


Kostka - Foulkes Polynomials

。 Outline :

Sec . I : Definition

Sec
.
2 : The statement of some results

sec. 3 : Proof of the combinatorial positive formula

oReference : 0 Kostlca- Foulke polynomials and Macdonald spherical
functions J ( combinatovial formula ).

0 TA Combinatorial Proof of a Recarsion for
the q -Kostka Polynomialss (Defof charge )
一

Secd ,DefinieionofKosta- Foulkespolynomials,
0 Def J . I : sx =Ʃ Kxyu(t )Pu(xit),Kui

入 EP

MEP

oDef 1 . 2 : (her 'sdprduce
}

,basisof {Pu } mur.t, the Hall

Hu( xit)= Σ Kxu(t) sa
一

0 Find a few decription of Hn in order to compute Knult)

0

The first reference use
(
"Qu

"

for this polynomial



First ,extendthedefinitionofSchurpolynonials,
。 Def 1 . 3 . let δ= ( n+, n-1

,
…

,
0) , λ= (x

,
-

, λn ) is

composn Define theScharpolynomials.

sx :=
s

.
where

au = Ʃ (- 1l
(w)

w (xµ)
wESn

。 Def 1
.4

, V αε R+ . = { εi - ε j |≤ icj ≤ n }
,

Define Ra
:
L" →

L

λ→ 入+α
,

影
∴R

β e) seεR +),
"

=SR
β …R βeλ.一

(.Note .Ra 'isnotanoperationonA

.lsyinefunctionspulynonial,

R β . RB)= SR β ,R β2λ. ≠

O.not compatible ,

. RBRS入 = O .
RBRB)Sx= RB, ( R101 - 0



0

Prop 1 . 5 . VMEP ,

Hn( xit )= ( πF±RaxaR
.

) sm .

pf ; Cousider the t- deformation of the Hall inner prodace
c
, >t ; [ [t] [x, 1,… ;xn ] × 区[t]区

, ±,
,
*n]→&E]

givenby(f, g> t = 1 (+ 5 .1 x了⑥
← 得 -

εj | ki打 ≤ n}。
where

g = Ʃ tu . x
"

(fuE &E])
,

µGD
”

let g = Ʃ tu- x -
"

,
µGIn ?and

. [f]1 : = ( coef of I in f)
,

( Note : ( t, g7, = [ fg - T11⑦ .]
0 FACT: (wiehout proot ) ,

{ sx, su>o=8 xm() C, 70| p[t]区,:xn]s. is the

l
Hall inner produst )

.

< Pλ , Pu )t =λ(t) 5au .

It suffices to ,how
Kxu (t) = (vef sx in tr. )u )

Kxu (t) = ( coef of Puinsx), = < sx,Wju (t) . Pu> t.



= < Sx
, Wn( t)- PM-R 在xx>0.

= ( coef sinWult)Bu.π← xx)
Then it remains to show that

Wµ
(t ) Pµ ·

兩座 =π.(
xar

) sm
□



Sec. 2 :Thecombinatorialpositiveformula
for Kxyu( t), .
(Statement withoutpNext section !

0 Thm 2. I : For partitions 入 and
1u .

Kxu (t) = Ʃ tch ( b )

b ε B(λ)
,µ

where Blx)M : = { SSYT' sofshape 入and

weigype. M }
and ch (b) is thectatistiz of b

,

oThenwewill introduce 3 equivalent definitions of
charge

.
The first two are explicit , while the
third one is inductive andamainlyusedtoprovee

0 ( Notations and operatinsofSSYT's ) Thma . I .
,

.P = { partions }
,
B (P) : = {SSYT 's of partitions}

,

。

"

jed de taquin reduction "
"

SsYT of skewshape"
T

7" SSYTofpartiriouship",

∵→⑥unigne
.



e.g. ( jen de taquin ) .

刀
…… →肠胸→→㉞
I Ψ

幽裂 䠌
鬭 口刨414

τ

暨 旭田

Ψ Ψ

臟的④→ 四→ 趨④

0 UT
, , 2 ← B(P ) ,T*T2 : ={ en de taquin redaction

l of :
…

哈 )·
0 ( B (P)

,
*) is a monoid

, calledtheplactic nmonoid
.

