in [20, § 2.3], and we use the notation of loc. cit.)

§= (F/F+>Sa g) OE?ﬁ?‘S_l(S%?/F-!—’{RﬁIjE}UES)

where § = {7 | v € S}, and dp/F+ is the quadratic character of Galgp+ associated to the
extension F/FT. By shrinking U, for certain places v { p that split in F' (and hence enlarging
S consequently), we suppose

G(FY) N (hUPK,h ™) = {1}, Yh € G(A)

where we also use K, to denote [],, i 1(GL2(OF,)) (which is independent of the choice of ).

By [17], we have as in [15, Thm. 3.5]

(1) a continuous R.-admissible unitary representation Il of G, over E together with a
Gp-stable and Roo-stable unit ball IIZ, C Il;

(2) a morphism of local Og-algebras Soq — Roo such that My := Homp, (II%,, OF) is finite
projective as Soo [Kp]-module;

~

3) a surjection Ry/aRs — Rss and a G, X Ry /aRso-invariant isomorphism Il [a] =
Ds P
S(UP, E)5, where Ry acts on S(UP, E); via Ry/aRs — R5s.

3.3.2. Patched eigenvariety and some stratifications. Recall (cf. [15, § 3.1]) for an Rs-admissible
representation II of G, over E, a vector v € II is called locally R.-analytic if it is locally Q-
analytic for the action of Z3 x G, with respect to a presentation Og[Z;] — Re. And it is
shown in loc. cit., this definition is independent of the choice of the presentation. As in loc. cit.,
denote by ITf==21 the subspace of locally Rso-analytic vectors.

Let J C Xy, Ay == (M,0y A20)0et € Z2|J|, and suppose A\, > A2, for all o € J. Consider
[E=—an() /) (cf. (18)), which is a locally Qp-analytic U(g)-finite representation of G, (cf. § Ap-
pendix B), stable under R, and is moreover admissible as a locally Qp-analytic representation
of Gy X Z;, (Where the action Z; is induced by that of R, via any presentation Og[Z;] — Roo).

In fact, ITf==2%();) is a closed subrepresentation of IT~~" by Proposition B.1 (where the
closedness follows from the same argument as in Corollary B.2). Note also that, for J' C J, by
Lemma B.3 (3), ITf=~22() ;) is a closed subrepresentation of ITf==a1() ).

Applying Jacquet-Emerton functor, we get a locally Q,-analytic representation
I, (M= 7(2))
of T, equipped with a continuous action of R, which is moreover essentially admissible as
locally Qp-analytic representation of T}, X Z;. Let X0 := (Spf Roo)™®, and R5S = (9(3600). The
strong dual Jp, (TI%=~2"() J))/ is thus a coadmissible REE® pO(T,)-module, which corresponds
to a coherent sheaf Moo (A;) over Xo X T, such that
I'(Xoo X Ty Moo(A)) 2 J, (o (2) "

Let X, (p, As) be the support of Mo (A;) on X x Tp. In particular, for z = (y,6) € X6 X Tp,
x € X,(p, Ay) if and only if the corresponding eigenspace

T, (=7 (Ay)) [my, T = 6] # 0,
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where m, denote the maximal ideal of ROO[%] corresponding to y. Similarly as in (20), we have

(21) Jp, (=N ) 2 Jp, (""" @5 L(A,))™\ ) @ 0y,

it is straightforward to see the action of O(7T,) on Jp, (IIfe=") factors through O(T,(A;)), and
hence Moo (A ;) is supported on Xoo X Tp(Ay). So the natural injection X, (5, A;) — Xoo X Tp
factors through X x Tp(Ay).

Let J' C J, one has a natural projection of coadmissible (9(3600 X %)-modules M(Pp,Ay) —
M(p,A;) induced by the natural inclusion Jp, (IIZ="""();)) < Jp, (II%="""();)). Conse-
quently, X,(p, A;) is naturally a rigid closed subspace of X,(p, A;/), and we have a commutative
diagram

Xp(B;Ag) —— Xp(B, A1)

| |

To(A)) —— Tp(Ay)
Let X,(p) := Xp(p,Ag) which is the so-called patched eigenvariety constructed in [15]. Put
X, (0,85 = Xp() %7 To(A))s Xp(B Mg 7)) = Xy, Ap) X700, To(Ay). We have thus a
commutative diagram (compare with (7)):

Xp(ﬁaAJ) — Xp(p:AJaJ/) — Xp(ﬁyAJ’) — Xp(ﬁyﬁjf)/ — Xp(ﬁ)

@ | ! l !

To(A) —— Tpo(Ay) —— TAy) —— TpAy) —— Tp

where the horizontal maps are closed embeddings, and the second and fourth square are carte-
sian.

3.3.3. Structure of X,(p, ;). We fix an isomorphism Og[Z}] = Seo. Since ITIY, is a finite pro-
jective Su [[Kp]][%]—module, so is (e ®p L(AJ)’)V. Thus for any pro-p compact open subgroup
K, of K, one has

r

(Moo ®5 LX) ) lzgx iy = C(Z4 x Ky, B)®" = (C(Z8, E)®pC(K,, E)),

Ep\J—an

(23) (HoRooo—an Rp L(AJ),) ) (Can(Zg,E)@)ECEP\J_an(KZ/),E))Gar/’

‘ngK;,

wy 0
0 1
TS and zy for all v|p, and let z := (z5),|, € Tp. One has a natural projection

(24) Ty —> Ty X Gy & = 8|qo X 8(2)

for certain r,r" € Z~q. For v|p, let 25 := ( ) e Ts, T; be the monoid in 7}, generated by

which induces projections T, s \j — 7;?210\J X G, To(Ay) = T(As) X Gy Denote by Wy :=
(Spf Suo )8 x T2, Waos,\g i= (Spf S0 )i x mZP\J’ and Wao (A ;) := (Spf Soo)'8 x T2(Az). The
natural morphism (Spf Roo)"® — (Spf So)™® together with (24) give thus a morphism

K Xoo X Tp — Woo X Gpp,.
Consider Jp, (11" @ L(AJ)’)EP\J_”), which is a locally ¥, \ J-analytic representation of

T, equipped with an action of R, (commuting with T,), and is essentially admissible as locally

analytic representation of T, x Z§. By (23) and (the proof of) [23, Prop. 4.2.36], Jp, (IIf>"""®p
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L(A,))>r\ —an)\/ is moreover a coadmissible O(Wx X Gy, )-module, and hence is a coadmissible

O(WOO7EP\J X Gm)—module (since the action of O(Wy,) factors though (’)(Woo,gp\])). By the

isomorphism (21), Jp, (ITfe—2n (AJ))V is thus a coadmissible O (Wao (A7) X Gy, )-module, in other
words, the push forward N (p,\;) := kM (p, A;) is a coherent sheaf on Woo(A;) X G,,. We
have as in [15, Prop. 5.3] (recall N) = N, N Kp):

Lemma 3.10. (1) There exist an admissible covering of Weo,z,\J by affinoid opens Uy C Uz C
- CUp C -, and a commutative diagram

Bh

<((H£oofan o5 L(AJ)/)ZP\J*an)N;?)v e Vi —— Vi1 @, A —s 1,
lz lzh—l-l Zhy1 ® idl A%h lzh
(((ngoofan R L(AJ),)EP\J—an)N,?)V e > Vi —— Vi1 ©a,,, An SN VA
where Ayp, == T'(Up, OWOO,EP\J)7 Vi, is a Banach Ap-module satisfying the condition (Pr) of [16],

zp, and By, are Ap-linear and compact, oy, is continuous Ap-linear, and there is an isomorphism

of OWxs 5,\7)-modules
(M= @p L)) )v — lim v},
h

which commutes with the Hecke action of z on the left object, and that of (zh)h6221 on the right.

(2) The statement in (1) also holds with the rigid space W s\ j replaced by Weo(Aj), and

(8= 60 L)Y )™ replaced by (1= (3,))".

Proof. (1) follows from (23) as in [15, Prop. 5.3] (see also [23, Prop. 4.2.36]). As in the proof of
[21, Lem. 7.2.12], we have a natural Ry, X T, ;“ -equivariant isomorphism

(TR (A )N 5 (T8 @ L(,)) N 9p by,

which together with (1) imply (2). O

Ep\Jfan)

Denote by Z(p, A;) the support of N'(p, ;) in Weo(A;) X Gyy,. The morphism « induces thus
a morphism « : X(p,A;) = Z(p, ;). Denote by g : Z(p, Aj) = Wa(Ay) and wee : Xp(p, Ay) —
Weo(A ) the natural morphisms. Thus we, = g o k. As in [15, Lem. 2.10, Prop. 3.11], one can
deduce from Lemma 3.10:

Proposition 3.11. (1) Z(p,A;) is a Fredholm hypersurface in Waso(Aj) X Gy, and there exists
an admissible covering {U;}icr of Z(p,As) by affinoids U; such that the morphism g induces a
finite surjective map from U; to an affinoid open Wi of W (A ;) and U; is a connected component
of g~ (W;). Moreover, fori € I, T'(U;, Noo()\,)) is a finite projective D(Wi, Oy a,))-module.

(2) There exists an admissible covering {U;}icr of Xp(p, Ay) by affinoids U; such that for all i
there exists an open affinoid Wi of Weo (A ;) such that the morphism weo induces a finite surjective
morphism from each irreducible component of U; onto W; and that T'(U;, OXp(ﬁ)) s isomorphic
to cZiI’l(Wi, Ow..(,))-subalgebra of the endomorphism ring of a finite projective I'(W;, Oy ))-
module.

Remark 3.12. As in the proof of [15, Prop. 3.11], one can takeU; (in (2)) to be k= *(U;) (with U;
as in (1)), and then I'(U;, Xp(p, Ay)) is just the T(W;, Oy (a ,))-subalgebra of the endomorphism
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ring of the finite projective I'(W;, Ow_ (a ,))-module T'(Ui, Noo (X)) = T (Ui, Moo(X ) generated

by the operators in Ro X T),.

Corollary 3.13. (1) The rigid space X, (p, Ay) is equidimensional of dimension
g+4[S|+3[F" Q] —2]J],

locally finite over Wxo(Ay) and does not have embedded components.

(2) The coherent sheaf Moo(Ay) is Cohen-Macaulay over X,(p,Ay).

Proof. (1) follows by the same argument as in [15, Cor. 3.12] (see also [18, Prop. 6.4.2]). (2)
follows by the same argument as in [14, Lem. 3.8]. O

Corollary 3.14. Let J' C J, we have
(1) dim X, (p,A;)" = g+ 4]S| + 3[F* : Q] — 2|J| (of the same dimension of Xp,(p,A;)).
(2) dim Xp,(p, Ay, J') = g+ [4]S| + 3[FT : Q] — 2|J]| (of the same dimension of X,(p,As)).

Proof. (1) is a special case of (2) since Xp(p,A;) = Xp(p,A;,0). We have X,(p, A, J") =
Xp(ﬁ;AJ/) X'E,O(AJ/) 7?(&]) = Xp(ﬁa AJ/) XWoo(AJ/) WOO(AJ) Let ul C XP(ﬁ?AJ’)7 WZ - WOO(AJ/)
be as in Remark 3.12 (applied with .J replaced by J'), it is sufficient to show U; xyy_ (x,,) Wao (A )
is of dimension g + 4|S| + 3[F" : Q] — 2|J|. But this follows from the fact W (A ;) (hence W;)
is equidimensional of dimension g + 4|S| + 3[F* : Q] — 2|J| and [18, Lem. 6.2.5, 6.2.10]. O

3.3.4. Density of classical points. Recall a point (y,d) of X, (p) is called classical if
Jp, (=2 lal8) [m, T, = 6] # 0,

where “lalg” denotes the locally algebraic vectors for the Gp-action; and we call a point (y, §) of
Xp(p, Ay) classical if it is classical as a point in X, (p), which is also equivalent to

T, (&7 (A,) ) [myy, T;, = 8] # 0.

