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LINEAR INDEPENDENCE OF PSEUDO-SPLINES

BIN DONG AND ZUOWEI SHEN

ABSTRACT. In this paper, we show that the shifts of a pseudo-spline are lin-
early independent. This is stronger than the (more obvious) statement that the
shifts of a pseudo-spline form a Riesz system. In fact, the linear independence
of a compactly supported (refinable) function and its shifts has been studied
in several areas of approximation and wavelet theory (see e.g. [4], [9], [10],
[13], [14], [16] and [19]). Furthermore, the linear independence of the shifts
of a pseudo-spline is a necessary and sufficient condition for the existence of
a compactly supported function whose shifts form a biorthogonal dual system
of the shifts of the pseudo-spline.

1. INTRODUCTION

A pseudo-spline is a compactly supported refinable function as what was first
introduced in [8]. This paper is to prove that the shifts (integer translations) of a
pseudo-spline are linearly independent.

A compactly supported function ¢ € Lo(R) is refinable if it satisfies the refine-
ment equation
(1.1) $=2 a(k)p(2-—k),

keZ
where a, called the refinement mask of ¢, is a finitely supported sequence.
By L2(R), we denote all the functions f(x) satisfying

1l = ([ 1F@Par) <o

and ¢5(Z) the set of all sequences ¢ defined on Z such that

1

lellezy = (1)) < oo

JEL
The Fourier-Laplace transform of a compactly supported (measurable) function
f is defined by

flo) = [ soea cec
R
When f is compactly supported and bounded, the Fourier-Laplace transform of f

is analytic. When ( is restricted to R, fbecomes the Fourier transform of f.

2000 Mathematics Subject Classification. 42C40, 41A30.

Key words and phrases. Linear independence, pseudo-spline, stability.

The research is supported by several grants at Department of Mathematics, National University
of Singapore.

(©2004 American Mathematical Society



2 BIN DONG AND ZUOWEI SHEN

For a given finitely supported sequence c, its corresponding Laurent polynomial
is defined by
é(z) = Zc(j)zj, for z € C\ {0}.
JEL
The corresponding trigonometric polynomial is

) =ée ), ¢eR

With these, the refinement equation (1.1) can be written in terms of its Fourier
transform as

o(§) =a(&/2)p(¢/2),  E€R
We also call @ the refinement mask of ¢ for convenience.
The refinement equation (1.1) can also be written in terms of its Fourier-Laplace
transform as

(1.2) 3(C) = ale /%)p(¢/2), forall ¢ € C.

We call a a symbol of ¢.

Pseudo-splines were first introduced in [8] and a comprehensive study, especially
the regularity analysis, was given in [11]. A pseudo-spline is a compactly supported
refinable function defined by its finitely supported refinement mask. There are two
types of pseudo-splines. The refinement mask of a pseudo-spline of type I with order
(m, 1) (see [8]) is given by

' im +1 ; ,
(13) 1P = b (O = o6/ 3 (™ 71 s (/2)cos?t (¢ 2
j=0

and type IT with order (m,l) (see [11]) is given by

l
(L) 3(€) = s (©) = o6/ 3 (" 1) st/ o e 2),
j=0

It is clear that |1@(m1)(€)|* = 2G(m,1)(€). Furthermore, 10,1 (€) is a 2m-periodic
trigonometric polynomial with real coefficients by Féjer-Riesz lemma (see e.g. Lemma
6.1.3 of [7)).

The corresponding pseudo-splines can be defined in terms of their Fourier trans-
forms as

~

(1.5) kP(§) = kﬁg(m,l)(f) = H Kam (277€), k=1,2,
j=1

with kqAS(m’l)(O) = 1. Unless it is necessary, we use xa and ¢ instead of ra(,,;) and
kD(m,1), k = 1,2, i.e. we always drop the subscript “(m,1)” in za(mn,) and x@m
for simplicity.

The regularity analysis of the pseudo-spline was given in [11]. It was shown
that pseudo-splines with order (m,!l), m > 2, have positive regularity exponents.
Hence, all pseudo-splines are bounded and in Lz(R) (see Proposition 3.5 of [11]).
The regularity exponent of a pseudo-spline is estimated in terms of its mask and
depends on its order (m,!). Interested readers should consult [11] for the details.

