Image restoration by minimizing zero norm of wavelet frame coefficients
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Abstract

In this paper, we propose two algorithms, namely extrapolated proximal iterative hard thresholding
(EPIHT) algorithm and EPIHT algorithm with line-search (EPTHT-LS), for solving ¢y norm regularized
wavelet frame balanced approach for image restoration. Under the theoretical framework of Kurdyka-
Lojasiewicz property, we show that the sequences generated by the two algorithms converge to a local
minimizer with linear convergence rate. Moreover, extensive numerical experiments on sparse signal
reconstruction and wavelet frame based image restoration problems including CT reconstruction, image
deblur, demonstrate the improvement of £y-norm based regularization models over some prevailing ones,

as well as the computational efficiency of the proposed algorithms.

Keywords: Wavelet frame; ¢y regularization; iterative hard threshholding; extrapolation; local

minimizer; linear convergence; Kurdyka-Lojasiewicz property.

1. Introduction
The generic image restoration problem is often formulated as an inverse problem
b= Au+e,

where A is an ill-posed linear operator and ¢ is a white Gaussian noise or observation error. To suppress
noise and preserve latent image features, many sparse approximations have been proposed, such as total
variation, wavelet frame/dictionary based representation. In this paper, we focus on sparse approximation

by wavelet frame systems due to its flexibility and promising performance for image restoration problems.

1.1. Image restoration by wavelet frame sparse approximation

In recent years, wavelet frames [31], 34, [49] [69, [68] [70] have been well developed and widely used in
image restoration and medical imaging [I8, [12] 14, 15| 17, 211 23] 25, 26} 27, [36] B8, 46], 51l (4, B5].
The basic idea of all the wavelet frame based approaches is that images can be well approximated by
few non-zero wavelet frame coefficients. More recently, wavelet frame based approaches have been linked
with variational and PDE based approaches in [I6] 19, B7] and references therein, where new models

and algorithms for image restoration problems have been introduced as well. In this paper, the tight
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wavelet frame system we used is the B-spline tight wavelet frame, which was constructed by the Unitary
Extension Principle [69].

We start with the balanced approach, originally used in [25, 27] for image super-resolution and further
developed for various image restoration tasks in [12 [13] 14, [I5]. The balanced approach nowadays can

be formulated as the following optimization problem
1 K
v = arg min S AW Tz~ bl + S~ W)l + -z, 1)

where R" is the n-dimensional Euclidean space, W is a multi-level wavelet tight frame transform operator
(i.e WTW = I, others maybe have different definition, see, e.g. [39] for more details), W is the transpose
of W, x can be seen as a coefficient vector in the transformed domain of W, D is some weighted positive
definite matrix (||ly|lp := vy Dy), 0 < k < oo is the balanced weight, A is a nonnegative sparsity-
promoting weight vector that has the same size as « and || - x|y = >, A\i|z;| denotes the weighted ¢,
norm.

The balanced approach can be considered as an intermediate between two common sparse approxi-
mation models: analysis approach which aims to find an image u* whose representation coefficients are
sparsest and synthesis approach [43] which seeks for the sparsest representation coefficients x*. It is well
known that these two approaches behave differently when the tight wavelet frame is redundant. However,
the balanced model unifies both popular sparse approximation models and provides balanced image
quality between sparseness and regularity. When x = 0, becomes the synthesis model and when
K — 00, it becomes the analysis model.

The other advantage of the balanced model is that many efficient algorithms can be proposed for
this type of convex minimization problem. For instance, the numerical scheme originally used in [25][27]
was proved in [I5] to be a proximal forward-backward splitting algorithm [28] [5 B2} [33] [56| 64} [73] [30].
More specifically, the proximal forward-backward splitting method for solving is written as

1
Try1 = Proxp, a, (T — a—kVFg(mk)), (2)

where Fi(z) = ||X-z||1, Fo(z) = 3[|AW Tz — bl|3, + £|/(I = WW ")z||?, ai, > 0 is some appropriate step

size and Proxp, /q, (+) is the proximal mapping [63]
. Qg 2
Proxp, ja, (z0) = arg nin Fi(z) + 7”3? — xo||%.

It is well-known that when I (x) = [|A-z|[1, Proxp, /o, = Sx/a, () is the componentwise soft thresholding
operator [35]:
Sy (z) = sign(z) max{0, |z| — v}, with v = X/ax. (3)

The above iterative soft thresholding based scheme has inspired extensive numerical schemes for solving
{1 based sparse approximation models with applications in diverse signal and image processing tasks, see
e.g. [B, 12] 13| 14l 15l B32] B3] 48], [75], [76], 24], 45].

1.2. Motiwations

It is well known that under suitable assumptions, the ¢;-norm based approaches are capable of obtain-

ing a sparse solution as shown by the compressive sensing theory (see e.g. [22]). However, the non-convex



£y norm based regularization has its advantages over convex £; norm based model in many applications,
e.g. image restoration [25], 40} [78], MRI reconstruction [(2], bioluminescence tomography [77]. Histor-
ically, soft and hard thresholding have been studied by Donoho and Johnstone [42] in the context of
nonlinear estimators under orthonormal bases. Although the soft thresholding operator may have less
artifacts, it yields loss of contrast and eroded signal peaks as {1 estimator leads to bias estimation for
large coefficients [44].

In this paper, we are interested in minimizing ¢y norm of wavelet frame coefficients for image restora-
tion. More generally, we consider the following fp-norm minimization problem

min h(x) = ||[A-z|o + f(z). (4)

TERT

where

A-zllo = D2, Ailzilo denotes the weighted number of nonzero elements in the vector z. It is

well-known that the solutions of mingern [|[A - z[lo + 3[lz — ¢[|? is the following set

¥ e Hm(())

where H () denotes the componentwise hard thresholding operator with thresholding v € R™

{lca}, i lelsl > [V,
[H (i = 4 {0, [eli} if [[eli] = ()i, ()
{0}, if [[cil < [7):-

Due to the non-convexity and discontinuous of £y norm, it remains challenging to find an efficient
and convergent numerical method to solve . A popular method for solving problem @ is iterative
hard thresholding. Note that this algorithm has already been considered in [25] [0, [7] for wavelet frame
based image super-resolution and compressive sensing reconstruction [4I]. The corresponding scheme for
solving is as follows

. L
phe1 € argminego | A+ lo + 5 1o — ok + V() /I + Kl — a2, (6)

where L is the Lipschitz constant of V f, which we refer to as prozimal iterative hard thresholding (PTHT)
algorithm.