(Rmk : If xt B (P) has only one box,
then x* T = col insertion of x into TI
T* 0 = row insertion of n into r

. )
.



o let B
*

be the free monoid generated IN .
We have a natural surjection :

B
*
→ B (P)

,

wn - … WI 1-SWD* .
… *WI

.

which defines an equivalence on B*
.

( Rmk : This equivalence is gonerated by Knuthrelations .

{ xcy
≤ Z ⇒ yxE ~gzx )x ≤ycz ⇒ xzymzxy

0 RecallB*→ B( P),

mo
it suffices to

{
异defineh : B*→ 30st.U ~v→ chiu)= choy

(2) V DEB(P) , find a preimage bof in B
*
.

For (2) ; Use
"

reading word "

of b.

legb = fous
"read( b)= 446233451us),脅

For (1) , ( ie
. πGSa ∞

)

Step 1 : Definech( π)forala ε B *withwt(a) = ( 1 , i-, 1)
.

Write π= In … 1,
C
:( π): = # {行 lj≤πiandjisto

andch (π ) = 蛋
c

: ( π) .
the right ofjHin}



e
.g. ; I 201 O 1

π= 562413
ch (a)= 1 +2+0 + 1 + 0+|= 5 .

Step2 ,

Define chlwl for all WEB* nith ut la) εP

Wewanttodecopose w intosubwordswl"), …, Wlm)
一

and then let ch (w) =≥
"

ch (w 'ng
(εStepI

.

2 ways)→ 2 equivdef! 「

(From right to lefe
)

e
.q . I : W = B 354=53 P214763zF

ω
) =
5432761 .

ω
(2) = 25143

,

W
(3) ≈ 21 .

ch (w)= ch (5432761 ) + ch (25143) + ch (21)
= 2+ 3+ O = 5 .

一
0

e.g. 2 .

( From left to viqht).

w = 2154253nnsinch (w) = ch ( 543276 ( ) + (h ( 2( 543 ) + ch (21 )
= 2+— =⑤

ostep3 : Define oh for geneval words WEB*
.

SJP BT. FUESAyWEB*,howych (w).



6
; interchanges M ; andMi+1 in wt (w) =u.

W : ; 们 ? ! i+ 1

)∞ ① (
θ

; 计海 i +!.

e
. 9. : W = 24132352431232 w(-tw) = (25421 )

的↓ Cx ( 台) ~ , ,6
. w ≈ 2413135243113 } ωt(o ,n ) =

(

53421)
d ' ccsc ( 和√~ w

3 362Gw =24 / 21352421131 .
wt (oz 6, w) = (54221)

.

ch(wi =cht
一

Therefove , we obtain two equivalent (explicit)
definitions of charge .

finally , we introduce an inductive
definition of charge :



0 Definition 2 .2. ( Iaductivedefofch
)

.FixnEN
let B (P)≥ = ② B (P)

, ;
i =1

BR)≥ i : = { ssYTb | wt(b)= (µ, … ,µn )
kboxes ,

.

µ ,
==Ui - 1=O

Let ik= µ;≥… ≥Un ≥O }
,

Charge is the unfunct 'ionch ; B (P) ≥→≥0
,

s- t. (a ) ch (d) = 0
( b)

, if [ε B (P)
; ( i+1)

,andT * iMiε B(P)
,;

ch (T * i µ i) = ch (T)
.

(c) if TEB( P )≥ ; andxti .
ch (T* x) = ch ( x * T) + 1

,

0 Prop 2 . 3 . (Alain lascoax and Marcel -Paal Schizenberger
Fsur une conjecture de H.

O
.Foullkess.

Kλyu (t) = 0
,
i9 1 # u1or 入 pe.{ a monic polynowial of degree n (qu )

- n (x) , if Moe
and 11 =|µ1.



Sec
. (Sketch ) proof of Thm 2 . 1

.

Prop 1
. 5 , indicates that EUEP

,

菲品;() sm =Ʃ kxult) sx
入ε P

.

Cancellation 11≥0 ,↓ wo= w +8 ) - 8 tijw
=

一istiacee Sju =-Su ⇒pe = 0
0 prop3 . 1 ( The straightening (aw for Schar functions)

.

VUEL
”

, WESn .

su= ( -+)
llw'
swoguwhereWou = W(M+ 8? - 8 .