A point ( ,0) of X,(p) is called spherical if § is locally algebraic (i.e. wt(d) € Z**¢l) and
g5 = (56wt( 5) is unramified; (y, d) is called very regular if 0 is locally algebraic and the character

(25) 0% = 05 (unrz(g) © [ oY)
oEXy

is very regular (cf. (3)) for all v|p. Let 6% := |

For a locally algebraic character § of T, let X7 (5) = U
defined as in (8) for L = F;) For J' C % (), put

(26) 05 1= ®yp0S 1 1= @y (d5( [[ oV 2O g TT oo —wt(0)2041 )

: oeJL oeJL
Thus wt(65,)io = Wt(0)io if o ¢ J; wt(65)1,0 = Wt(0)2,0 — 1, Wt(05/ )20 = Wt(d)1, + 1 if
o € J'. And we have ¥7(65,) = £7(0) \ J'. In fact, let s := [] ;s 5o where s, denotes the
(unique) simple reflection in the Weyl group Ss of gz ®p, o F (note the Weyl group of g, ®q, £
is isomorphic to the product of the Weyl groups So of all g5y ®F; o E), then §9, = VY505, wt(5)
(where “” denotes the dot action).

v|p2+(5§7> (Where EJF((Sg) - 25; is
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For a locally algebraic character ¢ of T}, over E, put

G — Ep\Zt(6)—an
(27) 1) = (Id” 85,35, )™ O @p Lwt(8)5+ ).

By [9, Thm. 4.1] (see also Proposition B.4 below), the representations {I(8%/)} yics+s) give the
Jordan-Holder constituents of (Indg” 5)(@” ~™ Note also that I(4) is locally algebraic if § is
p

dominant. For v|p, put

GLao(F5 — Y5\21(6)z—an
I5(65) = (Indﬁ(;i) : (55wt1(5)2+(5))5) O g L(wt(8)s+(5),),

where X1 (6)5 := X1(8) N X5, which is a locally Qp-analytic representation of GLa(Fy;). We have
(28) 1(5) = @y L5(65).

Note also that I;(83) is irreducible if ST (6)5 # S5. Denote by 65, = @y, ( unrg(qgl) ®unry(gz))
the modulus character of B),, which factors through 7}, and thus can also be viewed as a character
of B, via B, — T,,.

Lemma 3.15. Let x = (y,9) be a point of X,(p,Ay) (hence wt(8), = A, for o € J) with wt(6)
integral and dominant. If any irreducible constituent of 1(53,55;) does not have Gp-invariant

lattice for all ) # J' C X, \ J, then x is classical. We call such classical points ¥, \ J-very
classical.

Proof. By the adjunction formula Proposition B.5, one has (see Appendix B for the notation)

(20) Homg, (8,75, (ME7"(2,) m,))
< Homg, (Fg (W (=wi(6))", 505) HE7 (2, [m, ).

Gp (77 — . — .
The Jordan-Holder factors of .7-"§;’ (M j(—wt(8))Y, ¢5(53;) are given by {I(ég,éB;)}J/gzp\J with
multiplicity one. Since I, is unitary, by assumption, any non-zero map in the left set of (29)

factors through I (5(5;;;), and hence z is classical. O

Proposition 3.16. Let (y,0) be a point of X, (p, Ay) with wt(§) dominant and integral, if
(30) valg (¢505,1(w5)) < f | {wt(6)1,0 — wb(6)2,0 + 1}
oCly\Jy

for all v|p with Jy # X5, then the point (y,0) is ¥, \ J-very classical.

Proof. Let J" C ¥, \ J, J' # 0, and let v|p be such that J. # (. We know that the GLy(F5)-
representation Ig((d.f},)gdg(lﬁ)) is topologically irreducible, and that any irreducible constituent

of 1(6% 5;;) has the form W& EI;((5§,)55§%F5)), where W is a certain irreducible representation

of [ Ly jp.vr o GL2(Fi). If W@Efg(((ﬁ,)gég(lp)) admits a Gp-invariant lattice A, then for any non-
zero w € W, one can check that A, := {v € Ig((éﬁ,)g5§%F~)) | v@w € A} is a GLo(Fy)-invariant

lattice in Ig((é?,)géggp)). By [9, Prop. 5.1], we can deduce

valy (%55’1(@5)) > Z (Wt(é)l,o - Wt(é)l” +1),
oeJL

which contradicts to the assumption. The Proposition follows then by Lemma 3.15. ]
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Theorem 3.17. (1) The set of classical points is Zariski-dense in Xp(p,Ay) and accumulates
at any point x = (y,0) with § locally algebraic (cf. [2, § 3.3.1]).

(2) In X, (p,Ny), the set Z of very regular and X, \ J-very classical points accumulates at
points (y,0) with ¢ locally algebraic and very regular. Moreover, the subset Zy C Z of spherical
points accumulates at spherical very reqular points.

Proof. (1) For the first part, it is sufficient to prove the classical points are Zariski-dense in
any irreducible component X of X,(p,A;). By [18, Cor. 6.4.4] (see also Corollary 3.13 (1))
and the fact that the locally algebraic characters of TI(,) are Zariski-dense in 7;()@ 7), there exists
x = (y,0) € X with ¢ locally algebraic. Let U be an irreducible affinoid open neighborhood of
x in X such that we : U — weo(U) is finite and weo (U) = V4 X V3 is an irreducible affinoid open
in Woo(A) = (Spf So)® x T2(A ) (shrinking U if necessary). Let

C = max Val~ ~6/ ().
' (y',8")eUw|p,J5#Z5 . (q” l,v( v))

Let Cy > C1, and Z be the set of points &’ in V5 satisfying
(i) wt(d’) is integral,
(ii) infyey {wt(0")1, — Wt(8")2,0 + 1} > Cs for v|p with Jy # .

Thus Z is Zariski dense in V. By [18, Lem. 6.2.8], w3 !(V1 x Z) is Zariski-dense in U. However,
by Proposition 3.16, any point in w3 (V4 x Z) is ¥, \ J-very classical. The first part of (1)
follows. In fact, the above argument shows the classical points accumulate at x (since the set Z
in fact accumulates at d), thus the second part of (1) also follows.

(2) Suppose = (with the above notation) is moreover very regular. For v|p, if J; = X3, then
for any (y/,6") in U, §'|z0 = 8|0 = 6x, |70 (since Vi x V3 is irreducible, and T2(Ax,_) is discrete).
We shrink U such that (65)% is very regular for all v|p with J5; = 55 (cf. (25) (3), note that
since the weights A ;- = Ay, are fixed, in this case very regular is equivalent to regular). We now
consider the places v|p such that Jy # X5. Note first for any point (y/,d") in X,(p, A;), one has

(31) valy ((5175(725)) + valy (5;,5(W5)) =0

for all v|p (since Il is unitary in particular for the action of the center). Thus for v|p, Jy # Xz,
we can (and do) enlarge Cy such that the property (i) (together with (31)) implies that (%)% is
very regular. Consequently, any point in w (V3 x Z) will be very regular. The first part of (2)
follows. If x is moreover spherical, the subset of Z of algebraic characters is also Zariski-dense
in V5. And any point in w }(Vi x Z) is spherical, very regular and ¥, \ J-very classical. The
second part of (2) follows. O

Remark 3.18. If J; # X5 for all v|p, one can in fact prove (by the same arguments as above
together with [18, Cor. 6.4.4]) that the spherical, very regular, ¥, \ J-very classical points are
Zariski dense in Xp(p,Ay). However, if J; = 3z, let x = (y,9) € Xp(p,A)), thus wt(0), =
(AL A2,e) for o € J (thus for o € X5); since T2 (As,.) consists of isolated points, if z' = (1',8")
lies in an irreducible component of X,(p,\;) containing x, then 5’|T§ = 5Tvg. In particular, if
(555;1 18 not unramified, then any irreducible component containing x does not have spherical
classical points.
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3.3.5. Reducedness of patched eigenvarieties.

Theorem 3.19. The rigid space X,(p, ;) is reduced at points x = (y,d) with § very regular
and locally algebraic.

Proof. The theorem follows from the same argument as in the proof of [15, Cor. 3.20]. Let
x = (y,9) € Xp(p, Ay) satsify ¢ locally algebraic and very regular. By Proposition 3.11 (see also
Remark 3.12), there exists an affinoid open neighborhood U = Spm B of z in X,(p,A;) such
that

~ Woo(U) = Spm A is an irreducible affinoid open in (Spf Ss0)™8 x T,)(A;),

— Weo(U) has the form V7 x Vo C (Spf S )'8 x 7;0(3]) (with V; irreducible),

- M = F(U,MOO(AJ)) is a finite projective A-module equipped with an A-linear action of

Roo x T, zj , and B is isomorphic to the A-subalgebra of End4 (M) generated by R and T, If .

Note if Jz = X3, then image of U in 7;70 is a single point. As in the proof of Theorem 3.17, we
can find a set Z C V5(E) such that (shrinking U if necessary)

(1) Z is Zariski-dense in Va,
(2) any point 2’ € w (Vi x Z) is very regular and %, \ J-very classical.

As in the proof of [19, Prop. 3.9] (see also the proof of [15, Cor. 3.20]), it is sufficient to prove
that for any dp € Z, there exists an affinoid open Us, of Vi (which is thus Zariski-dense in
V1) such that for any z € Us, x {do}, the action of B (thus of Ry and T,7) on M ®4 k(2) is
semi-simple, where k(z) denotes the residue field at z.

Let z € Vi x {dp}, m, be the associated maximal ideal of SOO[%}, and ¥ := Homy,,) (M ®4
k(z),k(z)) (which is of finite dimension over k(z)). Since M ®4 k(z) is the set of the sections of
Mo (A ) over the finite set UNwz!(z), 3 is isomorphic to a direct factor of Jp, (IT5==22() ) [T} =
do]. Let p be the weight of dp, and x be a smooth character of T}, such that X|T19 = (50(5;1.
Since T, ]9 acts on X via dp, there exists a smooth unramified representation ¥, of T}, such that
¥ = 04X @p(z) Loo- By Proposition B.5, one has (see Appendix B for the notation)

Homz, (8,x @ Soc Ji, (72 )m.]) )
— Homg, (ng (M (=), X Ok(z) Zoo D(z) 5;;)7H§°°7an(AJ)[mz]>-

Since any point in wl(z) is ¥, \ J-very classical, one can show as in the proof of Lemma 3.15
that any morphism on the right side factors through the locally algebraic quotient

Gy [+ 1\~ G _
75, (L(=p); X ®i(z) Loo Dr(z) 532) = (Ind§: X ®k(z) Too Pk(z) 537})00 ®p L(p).
Since any point in w!(z) is very regular, any irreducible subquotient of

G —
has the same smooth type (cf. [17, § 3]), denoted by ogy (which is a finite dimensional smooth
representation of K,). Thus W lies in a Berstein component, and there exists a finite dimensional
H = k(2)[K,\Gp/Kp]-module M'® such that W = c- Ind%’)(asm) @y M (e.g. see [17, § 3.3]).
Let 7 be the inertial type corresponding to ogm (cf. loc. cit.), oag = L(p)|k, and o :=
Osm ®p(z) Oalg- The theorem then follows from verbatim of the last paragraph of the proof of
[15, Cor. 3.20], replacing the universal crystalline deformation ring R%' K= 10 loc. cit. by the
o)
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universal potentially crystalline deformation ring of type o: R%] (o) == ®v|pR " (0]K;) (see [17,
P
§ 4], in particular [17, Lem. 4.17, 4.18]). O

3.4. Infinitesimal “R=T" results. Let X5, := Spf (®ves\sz§5)rig, X5 = Spf (& ol BS. )",
and U be the open unit ball in Al. We have thus (Spf R, )" = .’{%p x U9 x %%'p. For v|p, denote
by ty the following isomorphism (cf. (25))
v T = Tgy 05+ 6.
Put bp = Hv\p by T 7;’ (X‘Ic:rll( )) = th(pv) X Tt 7-5’ thzrll(pp) = Hv\p XtDri(ﬁi?)a and
(XEH( )) = XtDrl(pp) X'E;,Lp T = H (XEH( v))

vlp

Note that ¢, (Xgi(p,)) is a closed subspace of %%p X Tp. Recall

tri

Theorem 3.20 ([15, Thm. 3.21]). The natural embedding X,(p) — (Spf Roo)™® x T, factors
though

(32) Xp(p) — X5 x U9 x 1,1 (Xi3(p,)),

and induces an isomorphism between X, (p) and a union of irreducible components (equipped
with the reduced closed rigid subspace structure) ofx x U9 x 1 (Xtmn(pp))

For z = (y,d) € X,(p) and v € S, denote by p, 5 the image of x in (Spf R%)rig via the natural

morphism. For v|p, 5 = (pu.z, 5%) is thus the image of  in XJ.(py) via (32). For a finite place v
of F' with v { p, a 2-dimensional p-adic representation p; of Galg, is called generic if the smooth
representation m of GLo(F%) associated to WD(p3) (the associated Weil-Deligne representation)
via local Langlands correspondance is generic (which is equivalent to infinite dimensional in this
case).