Recently, £y-norm minimization problem has been attractive to researchers again. In particular, the
proximal forward-backward splitting algorithm has been studied in [3],[I0] for solving a general nonconvex

and nonsmooth problem of the form
ming(z) + f(z). ™

where ¢ is lower semi-continuous and f is smooth. Lu [58] has studied the convergence behavior of
PIHT algorithm. In [78], Zhang, Dong and Lu propose an adapted penalty decomposition (PD) method
[59] to solve ¢y norm based wavelet frame analysis model and demonstrate significant improvements
of their method over some commonly used ¢; minimization models. Dong and Zhang also propose the
mean doubly augmented Lagrangian (MDAL) method [40] to solve £y analysis based model and show that
using fp-norm can generate higher quality images than ¢;-norm based methods by numerical experiments.

However, the convergence analysis is not established. Besides, some other types of non-convex problems
and algorithms are also of great interests to researchers, see e.g.[65] [T, 30} 1], 20} 50} 52} 60] 61].



1.3. Our contributions

Motivated by the previous work on balanced approach with ¢; regularization and recent progress on
the convergence analysis of ¢y regularization problem, we aim at developing an efficient and convergent
numerical solver for the {5 norm based balanced approach. Due to the non-convexity and discontinuous of
{y regularization term, it is difficult to accelerate iterative hard thresholding method. With extrapolated
step and modification, we propose extrapolated prozimal iterative hard thresholding (EPTHT) algorithm
and EPIHT algorithm with line search (EPTHT) algorithm for solving the ¢y norm regularized problem.
Under the theoretical framework of Kurdyka-Lojasiewicz property, we show that the sequence generated
by EPIHT /EPIHT-LS algorithm converges to a local minimizer of the objective function with linear con-
vergence rate. Finally, we show the performance of EPTHT and EPTHT-LS algorithms by applying them
to compressed sensing and image restoration problems. FExtensive computational results demonstrate
that EPIHT and EPIHT-LS algorithms for ¢, minimization models outperform typical methods for ¢4
minimization models (like FISTA, APG, etc) and PIHT algorithm for ¢y minimization models in terms
of solution quality and (or) number of iterations.

1.4. Organization

The rest of this paper is organized as follows. In section[2] we introduce the two algorithms EPIHT and
EPIHT-LS. In section [3] we establish some convergence results about EPIHT and EPIHT-LS algorithms.
In section [4] we propose several {p-norm based regularization models for some practical problems, and
then solve them using EPIHT and EPIHT-LS algorithms. We compare these results with those of the
£1-norm based regularization models solved by some prevailing algorithms for ¢;-norm minimization and

PIHT algorithm for £p-norm minimization .

2. Proximal iterative hard thresholding methods

2.1. Model and algorithms

Given that £p-norm is an integer-valued, discontinuous and non-convex function, to ensure convergence
of the proposed iterative scheme, similar as in [58] [71], we consider the following model

. t
min H(z) = [X-zllo + F(z) + 5 2[5 = Alz]lo + G(2), (8)

TER™

where ¢t > 0, F(z) is smooth convex function. We emphasize that, the following relaxed ¢y based wavelet

frame balanced approach
. 1 K t
min Xzl + S IAW Tz = f1% + SN = W)l + 2], )

which will be used in section is a special case of (§) when F(z) = 1[|AW Ta— f||3+ £|(I-WW )z,
G(z) = F(z) + t||=|]?/2.

Throughout this paper, our common assumption on problem is: F' is convex differentiable,
bounded from below and VF' is L-Lipschitz continuous.

Before presenting our algorithms, we define the surrogate function S, (x,y) of H(x),

S (,y) = |A-allo + Gly) + (VG(y),@ — ) + Zla — y|, (10)



where 7 > 0.
We may directly use PIHT to solve the problem , namely

PIHT Algorithm [58]

Choose parameters A > 0,t > 0, 0 < a < b < 400; choose starting point x; let & = 0.
while k< maximum no. of iterations

Choose o}, € (a,b) and compute

Tp41 € arg ;fel]iRI}L Sittro (T, 2k) (11)
k=k+1
end(while)
The step is given by
1
T eH = Ty — VG(zg)),
Rl \/L+tiak ( g L+t+ o ( k))

where H \/K() is the hard thresholding operator defined in ([5]).

Note that for a general nonconvex and nonsmooth problem studied in [10]

min s(x) +r(y) + 9(2,y), (12)

where s, are lower semi-continuous functions and g(z,y) is a smooth function, a proximal alternating
linearized minimization (PALM) algorithm is introduced. When r(y) =0, s(z) = ||\ - z||o and g(z,y) =
G(x), reduces to , and PALM algorithm becomes PHIT algorithm. In [58], this algorithm was
also studied for £y regularized convex cone programming and the convergence to a local minimizer was

established. In [3], an inexact forward-backward algorithm was studied for
min s(z) + g(z)
x

where s is lower semi-continuous function and Vg(z) is Lipschitz continuous. When s(x) = ||X- z|o, the
algorithm in [3] is an inexact version of PIHT.

The first algorithm that we propose is analogous to the extrapolation used in APG algorithm [5]
[71] with adaptive restart [66] for convex case. We propose the following extrapolated PIHT (EPIHT)
algorithm.

EPIHT Algorithm

Choose parameters A > 0, > 0, 0 < a < b < 400 and a sequence of extrapolation weight 0 < w, < w < 1;
choose starting point x_; = zg; let k£ = 0.

while £ < maximum no. of iterations

Ykt1 = T + Wi (Tp — Tp—1).

if H(yk+1) > H(CL‘]C)
Ykl = Th (13)



end(if)
Choose o}, € (a,b) and compute

Tyl € arg ;/Iel]iRI}L Sptttor (T, Yr+1) (14)

k=k+1
end(while)

We note that the inertial algorithm proposed in [65 [[T] and a variable metric algorithm proposed in
[30] look similar to EPTHT algorithm, but they are different in the following perspectives. Firstly, the
algorithms in [IT] B0] are proposed for minimizing the sum of a smooth function and a convex function
while our EPTHT algorithm is proposed for minimizing the sum of a smooth convex function and ¢y-norm
regularized term. Secondly, the algorithm in [I1] uses a Bregman diatance. when we take the Bregman
diatance function as %H -]|? and apply the algorithm to ¢y regularization problem, the iterative scheme is

Tp+1 € arg ;Iel]g; [A-zllo + ﬁ(“i — ap + 200,V G (@) |* + |l — (21, + 281 (2x — 25-1) %)

where ay, B > 0. The algorithm looks very similar to our EPIHT algorithm, except for the linearization is
performed at different point and the setting for parameters oy, 8 is also different. And for the algorithm
proposed in [30], the extrapolation step is taken as yx+1 = yx + wr(xx — yi ), which is also different with
ours.