Pseudo-splines consist of a rich family of compactly supported refinable func-
tions. Together with the unitary extension principle of [21], they give a wide range
of choices of wavelet systems that balance and meet various demands, such as the
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support and regularity of wavelets, and the approximation power of the truncated
tight frame series (see e.g. [8]), in time-frequency analysis. When [ = 0, pseudo-
splines of both types are B-splines. Recall that a B-spline (see e.g. [1]) with order
m and its refinement mask are defined by
B,(§) = e Vi (”5(/52/2)) and Q&) = ¢~ cos™ (€/2),
where 7 = 0 when m is even, j = 1 when m is odd. When | = m — 1, pseudo-splines
of type I are the orthogonal refinable functions (i.e. the refinable functions with
orthonormal shifts which were constructed by Daubechies in [7]). Finally, pseudo-
splines of type II with order (m,m — 1) are the interpolatory refinable functions
(which were first studied by Dubuc in [12]). A continuous function ¢ is said to be
interpolatory if
o) = 34), j €2,

where §(0) = 1 and 6(j) =0, for j # 0.

For a compactly supported function ¢ € Lo(R) and some sequence b € ¢(Z),
where ¢(Z) denotes the space of all complex valued sequences defined on Z, the
semi-convolution of ¢ and b is defined by

¢+ b= b(j)(- — ).
JEL
Note that for any b € ¢(Z) and a compactly supported function ¢ € Ly(R), ¢+’ b
converges uniformly on any compact set (see e.g. [3]).

In order to introduce the concept of the linear independence of the shifts of a
compactly supported function ¢, we first recall the notion of stability of ¢ which is
related to, somehow weaker than, the linear independence. A function ¢ € Lo(R)
is stable if there exist 0 < C1,Cy < 0o, such that for any sequence b € l5(Z),

(1.6) Cilbllesz) < [|6 0|, ) < Cllblleaa)-

The stability of function ¢ € Ly (R) can also be characterized by its bracket product
(see e.g. [3] and [15]). Recall that the bracket product of Lo(R) functions f and g
is defined by
[£,91(€) == (& + 27k)G(E + 2rk).
keZ
It is also well known that (see e.g. [3], [7], [15] and [20]) a function ¢ € Lo(R) is
stable if and only if there exist two constants 0 < C7,Cy < oo such that

(1.7) C1 < [6,9](€) < Oy

holds for almost every £ € R.

When ¢ is compactly supported in L2(R), it was shown by Jia and Micchelli
in Theorem 2.1 of [15] that the upper bound of (1.6) always holds. Furthermore,
Theorem 3.5 of [15] asserts that the lower bound of (1.6) is equivalent to

(1.8) (6(¢ +27k)), ., #0 forall € €R,

where 0 denotes the zero sequence in ¢(Z). Hence, Jia and Micchelli proved that
the stability of a compactly supported function ¢ € Ly(R) is equivalent to (1.8).

A compactly supported function ¢ € Lo(R) and its shifts are linearly independent
if, for b € 4(Z),

¢+ b=0 implies b(j) =0, for all j € Z.



4 BIN DONG AND ZUOWEI SHEN

The linear independence of a compactly supported function was first studied by
Dahmen and Micchelli in [9] and [10], and Jia in [13] and [14] in the context of
box splines. Ron in [19] (also see [4]) studied the linear independence of compactly
supported distributions in terms of their Fourier-Laplace transforms. Applying
Proposition 2.1 of [19] (also see [16]), one obtains that for an arbitrary compactly
supported single variable distribution, which is not identically zero, there are at
most finitely many ¢ € C such that

(6(¢ + 2mk)) oy, = O.

Furthermore, Ron proved in Theorem 1.1 of [19] that the shifts of a compactly
supported distribution are linearly independent if and only if the Fourier-Laplace
transform of ¢ satisfies

(1.9) (6(C+27k)), ., #0 forall ¢ € C.

Comparing (1.8) and (1.9), we can see immediately that for a compactly supported
function ¢ € Ly(R), linear independence of the shifts of ¢ implies the stability of
¢. More recently, Jia and Wang characterized the linear independence of single
variable refinable functions in terms of their masks.