For a weight Agp = (M1 A20)0esx, Of {, ®q, E, J' C X, denote by )\J, = (M,os A20 — )oe-
Now let J C ¥, A; € Z?| be dominant, put XtEr'I(pp,)\h) [L, m(pv,)\l}) (cf. §2.1). By
definitions, the closed embedding (32) induces a closed embedding

(33) Xp(B,Ag) — X2 x U9 x 151 (X5 (7, AT)).

Put thJ ar(Pp A ) IL, p XEI J~—dR(pU7/\J~) (cf. (4)). By Shah’s results [35, Thm. 2] and
the density of classical points in X (p, Aj) (cf. Theorem 3.17), the injection (32) induces a closed
embedding

(34) Xp(Ps Ap)rea —> Xpp x UY x Lgl(XEi,deR(ﬁpaé?I))'

Now suppose ¢ is very regular and locally algebraic, we have that X,(p,A;) is reduced at
by Theorem 3.19. Suppose p, 7 is generic for v € S\ S,. By [1, Lem. 1.3.2 (1)], .’{%p is smooth
at (pz5)ves\s, (of dimension 4|5\ Sy[). Let X be the union of irreducible components of X,(p)
containing = (equipped with the reduced closed rigid subspace structure). By Theorem 3.20, X
has the form

Ui(XP < 109 x 1 (X)) = Ui (X7 x 07 x (T] 5 (X))
vlp
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where X? is the (unique) irreducible component of %%p containing (py )ve s\s,» and Xi, (resp.
Xw) is a certain irreducible component of Xm(pp) (resp. Xi;(py)) containing (z5)ves, (resp.

v) . Suppose z is spherical, by Theorem 3.17 (and the proof), U; X; 5 satisfies the accumulation
property at xy for all v|[p. Suppose wt(d)1,, # Wt(0)2,, —1 for all ¢ € ¥, and that p, 5 is X(z5)-de
Rham for all v|p (cf. § 2.2). Thus by Corollary 2.3, U; X, 5 is smooth at x3, and hence for all 4,
X7 is equal to each other, which we denote by X7. In summary, X = X? x U9 x ¢, LX) with
X, = Hv|p X5, and is smooth at the point z.

Theorem 3.21. Let v = (y,9) € X,(p,A;) be such that p, 5 is generic for v € S\ Sy, py is
Y(z5)-de Rham for all v|p, = is spherical,® and § is very regular with wt(8)1,, # wt(8)2,, — 1
for all o € £,. Then X,(p,A;) is smooth at x, and we have a natural isomorphism of complete
reqular noetherian local k(x)-algebras:

(35) Ox, @200 7 Oxoxtaxis (%) -an(2)0”

where (Xp>J7dR(A5) = Hv‘p(Xg)JE,dR(A?IE) (cf. § 2.1, recall (Xg)]E,dR(A?]5> X5 7 X X0 (5)
Xgi,Jg—dR(ﬁ%ALuja))'

Proof. Let Z be the union of irreducible components of X,(p, A;) containing x (equipped with
the reduced closed rigid subspace structure), which is thus equ1d1men81onal of dimension L g+

4]S| + 3[F* : Q] — 2|J|. Moreover, since X,(p,\;) is reduced at x, one has Ox DBA) e (’)Zx
The closed embedding (34) induces a closed embedding Z — X? x U9 x ¢, Y(Xp) - dR()\hJ))

We get thus a surjective morphism O e OZE However since XP is

XPXUIxu,  (Xp)g—ar (A
smooth at (pz7)ves\s, of dimension 4[S\ Sp|, by Theorem 2.4 (1), one calculates:

dimy,,) T — g+ 4]S|+3[F*: Q] —2|J| = dim Oz,

XPXUIxtp  ((Xp) s—ar(AY)),x
The theorem follows. ([l

For J" C J, recall Xp,(p, Ay, J') = Xp(P, Ayr) x7(2,) T(A;). We put (cf. (6))

(Xp)s—ar (X)) == [ [(Xp) s—ar (M%) = (Xp) yr—ar (X)) XT08,) T(A)).
vlp ‘

The following corollary follows easily from Theorem 3.21 (applied to Xp(p, A J,)):
Corollary 3.22. Keep the situation of Theorem 3.21, and let J' C J. The isomorphism (35)

(with J replaced by J') induces an isomorphism

OX”(E’AJ’J,)’I OXPXUQXﬂgl((Xp)Jfde(A‘uJ)),x

Let X(z) := UypX(25) (cf. § 2.2). The following corollary will play a crucial role in our proof
of the existence of companion points:

2. By [13], we know now Xs;(p;) (resp. XEi(ﬁp)) is irreducible at xy (resp. at (z3)ves,), and hence X; 3
(resp. Xip) is actually unique.

3. This assumption is to used to ensure that X satisfies the accumulation property at zz for v|p so that we
can apply the results in § 2.2. Now using the theory of [13], one can probably weaken this condition. The situation
is the same for Corollary 3.23, Corollary 3.23 below.
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Corollary 3.23. Keep the situation of Theorem 3.21, and let J' C J. The following statements
are equivalent:

(i) the natural projection (induced by the closed embedding X,(p,A;) < Xp(p, Ay, J"))

OXp(ﬁ,AJ,J/),JE OXP(?vAJ)vx

18 an isomorphism;
(it) Xp(p, Ay, J') is smooth at x;
(iii) (J\ J')NE(x)=0.

Proof. The equivalence of (i) and (ii) is clear since X,(p,A;,J’) has the same dimension (g +
4|S|+3[FT : Q] —2|J|) as X,(p,A;), and X,(p, A;) is smooth at z. As in the proof of Theorem
3.21, to prove (ii) is equivalent to (iii), it is sufficient to show that (J\ J') N 3(z) = 0 if and
only if

dlmk(ac) TXp(ﬁ,AJ,J’),a: =g+ 4|S| + 3[F+ : Q] - 2|J|a
thus by Corollary 3.22, if and only if

dimy,,) T =g+4|S|+3[F": Q] —2|J|.

X5, x U915 (Xp) yr—ar(A5)),2

However, this follows from Theorem 2.4 (2). O

4. COMPANION POINTS AND LOCAL-GLOBAL COMPATIBILITY

4.1. Breuil’s locally analytic socle conjecture. We recall Breuil’s locally analytic socle
conjecture (for the group G of § 3.1). Let p : Galp — GLy(FE) be a continuous representation
such that p ® € = p¥ o ¢, p is unramified outside S, and p is absolutely irreducible. Suppose
moreover
& lal,
(1) SUP, E); ®[m,] # 0;
(2) py = P|Ga1F5 is regular crystalline of distinct Hodge-Tate weights for all v|p.

Note by the results in [14], assuming (2) and Hypothesis 3.9, the condition (1) can be replaced by
Jp, (S(UP, E)™[m,]) # 0. Let Ay, := (A1,0, A2,0)oes, € Z2P#l be such that HT(pz) = _yzﬁ =
—(AM,o, X260 — 1)oex, for vlp; let oz 1, ag o be the two eigenvalues of the crystalline Frobenius
5.0 Q] op D¢yis(py) for v|p (note aalagé £ 1, pFs.0 @l gince py is regular). For s = (s3),), €
sz" (which is in fact the Weyl group of Gy,), put ¥ := @, unrg(qglai’sgl(l)) ®unrg(ag7sg1(2)),
and 0g := 150 s, which is a locally algebraic character of T},. Since Azp is dominant, I (55652)
is locally algebraic. Moreover, for s, s’ € S|QSP‘, we have 1(55(5]};) = I((Ssrégi) =: Ip(pp). By the

classical local Langlands correspondence, there exists an injection of locally analytic represen-
tations of G:

Io(pp) — S(UP, B)3"[my).
Such an injection gives (by applying Jacquet-Emerton functor) |S£Sp ‘|—classical points {z; =
(mp,d,)} cslsel 1D E(UP)5. For v|p, let X(zs)5 C ¥y be such that ((58,5)%& )~)h (cf. (25), (26)) is
S 2 s)v

a trianguline parameter of py, and put ¥(zs) 1= Uy, X (2s)5-
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Conjecture 4.1 (Breuil). Keep the situation, and let x be a continuous character of T, over
E. Then I(x) — §(UP,E)%n[mp] if and only if there exist s € S‘QSpl and J C X(zs)y such that
X = (8:)505"

This conjecture is in fact equivalent to the following conjecture on companion points on the
eigenvariety:

Conjecture 4.2. (1) Let x : T, = E*, (m,, x) € E(UP)5 if and only if there exist s € Sés’” and
J C X(zs)y such that x = (d5)9.

(2) For s € S‘zsl?l and J C X(zs), the point (z5)G = (my, (05)5) lies moreover in E(UP, As, \ 1)5-
First note the “only if” part in (1) of Conjecture 4.2 is an easy consequence of the global

triangulation theory: if (m,, x) € £(UP)5, by global triangulation theory [29] [30] applied to the
point (m,, x), there exists S C X% () such that ((Xcs)n)g is a trianguline parameter of pg for all

v|p. So there exists s € S‘QSpl such that x§ = (68)%(23)' Moreover, since S C ¥, \ X7 (x§), we
have S C ¥(z,) and hence y = (58)02(23)\5'

We show the equivalence of the above two conjectures. Assuming Conjecture 4.1, for s € S‘ZS” |

and J C X¥(zs). By applying Jacquet-Emerton functor to an injection
I((0:)505,) — S(UP, E)3"[m))]
(which automatically factors through Se, E)3(As,\ 7)[m,]), we get the point
(25)7 € EWUP, Ag 0\ g)-

Conversely, assuming Conjecture 4.2, if I(x) < S (UP, E)5[m,], applying Jacquet-Emerton func-
tor, we get a point (m,,xdg) € E(UP);. Thus the “only if” part of Conjecture 4.1 follows
from the “only if” part of Conjecture 4.2. The “if” part of Conjecture 4.1 follows directly from
Conjecture 4.2 (2) and the following bijections

~

(36) Homa, (Z((8,)505.). S(UP, E)3"[m,]) = Hom, (1((8:)595)). S(U”, E)3 (A, ) [my])
= Homr, (((55)3, JB, §(Up7 E)an(AEP\J)) [mﬂ])

for all s € S‘QS” " and J C Xp, where the first bijection is clear and the second follows from
Proposition B.5.

In the following, we assume Hypothesis 3.9, and we prove Conjecture 4.1 (and hence Conjec-

ture 4.2) under the assumption in the next section. We will work with the patched eigen-
variety and show a similar result of Conjecture 4.1 with S(U?, E); replaced by Ils. In-

deed, since Il[a] = S(UP,E);, if we denote m, the maximal ideal of Ry ®o, E corre-

sponding to p (via Re/a — Rsp), then Ilg[m,] = §(UP,E)[mp]. For s € Slfp‘, one has a
point zs = (m,,ds) € Xp(p), which is moreover classical and lies hence in Xp(p,Ay,). By

~

Il [m,] = S(UP, E)[m,] and the adjunction property in (36), one has the following easy lemma
Lemma 4.3. The point (z5)5 € Xp(p, As, )\ ;) if and only if (25)G € E(UP, As )\ 1)-
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4.2. Main results. Let J C 3, and A\; := (A1,6, X260 )0cs € 727! be dominant.