The second algorithm that we proposed is to apply line search scheme to ’accelerate’ the convergence

speed. More specifically, we say the step size 7 is acceptable if the following condition holds:

ok
H(zr41) < Sr(Tht1, Ykt1) — 7|\3«“k+1 — Ykl (15)

where oy, € (a,b) and a,b are two positive constants. The extrapolated proximal iterative hard thresh-
olding algorithm with line search (EPTHT-LS) is shown in the following.

EPIHT-LS Algorithm

Choose parameters A > 0,¢t,7 > 0,0 < a < b < 400 and a sequence of extrapolation weight 0 < wy <
w < 1; choose shrinking parameter 0 < n < 1, starting point x_; = zg and Tyaz > Timin > 0; let k= 0.

while k < maximum no. of iterations
Yk+1 = Tk + Wi (T — Tp—1)
if H(yk-i-l) > H(.’Ek)
Yk+1 = Tk (16)
end(if)

Choose oy, € (a,b) and 7¥ € [Trmin, Tmaz)
Find the smallest integers iy € {0,1,2,---} such that with 7 = Té”’/r]i’f

. . Ok i\ .
H(z) < S#(&, Yry1) — ?Hx — Yp|?

where & = arg ming Sz (x, Ypy1)-
Set 73, = 7 /0™,
Tp+1 = argmin Sy, (7, Yry1) (17)



k=k+1
end(while)

The following lemma shows that is a well-defined condition.

Lemma 2.1. If ;41 is obtained via solving:

Tr+1 € argrﬂgnsﬂc(m7yk+1)v (18)
the condition holds whenever 7, > L+t + oy,.

Proof. Since VG is L + t Lipschitz continuous, we have

L+t
G(rrr1) < GYrr1) + (VG(Wrt1), Tha1 — Yrr1) + 5 [@pt1 — Ykt (19)

It implies

Th
S (@ka1s Yrr1) = A Trgallo + Gyk+1) + (VG (Yrr1), Thar — Y1) + §H$k+1 — Ykt |?

—L—1t
> [X - zpyallo + G(zps1) + %kaﬂ — yes1l)? (20)
g
> H(zgar) + 5 llonss = vl
whenever 7, > L +t + oy. O

Remark 1. For the choice of 7, we choose it as the one proposed by [J], namely

(Vf(xy) = Vf(xp-1), 26 — Tp-1)

2k — zr—1]?

k _ .
75 = min{Tmaz, max{Tmin,

1 (21)

Remark 2. It can be seen from the EPIHT-LS algorithm that Tpmin < T < max{Tmaz, L +1t+ or}/n.

3. Convergence analysis

3.1. Preliminaries

For z € R", [z]; denotes the i-th component of z. Given any index set I C {1,2,...,n}, we let
Cr:={zeR":[z];=0foralliel};
conversely, given any = € R", we define the zero element index set of a vector x € R™ as

I(x) := {i: [z]; = 0}. (22)
Definition 3.1 (Subdifferentials [10]). Let f : R™ — R be a proper and lower semi-continuous function.

o For a given x € domf, the Fréchet subdifferential of f at x, denoted as (9f(x), is the set of all

vectors u € R™ which satisfy

ping 40 = @) = (wy—a)

> 0.
yFTy—T ly — |

When x ¢ domf, we set f (x) = 0.



e The limiting subdifferential of f at z € R™, denoted as Of(x), is defined as

Of(x) = {u e R" : Jzp, — x, f(zx) — f(x), and uF € f(x}) — u as k — oo}

For more details about subdifferential of non-convex function, one can see [67) 62]

Definition 3.2 (Kurdyka-Lojasiewicz property [74]). A function ¢(x) satisfies the Kurdyka-Lojasiewicz
(KL) property at point T € dom(0v) if there exists 6 € [0,1), such that

() — (@)’

dist (0, 00(z)) (23)

is bounded under the following conventions: 0° = 1, co/oo = 0/0 = 0. In other words, in a certain
neighborhood U of T, there exists ¢(s) = cs'=% for some ¢ > 0 and 0 € [0,1) such that the KL inequality
holds:

¢ ([¥(@) — $(@)])dist(0,9¢(x)) > 1, Yar € U N dom(de) and () # V().
where dom(9¢) = {z : OY(x) # 0} and dist(0, 9y (x)) = min{||ly|| : y € 9 (z)}.
For more about Kurdyka-Lojasiewicz property, one can see [8, [0, 53], 2 57] and references therein.

Lemma 3.3 (Ex.8.8c in [67]). Assume f = s+ g, where g is a C' function with Lipschitz gradient and

s is proper and lower semi-continuous function. For all v € dom(f), we have 0f(z) = Vg(x) + Jds(x).

In the next, we show that the every stationary point of the £y norm related minimization which is

defined in is a local minimizer.

Lemma 3.4. If0 € 0f(z), where f = s+ g, g is a convex and C* function, and s(z) = |\ - z||o, then ©

is a local minimizer of f.

Proof. By the Proposition 10.5 in [67], we know
0 € 0f(x) = Oigr(a)f(x) X Oicr(a)f ().
Consequently, [Vg(z)];i¢r(z) = 0. Then for

Az € {Ar € R" : [|Azf|o < irer}i(g){[kh/l[VQ(x)]i}; [[Az]i| < |[x]i], Vi & I(z)},

by the convexity of g, we have

flz+ Az) = g(x + Az) + || X - (x + Az)]|o,

2 g(x) + (Vg(z), Az) + [ A - zllo + > [Ali
i€{i:[Az]; #0,i€l(z)}

= flz)+ > ([Vg(@)li[Azli + [Al:)

i€{i:[Az]; #0,4€I(z)}
> f(=).