"
n-

1
,

… ,1 ,0)(Notatins : P≈ { pantieious }
θ 入 ,U ε P, S ,WEP

,

B (λ ) : = { SS$T T| sh (τ)=λ}
B ()M== { SSYTT/ sH (T)=λ ωt (T)=µ }
B(S)W : = { SSYT T |sh (T)G8 , ut(T) EW}

,

θµ , γε p
,
andrεX≥ 0 , let

γ Q (r) : = {λε P |λ /γ isa horiastoip
of leagthr}(B(r) ④ B(γ)),µ : = { pairsVDT | r εB (r) , TEB(γ)

,

wt( v)+w(Tt) =µ}
( B (γ) ④ B( r)m : = {pair , To 0

,

-

!
, }



0 lem ; 3
.
2 ( Tablenu version of the pieri rale)

.

let γ , µ ,τεp , r1 s ε∞≥ 0
,

÷ 1B (r) 4B(γ))
,a → B (γ④()),u

VOT→ v *T
and

( B (γ) @ B(s)) π→
1 : 1

B ( γ④ (s))
,u

TOu→ T * u

0 Pf of Thm 2 .
1
.

µ= (µ> , -()un
)

.

By induction on n and pair- wisecancellations
.

For n + 1
,
add xo

,
allow to fill O into ssyT

.

W .R. S. H (y00, ",,… ,1um)
= Ʃ tcn (b)so

PEB(v)(
)µ0, )u) ,

Hyuo,y ) = (εntRij) s (yuo.u )

=( tp
;
)(菲的tkij )smo
6=菲底R; ) (+*xmltsm.上 )



=

飛 kxu(t) Ʃ tr Ʃ syuv+r , λ -(k , …kn))
r εO≥,0 lkagrgkn EC, 0

|K( +…+|cn =8
.

let γ=λ - (ka ,-,kn
)
.st. λ/r is not a horizontal

strip .

Let mbe mininal s.t . λ
m
- Knc λ m

+ !.
consider γ C→ Z

.

where Z : = smo r

Prop 3, 1 ⇒ Syuo+r, γ ) = - S (uotr, z).
⇒H
(qu 0, u ) = Ʃ Ʃtr

Kyu (t) Ʃ Syuotr
, 8)

Λε P rGX,0 rEp
λεγQ(r )

.

Ʃ
γ, 0

Ʃ tr+ ch (b) Slo+r
, γ)

bEB(γ④ ()µ

二管 Ʃ trtch (rxT)

VOTELEG) G (r))u'mtJ"
.

~ (By indeactive
ch ( r*T *OU0) def of"

ch (T* O'M* v ) - r charge ).



=ƩƩ tcaco”m
…)

let p =*λ= sh( p).↴( Ideayu ..XiMtr , -treat !
入 = (uo+ r, γ )yieddingallG ,

∞

the terms that wewant ! )Then we have to cancellat the
remainingterms through pair -wise matching

雪 ! dE 1N
as follows

.[
γ, r

,

,
are exactly what we

用
“
λ 1≥Mo+

r

”的临界本 Mo + rtd >λd
µo + rtd-1 ≤ λ d-1

.

If d = 1 . √
,

hese terms
wane !

工十 d> 1
.

cancellation all of these terms !
一

=2 tch (T* 0Moxu )
S(Mo+ r, γ )

,

( γ, " T, 0 )
VQT ε B(④ B(γ)u

Construct ( γ
, r , T , v) , a , follous.



let ⑧= 18 ,… ,rd-
2 ,Motrtdf ,rd,; γn)σ

µot≈⑥ d+=γd+
.

Claim : 王 !τ区号 ε B ( r ) ④ B(8)u ,

s . t. T* OMo*V = T * 0µ0*r
,

( γ , r , T, v) ε→ (8,r , 5 ,n)
s .t. T * OM 0

* V = T * OMox ≈
.

and
syuotr, γ) =(

u 0 + i, γ ),π
( ByProp 3 . 1

,

| (µ0+ r,Z = ( so- -Sd-3 ⑨d-2 (d-3-s0)
⇒ Canceblation ! 0 (µo+r, γ) )The remaining terms (ur. t. d= 1 ) is exactly what we want

.

□