Theorem 4.4. Let x = (y,8) be a spherical®, very regular point in X,(p,A;) with X+ (8) = J,
and p, i generic for allv € S\ S,. Suppose X(x) # 0 (note X(x) C X1(6) = J), then for all
0 € X(x), 25 = (y,95) € Xp(P, Ap\ (o)) (note BF(55) = T\ {c}).

Remark 4.5. By Proposition B.5 and the assumption J = X7 (), one sees x = (y,d) €
Xp (P, Azﬂé)) is equivalent to the existence of an injection of locally Qp-analytic representations
of Gp
_ Roo—
1(0657) = T (Ag(g)) [my)-
Similarly, x5 € X,(p, AZ+(5)\{U}) is equivalent to the existence of an injection

1(0505)) > T """ Ast (5), (o) [y ).

Proof. Suppose X(x) # (), and let o € X(x), J' := J \ {o}. Consider the following closed rigid
subspaces of X, (p):

XP(ﬁ’ AJ) — Xp(ﬁ7AJ7 ']/) — Xp(ﬁvAJ’)‘

By Proposition 3.11, there exists an open affinoid neighborhood Uj; := Spm By (resp. Uy :=
Spm By/) of z in X,(p,A;) (resp. in X,(p, Ayr)), such that
— Woo(Uy) (resp. woo(Uyr)) is an affinoid open, denoted by Spm Ay (resp. Spm A /) in Weo (A )
(resp. Weo(Ay1));
— kg ({Koo(2)}) = {2}, i.e. x is the only point in U, (resp. Uy/) lying above w := weo(2);

~ My :=T(Uj, Mxs(Ay)) (resp. My :=T(Uy, Mog(Ay))) is a locally free Ay (resp. Ay)-

module.
One has thus (where m,, denotes the maximal ideal of Ay or Ay corresponding to w, m, the
maximal ideal of By or B/ corresponding to x, recall “[-]” denotes eigenspaces and “{-}” denotes

generalized eigenspaces)

(M /M )" = Jp, (MET (X)) [me}{mq }
(xesp. (Mo fmoMy)Y 5 T, (M) [me] {m, } ).

Claim: The natural injection
(37) I, (5=~ (A ) o] {me} < T, (L= (A 0)) [me] {m.}
is not surjective (note o € X(z) N J).
Assuming the claim, the theorem then follows by applying Breuil’s adjunction formula to the

right set of (37): Denote by p, (resp. p;) the prime ideal of R, (resp. of Sy) corresponding to
y, thus

Ip, W) myJ{ma} = Jg, (W) [p,, T = 0]{py. T, = 6}
for any locally Rs-analytic closed subrepresentation W of 1<~ By (37), there exists

v € Jp, (L") by, T = 0{py. T = 0} \ Jp, (I3 (A))) b}, T = 0l{py, T = 6}

4. We put this assumption to apply Theorem 3.21, but as remarked in the footnote 3, using the recent results
of [13], one can probably weaken this assumption.
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Consider the T)-subrepresentation generated by v, which has the form 4,5y ® g my; where my,

is a finite dimensional unramified smooth representation of 7, with Jodan-Holder factors all

isomorphic to s = (55V_Vt1( 5 By Proposition B.5, one has (see Appendix B for the notation)

S Yavi - o —an
(38) Homg, (I_fp (M (= wt(8)", mys @5 050 ), L=~ (A 50 [P {py })
— Homy,, (g, @5 dwis), I8, (TTE= 72" (A 1) [0} 1{py}))-

On the other hand, fg" (M (= wt(6))Y, myps @F 5;;) sits in an exact sequence (e.g. see Propo-
P
sition B.4)

Gp [+ - G (7 -
0— Vo= Fg” (L(=s0 - wt(8)), 7wy, ©p b)) — 5, (M (= wt(8))", my; ©p 05}
Gp (7 _
— Vo =y (L(=wt(8)), 7y, @5 05" ) — 0.

Gp (~F _ —an .
Let f : }"E:’ (M j (= wt(0))V, 7y p 5Bi) — I (Aj)[pyl{py} be the map in the set of
the left hand side of (38) corresponding to the injection map induced by v (as an element in
the set of the right hand side). We see f does not factor through Vj, since otherwise, Im(f)
would be contained in IIf> =22 () ;) [p} [{p,}, and hence v € Jp, (IE=""(X;)[p,]{py}) by taking
Jacquet-Emerton functor, a contradiction. Thus we see

Homg, (Vo, T5= =" (A1) [Py} {py} = Homg, (Vor, TE="*"(A ) [y} {py}) # 0.

Since any irreducible constituent of V; is isomorphic to I(650, ) we deduce

(39) Homg, (I(6507,) ), IIE="""(A ;1) [m{py}) # 0.

By Proposition B.5, the set in (39) can be identified with Jp, (Hfom_an(gj/))[p;,Tp = 05H{py},
which is in particular finite dimensional (since Jp, (IT%=~"();,)) is essentially admissible as a
L} x T,-representation, where Soo = Op[Z]). One can then deduce from (39):

Homg, (I1(0505)), ="\ ;) [p,]) # 0,
the theorem follows.

We prove the claim. Consider the finite free (A)m,-module (resp. (A )m,-module) (M j)m,,
(resp. (My)m,), and let sy = rkea,), (Mj)m, (resp. sy = 1ka,,, (Mj)m,). By the
isomorphisms before the claim, it is sufficient to prove s; < s/;.

By Corollary 3.13 (2), Moo(A;) (resp. Moo(Ay)) is Cohen-Macaulay over X,(p,A;) (resp.
over Xp,(p,Ay)). By Theorem 3.21, X,,(p, A;) (vesp. Xp(p,As)) is smooth at z. Thus by [26,
Cor. 17.3.5 (i)], shrinking U (resp. Ujy/), one can assume M (resp. M) is locally free as a
Bj-module (resp. as a By-module). Hence (M j)m, = (M j)m, (resp. (My)m, = (My)m,) is
a free (Bj)m, (BJ)mx—module (resp. (Bj)m, = (Bj)m,-module), say of rank 7 (resp. ).

Since (M j)m, (resp. (Mj)m,) is free over (Aj)m, (vesp. (Aj)m,), this implies in particular
(BJ)m, (resp (B ) .)s as a direct factor of (M j)m, (resp. of (Mj)m,), is also a free (Aj)m,
(resp. (Aj)m,)- module say of rank ey (resp. ey). It is straightforward to see s; = rjey,
Sy =Tgegr.

We have

(Mg /meM )" == Jp, (57" (2) [ma])
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(vesp. (Mo /mg M)V =5 T, (M0 (1) m)) ).
From the natural injection
T, (M= (A)) [ma]) < Jp, (I3 (A ) [ma]),

We deduce r; = dimyy,) My/m;M; < dimy(,) My /me My = 7. It is thus sufficient to prove
ej < ey, which would follow from Corollary 3.23:

Let B, (resp. A’}) be the quotient of By (resp. of Ay) with Spm B’, = Spm B XTO(A 1)

7;0(AJ) (resp. Spm A, = Spm Ay XT0(A) 7;0(AJ)), Mf] =My ®p, B} = My ®a, A} Since
B is locally free over Ay, B’ is locally free over A’; and in particular, (B))m, is a free (A’})m,, -
module of rank e ;. For a noetherian local E-algebra R, denote by R" the completion of R at
its maximal ideal. One gets in particular complete noetherian local E-algebras (B)p . (B))n.
(Anh., (A))n., which are in fact the complete local algebras of X,(p, A;) at , X,(p, Ay, J')
at T, Wao(Ay) at w, Wao(A ;) at w respectively. In particular, (Ay)n = (4%)n, - The natural
morphisms X, (p, Ay) = X,(p,As, J') = Wao(A ;) induce

(AN, — (Byn, — (Bo)a,-

By Corollary 3.23, the last map is not bijective (since J\ J' = {o} C X(z)). Since (B))}. (resp.
(By)i,) is free of rank e (resp. ey) over (Aj)j , one gets ey > ey and hence sy > sy, the
claim (hence the theorem) follows. U

Corollary 4.6. Assume Hypothesis 3.9, then Conjecture 4.2 (and hence Conjecture 4.1) is true.

Proof. With the notation of Conjecture 4.2, by the discussion following Conjecture 4.2, it is
ISl

sufficient to show (z,)G = (m,, (05)7) € E(UP, Ay )\ ) for all s € S, J C X(z5). We use the
notation as in the end of § 4.1, namely, for each s € S‘QSP l, we have a classical point z, = (m,, d5)
in Xp(p,Ay,). Note that X(z;) (defined right before Corollary 3.23) is no other than the set
Y(zs) defined in § 4.1. Note also that py is generic for v € S\ Sp. Indeed, p corresponds to
an automorphic representation m of G(Ap+) with cuspidal strong base change II to GLy(Af)
(e.g. see [14, Prop. 3.4]) which is generic at all finite places of F. Applying Theorem 4.4
inductively on |J| (starting with J = (), one sees ()5 € X,(p, As,\ ) for all J C B(xs) (note
also X((z4)9) = X(xs) \ J), which together with Lemma 4.3 conclude the proof. O

We can also deduce from Theorem 4.4 some results on the existence of companion points in
trianguline case. Keep Hypothesis 3.9. Let p be a continuous representation of Galg such that
p®Re=pYoc, pis unramified outside S, and suppose

(40) Jp, (S(U?, E)2[m,]) # 0.

The latter is equivalent to that p is attached to some point in £(U?)5 and implies that py is
b

trianguline for all v[p. For v[p, let x5 be a continuous character of T in E* such that xZ is a
trianguline parameter of py. We suppose

— X7 is locally algebraic, very regular, and xngfvtl(xﬁ is unramified for all v|p;
- Wt(X%)UJ # Wt(X%)mQ (distinct Hodge-Tate weights condition);

— for v e S\ Sp, py is generic.
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Let S (p) :={v € S, | py is crystalline}, and ¥} (p) := Upess (o) 2o

Let v € S; (p). Let Ax. = (Ao, Aoo)oes, € Z250 such that HT(p5) = —A% = —(A1o, Aoo—
1)oex,. We have thus for o € Xy,
{A1,0'7 )\2,0 - 1} = {Wt(Xﬁ)U,hWt(Xﬁ)U,Q}'

Let ag 1, ag 2 be the two eigenvalues of the crystalline Frobenius gp[F 5,0:Q] on Deyis(pz). Since x3
is very regular, ag,laié #1, qgl. For wi € Sz, put ¢34, = unrg(q»ﬁ_laawﬂ(l))®unrg(aaw:1(2)),
and 03, = Y5 w,0),, Which is a locally algebraic character of T;. For w; € Sy there exists

Y (wy) € X7 such that ((51075)62(%))u is a trianguline parameter of pz.

Let v € S, \ Sz'f (p). Thus py is trianguline non crystalline. Since xz is very regular, we know
py admits a unique triangulation given by X%- Let
E(pz) == {0 € X5 | wt(xz)o1 < Wt(X7)o,2}-
Thus there exists a locally algebraic character 3 of Ty with wt(d3) dominant such that (55)02(p~) =

sist

Xz. For w = (wi)vesg(p) € , put

Ow 1= (®v65;(p)557w17) ® (®U65p\53_(ﬁ)65)7

and 1y, 1= 5w5\;tl( 5u) (which is an unramified character of 7},). The following lemma is an easy

consequence of the global triangulation theory (e.g. see the discussion below Conjecture 4.2).
Lemma 4.7. Keep the above situation, if (m,,x) € E(UP)5, then there exist w = (wg)vesg(p) €

Sf;(p)l, and J5 C S(wg) (resp. Jy C X(py)) if v e Sf(p) (resp. if v e Sy \ S (p)) such that
X = (0w)y with J := Uyeg, J5.

n

By assumption (40), there exists (m,, x) € £(UP) for certain x. Let tv € (m;)vesg(p) € Sés” @)
be attached to x as in the above lemma. By Theorem 4.4, we have the following results on the
companion points of (m,, x).