So z is a local minimizer of f. O



3.2. Global Convergence

This section is devoted to the global convergence property of EPTHT algorithm and EPTHT-LS algo-
rithm. The convergence results of these two algorithms are almost identical, and their proofs are similar
as well. Thus, we put these two convergence results together to form the main result of this section. For

clarity, we first state this main result.

Theorem 3.5. Let H(x) be the objective function defined in , and {x}72, be the sequence generated
by EPIHT/EPIHT-LS algorithm, then there exists T such that x, — T as k — 400 and T is a local

minimizer of H(x).
Before giving the proof of the above theorem, we will first present a few technical lemmas.

Lemma 3.6. Let H(x) be the objective function defined in and {xi} be the sequence generated by
EPIHT/EPIHT-LS algorithm. Then, it has the following descent property:

H(zy) = H(zker) > prllzren — yea|, (24)

where p1 > 0. Moreover, if k — 400, we have

|2k — yrll = 0, (25)
Proof. For EPIHT algorithm, from , , , we have
Stttor (@1, Yet1) < Sttvor, Wrrt, Uns1) = H(yrs1) < H(xp) (26)

Combine and Lemma we know that
H(@1) € Spvtpon @hsn, orr) = i = gl < Hwe) = T s = i
Similarly, for EPIHT-LS algorithm, from , and , we have
St (@t 1, Yr1) < SrWhr1,Ykt1) = H(ye41) < H(zp). (27)
Combine and 7 we know that
H(zp41) < Sr(Tht1s Yor) — %ka-&-l — Ypr1|® < H(zy) - %ka—i-l — ye |

Thus, for the sequence {z1} generated either by EPIHT algorithm or by EPIHT algorithm, we arrive

at the same inequality as follows
Ok
H(zgt1) < H(zp) = - |2h41 = . (28)

Set p1 = § > 0, the inequality holds.
Sum up & from 0 to j in , we have

J
H(wo) = H(wj11) > p1 Y llzkss — yoral®
k=0

Since H(xy) is decreasing and bounded below, we have

—+oo
> llzk — yell® < +oo,
j=0
which implies . O



In the next, we bound the distance between the limiting subgradient of H () and the set of stationary

points.

Lemma 3.7. Let H(x) be the objective function defined in and {x} be the sequence generated by
the EPIHT/EPIHT-LS algorithm. Then, {z1} is bounded. Define

. = VG(xr) — VG(yg) — (L+t+op_1)(xr —yx) for EPIHT algorithm
b VG(zr) — VG(yg) — Te—1(xk — yi) for EPIHT-LS algorithm

we have s € 0H (xy) and
skl < p2llzk — yells (29)

where pe =2(L+1t) +b> 0.

Proof. Since H(z) has coercive property and H(xy) is decreasing, we know {xj} is a bounded sequence.
For EPIHT algorithm, by the optimal condition of and Lemma we have

0€ VG(yr) + (L+t+op_1)(@r — yx) + A - 2kllo-

So, s = VG(z) — VG(yg) — (L4t + ok—1)(zr — yx) € OH (z). Similarly, for EPIHT-LS algorithm, by
the optimal condition of and Lemma we have

0 € VG(yk) + Te—1(zx — yr) + Ol A - zko-

So, s = VG(xzx) — VG(yg) — Te—1(xk — y) € OH (xg).
Then, as VG is L + t-Lipschitz continuous, we know the inequality holds. O

In the following, we summarize the properties for the limiting point set started from z°. Define
Q(2°) = {« : there exists a subsequece {xx,} of {x;} such that z;, — z}.

Lemma 3.8. Let H(x) be the objective function defined in and {x} be the sequence generated by
EPIHT/EPIHT-LS algorithm. Then we have:

e for any x € Q(2°), we have 0 € OH (z);
o Q(2°) is a non-empty, compact and connected set.
e H is constant on Q(z°).

Proof. Assume {xy,} is a sub-sequence of {x}} which converges to . From (25)), we know yx, — T as

j — +00. From and (18], we have
Suk ($k+17yk+1) < SVk (jvyk+1)a (30)

where

L+t+ o0k, for EPIHT algorithm,
V. =
g h, for EPTHT-LS algorithm.

Let k=k; —1and j — 400 in , as ||z — yx]| — 0 and VG is Lipschitz continuous, we have

limsup [A - zx; o < [[A - Z|o-
Jj—r+o0

10



Together with the fact that || - [|o is lower semi-continuous, we have lim;_; y o [|[A - 2, [lo = [|A - Z|[o and
lim; 4 oo H(2x,;) = H(Z). From the definition of limiting subdifferential, Lemma [3.6) and Lemma [3.7, we
know 0 € 0H(Z).

The last two arguments are exactly the same as the proof of lemma 3.5 in [10]. O

In the next, we use Kurdyka-Lojasiewicz property to prove the global convergence for the sequence
{z1} generated by EPIHT/EPIHT-LS algorithm.

Lemma 3.9 (Lemma 3.6, [10]). Let B be a compact set and let o be a proper and lower semi-continuous
function. Assume that o is constant on B and satisfies the Kurdyka-Lojasiewicz property at each point
of B. Then, there exist € > 0, n > 0 and a concave ¥ : [0,n] — Ry with ¥(0) = 0, w/(s) > 0 for all

s € (0,n) and ¢ € Ct, continuous at 0, such that for all @ in B and all u in the following intersection:
{w: dist(u, Q) < e} N{u:o(a) <o(u) < o(a)+n},
one has, ¢’ (o(u) — o(@))dist(0, do (u)) > 1.

Now we are ready to give the proof of our main result in this section.
Proof of Theorem In the proof of Lemma we know the sequence {xy} is bounded. Thus,
there exists a subsequence {zy;} such that xx, — = as j — +oo. We assume that H(xy) > H(Z).
Otherwise, there exists some K, such that xp = xx for all kK > K by the descent property of H(x) and
it is easy to show that Z is a stationary point. By the fact limy_, H(xy) = H(Z), given n > 0, there exists
Ky such that H(zy) < H(Z) +n for all k > Ky. And from lim dist (2, Q2(z°)) = 0, we have for any € > 0,
there exists K; such that dist(zy, Q(z%)) < € for all k > K.

Let ¢ = max (Ko, K1) and Q(z") is nonempty and compact and f is constant on Q(x?). We can apply
Lemma [3.9to B = Q(2°), for any k > £, we have

’

¢ (H(zx) — H(z))dist(0, 0H (z)) = 1. (31)

From Lemma we have
!