It is easy to see from the definition of linear independence that when the function
¢ is a pseudo-spline of type I or II with order (m,m — 1) (which is the orthogonal
refinable function for the first type or interpolatory refinable function for the second
type), its shifts are linearly independent. It is also well known that a pseudo-spline
of either type with order (m,0), which is a B-spline, and its shifts are linearly
independent. It is very natural to ask whether an arbitrary pseudo-spline and its
shifts are linearly independent. This is one of our motivations, but not the only
one. The linear independence of a pseudo-spline ¢ and its shifts is a necessary
and sufficient condition for the existence of a compactly supported dual refinable
function ¢¢ € Lo(R) of ¢. The proof of the necessity is simple. Recall that a
compactly supported refinable function ¢? € Lo(R) is a dual of ¢, if

(1.10) (0,07 (- = k)) = 6(k)

holds for all k € Z (see e.g. [5], [6]). Indeed, if there is a compactly supported
function ¢? € Ly(R) that is dual to ¢, then for b € £(Z) satisfying ¢ *' b = 0, we
have

0=1(¢+b,0"( —k)) =D _b(j){p(- — 4),¢*(- — k)) = b(k) for all k € Z.

JEZ

However, the proof of the sufficiency is more complicated and we refer to [17] and
[18] for the details. It is well known that the existence of a compactly supported dual
refinable function of a pseudo-spline is a key step to construct a pair of biorthogonal
wavelet systems from the given pseudo-spline.

Finally, we observe that since 1@, y(£) is a trigonometric polynomial with real
coefficients, we have

28(m.1)(€) = 11801y (O)* = 18 (m) (&) * 18(m 1y (—E)-
This leads to
(111) 2$(m,l)(§) = 1$(m,l)(£) : 1$(m,l)(7f), f eR.
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Since both 1¢(,, 1) and 2¢,, 1) are compactly supported and bounded, their Fourier-

Laplace transforms 1, ;)(¢) and 2$(m7l)(C) are analytic on C. Hence, (1.11) holds
for all € C, i.e.

(1.12) 20(m1) (€) = 10(m.)(€) - 16mn (—C), ¢ €C.

The identity (1.12) implies that the set of all zeros of 1<;A5(m,l)(§) is contained in that

of 26(n,1)(¢) for ¢ € C.
Applying (1.9), we conclude the following proposition:

Proposition 1.1. Assume that the shifts of pseudo-spline 2¢(y, 1y of type II with
order (m,l) are linearly independent. Then the shifts of pseudo-spline 1¢m 1) of
type I with the same order are linearly independent.

In the rest of the paper, we will focus on the verification of the linear indepen-
dence of the shifts of pseudo-splines of type II.

2. LINEAR INDEPENDENCE

This section is to verify the linear independence of the shifts of pseudo-splines.
We start with two Lemmata. The first Lemma is implied by Theorem 1 and 2 of
a paper of Jia and Wang (see [16]). Instead of stating both theorems of [16] and
deducing the following lemma by using them, we include here a direct proof which
is essentially derived from Jia and Wang’s proof of Theorem 1 and 2 in [16].

We say that a Laurent polynomial @ has symmetric zeros on C \ {0} if there is
a zp € C\ {0} such that

Lemma 2.1. Let ¢ € La(R) be a compactly supported refinable function with
(finitely supported) refinement mask a. The shifts of ¢ are linearly independent
if and only if:

(1) ¢ is stable;

(2) the symbol & does not have any symmetric zeros on C\ {0}.

Proof. We first show the necessity of (1) and (2). Condition (1) is necessary for the
linear independence of the shifts of ¢ implied by (1.8) and (1.9). The necessity of
(2) is proven by contradiction. Suppose there exists 29 = e~ € C\ {0} such that
a(e~%°) = a(—e~%0) = 0. Applying the Fourier-Laplace transform given in (1.2),
one obtains, for any k € Z,
6(2C0 + 4km) = H(Co + 2km)a(e ) = 0
and
?(2¢0 + (4k +2)7) = ¢(Co + 2km + m)a(—e”0) = 0.

These two identities imply that ¢?(2C0 + 2km) = 0 for all k € Z, which contradicts
to the linear independence of the shifts of ¢ by (1.9).