Corollary 4.8. We have (m,,(6n)5) € E(UP); for any J C X(w) := (UveS;(p)E(m’ﬁ)) U
(Uvesp\sg(p)z(l)i))-

Proof. Let J C 3(w) be such that (m,, (0w)5) € E(UP)5 (i.e. x = (0n), cf. Lemma 4.7) . Thus

T5,(S(U, EY [mu])[T, = (3w)5] # 0.

Applying Breuil’s adjunction formula, we see

Hom, (F5 (VI(—wil35))"  thed)). S(U7, )3 m,)) = T, (S(UP, B [m)) [T} = (30)5] # 0.

Since the irreducible constituents of Fg;’ (M (= wt((6)5))", wgégi) are given by
{1((0w)50s95,) Fscs s

(where the irreducibility follows from the assumption on xy), there exists S C ¥, \ J such that

I((00)5us05,) — S(UP, E)3[m,] = =" [m,]
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where we also use m, to denote the maximal ideal of R [1/p] associated to p. We thus get a
point 25, (resp. x5 g) in E(UP, wt(d)s,\(jus))z (resp. in X,(p, Wt(é)gp\(ws))). By Lemma
4.7, we have JUS C ¥(0). Note also that the point 2 4 satisfies the conditions in Theorem 4.4.
Thus by Theorem 4.4 (inductively), we get x5, € Xp(p, wt(d)s,\ ) for all SUJ C J' C ¥(r).
Using a similar result as in Lemma 4.3, one gets 25, = (m,, (0n)5) € E(UP, wt(d)s,\ )5 for
all SUJ C J' C (). The direction that 2y € EWUP); = 25 € E(UP), for all J C ()
follows from [10, Prop. 8.1 (ii)] (see [14, Thm. 5.1] for patched eigenvariety case), which allows
to conclude. O

At last, we propose a locally analytic socle conjecture in this case®. Denote by C(p)
Uves,C(pz) (cf. § 2.2). Note that if C'(p)y = Xy, then v € S (p). By [22, Prop.A.3], C(p)
Yy \ E(w) (for all w).

U i

Conjecture 4.9. Keep the notation and assumption as above, then I(st]_;;) — §(Up, E)3t m,]

+
if and only if there exists w = (Wg),cgt(,) € SéSp ©l " and Yp\ C(p) € J C B(w) such that
X = (0w)j-

~ +
Remark 4.10. (1) In particular, S(UP, E)5*(Wt(0w)c(p))[mp] # 0 for all w € S'QSP @I In other

words, §(UP,E)%H [m,] should have non zero C(p)-classical vectors.

(2) The “only if” part is known. Indeed, ifI(X(sg;) — S(U?, B3 my], then (my, x) € E(UP)5.
+
By Lemma 4.7, there exist w € Slfp @Ol 4nd J C X(w) such that x = 0. Moreover, the injection
implies also that (my, (0w)5) € E(UP, (Wt(dw))s,\s)5- By Theorem 3.7, py is X5 \ (J N Xz)-de
Rham. Hence J 2 3, \ C(p).

In terms of companion points, we should have

Conjecture 4.11. Keep the notation and assumption as above.

+
(1) A point (m,, x) € E(UP)5 if and only if there exists w € S|QS” (p)l, and J C X(w) such that
X = (5w)cj'

(2) For w € S%S;(p)l, if J 23, \ C(p), then (my, (0)5) lies moreover in E(UP, wt(0w)x,\1)7-

Remark 4.12. (1) Note that in (1), we do not have J D ¥, \ C(p). Actually, as seen in
the proof of Corollary 4.8, for J1 C Ja, by [10, Prop. 8.1 (i)], if (my, (0w)3,) € E(UP)z, then
(mp, (0w)F,) € E(UP)3.

(2) In the case where S,f (p) =0, (1) is already known by Lemma 4.7 and Corollary 4.8.

By the same argument as in § 4.1, we have

Lemma 4.13. The conjectures 4.9 and /.11 are equivalent.

5. We will prove this conjecture in the next section, using the theory of [13] (together with Corollary 4.8).
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5. PARTIAL CLASSICALITY

In this section, we apply the theory of Breuil-Hellmann-Schraen [13] on the local model of the
trianguline variety to the closed subspaces considered in § 2.1. In particular, we prove Conjecture
4.9 (hence also Conjecture 4.11).

5.1. Preliminaries. Recall some geometric representation theory and we refer to [13, § 2] for
details. In this section, we let G := GLg /E, B be the Borel subgroup of G of upper triangular
matrices, and let g := gl,, b be the Lie algebra (over F) of G, B respectively. Let g be the
E-scheme:

§:={(9B,¥) € G/B x g | Ad(g™ ")y € b}.
It is known that g is smooth and irreducible. The natural morphism g — g, (¢B,%) — ¥ is
proper and surjective.

Let X :=gxg0 = {(¢1B,92B,¢) € G/BxG/B x g | Ad(g; )y € b, Ad(gy )y € b}. For
w € S (the Weyl group of G), put U, := G(1,w)B x B C G/B x G/B where w € Ng(T) is
some lift of w. We have

G/B x G/B = Uyes,Uw.
It is known that U, is a locally closed subscheme, and is smooth of dimension dim G — dim B +
lg(w). Consider
m: X — G/BxG/Bxg— G/BxG/B.
Let V,, := 7~ !(Uy), and X, be the Zariski closure of V,, in X. It is known that the E-schemes
X, X, for w € Sy are equidimensional of dimension dim G = 4, and are reduced. Moreover, the
irreducible components of X are given by X, for w € Ss.

Denote by £ : X — g the natural morphism, and X the fiber of X at 0 € g (which is thus
a closed subscheme of X). it is easy to see X = G/B x G/B (since the fiber of g at 0 € g is
isomorphic to G/B). For w € Sy, let X, := X N X, = X X x Xy, which is thus the fiber of X,
at 0 € g.

Lemma 5.1. We have X 2 G/B =N G/B x G/B = Yf{where A denotes the diagonal mor-
phism), and Xs = X (where 1 # s € S3). In particular, X1 (resp. Xs) is smooth of dimension
1 (resp. 2).

Proof. By [13, Lem. 2.24], X; = Vi. By definition Vi & § 2 § x, §. Since the fiber of § at
0 € g is naturally isomorphic to G/B. The first part follows. Let V; be the fiber of V; at 0 € g.
Since Us is Zariski-dense in G/B x G/B, it is not difficult to check Vj is Zariski-dense in X.
Since X is reduced, we deduce X, — X. ]

5.2. Local model of the trianguline variety. Let J C X1, k; = (k1,5,k2,0)0cs € 721 with
k1o > kg, for all 0 € J. For u = (us5)ses € [[,c S2, denote by kY := (kugl(l)’o_7ku;1(2)7g)U€J.
Let « = (r,0) be an E-point of Xty j_ar(7r,kY) (cf. § 2.1), and suppose 6 = §; ® Js is locally
algebraic, very regular with wt(0)1,, 7# wt(6)2,, for all o € X7. We have wt(d;), = k-1, for
all 0 € J, and
sto)nJ={ceJ|u, =1}
Note also J C C(r) (cf. § 2.1) since € Xyi,j—ar (1, k).
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We recall some results of [13] (where we only consider the GLg case and we refer to loc. cit.
for details and for more general statements), from which, in particular, we deduce Theorem 5.4.
Let Cp denote the category of local artinian E-algebras of residue field isomorphic to F.

As in [13, § 3.6], denote by X, the groupoid over Cg of deformations of r : Galy, — GLa(E), V
be the representation of Galy, associated to r, and Xy be the groupoid over Cg of deformations
of V. Thus X, is pro-representable by the formal scheme Spf RS, where R‘D/ denotes the framed
universal deformation ring of V. There is a natural morphism X, — Xy (forgetting the framing),
which is relatively representable, formally smooth of relative dimension 4.

Let D := D,ig(V) (which carries the same information as r), Xp be the groupoid over Cg
of deformations of D. Thus Xp = Xy. Let M := D[1/t], which admits a triangulation
Me = (M;)i=1,2 of (¢,I')-modules over Rg[1/t] such that M; = Rg(d1)[1/t], and My = M,
Mo/ My = RE(d2)[1/t]. Let Xaq be the groupoid over Cg of deformations of M, X, be
the groupoid over Cg of deformations of (M, M,) (cf. [13, § 3.3]). There is a natural morphism
(by forgetting the filtration M,):

XmMme = XM
There is also a natural morphism (by inverting ¢t) Xp — X, and we put Xp am, := Xp X x,,
XM Mo Xr Mo = Xr Xxp XD M,-

Recall a little on Fontaine’s theory of almost de Rham representations (e.g. see [13, § 3.1]).
Let B;rdR = BGJ{R[Iog t], Bpdr = B;rdR[l/t] ~ Bgr ®B§R B;rdR. The Galp-action on By extends
uniquely to an action of Galy, on Bpgr with g(logt) = log(t) + log(xcyc(9))- Let vp 4, denote
the unique Bqr-derivation of Bpgr such that vp_ . (log(t)) = —1. We have that vp_;, and Galf,
commute, and both preserve B;“ aR

Let W := Baqgr ®q, 7, W := Bji ®q, r = Wiz (D), where W denotes the functor from the
category of (¢,I')-modules over Rg to the category of B;R—representations (cf. [7, Prop. 2.2.6
(ii)]). Asin [13, § 3.3], one can extend W to a functor Wyag from the category of (¢, I')-modules
over Rp[l/t] to the category of Byr-representations. In particular, applying Wyr to M,, we
obtain a filtration of Bqr-subrepresentations of W = Wygr(M):

(41) Fo = {Fi} = {War(Mi)}.
Since r has of distinct Sen weights, we know in particular r is almost de Rham, i.e.
Dpar(r) = (r @, Bpar) " 2= (W ®p,5 Bpar) ™" =: Dpar(W)

is free of rank 2 over L®q, E. Moreover, Dyqr (W) is equipped with an L®gq, E-linear (nilpotent)
endomorphism vy induced by VB,ar ® 1 on Bpdr ®pyr W. Note that by L ®q, = HcreEL E,
we have a natural decomposition Dpar(W) = [[, e, Dpar(W)o, where dimg Dpar(W)e = 2,
and vw = (Vw,s)oex, , Where vy, is a E-linear nilpotent operator on Dpqr(W),. For o € ¥,
W is o-de Rham (i.e. r is o-de Rham) if and only if vy, = 0. The filtration F, induces a
complete flag Dy = {D;} = {(F; @B deR)GalL} of Dpar(W). The B:R—lattice WT in W
induces another complete flag Fily+ o of Dpqr(W) with

. iy L
Filyy+ ;(Dpar(W)) := @oesy, FilyT Dpar(W)s = Goex, (t k“"B;dR ®p+ wh)gale,

We fix an isomorphism « : (E ®q, L)2 = Dpar(W). Via the isomorphism «, D, (resp.
Fily+ o) corresponds thus to an E-point of the flag variety ] GLy /B, still denoted by
lovwoa € gy, (F)

UEEL
D, (resp. by Fily+,). We also have an nilpotent element Ny := a~
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Endggg, L ((E ®g, L)?),° which can decompose as Ny = (N, )oex, . Both the filtrations D,
and Fily+ , are stable by vy. Hence we have

(42> Yy = (yU)JGZL = (FﬂW*,uDhNW) € H (G/B X G/B X ga)

oEX],

actually lies in X5, := X, (where X, is isomorphic to the E-scheme X in § 5.1).
y L geX

Let Xy denote the groupoid over Cg of deformations of W, and XVDV be the groupoid over
Cg as in [13, § 3.1] (with respect to the framing a). By [13, Cor. 3.1.6], the functor Dpgr
induces an isomorphism of functors between ¢ : ]X‘[,j[,| = 9x ., Nw > where the latter denotes the
completion of gx, at Ny . Recall for A € Cp, | Xi7|(A) = {(Wa,t4,a4)}/ ~, where Wy is an
A ®q, Bar-representation of Galp, 14 : Wa ®4 E = W (which implies that W is almost de
Rham, cf. [13, Rem. 3.1.5]), and a4 : (A ®q, L)* = Dpar(Wa) is compatible with o and ¢4.
The morphism ¢ is given by sending (Wa,ta,a4) to Ny, = a;ll oV, 0 A € Ox, Ny (A).