W (H(zy) — H(z)) > %ka il (32)

where M > 0. Meanwhile, as v is concave, we have

U(H(zx) = H(Z)) = $(H(wxir — H(@)) > ' (H(ax) — H(@))(H(x) — H(zg))- (33)
Define
Dpgi=V(H(zp) — H(Z)) — ¢Y(H(zq — H(T)).
From lemma and , there exists ¢y > 0, such that for & > ¢,

D1 [[Tar1 = yrer |12/ collen — il
and thus
2| wp+1 = Y1l < llwe — yll + co Lk (34)
by Cauchy-Schwarz inequality. Summing over i, we have

k

2 whir — vkarll + D Mz = will < llwe — yell + C Boga i,
=it

11



as Apg + Dgr=2Lp,r. Then, for any k& > ¢,

k
> lwivr —virall < llwe = yell + CY(H (we11) — H(Z)). (35)
i=0+1
Therefore,
k k
Dol =gl = D (e — 2| — willwi — x4 )
i=0+1 i=0+1
. (36)
> Y (1—w)wipr — il — wllee — x|
i=4+1

Putting and together, it is easy to see that the sequence {x} is globally convergent, and thus
z — Z. By Lemma 3.4 and Lemma we know Z is a local minimizer of the function H(z). O

In the following, we establish the convergence rate results for the two algorithms.

3.8. Convergence rate of the proposed EPIHT/EPIHT-LS algorithm
Lemma 3.10. Let H(x) be the objective function defined in and {xx} be the sequence generated by
the EPIHT/EPIHT-LS algorithm. Then, there exists ko > 0, such that I(xy) = I(x,) for all k > ko.

Proof. The result holds as lim =2z, lim |agllo = ||Z]jo and |[zg]i| > p > 0if i & Ij. O
k——+oo k—+oco

Lemma 3.11. Let H(z) = G(z) + ||A- z||o be the objective function defined in (8), {zx} be the sequence
generated by the EPIHT/EPIHT-LS algorithm and H(x,I) = G(x)+X¢, (v) where X¢, (x) is the indicator
function of set Cr. There exist ko > 0, such that for oll k > ko we have xp = zg_j, where {z;} is a
sequence generated by EPIHT/EPIHT-LS algorithm for minimizing H(x,I(xk,)) which starts from xjy,

and T is the unique global minimizer of H(x,I(xy,)).

Proof. From lemma [3.10] there exists ko such that I(xy) = I(xy,) for all k& > kg. So, we have

Tpi1 € argmin Sy, (2, Yur1) = Mo (Yki1 = VG (yka1) /) = Py, s (W1 = VG (Yria)/78)-

We have known that {zx}, {yr} are convergent, z; — yr — 0 and {71} have positive lower and upper
bound. So, let k — +o0, we have z = Fc,, (2 — VG(Z)/7) where T is a accumulation point of {7}
*0
Then we can conclude that zx_y, = zx € Pcy(,, (Uk+1 — VG(Yr+1)/7%) and Z is the unique global
0

minimizer of H(z,I(xy,)) as H(z,I(zy,)) is strongly convex. O

Lemma 3.12 ([74]). Given an index set I. Let H(z,I) = G(z) + X, (x) where G(z) is defined in (8).
Then, H(z,I) satisfies KL property with ¥(s) = 2\/5.

t

Proof. The proof is given in section 2.2 in [(4] as G(z) is ¢-strongly convex. O

Theorem 3.13 (Convergence rate). Let H(x) be the objective function defined in and {x} be the
sequence generated by the EPIHT/EPIHT-LS algorithm. Then, there exist ko, C > 0 and 7 € [0,1) such
that

|zr — Z|| < CTF, Vk > ko.

12



Proof. By lemma there exists kg, such that for all k& > ko, {xx} is a sequence generated by
the EPIHT/EPIHT-LS algorithm for minimizing H(z,I(zk,)) and Z is the unique global minimizer
of H(x,I(zk,)). Without loss of generality, we assume that H(Z,I(zk,)) = 0 and H(zy, I(zy,)) > 0.
Define Ay = Y02, ||#; — xi41]|. Then, from H (zy, I(zk,)) = H(xk) —n+ |I(zg,)| for all k > ko, and
, we have

Ay < CY(H (zg, I (2g,))) + L(Ak—1 —Ap) +w(Ap—2 — Ag-1)

1—w (37)

< CO(H(an I(w1,)) + T (Buz — M)

since 0 < w < 1 and Agy_s > Ag_y. From (32)), lemma and 9(s) = %\/E, we have

%(H(xkvf(fko)))*m > (pallzr = wel) ™" = (p2(llzn — vl + wllae—1 — zx—2])) " (38)

Then, it implies
2 e 21
V(H (zk, L(wr,))) = 5 (H (2, I(2ko))) " < 7 5 (pa(llze = 2] + wllz-1 = zp-2]1))- (39)
Let Cy = Ct%pg and Cy = ﬁ, and imply
Ay < Cl(Ak,Q — Ak) + C’Q(Akfl — Ak) = (01 + CQ)(A]C,Q — Ak) (40)

It implies Ay < %Ak,g. As ||zg, — Z|| < A, we have ||z — Z|| < CTF for k > ko where C = A

_ C1+C>
andT—,/HCﬁCz. O]

4. Numerical implementation

In this section, we will show some numerical results of EPIHT and EPTHT-LS algorithms for solving
some £y minimization problems of the form , and compare them with the results of PIHT algorithm
and some previous algorithms designed for ¢;-norm minimization in the literature (like FISTA, APG,
etc). For set valued operator H used in EPIHT and EPIHT-LS algorithms, we set [H,(x)]; = {0} if
[[z];] < [v]; in all numerical experiments. In section we apply EPIHT and EPIHT-LS algorithms to
the compressive sensing problem. Our main interest is on the application of EPTHT (as well as EPTHT-
LS) algorithm to the wavelet frame based image restoration problems. In section we will perform
the test on the simulated CT reconstruction and image deblurring. All the experiments are conducted in

MATLAB using a desktop computer equipped with a 4.0GHz 8-core AMD processor and 16GB memory.