Next, we show the sufficiency of (1) and (2), which is again shown by contra-
diction. Suppose that ¢ and its shifts are not linearly independent. Then, there

is a (o € C, such that (;AS((O + 2kmw) = 0 for all k € Z. Since ($(2kﬁ))kez # 0,
¢o € C\ {0}. Applying (1.2) again, one obtains, for any k € Z,

0= 6(Co + 4km) = $(Co/2 + 2km)a(e"/?)
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and

= 0o+ (4k +2)7) = 9(Go/2 + 7 + 2km)a(—e~O/).
Since a(z) does not have symmetric zeros on C\ {0}, we conclude that at least one
of the two sets of identities $(Co/2 + 2kw) = 0, k € Z and ¢((o/2 + 7 + 2k7) = 0,
k € Z holds. Let ¢; = (p/2 or (1 = (p/2 + 7. (The choice here depends on
whether ¢ (C0/2 +2km) =0,k € Z or qb((o/? + 7+ 2kw) =0, k € Z.) Repeating
this process, one obtain (s = (1/2 or (» = (1/2 + 7. Continuing the process, one
obtains a set of numbers A := {(y, (1, (2, -} such that ((E(Q + 2km))kez = O for
j=0,1,2,---. However, by Proposition 2.1 of Ron in [19], the set A must be finite
(also see [16]). Hence, there must exist some integers 0 < p < g, such that ¢, = (.
Since ¢, = C" +rm, (g = C” + s7 for some rational number r and s, we have

g—z +rm = % + sm.

This leads to that (y is a real number which implies that

(B(Co +2km)), ., =0 with ¢ € R.
This contradicts to the stability of ¢ (which is (1)) by (1.8). O

Lemma 2.1 says that, in order to show the linear independence of the shifts
of pseudo-splines of type II, we need to verify: (i), pseudo-splines of type II are
stable; (ii), the symbol of an arbitrary pseudo-spline of type II does not have any
symmetric zeros on C \ {0}. The stability of pseudo-splines of type II follows from
the definitions of pseudo-splines as already being observed in [11]. Here, we give a
short (different) proof for the sake of completeness.

Lemma 2.2. Pseudo-splines of type II are stable.

Proof. Since pseudo-splines are compactly supported and belongs to La(R) (see e.g.
Proposition 3.5 of [11]), the stability of them is equivalent to (1.8). Let ¢, 1) be
the pseudo-spline of type II with order (m,[) and @y, ;) be its refinement mask. By
Definition (1.4), for each fixed m > 1 and for every 0 < 1 < m — 1, the following
inequality

05”™(€/2) < () (€)
holds for all £ € R. Therefore, by (1.5), we have for all £ € R,

(2.1) | Bam (€)] < |é(m.0) (€)].

Since Ba,, is stable, the vector (Egm(f + 2k7))rez # O for every £ € R. Hence,
(D(m1)(§ + 2k7))kez # O, for every £ € R, which is equivalent to that ¢, ;) is
stable.

By Lemma 2.1 and 2.2, to show that the shifts of a pseudo-spline of type II are
linearly independent, we only need to show that the symbol of it has no symmetric
zeros on C\ {0}. Now we compute the symbols of pseudo-splines of type II. Recall
that the refinement mask of a pseudo-spline of type II with order (m,!) is given by
(1.4), i.e

l
22) a6 =™ (/2)Y (mj l) i (£/2) cos? ) (¢/2).

j=0
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Using

1 2 113 —i€ 1 —ig\2
(2.3) Cos2(§/2) — 'H;OS(f) _ +e 4+e _ ( Z:ﬂ_g )
and
(24) Sin2(§/2) _ 1-— Cos(f) B 92 _ e _ e B _(1 _ 6725)2

2 - 4 - 4e—i€ ’
one obtains

0= O (") () () wneen

i=o ~ J

Extending the above trigonometric polynomial to the Laurent polynomial, one ob-
tains the symbol of the pseudo-spline of type II with order (m,1):
(2.5)

0 B () (Y () v

=0~ 7

Before proving the main theorem of this paper, we need to give the following
proposition first. The proof of it employs Rouché’s theorem (see e.g. [2]), which
states as: Suppose two functions f(z) and g(z) are analytic inside and on a simple
closed contour C' and suppose

|f(z)] > |g(z)] forall z€C,
then f and f + g have the same number of zeros, counting multiplicities, inside C'.