~

Similarly as for W, we have Dpqr(Wj4) = HUGEL Dpar(Wa)os, which is equipped with an
L ®q, A-linear nilpotent operator Ny, = HJEEL Nw,.s- Moreover, for 0 € ¥Xp, Ny, s = 0
if and only if Wy is o-de Rham’. We put Xw,j—dar to be the full subcategory of Xy, such
that the objects (A, Wa,t4) in Xy j_qr satisfy moreover that W, is J-de Rham. And we
put Xl%l/,]de = XI‘/:'V X Xy XWw,J—dr, Which is the full subcategory of XVDV consisting of J-de
Rham objects. Since the natural morphism XVDV — Xy is formally smooth, so is the induced
morphism X%/,deR — Xw,j—dr- Since r is J-de Rham, Ny, = 0 for 0 € J, and we put
N“,]V = (Nw,o)oex,\J € 05\ We view g5 \; <> gx, as the fiber of gs; at 0 € g;, and let
ﬁZL\J,N@’V be the completion of gy, \ s at Nf/Jv- Thus

azL\JaNf/]V = aszNW XQEL gZL\J
By [13, Cor. 3.1.6] and the above discussion, we have

Lemma 5.2. The isomorphism ¢ induces an isomorphism of functors
. D ~ ~
v Xwg—arl — Os Ny

O ~ yO a
and we have Xy, ; 4r = Xy XGs, Ny ISL\INY, -

Similarly, we have groupoids Xy +, X%’H over Cp of deformations and framed deformations
of W7 respectively (cf. [13, § 3.2]). There exists a natural functor Xy+ — Xy (by inverting
t), and we have X[, = Xy+ Xy, Xjp. As in [13, § 3.1] (see the discussion below [13,
Def. 3.1.8]), denote by Xy, 7, the groupoid over Cg of deformations of W together with the
filtration Fy (cf. (41)). Put Xy 7, = Xy Xxy Xwire, X+ g = Xw+ Xxy Xw,z and

XD

Wt R = X+ Fo XXyt XVDVJr. By [13, Cor. 3.5.8] and the proof, we have

(43) (‘X%/'*',]-‘.‘ = )thxjv+,f. — XEL,y

6. For a Lie algebra h over L and o € ¥, denote by h, := h®r » E. For J' C X, denote by b := HUEJ, bo.
Note we have by, = h®q, E.
7. We call W4 o-de Rham if Dyr(Wa)s is free of rank 2 over A, which is equivalent to dimg Dar(Wa)os =
2dimg A in our case.
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where the latter denotes the completion of X5, = [[,cx,
we have a commutative diagram of natural morphisms

m] ~ Y
Xw+ Fe ? XEL,y

| !

|XW| —— 8s.,Nw

X, at the point y (cf. (42)). Moreover,

For w = (ws)sex;, € [l,ex, S2, denote by XW+]_.
[loes, Xow, and X, is isomorphic to Xy, of § 5.1 (which is thus an irreducible component

— g w W
= XWJF,F. XX, Xy where X3 =

of X,). Denote by XWEUL,y the completion of Xy, at the point y (if y does not lie on Xy, then
)A(gLy is empty). By [13, Thm. 2.3.6], X§ is normal, together with the fact that X3 is

irreducible, we deduce Xy, y 18 irreducible. Put

O,w w
X XW+ ]:. XEL’y XEL,?J'

W+, Fe

For any groupoid Y over Xy (in this section), denote by Y;_qr := Y Xx,, Xw j_ar. Thus
Y;_qr is the full subcategory of Y consisting of the objects which are sent to J-de Rham objects
in Xy, j_qr via Y — Xy. We have an isomorphism

XELXQZLQEL\Jg H XUXHE::ZJ
O’GEL\J oceJ

where X, is the fiber of X, at 0 € g, via the projection X, — g,, and i is thus isomorphic to | the
X of § 5.1. The point y lies in Z; (since 7 is J-de Rham), and we have ngy Xz, O\ = ij,
where the latter denotes the completion of Z; at y. Similarly, we have

(44) X%L XEEL gZL\J = H Xa'ywa X H Ya‘,wa = Z:‘]U

oceX\J oeJ
where X, is isomorphic to the X, of § 5.1. Let Z}Uy be the completion of Z% at y (which
is empty if y ¢ ZY). We deduce from (43):
Lemma 5.3. The groupoid XI'/:“H FuJ—dR (resp. XVDV’T 7 J_dR) 1s pro-representable by the formal
scheme 2J,y (resp. Z}Uy)

Proof. We have (see (43) for the second isomorphism)
XW+ FeJ—dR = AW+ Fy X |XT | [ XW,—ar| = X5py XGs, y OSL\INY, = 21y

The case for X is similar. OJ

W+ Fe,J—dR

The functor W;R induces a natural morphism of groupoids over Cg: Xp — Xyp+. Similarly,
the functor Wygr induces natural morphisms of groupoids over Cg: Xy — Xw, Xpmm, —
Xw,r,. We deduce then a morphism

(45) Xpme = XD Xxp Xmome — X+ Xxyy Xwir, = X+ 7, -
Let X%M. = XD Me XXy XVDVv and we have a morphism

(46) Xp e — Xpys 7,
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By [13, Cor. 3.5.6], the morphisms (45) (46) are formally smooth. Denote by Xjj,, - the image

of XVDV’f 7, by the forgetful morphism X",]V+ 7. — Xw+ 7, By [13, (3.26)], we have actually

O,w ~ w O
Xyrv 7o = Xt 7o XXyh 2y Xt 7

w - w Uw _ 50O Uw :
Put XD,M. = XDJ\/[. XXw+,.7-‘. Xw+7]:.7 XD,M. = XD,M. XXEV‘F - XW“',]—'.’ which are hence
O,w . ' X
formally smooth over X%H’]_-', XW+7]_.. respectively. Let X;I,JM. = Xo Mo XXp i, XBM.,

X TD /7\1/12. = Xg’lj\’/(. X x,, Xyr. These groupoids are naturally over Xy, and we have thus groupoids
Ow w Ow
XD Ma,J—dR> X1 Me,J—dR and X, M., J—dr etc.

Let w = [[,cx+(5) 50 € [lres+s) S2 = [lsex, S2 (where s, denotes the unique non-trivial
element). By [13, Cor. 3.7.8] (see the discussion below [13, Prop. 3.7.3] and see [13, (3.33)]), we
have

A7 X/T ~, Xl],m Xllm XD,m gi'm
( ) tn(“);p — Ap M, ¢ rMae ’ D,Ma. ’ W+, Fe = 3Ly

where all the morphisms are formally smooth. Denote by X'm’ J—dr(TL, k)z the completion of
the rigid space X j—dqr(Tr, k") at the point = (which is thus isomorphic to the completion of
Xiri,J—dr(TrL, |ks|) at x, see (5)). By Lemma 5.3, we deduce from (47)

Theorem 5.4. We have formally smooth morphisms:

O,
W+, Fe,J—dR

A
=27,

o — u ~ 19 D,m D,m
(48)  Xuwi,g—ar(TL, KS)z — Xy, 7—dr ¢— Xy mesar — XD Mugar —— X

Proof. The composition
Xoi(F1), = XP 0, — Xw
sends (r4,04) to Bqr ®q, ra for A € Cp. By definition (cf. § 2.1), for A € Cp and ra €
XE(F\L)Q:(A), T4 E )A(triJ_dR(FL, k%)z(A) if and only if r 4 is J-de Rham (or equivalently, Byr®q,
r4 is J-de Rham). Thus the composition
Xirig—ar(Fr, %) e — XE(?\L)QU — Xw

factors through Xy ;_qr, and induces an isomorphism

Xt —dr(TL ES)ae == X (L) X Xy XW,J—dR-
The morphisms in (48) then follow from (47) by taking the fiber product (=) x x,, Xw,j—ar. O

Corollary 5.5. Keep the notation and assumption, Xt j—dr(Tr, k') is smooth of dimension
44 3dp —2|JNET(8)] —3|TNE™(6)]
at the point x.

Proof. By Lemma 5.1, dim Z', = 2[S+(6) N J| +[S7(6) N J| +4/SL \ J|. We know the second
morphism in (48) is formally smooth of relative dimension 4dy,, the third morphism is formally
smooth of relative dimension 4, and by [13, Cor. 3.5.8], the fourth morphism is of relative
dimension 3dy. Putting these together, we have
dim Xy, ar (T, k%)e = 4 4 3dg, — 2| N XT(6)] — 3] NS (6)].
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By the same argument as in the proof of [13, Cor. 3.6.3], we have
dimg X2, j_ar(Elel/€?) = 4 — dp + dimp Ty ,

By [13, Prop. 2.5.3] and Lemma 5.1, we know Z% is smooth of dimension 2|X*(6)NJ|+|X7(6)N
J|+4|X \ J|. Thus

dimp X, 7_qr(Ele/e?) = dim X y—ar (Fr, k%)a.

The corollary follows. O

Let w denote the natural morphism Xi,i(7r) — 77, which induces a morphism
(49) w: X, j—ar (7L, k) — To(E)).

Denote by s, (resp. tEL\J) the completion of ts, (resp. of ty,\ s) at 0, TLé (resp. TL(/{:J) ) the

completion of Tz, (resp. Tr(kY)) at 5. We have natural morphisms TL 5 — ty, and TL( Y)s —
/t\z .\J- Moreover, we have an isomorphism (where ty ,\J is viewed as the fiber of ty, at 0 € tg 7))

Tro X, top\s = Te(E))s.

Recall (see [13, (3.3)]) that we have a natural morphism Xy 7, — ts,. It is easy to see this
morphism induces Xy, 7, j—dr — 'ty ,\J- Thus we can deduce from [13, Thm. 3.4.4] a formally
smooth morphism

XXMM, J—dr — TLs Xiy, AWFeJ—dR = To(kS)s x5, . Xx,Fu,J—dR-

S \J

Proposition 5.6. The rigid space Xiyi j—dr(TrL, k') is flat over T (k') in a neighborhood of x.

Proof. Recall for o € ¥, we have a morphism k1, : Xo — t5, (1B, 92B,v¢) — Ad(g1 Dy € t,.
By [13, Prop. 2.3.3], we see that the morphism

(F1,0)oes \J
Kt 25 — H Xopw, ————— H to
cexp\J ceX\J

is flat (and is also flat after completion). The proposition follows then by an easy variation of
the proof of [13, Prop. 4.1.1] (using the discussion that precedes the proposition and Theorem
5.4). O

Proposition 5.7. Suppose u = 1 (i.e. J C X7(5)) and J # Xp. Then the set Z of points
z=(r2,0,) € Xui,7—ar(TL, k) satisfying

— 8, s locally algebraic, very reqular and X7 (3,) = 3,

— 1, is de Rham, non-Xp, \ J -critical (i.e. X(2) N (XL \J) =0, see § 2.2 for 3(z)),
accumulates at x = (r,0). If § is moreover spherically algebraic, then the points z = (r,,0,) € Z
with 6, spherically algebraic also accumulate at x.

Proof. By the flatness of w, there exists an affinoid neighborhood U of z in Xy j_qr(TL,k )
such that w(U) is open and isomorphic to a finite union of open affinoids in 77(k;). We have
thus

(50) Cy :=supval (61 () < +0o0.

zeU
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Let 7, denote the rigid space over E parameterizing continuous character of T(Op,), and TP (k)

the closed subspace of 7? of continuous characters 6 with Wt(éo)g,i = ki, for ¢ € J and

i =1,2. We have Tz(k;) = T (k;) x G2,, and hence the composition wg : Xty j—ar (7L, k) ﬂ

Tr(ky) — TP(k;) is also flat. Shrinking U, we assume wo(U) is open in TP (k;). Let Cy > Cy,
Cy > 1 and let Z denote the set of points 0y € wo(U) (which we view as a character of T'(Op))
satisfying that

— Jg is locally algebraic,

— wt(d0)1,0 — Wt(dp)2,;, > Co for all 0 € X, \ J (note for o € J, we have wt(dp)i» = ki, and

thus Wt(éo)l,o' > Wt(50)27o-).