4.1. Compressive sensing

Compressive sensing problem can be formulated as the following regularization problem
. 1 2
minexs 5| Az = b + g(z)

where A € R™*" is a data matrix, b € R™ is an observation vector, and g(x) is the regularization term.

With A1, A2 > 0, we consider the regularization problem

. 1 A
;IGI]%I}LH(QJ) = §||A:v—b||2+)\1||:v|\o+?2||$||2 (41)
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to be analogue with the Naive elastic net model [79]
1 A2
in Az —b||? =l 42
min LAz — b + Ay + 232 (12)

In numerical experiment, the data matrix A € R™*" is a Gaussian random matrix (mean 0 and
standard deviation 1) and the columns of A are normalized to have ¢ norm of 1. We fix the number of
rows of A to be m = 500 and vary the number of columns n as well as the sparsity parameter s of original
signal Z. For each combination of (n,s), we generate the original signal Z € R™ containing s randomly
placed +1 spikes. The observed data b € R™ is generated by

b= Az +n,

where 7 is a white Gaussian noise of variance 1074

For parameters, we choose Ay = 1077, L = A\uaz (AT A+ A\21) and the stopping criteria to be

e — p—1]

—— < tol.
max{1, [|zx|}

with tol = 1076 for all algorithms (namely FISTA, PIHT, EPIHT, EPIHT-LS). The parameter \; is
chose according to low relative error H:I\:IE\:\EH for the four alsorithms. And for EPIHT algorithm, we choose
A1 = 0.1, wy = 0.8, o) = 0.001. For EPIHT-LS algorithm, Let A; = 0.1, o3 = 0.001, we choose 7F as
where Ty = le — 2L, Trpae = 10L and let wy be: wg = 0.6; for k > 1, if H(xx) < H(yg+1), we
let wi+1 = max(wk/2,0.1); otherwise, we let wr41 = min(1.1wg, 0.9). We choose A\; = 0.1, u = 0.001
for PIHT algorithm and A\; = 0.001 for FISTA algorithm. From the convergence analysis in section
we know that algorithms for solving ¢y regularization problem can merely guarantee local convergence.
Thus, we firstly run FISTA algorithm with zo = AT'b, tol = 1072 to get an initial point for PIHT,EPIHT,

EPIHT-LS algorithms (the corresponding runtime and iteration number are added in the results of the

three algorithms). For each algorithm and each choice of (n,s), we run our experiment 50 times to

guarantee that the result is independent of any particular realization of the random matrix and original
llz—z]
Izl

signal Z. We record the average runtime, the average relative error to the original signal Z, the
average number of iteration the algorithm needed and their standard variance. The numerical results are
listed in Table 1, 2, 3. The bold numbers are the best results.

One may observe from Table 2 that, compared to FISTA, the three {y-based algorithms, namely
PIHT, EPIHT and EPIHT-LS, can always reach solutions of higher precision. The precision of solutions
between PIHT, EPTHT and EPIHT-LS is similar. However, we can see from Table 1, 3 that EPTHT enjoys
better iteration complexity and less CPU time than PTHT, which shows the advantage of extrapolation.
And EPIHT-LS algorithms enjoys better iteration complexity than EPTHT, which shows the advantage
of line search. In figure [I] we show the evolution of 7, in EPIHT-LS algorithm, where we can see that

line search leads to a relatively ’larger’ stepsize than the uniform parameter used in EPTHT.

4.2. Image restoration

In this subsection, we conduct several numerical experiments on the image restoration problem to
demonstrating the improvement of the proposed ¢yp-norm based regularization algorithm @D against tra-
ditional /1-norm based regularization methods.

In implementation, the sparsity-promoting weight vector A is set in the following manner: for any

position p of the original image vector, one has (i) Ao[p] =0, and (i) A¢ ;[p] = A w1 t=1,...,Q, j =
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n Average number of iteration/Standard variance
FISTA PIHT EPIHT EPIHT-LS

1000 | 241.0/5.8429  69.5/3.6398 31.5/0.5741 19.7/0.8775
1500 | 356.0/8.2048  90.9/5.1069 39.4/2.7785  24.5/1.2530
l155) | 2000 | 468.8/12.4092 112.9/6.2949  49.1/3.4504  29.3/1.0698
2500 | 574.6/14.6956 137.4/8.3166  58.1/4.0676  34.6/1.5875
3000 | 683.6/18.8052 165.7/9.6504  69.3/5.8393  40.3/1.5951
1000 | 294.7/8.2831  78.6/4.6737 37.0/2.7820  23.4/0.8738
1500 | 441.6/9.9255  109.0/5.3367  49.5/1.4999  30.8/1.2093
] 12000 | 591.4/15.8275 143.8/7.4423  62.5/2.5475  39.2/1.3416
2500 | 738.3/25.3915 181.2/10.0174 78.7/3.8450  48.5/1.9723
3000 | 908.6/41.9853 227.4/10.0060 94.6/6.5424  60.0/2.5057

Table 1: Results of the average and the standard variance of iterations number.

Average relative error (x1073)/Standard variance (x1073)

1000

FISTA

1.0342/0.0731

PIHT
0.1002/0.0184

EPIHT

0.1000/0.0182

EPIHT-LS
0.1001/0.0183

1500

1.0327/0.0628

0.0934/0.0192

0.0934/0.0189

0.0936,/0.0190

2000

1.0636/0.0661

0.1024/0.0154

0.1014/0.0154

0.1012/0.0153

2500

1.0800/0.0749

0.1009/0.0153

0.0997/0.0150

0.0998/0.0147

3000

1.1038/0.0783

0.1002/0.0104

0.0993/0.0100

0.0992/0.0100

1000

1.0707/0.0783

0.0988/0.0179

0.0984/0.0177

0.0983/0.0175

1500

1.0993/0.0674

0.1037,/0.0130

0.1031/0.0124

0.1031/0.0123

2000

1.1499/0.0671

0.1015/0.0117

0.1009/0.0111

0.1009/0.0110

2500

1.2121/0.1041

0.1048,/0.0087

0.1028/0.0085

0.1027/0.0084

3000

1.2813/0.1019

0.1112/0.0089

0.1090/0.0080

0.1086,/0.0082

Table 2: Results of the average and the standard variance of the relative error.