Proposition 2.3. Let
l

P(z) = Z ;2

§=0
be a polynomial with real coefficients satisfying
cg>c1>->co>0.
Then, all zeros of P(z) are contained in the open unit disk D := {z € C: |z| < 1}.
Proof. Let

Since c; is strictly greater than c;_1, 0 < p <1 and pc; > cj_; forall 1 < j <L
Consider

Q(2) := (p — 2)P(2).
Then,
Q(z) = pP(z)—2P(2)
pco + (pe1 — o)z + (pea — 1)22 + -+ (peg — ¢1-1) 2" — ¢z
= 9(2) + f(2),

+1

where

f(2) == —2!Tt, and  g(z) = peo+(pe1—co)z+(pea—c1) 22+ -+ (per—ci—1) 2.
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Note that when |z| = 1, we have

l9(z)] < peo+ (per — co) + (pe2 — 1) + -+ + (par — c1-1)
= (p=Deo+(p—1)er+ -+ (p— a1+ pa

-1
= pc— (1—0)2%
=0
< a=|-a =)

Since f and g are analytic on {z € C: |z| < 1}, the Rouché’s theorem asserts that
@ = f + g has the same number of zeros as that of f in D = {z € C: |2| < 1}.
Since f has [ + 1 zeros in D,  must have exactly [ + 1 zeros in D. Since @) has
only [ + 1 zeros and since zeros of P is a subset of the zeros of @, all zeros of P
must be in D. O

Next, we prove the main theorem of this paper.
Theorem 2.4. The shifts of a pseudo-spline of type II are linearly independent.

Proof. Since Lemma 2.2 shows that pseudo-splines of type II with arbitrary orders
are stable, in order to prove the linear independence of the shifts of a given pseudo-
spline of type II, one only needs to show that the symbol sa(2) of it has no symmetric
zeros on C\ {0}, by Lemma 2.1.

The symbol 2a(z) given by (2.5) can be rewritten as

w0 = R (25

3=0
1
(14 2)*m m+1 j —i
T (4 Z j (- (1=2)?) (14229
§=0
B (1+Z)2m+2l zl: m+1 7(172)2 J
R A AN
Since z = —1 is a zero of 2a(z), while 2a(z) = 1 when z = 1, 2a(%) having no

symmetric zeros on C \ {0} is equivalent to
; .
m+1\/—(1- 2)2>J
2.6 h(z) := —_—
20 @3 (") (G

having no symmetric zeros on C\ {0,1, —1}.
Consider

l
P(z) = b, wnh@::<m;4>,xec.
=0

We first show that Proposition 2.3 can be applied to P to conclude that the zeros
of P lies inside of the unit disk of C. For this, we need to show that for given
m>0,0<I<m-—1,

(27) bj+1>bj>0, Ogjglfl

Note that
(m+l) m+lj<m+l>
j+1) 41 i)
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Since j < [ — 1, replacing j by I — 1 in m;j:;j , the right hand side of the above
identity decreases and becomes

m+1/m+1
~7)
which is larger than (ij) by I < m—1. This shows that bj; > b;,7=0,...,[—1.
It is clear that by = 1 > 0. With (2.7), applying Proposition 2.3, one concludes
that all zeros of P(x) must be in {x € C: |z| < 1}. Let 29 be an arbitrary zero of
hin C\ {0,1,—1}. Then, the above conclusion on the zeros of P implies that z,
must satisfy

—(1 — 20)2
2.8 _— 1.
( ) (1 + 20)2
Suppose h has symmetric zeros zy and —zy. Then, —zy must also satisfy
*(1 + 20)2 <1
(1 — 20)2 '
Since
' —(1 — 20)2 _ 1
1 2| | 20tz0)2 ]
we conclude that
7(1 — 20)2 > 1
(1 + 20)2 ’

which contradicts to (2.8). This leads to that A has no symmetric zeros on C \
{0,1,—-1}, and hence, 2a(z) has no symmetric zeros on C\ {0}. This, together
with the stability of pseudo-splines of type II, proves the linear independence of the
shifts of an arbitrary given pseudo-spline of type II by Lemma 2.1. ([l
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