Thus the set Z accumulates at d|pp,) € U. Shrinking U, we can assume Z is Zariski-dense in
wo(U7). Since wy is flat, we deduce that wy'(2) is Zariski-dense in U.

Let (r.,0,) € wy '(Z), thus
5; = 52 H (th(dz)g,g—wt(dz)lﬁ ®O.Wt(6z)1’o'_wt(6z)27g)
o€eX(z)

is a trianguline parameter of r,. By Kedlaya’s slope filtration theory [28, Thm. 1.7.1], we have

valy,((8:)1 (L)) = valp (521 (w)) + D (Wt(82)2,0 — WE(82)1,6) > 0.
oc€X(2)

By our assumption on the points in Z and (50), we easily deduce X(z) N (X \ J) = 0. By [22,
Prop. A.3], r, is thus X1\ J-de Rham (hence is de Rham, since r, is J-de Rham a priori). Finally,
by the same argument as in the last paragraph of the proof of Theorem 3.17 (2), if Cy is big
enough, we have that J, is very regular. The first part of the proposition follows. If § is moreover
spherically algebraic, by shrinking U if necessary, the subset Zy of Z of algebraic characters is
also Zariski-dense in wo(U). The second part follows by the same argument replacing Z by
2. O

Remark 5.8. (1) If we only assume x = (r,0) € XL\(Fr,k;) (with J # 1, & locally algebraic,

very regular, and wt(0)1, # wt(0)2, for all o € ¥1). By Proposition 5.7 and the fact that
XtDri J—ar(TL,ky) is Zariski-closed in XL (7L), the followings are actually equivalent:

- TE X‘L:r’i,J—dR(FLakJ)y
— there exists a set Z of points satisfying the properties in Proposition 5.7 (note that such
points have fized weights for embeddings in J) such that Z accumulates at x.
(2) The proposition should also be true when J = Xr. Indeed if J = X1 and r is more-
over crystalline (i.e. § is spherically algebraic), then it follows from results in [14, § 2.2]: Let

+Oks, — . . . ,
L 27 pe the refined crystalline deformation space as in [14, § 2.2]. There exists a natural

closed embedding (cf. [14, (2.5)])
~ ks —cr
xFL v — XtDri(FL%
which obviously factors through XtErli,EL—dR(FL’EEL)' The closed embedding

~Oky —cr _

I T e XEi,EL—dR(TL7EEL)
is actually a local isomorphism at x since both of the two rigid spaces are smooth at x (see [14,
Lem. 2.4], Corollary 5.5), and have the same dimension 4 + dy. The proposition in this case
then easily follows from [14, Lem. 2.4].
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5.3. Partial classicality. We use the notation of § 3 and suppose Hypothesis 3.9. The main
result of this section is

Theorem 5.9. Let x = (y,9) be a spherical, very regular point of X,(p,A;)" (cf. § 5.5.2) with
wt(0)1,6 # Wt(d)2,, — 1 for all 0 € 3. The following statements are equivalent.

(1) z € Xp(p, ),

(2) py is Jy-de Rham for all vp.

Proof. “(1) = (2)” follows from (34). We prove “(2) = (1)”. Let X be an irreducible component
of X, (p) containing z, which thus has the form

X =XPx U9 x [[ 5" (X7)
vlp

where X3 is the unique irreducible component of X{;(p5) containing a3 (by [13, Cor. 3.7.10]).
Let Z, be the set of points (z7)ves, € Hv|p Xy satisfying for v|p,

-y = (nga 625) € X‘Ei,J-dR(ﬁEaAbg)a

— 0, is spherically algebraic, very regular and ¥ (4,.) = 7,

— ps, is crystalline and z; is non-3y \ Jp-critical.
By Proposition 5.7 (and Remark 5.8 (2) for the case J; = ¥3), Z, accumulates at the point
(@5)olp € TLopp Xﬂ,Jg—dR(Aibfg) (where Xﬁ,Jg—dR(A?fg) = XT Xx0 (5y) X7 —ar (P Ak}g) By [14,
Thm. 3.9, Cor. 3.12] (although the statement of loc. cit. is for the eigenvariety, the proof
actually shows that the same holds for the eigenvariety), any point z € X with (23),, € 2, is

classical. Hence the Zariski closure of X? x U9 x 11(Z,) is contained in X,(p,A;) and contains
z, (1) follows. O

Corollary 5.10. . Let z = (m,,d) € E(UP, A ;)5 (cf. § 3.2) such that & is spherically algebraic,
very regular, and wt(6)1,o # wt(6)2,0 — 1 for all o € ¥,,. Then the followings are equivalent

(1) z € EUP,A))p;

(2) p.3 is Jy-de Rham for all v|p.

Proof. The direction “(1) = (2)” follows from Theorem 3.7.

(2) = (1): We can (and do) view z as a point in X,(p) (e.g. see the arguments above Lemma
4.3), and hence a point in X,(p,A;)" (since z € £(UP,A;)5). By Theorem 5.9, (3) implies
z € Xp(p, A;) which is equivalent to that

B, (S(UP, B)*™(A;)[mp]) = Jp, (IE 7 (A)[my]) # 0.
Hence z € E(UP, Aj)p. O
Remark 5.11. This corollary gives support for [22, Conj. A.9].

Corollary 5.12. Suppose Hypothesis 3.9, then Conjecture 4.11 (hence Congecture 4.9, see
Lemma 4.13) is true.

+
Proof. We use the notation of Conjecture 4.11. By Corollary 4.8, there exists to € S‘QS” @l (see
the discussion above Lemma 4.7) such that (z)5 = (m,, (0p)5) € E(UP); for J C X(w) (see
Corollary 4.8 for %i(1)). Note that (2y)G actually lies in £(UP, wt(dw)s,\s)5 By Corollary 5.10
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(applied to (zw)9), if 3\ J C C(p), then (2y)5 € E(UP, wt(dw)x;,\s)p (in summary, we have
proved Conjecture 4.11 for the refinement 5m).

We need to find the points for other refinements. By Proposition B.5 (see also (36)), we have

(51) Homr, ()9, JB, (S(UP, E)™ (wt(Sw)s;,\s)) (M)
= Homg, (I1((00)555, ) S(UP, B)™ (Wt(8w)5,10) [m]).-

Suppose Jy = ) for v € Sf (p) (recall py is crystalline for such v), and consider
I((6w)565,) = (®uest o) I((6w)505))) ©p (®ues,\si (o) I((0w)§,7,05.))-

Note that I ((5m)55]§;) is locally algebraic (since Oy is dominant), and its associated Jacquet-
Emerton module gives two refinement of pg. Since (20)5 € E(UP, wt(dw)s,\7)7 by (51), there
exists an injection

1((50)505") < S(U, B2 [m, ).

Applying the Jacquet-Emerton functor, we obtain 2|S;(p)|—p0ints (2w)G = (M, (0u)5) € E(UP)5

+
for all w € S'QSP @l By Corollary 4.8, we get then (2,)5 € E(UP)5 for any J C ¥(w) (where

Y (w) is defined in the same way as ¥(w)). Then by the argument in the first paragraph with
replaced by w, we have

(2w)7 € E(UP, wt(duw)s,\1)p-
This concludes the proof (note that the “only if” part of Conjecture 4.11 (1) follows from Lemma
4.7). O

APPENDIX A. PARTIALLY DE RHAM B-PAIRS

Recall some results on B-pairs. Let A be an artinian local E-algebra, recall (cf. [7, § 2], [31,
Def. 2.11] and [22, Def. 1.3])

Definition A.1. (1) An A-B-pair W is a pair (We, W) where We is a free B. ®q, A-module,
and WC;FR 18 a Galp-invariant B:{R ®q, A-lattice in War 1= W, ®p, Bar- The rank of W is
defined to be the rank of We over Be ®q, A.

(2) An A-B-pair W is called J-de Rham if WdGRal(f is a free A-module of rank vk W for all
cedJ (where War & @oex, War,o with respect to the isomorphism Bqr ®q, A = ©sex; Bar,o,
Bir,s := Bar ®1,5 A).

Example A.2. (1) Let V be a continuous representation of Galy, over A, one can associate to
V an A-B-pair: W (V) = (Be ®q, V, Big ®q, V). For J C Xr, W(V) is J-de Rham if and only
if V is J-de Rham.

(2) Let 6 : L* — A* be a continuous character, as in [31, § 2.1.2], one can associate to § a
rank 1 A-B-pair denoted by Ba(9). In fact, by [31, Prop. 2.16], for any rank one A-B-pair W,
there exists 6 : L — A* such that W = B4 (6).

(3) Let § : L* — E* be a continuous character, J C X1, by [22, Lem. A.1], Bg(d) is J-de
Rham if and only if wt(0), € Z for all o € J.
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(4) Let § : L* — (E[e]/€?)* be a continuous character, J C ¥, by [22, Lem. 1.15], Bpjq/e2(6)
is J-de Rham if and only if wt(0)s € Z for all o € J. Let 6:=¢6 (mod €) : L* — EX, thus for

any o € X, there exists dy € E such that wt(6)e = wt(0)o + dy€, s0 Bgiq e2(0) is J-de Rham
if and only if Bg(0) is J-de Rham and d, = 0 for all o € J.

)—T—y

For an A-B-pair W, denote by C*(W) the Galy-complex: [W, & Wi ymey, WaR]-
Following [31, App.], let H!(Galy, W) := H!(Galy,,C*(W)). By definition, one has an exact
sequence

0 — H(Galy, W) — WIE @ (W) 9r — Wt
— HY(Gal,, W) — HY(Galg, W) & H'(Galg, W) — H'(Galr, WyR).

One can (and does) identify H'(Galy,, W) with the group of extensions of A-B-pairs Ext!(Ba, W).
If W = W(V) for some continuous representation V' of Galy, over A, then we have canonical
isomorphisms H'(Galy, W) = HY(Gal, W(V)). For J C ¥, consider the following morphism
C.(W) — [We — 0] — [WdR — 0] — [WdR,J — 0] where WdR,J = @o—eJWdRp-, and the last
map is the natural projection. As in [22, § 1.2], put Hglj((}alL,W) = Ker (Hl(GalL,W) —
H'(Galy, Wag,s))- it is obviously that H} ; (Galr, W) N H, ; (Galp, W) = Hj 5, (Gal, W).
Moreover, if W is J-de Rham, for [W’'] € H(Galy, W), [W’] € H;J(GalL, W) if and only if W’
is J-de Rham. Note that a morphism of E-B-pairs: f: W — W’ induces a natural morphism
H, ;(Galp, W) — H, ;(Galg, W’).

For an E-B-pair W, an algebraic character § = HaeEL oo of LX over E, denote by
W (8) := W @ Bg(4) (recall the tensor product Wi ® Wy of E-B-pairs is defined to be the pair
(Wie ®5, Wae, Wigg @5+ Wolgg))- One has in fact

W(0)e 22 We, W(0)jp, =tV Wi , Vo € 3.

For algebraic characters 6, d2 with wt(d1) > wt(d2), one has a natural morphism i = (i, ilg) :
W(61) = W(02) with i : W(d1)e = W(d2)e, and iy + W(61)Iz < W(d)ix the natural
injection. One gets thus an exact sequence of Galy-complexes:

(52) 0— [W(51)e D W(él)ji_R — W(al)dR] — [W((Sg)e D W((sg)IR — W(52)dR]

s [Boes, W(82) 15, /E1 OG0 s 0] 5 0,

Nea

Thus H(Galy, W(81)) = H°(Galg, W (8y)) if HO(Galy, W(82) g ,/t" Ve vH2)e) = 0 for all
o € J. Suppose W is J-de Rham, let § = [] ., o*s be an algebraic character of L* with
ks € Z>o such that HO(GalL,W((S)gR’U) = 0 for all ¢ € J, in other words, the generalized

Hodge-Tate weights of W (§) are negative for o € J (which holds when wt(¢), for all o € J are
sufficiently large). Put

(53) H2(Galp, W) := H*(Gal,, W (9)),

which is in fact independent of the choice of §. Indeed, for &1, do algebraic characters of L*

satisfying the above assumptions (for §), suppose wt(d1), > wt(d2), for all o € J (the general

case can be easily reduced to this case), the Tate dual of the natural map H?(Galy, W(81)) —

H?(Galy, W(8s)) is thus HO(Galy, WY (65  xeye)) — HO(Galy, WY (8, *xeye)), which is in fact
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bijective by (52): by the assumption H°(Galy, W(éi):{Rﬂ) =0forall o € J,i=1,2, we have
H°(Galg, WY (57 Xeye) Jdp o /17777 ) = 0
for all o € J. Note also that one has a natural projection E[;(GalL, W) — H?(Galg, W).
Proposition A.3. Let W be a J-de Rham E-B-pair, then
(54) dimp H, ;(Galg, W)
= [L : Q) xk W + dimp H%(Galy, W) + dimp H3(Galy, W) — dimp H%(Galy, Wi ).