Average runtime/Standard variance

1000

FISTA
0.1796,/0.0078

PIHT
0.0549/0.0095

EPIOT
0.0448/0.0095

EPIHT-LS
0.5525/0.0213

1500

0.6653/0.0164

0.1764/0.0139

0.1012/0.0116

1.1333/0.0169

2000

1.6247/0.0461

0.3898,/0.0223

0.2182/0.0174

1.9609/0.0228

2500

2.8274/0.0930

0.6743,/0.0427

0.3581/0.0303

3.0107/0.0467

3000

5.2666,/0.1473

1.2721/0.0764

0.6414/0.0580

4.3981/0.0641

1000

0.2194/0.0100

0.0586/0.0080

0.0498/0.0120

0.5580/ 0.0168

1500

0.8265/0.0210

0.2088/0.0112

0.1267/0.0111

1.1752/0.0180

2000

2.0471/0.0559

0.4962/0.0267

0.2730/0.0178

2.0768,/0.0324

2500

3.6347/0.1302

0.8856,/0.0501

0.4796/0.0277

3.2254/0.0533

3000

7.0085,/0.3229

1.7504/0.0764

0.8663/0.0657

4.8209/0.0872

Table 3: Results of the average and the standard variance of the runtime.
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Figure 1: Horizontal axis represents the iteration number k, while the vertical axis represents 7. The red line represents

71, of EPIHT-LS algorithm; the blue line represents global Lipschits constant L.

1,...,J, where X is a positive constant, ¢ indicates the level of wavelet decomposition, j stands for the
index of high-pass filters of the adopted wavelet tight frame system, and w € (0,1) is a penalization-
decreasing weight (i.e. the penalizing weight decreases as the level of decomposition increases). In
experiments we use isotropic wavelet regularization for comparison since it usually leads to restoration
results with better image quality.

From [71], we have

IVF(2) = VF(y)l| < Lllz = y||,Ya,y, for any L > £ + Anas (A" A).

Thus for EPTHT algorithm, we use L = k + /\maz(ATA) as the Lipschitz constant of VF. For other
parameters related to the two algorithms, if not specified, we use ¢t = 107> and o}, = 0.1 for all iterations,
and the initial extrapolation weight wq is set to be 0.7, and other wy’s are set inductively by: if H(zx) <
H(yp+1), we let w41 = max (0.8 * wy, 0.1); otherwise, we let wgy1 = min (wy/0.8,0.9).

As our previous theoretical results imply, the proposed iterative algorithms can merely generate
sequences that convergence to local minimizers. For this reason, initialization plays an important role, and
it may determine the local minimizers to which the generated sequences will convergence. To guarantee
the proposed algorithms will reach ‘good’ local minimizers, we take the solution (computed by APG) of
the ¢1-balanced model for both EPIHT algorithm and EPIHT-LS algorithm, and we also count in the
time for computing their initial points for EPTHT and EPTHT-LS algorithms.

4.2.1. CT Image Reconstruction

For simplicity, the test is merely performed on simulated data. For CT image reconstruction, degra-
dation matrix A happens to be a projection matrix. The test image is a head phantom generated by
MATLAB (version 8.1.0.604) built-in functions. After the construction of the projection matrix A, we
then add some Gaussian noise with variance o to the projected data to obtain the observed data f. In
our simulations, we set 0 = 0.01 - || f]|0o-

The results of EPTHT-LS are compared with other two popular algorithms for wavelet tight frame
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based image restoration: analysis based approach
1
min 3 | A = b, + A (W)l (43)

and balanced approach (I)). We use the accelerated prozimal gradient (APG) algorithm (see e.g. [71]) to
solve the balanced approach, while split Bregman algorithm [I7, 47] is adopted for solving the analysis
based approach. For both iterative schemes that solve the balanced approach and @, similar as in [7§],

we use the following stopping criteria

: { g —zp_all AW Tz, — flp
min ,
max{||zx], 1} £l

As to the split Bregman algorithm for solving the analysis based approach , the following stopping

} < 4x107°%,

criteria is adopted
[Wur, — xk|lp

I1£1
For both the balanced approach and the proposed model in (9)), we commonly set x = 2. For all

<4x107°.

three methods involved, the preconditioning matrix D is set to be the identity matrix for simplicity. The
wavelet tight frame transform W used in this simulation is the one generated by 2D tensor-product Haar
wavelet tight frame system, and the level of wavelet decomposition is set to be 4.

We perform the test on the 128 x 128 Shepp-Logan phantom. In simulations one can control the number
of projections, which will result in projection matrices with different row sizes. In our experiment we use
20 and 50 projections for illustration, and the results are summarized in the following Figure

One may observe from Figure [2] the the {y-based algorithms achieve better reconstruction quality
measured by PSNR values. We exclude the results of the EPIHT algorithm since they are very close
to those of the PHIT algorithm under our experimental settings. For a comparison between PIHT and
EPIHT-LS, the former one takes less processing time, while the later one has slightly better PSNR values
at the time when the same stopping criteria is satisfied. However, the longer processing time of EPTHT-
LS is largely due to the additional function-value evaluation step as indicated in its implementation. To
demonstrate this fact, we also plot the energy (i.e. value of the objective function with respect to the
current xy) evolving curves of PIHT and EPTHT-LS under different parameter settings for displaying the
actual acceleration of EPTHT-LS with respect to the number of iterations. The two plots in Figure [3]show
that, at least within the first few iterations, the EPIHT-LS algorithm indeed accelerates the decreasing
rate of objective function in @ compared to PIHT, and it also reaches a local minimizer of the objective

function with slightly lower objective value.

4.2.2. Image deblurring

In this subsection, we apply the proposed model @ to the problem of image deblurring, and com-
pare the results with those of the analysis based approach in , balanced approach and the /g
approximation model SNC (ii) (For a fair comparison, we use tight wavelet frame basis instead of total
variation)

1 t 0
min Fs(u) := §|\Au =Bl + X p(Wu) + §|\u|\2 + 5(1[205255] (u)

where ¢(z) = ﬁ z € R and djg 955)(u) is the distance between u and interval [0, 255]. When § — 07,

¢(z) becomes {y regularization. The above SNC (ii) is solved by Majorize-Minimize Memory Gradient

17



Split Bregman for (&3] APG for PIHT for EPIHT-LS for

O/

20 Projections

PSNR 22.98 27.77 28.96 29.52
Time 39.67 70.45 135.62 172.61
Split Bregman for APG for PIHT for EPIHT-LS for

