Boolean Weyl group elements

For a Weyl group W, an element w € W is called boolean it
the interval [id, w| in the (strong) Bruhat order is isomorphic
to a Boolean lattice. The following characterization of boolean
elements is a simple consequence of the subword property of
the strong Bruhat order.

Proposition

An element w € W is boolean it and only if any reduced
expression (or equivalently, all reduced expressions) of w
does not contain repeated letters.

For type A, = &,.41, Tenner [1| proved that a permutation
w € A, is boolean iff it avoids 321 and 3412, and gave a
signed pattern avoidance characterization of boolean elements
in types B and D, with the number of patterns being 10 and 20,
respectively. By analyzing inversion sets, we obtain a more suc-
cinct pattern avoidance characterization of boolean
elements. In our most concise version, boolean elements are
characterized by avoiding just 3 ltnear patterns:

= 321 = 818981 € W(AQ), 3412 = 59818389 € W(A3)7
= and the new $951835450 € W (D).

This will be made precise after discussing some background.

Background on the Bruhat order and
inversion sets

The (strong) Bruhat order on a Weyl group W is the transi-
tive closure of all

w<wt, Lw)=~Lwt)—1

where t is some reflection and ¢ is the Coxeter length. The
identity Weyl group element e is the minimum of this partial
order.

We let @ be a root system, with positive roots & C & and
simple roots A C 7. Let W = W(®) be its Weyl group. For
w € W, the inversion set is

Ip(w)={B8€d" |ws e d}.

The next proposition is useful and well-known (see for example

2]).

Proposition

The inversion set uniquely characterizes a Weyl group ele-
ment. In other words, Iy : W — 2% is injective. Moreover,

a subset I C &7 is the inversion set of some Weyl group
element if and only if it is biconvex; that is, if and only if:

oifa, el a+ e d’ then a+ S € I and,
oifa,¢l, a+p€d thena+ 5 ¢ I.
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Patterns in Weyl group elements

We use a pattern restriction map defined by Billey and Post-
nikov |3]. Let E' C E be a subspace; & = & N E' is then a
root system with positive roots (&))" = &+ N E'. It follows
from the previous proposition that Ig(w) N E’ is biconvex,
and that there is a unique element w' € W(®’) such that
Ip(w') = Ig(w) N E. We call this w’ the restriction of w to
¢’ denoted w|q.

Definition of BP pattern containment

We say that w € W (®P) contains the BP (Billey-Postnikov)
pattern w € W (R) if there exists a subspace E' C E such
that there is an isomorphism between root systems R and
¢" .= & N E that preserves positive roots and maps 7 to
w‘qy.

We introduce a new notion of linear patterns, which will en-
able a very efficient characterization of boolean elements.

Definition of linear pattern containment

We say that w € W(®) contains the linear pattern m €
W (R) if there exists a linear transformation R — ® that

maps positive roots to positive roots, inversions Ir(m) of 7
to inversions Ig(w) of w, and non-inversions R™ \ Iz(m) to
non-inversions ® \ Ip(w).

Linear patterns can be seen as a relaxation of BP patterns.

@ ® o
~ / /
S ’ ’
~ / /
~
~ / /
~ ’ /

Figure 1: The linear pattern sos15350 € W(A3) in s18951 € W (Bo)

A linear pattern avoidance
characterization of boolean elements

The first version of our main theorem is a characterization of
boolean elements in terms of linear pattern avoidance.

Characterization theorem
Linear pattern version

Let ® be an irreducible root system. An element w €
W (®) is boolean if and only if w avoids the linear patterns
$15081 € W(Ay), s9515380 € W(A3), and $951535480 €
W (Dy).

A BP pattern avoidance characterization
of boolean elements

From the linear pattern version, one can deduce a BP pat-
tern characterization of boolean elements, which is the second
version of our main theorem.

Characterization theorem
BP pattern version

An element w € W is boolean it and only if w avoids the
BP patterns in Table 1.

type forbidden patterns # patterns
A2 515951 — 595159 (321) 1
Ag 59515359 (3412) 1
BQ — CQ 5189251, 5925189, §1525152 = 595159257 3
D, $951535459 1
(G | all patterns of Coxeter length at least 3 5

Table 1: Forbidden patterns for boolean elements in Weyl groups

k-boolean elements

We say a permutation w € &,, is k-boolean if for any reduced
word of w, there is no simple transposition s; that appears
strictly more than £ times. This generalizes boolean elements,
as w is boolean iff it is 1-boolean. It turns out that 2-boolean
elements of G,, can also be characterized in terms of pattern
avoidance.

Pattern avoidance characterization of
2-boolean elements

A permutation w € S,, is 2-boolean if and only if w avoids
3421, 4312, 4321 and 456123.

Figure 2: Structure of a 2-boolean permutation

We suspect that there is no pattern avoidance characteriza-
tion of k-boolean elements for any £ > 3. For k = 3
436512 = 53595354555159535453 IS not 3-boolean. However,
4357612, which contains 436512 as a pattern, is 3-boolean.

~

Enumeration of 2-boolean elements

The pattern avoidance characterization makes it possible to
derive a recurrence relation for the number of 2-boolean ele-
ments in &,,, which we present in the form of the following
generating function. This is sequence A124292 in OEIS [4].

Enumeration theorem

Let f(n) be the number of 2-boolean permutations in &,,.
Then

. 1 — 5q + 5¢°
> f(n)g" = —
730 1 —6qg + 9g* — 3¢q

Open problems

« Is there a pattern avoidance characterization of 2-boolean
elements in any Weyl group?

» Is there a way to enumerate 2-boolean elements without
coing through pattern avoidance?

= (Can one enumerate k-boolean elements for k& > 27

« Are there examples showing that k-boolean elements are
not characterized by pattern avoidance for any k£ > 47
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