Proof. We use the notation of [22, (1.7)]. By loc. cit. we have By the exact sequence
dimg H, ;(Galg, W) = dimg H'(Galz,, W (6)) + dimg H(Galy, W) — dimg H(Gal, Wi ).

However, by our assumption on §, we have H°(Galy,, W (8)) = 0, H?(Galy,, W (6)) = ﬁg(GalL, W),
and hence dimp H'(Galz, W(8)) = [L : Q|tkW + dimp H%(Galz, W). The proposition fol-

lows. ]
Corollary A.4. Let W be a J-de Rham E-B-pair, if ﬁQ(GalL,W) = H?(Galy, W), then we
have

dimg Hy ;(Galg, W) = dimg H'(Galy, W) — dimg H(Galg, Wi ;).
Proposition A.5. Given an exact sequence of E-B-pairs
(55) 0— Wi, — Wy — W3 —0,
suppose W; are J-de Rham for alli=1,2,3 and ITIE(GalL, W1) = 0 (which implies in particular
H?(Galp, Wp) = 0), then (55) induces a long exact sequence
(56) 0— H°(Galg, W1) — H°(Galg, W) — H°(Galy, W3) — H, ;(Galy, Wh)
— H, ;(Galg, Ws) — H, ;(Galy, W3) — 0.

Proof. Since H?(Galg, W7) = 0, (55) induces a long exact sequence

0 — H°(Galy, W;) — H(Galy, Wy) — H°(Galy, Ws)
— HY(Galy, W) — HY(Galy, Ws) — H'(Galy, W3) — 0.
Since W; are J-de Rham for all i = 1,2, 3, the exact sequence
0— Wiar,g = Waar,y = W3ar,g =0
induces an exact sequence
0 — H'(Galg, Wy ar,s) = H'(Gal,, Waar,s) = H'(Galr, Ws 4r,s) — 0;

moreover, the following diagram commutes:
H°(Galy,W3) ——— H'Y(Galy,W;) ——— HY(Galp,We) —— HY(Galp,W3) — 0

! l ! !

HO(G31L7W3,dRJ) —_— Hl(GalL,ledRJ) —_— Hl(GalL,Wg,dRJ) _— Hl(Gathg,dR,J) — 0

From which we get the exact sequence (56) except the last map (note that the map

HO(GalL, W37dR7J) — Hl(GalL, Wl,dR,J)
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equals zero, since Ws is J-de Rham). Thus it is sufficient to show the induced map
H, ;(Galp, Ws) — H, ;(Galg, W)

is surjective and we prove it by dimension calculation. By Proposition A.3,

dimp H] ;(Galy, W;) = dp tk W; + dimp H3(Galy, W;) + dimp H(Galr, W)
— dimg H*(Galg, Wit ).

Since fI;(GalL, W1) =0, we have ﬁ;(GalL, Ws) = fI?,(GalL, W3). Indeed, let § be an algebraic
character of L* over E with wt(d), € Z>¢ for 0 € J and wt(d), = 0 for o ¢ J satisfying
that HO(GalL,Wg(é)gR’J) =0 (thus HO(GalL,Wi(é)gRJ) =0 for all ¢ = 1,2,3). One gets an
isomorphism H?2(Galy, Wa(d)) = H?(Galy, W3(d)) (hence the precedent isomorphism) from the
exact sequence of E-B-pairs 0 — Wi(8) — Wa(8) — W3(8) — 0 (using H*(Galg, Wi(6)) =
0). Since W; is J-de Rham for all i, dimg HO(GalL,Wf’LdRJ) + dimg HO(GalL,W;dR,J) =
dimg HY(Galy, W; 4r.s)- Combining the above calculation, we see

dimg H(Galy, W1) + dimy,) H%(Galy, Ws) + dimy,) H, ;(Galg, W)
= dimp H%(Galy, Wy) + dimy,) H, ;(Gal, Wi) + dimy(,) H, ;(Galg, Ws).
The proposition follows. U

APPENDIX B. SOME LOCALLY ANALYTIC REPRESENTATION THEORY

We use the notation of § 3.1. Let V' be a locally Qp-analytic representation of G, over F and
J C Xy, a vector v € V is called locally J-analytic, if the induced action of gy, on v factors
through g;. We denote by V/~2" the subrepresentation of V' of locally J-analytic vectors and V/
is called locally J-analytic if V = V7= A vector v € V is called U(gy)-finite (or J-classical)
if the E-vector space U(gy)v is finite dimensional, and V' is called U(gy)-finite if all the vectors
in V' are U(gy)-finite. In particular, V' is U(gy,\ s)-finite if V' is locally J-analytic. As in [21,
Prop. 6.1.3], we have

Proposition B.1. Let V' be a locally Q,-analytic representation of Gy, over E, J C X,, W an
irreducible algebraic representation of G, over E which is moreover locally J-analytic, then the
following composition

(VopW) 2NV ep W s VeorgWepW —V, vewew — w'(w),

18 injective.

Let J C X, Aj = (M,oyA20)0et € 727! be a dominant integral weight of t, (with respect
to By, i.e. Aigs > A2g), and L(Ay) be the irreducible algebraic representation of G, with
highest weight A\;. Let V' be a locally Q,-analytic representation of G, over E, put V(A;) :=

(V@p L(A;))*\ 7" @p L(A,).

Corollary B.2. V(\;) is a subrepresentation of V. If V is moreover admissible, then V(\;)
is a closed admissible subrepresentation of V.

Proof. The first statement follows directly from Proposition B.1. If V' is admissible, so is V ®g
L(\;) ®g L(Ay). Since V();) is obviously a closed subrepresentation of V ®g L(A;) ®g L(\;),
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by [33, Prop. 6.4], we see V(A;) is also admissible. By loc. cit., the map V(A;) < V is strict
and has closed image, which concludes the proof. ]

We have moreover the following easy lemma.

Lemma B.3. (1) An morphism V. — W of locally Q,-analytic representations induces V(A y) —
W(Aj).

(2) Suppose there exists a locally 3, \ J-analytic representation W such that V=W &g L(A;),
then V(A;) = V.

(3) Let J' C J, then V(A\;) is a subrepresentation of V().

Proof. (1) is obvious.

For (2), it is sufficient to prove (W @g L()\;) ®g L(A;)")*»\/=9" = W. Note taking locally
¥, \ J-analytic vectors is the same as taking U(gy)-invariant vectors. One has however (W ®@p
LAy ©5 LAV = W @p Endp(L(A,)V@) = W @p Endy, (L(A;)) = W, where the
first isomorphism is from the fact that W is locally ¥, \ J-analytic, and the last one from the
irreducibility of L()A;) as a representation of g;.

For (3), one has
V(A) = (Vg LAy ) op L(A))
= (VerLQ,) o L(AJ\J/),)E]“\J_aLn ®r L(Ay) @5 L(Ap 5)
> ((V @p L))V " 0p L)) )™ @5 L) @5 L)
> ((V @ L)™'~ @p LA y) 08 L)) )™ 9 L)

= V(X)) An ),

where the third isomorphism follows from the fact that L(Aj ;) is locally X, \ J ’_analytic, and
the fourth from that L() ;) is locally ¥, \ (J \ J')-analytic. (3) follows. O

Following [32], to any object M in the BGG category (’)zfgp , and any finite length smooth

representation 7 of T}, over F, can be associated a locally Q,-analytic representation ]:gp (M, )
p

of Gy, over E. The functor fgp(-, -) is exact in both arguments, covariant for finite length smooth
p
. . b
representations of 7),, and contravariant for Oalzgp (cf. [32, Thm]).

Let Agp = (M0 A2,0)0es, € E2%0| be an integral weight of t, and A, := (A1, A2), denote
by M(Xy,) := U(gps,) OUE,5,) 2, = ®oex, Ultpo) ®ye,.,) 2o = @oex, Mo(X,) the Verma
module of highest weight Ay, , which admits a unique simple quotient denoted by Z(Azp). Put

ST ={0 €%, | Ao > Aio).
For o € ¥, M,(},) is irreducible if o ¢ st (A); foro € b (A), M,(),) lies in an exact sequence

0— My(s5-2,) = Lo(N,) = L(A,) — 0.
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We deduce that M(Azp) admits a decreasing filtration (of objects in (’)leg” ):

st — LT — 10 T xF
0=TFilP WA ) c FillP WIN(Ay ) € - CFi"M(As,) = M(As,)

such that
Fil’ M(Azp)/FﬂZ+1 M(AEP) = @JQEJF(AMJ\:Z'L(S‘] ’ AEP).

In fact, one has

Fil' M()y,)) = Im (@ M(sy-As,) = M(Xy,)).

JCET (), J|=i
For J C ' ()), denote by M (Ay,) := M(Ag,)/Im (@ees M(so - Ay,)) — M(Ay,)), which is in
fact the maximal U(gs)-finite quotient of M(Azp). Indeed, one has

(57) M;(Qs,) = M(As,\g) @8 L)

By [32, Thm], one easily deduces from the above discussion:

Proposition B.4. Keep the above notation and let © be a finite length smooth representation
of T, over E, then the locally Q,-analytic representation fgﬂ (M(Azp)v,w) admits a decreasing
p

filtration (where “v” denotes the dual in the BGG category C’)EZP)
i =Gp (77 Gp AT
Fil' 7! (M(Xg,)Y,7) = F5 ((Fil' M(Xs))Y,7),

. .1d .1d Gp (77 ~ Gp (T
with (Fil' /FiTYFr (M(As,)Y . 7) 2 @ g ) i F g (D(s7 - As,) 7).

Let 1 be a smooth character of T}, over E, we have in fact (cf. (27))

~ G
I(hy,) = F(T(-2s,). ).
The following proposition follows from [10, Thm. 4.3]:

Proposition B.5. Let V' be a very strongly admissible representation of G, over E, 7 a finite

length smooth representation of T), over E, J C iJr(fA) (thus \; is dominant with respect to
B,), then there exists a bijection

Home, (F22 (M y(=)y,)" . m), V() = Hom, (7 @5 05, J5,(V(A,))).

P

Proof. By Breuil’s adjunction formula [10, Thm. 4.3], one has
Gp /=7 _ ~
Homg, (F5"(M(=Xs,)", 7 ®p 65,), V(A;)) — Homg, (7 ®p dr, » J5,(V(A))))-
However, since V(A;) is U(gy)-finite, any map in the left set factors though the quotient (cf.
(57))
Gp (77 -1

FE: (MJ(—AEP)V, T™RE 6Bp)'
Indeed, by [32, Thm| and the discussion above Proposition B.4, any irreducible constituent of
the kernel ]:gp (M(=As,)Y, ™ ®p 5;;) — ]:gp (Mj(=2s,)", 7 @ 55;) would be an irreducible

P P

constituent of a locally analytic representation of the form:

GP T ~
For (D=5 Ax,), ) = 105 25)
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where J' C §+(—A), J'NJ # 0, and 9 is a smooth character of T), appearing as an irreducible
constituent in T ® g 5;;. While I (36 ,. Azp) does not have non-zero U(g)-finite vectors (e.g. by

34,

§ 2] and (28)), the proposition follows. O
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