50 Projectionsl

PSNR 26.17 32.34 35.15 35.88
Time 22.27 58.60 133.07 178.03

Figure 2: CT image reconstruction results. The first row shows the reconstruction results using 20 projections, and the

second row shows the reconstruction results using 50 projections. The running time is listed in seconds.
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Figure 3: Energy evolving curves of CT image reconstruction, (a) for 20 projections, (b) for 50 projections.
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(3MG) method [29]), it obtains the next iterative point by ug1 = uy + Tray where Ty, = [d},, ..., dM]
is some suitable search direction matrix and oy, is a multivariate step size. The parameters in SNC (ii)
are t = 107° § = 0.1 (seems optimal) and X is chose by the same way with PIHT and our algorithms.
The initial point for all the algorithms and models are the same. In this simulation, the degradation
matrix A is the convolution matrix of a Gaussian function (generated by ‘fspecial(9,1.5)” in MATLAB),
i.e. the image is blurred by Gaussian kernel. The blurred image is further corrupted by some Gaussian
noise with variance o (¢ = 3 if not specified). For both balanced approach and the proposed model
@D, the value of k is fixed to be 1. Same as in the case of CT image reconstruction, the iterative solver
we have adopted for the analysis approach is the split Bregman algorithm, while the balanced approach
is solved by the APG algorithm. Besides, the 2D tensor-product piecewise linear wavelet tight system is
adopted for the generating the transforming operator W, and the level of wavelet decomposition is set
to be 4 (which in most cases seemingly leads to the best reconstruction results). Moreover, we use the
conditioning matrix D := (AT A+420)~! for all 3 approaches in order to facilitate their convergence. The
stopping criteria we adopt for both PTHT and APG is

_ Ty, —

min{ 7% — 21| 7 AW "y, f||D} <104
max{||zx|, 1} I/

And for the split Bregman algorithm for solving the analysis based approach, the following stopping

criteria is adopted
[Wup — x| p

<1074
I £]]

The stopping criteria for SMG algorithm is
|V Fs(u)|| < min(size(u))1073

where u is the observed image.

In our experiments, we test all four methods on twelve different images. These results are fully
summarized in Table [} where the size of each image is in the small bracket following its name. The
restored images are quantitatively evaluated by their peak signal-to-noise ratio (PSNR) and structural
similarity (SSIM). Furthermore, we show some zoom-in views of original images, degraded images and
restored images in Figure [4 and Figure [5] so that man can evaluate the visual quality of the restoration
results as well. To guarantee a fair comparison of all three methods, we have manually tuned up the
parameter A, so that best quality of the restoration images for each individual method is (approximately)
achieved.

One may observe from Table 4] that, the EPIHT-LS method shows certain extent of improvement in
PSNR values compared to the other two ¢1-norm based minimization methods and the ¢y approximation
model SNC(ii). The proposed o minimization method is consistently the best in terms of SSIM values(the
closer to 1 the better) except two cases, which due to the fact that the sharpness of edges are better
preserved by hard thresholding. One can also see from the zoom-in views in Figure 4] and Figure [5] that
the ¢y balanced approach produces cleaner (seemingly with less artifacts) restoration results compared

to the other three approaches.

5. Conclusions and perspectives

In this paper, we have studied two algorithms, namely extrapolated proximal iterative hard thresh-
olding (EPIHT) and extrapolated proximal iterative hard thresholding with line-search (EPTHT-LS), for
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Figure 4: Zoom-in views of the processed results. From left to right: original images, noisy and blurred images, results of
analysis based approach in , results of balanced approach , results of EPIHT-LS for (EI), and results of 3MG [29].

20



Figure 5: Zoom-in views of the processed results. From left to right: original images, noisy and blurred images, results of
analysis based approach in , results of balanced approach , results of EPTHT-LS for @), and resdults of SNC(ii).
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Image

Split Bregman

PSNR/ SSIM

APG

PSNR/SSIM

EPIHT-LS

PSNR/ SSIM

3MG

PSNR/ SSIM

boat (512)
bridge (512)
cameraman (256)
clock (256)
couple (512)
goldhill (512)
house (256)
jetplane (512)
Lena (512)
peppers (512)
pirate (512)

woman (512)

29.67/0.9442
26.88/0.9255
26.97/0.8422
29.49/0.9144
29.24/0.9368
30.73/0.9359
32.47/0.8590
32.17/0.9602
32.81/0.9576
34.13/0.9646
30.36/0.9423
29.51/0.9419

29.70/0.9435
26.90/0.9270
26.94/0.8380
29.46/0.9102
29.27/0.9367
30.80/0.9380
32.42/ 0.8574
32.23/0.9591
32.89/0.9584
34.09/0.9659
30.40/0.9423
29.56/0.9431

29.87/0.9502
26.92/0.9279
26.96,/0.8455
29.82/0.9237
29.58/0.9453
31.02/0.9411
32.63/ 0.8657
32.44/0.9648
33.15/0.9633
34.30/ 0.9705
30.44/0.9463
29.58/0.9464

27.39/0.8422
28.82/0.8670
23.14/0.8505
24.68/ 0.8681
27.24/0.8554
28.65/0.8122
29.74/0.8774
26.99/0.8908
31.08/0.9006
34.05/0.8881
25.33/0.7946
26.19/0.7654

Table 4: The comparison of analysis based approach, balanced approach, EPIHT-LS for @D and 3MG [29] in terms of PSNR
and SSIM values.

solving the fp-norm of wavelet frame approach @ for image restoration. We provide a general con-
vergence analysis for the general ¢y regularization problem by assuming ¢ > 0 and G(z) is convex
with L-Lipschitz continuous gradient map. In particular, we have proved the global convergence of the
proposed algorithms, and the limiting point of the generated sequence must be a local minimizer of the
objective function H(x) defined in . We further show in our numerical experiments that, for solving ¢-
norm based regularization models, the proposed EPTHT and EPTHT-LS schemes can yield better results
and image quality compared to soft thresholding scheme for solving the ¢1-norm based models (including
FISTA, APG, etc). The computational results also suggest that, in some cases (i) EPIHT algorithm is
enjoys a ‘faster’ convergence rate compared to the PIHT algorithm proposed in [58], and (ii) line search is
helpful for identifying faster local solutions of the proposed ¢ regularization model. However, the essence
of these phenomenons are still not so well understood, and some issues of the proposed algorithms still

needs further exploration. This is left as a future research direction.
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