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1 Demazure–Lusztig operators

Setup: Qt[ω]
Qq,t[ω], e

ω
.

Weyl group action and Hecke algebra action

The Demazure–Lusztig operators

Ti = tsi +
t! 1

eεi ! 1
(si ! id).

explaining the notations, εi.

The expansion ()id+ ()si.
quadratic relations, Braid relations

Note: Ti + 1 is a symmetrizer;

f is symmetric if and only if Ti(f) = tf;

Example (Page 38)

Justify i = 0

sketch for general types

Affine Weyl groups,

its action on ω→ Zϑ
The convention is q = e

ε

Simple roots ε0 = !ϖ+ ϑ

It realizes affine Hecke algebra

Example, root system for SL3

Type A convention

intro So

W -> Na

finite aftine

(, 2 ; )
= (ij.

To justify i = o
, we need : <

O action of so Span (d : it I)

Wa = WXQ (semi-direct product
i

. e. Wtp · rety = wet cle +s

auts on 1018 (g = e5

wtg(C + RG) = wa + (k - ce ,6))8.

=> Wa Qgt 51]

wtg (gRed) = gk-c,wa

② root 20

O = highest root of the root system

20 = -0 + 5 (ed = get)
Q+ (1] =GQ(t) e So = Sot-qu

Sodo = Sotol-o+ 5)

Qgt [13= Q(9 , +)e
group algebra

= o + (1 - 7-0 -03)8

= 0 - 0 = = 20

W Qgt [1] Hecke algetra
&
Qg+ [1]

itI:
W = (SiXie1

Si = simple reflection of w
(extendedaftire Weyl group

Li = simple root

Tie" = tes+ (e-e)EQ(1] ·

Sn = E bijedious /flitu = fin,

=id si
e. g. n= 4

(Ti -+) (Ti + 1) =0 quadratic relation ·
TiTj - .. = TjTi. . . itj.

- In Qq[X ,
. .

., Xn]mij

Note : Ti + 1 is a symmetrizer f : Xi ++ X f(i)

Tif = + f () sit = f ... X-n X
- n+ 1

-- - Xo X1 - - xn Xh+... Xan X2m+-

22 I I
Sid

... gXn gx ... gXnx1 -- - xngx ,
.. - gx25x -

-> 2 ,

↑is
(Sof((xx.- , xn) = f(gXn,

xz .
- - -

, Xn - 1 , q (x)

adi = X i/Xz ...nXn-1/n

edo = gXn/X ,
Ti = +Si+ (si-id

(Tof) (x , ,

.
. .

, xn) = t f(gXn , Xy , ..., Xn - 1
, 9 X ,)

+ axx 1
f(qx , m . ..., x - 1

, g x ,)(
- f(x) ,

Xz
,

- .., Xn- 1 ,
Xn) (



2 Operators Y
ε

translations in affine Weyl

Y’s in affine Hecke

Precise definition

Example

Recall the string diagrams

put them on a cylinder

Ht1 , Ht2 , Ht3

Y1, Y2, Y3

Example In SL2, we have tε∨ = s0s, so

Y
ε
∨

= t
!1
T0T.

Remark: GLn vs SLn

In GL2, we use x1, x2 as the variable.

In SL2, we specialize x1 = x and x2 = x
!1

.

1
T↑↓→ t

T0↑↓→ t
2 t!1

↑↓→ t

x
T↑↓→ x

!1 T0↑↓→ q
!1

x
t!1

↑↓→ q
!1

t
!1

x

x
!1

T
t x+ · · · T0↑↓→ qt

2
x
!1 + · · · t!1

↑↓→ qtx
!1 + · · ·

x
2 T↑↓→ x

!2 + · · · T0↑↓→ q
!2

x
2 + · · · t!1

↑↓→ q
!2

t
!1

x
2 + · · ·

1. a party, even/odd

2. an automorphism

3. triangular

normal

lattice, commutive

Twa =wa Y =

dom Fra
affine Hecke algebra 2

a big comm x= ed

subalgebre? Remark : GLu v . s.
Shn T

Bernstein : Yes.
x = et

, w = fundamental weight

For &EQ
, we can define YPe

aftine Hacke "Forget from Gla to Siz" = "Specialize (Cit , < = X
+

"

algetre
① & dominant => Ye= +- 40. 8:

The

to = Si.... Sie reduced T
+g

= Ti
,

. - . Tie

Note : & dominat => ((te)= 2 < p , >.

② 8= % , -E2 for 81
, 82 both dominant

y9= 49 , (482 ,
+. e

. g.
TX = x

- 9
+ (1-+ )x

- 7
+... + ( - + )x7

dominant cone = Spanis (r)me Tox = Y+ x+ -.. + q(t
- 1xx+ (t-1xcomot lattice *I = Spar(w) ke

Tx 9 = (t - 1)x
-

+ (-xx
- 7

+... + (t - 1)x+ + x9

1 tE FEst Y (1) = + 1
.

S1 = 1

&mk Wa = W & Q =

Coxeter group generated

⑮ by Si CitI) and so EX gx it+q

i Y(x)=+q x

*I (t-1)x+tx,9 + (t- xx)

I g+ x+ + ((t - x + (1 - +
+ (g))x Y(x|) = g+x+) - -)

We used "string diagrams" to "draw" Hecke
X+)x+ (...)x+X+ (...)x

algebra of type A
.

(Hi = t
*

Ti).
It' 2+

+x+ (. . . )x Y(x)) = q7+ +x2+ 1... )X

For aftire type A
, similarly , but doam them on

Y
%

= Y , +z =+

B ---

ten = tr

x31+ (. . . )

t Observation :

(odd) E Span (xodd)
Ht

,
Htz

1
. parity

av
020

even #

Y(X (E Span (xeven,

2, automorphism (root system automorphism)↑I+
/

...> X >x X"

3 . Triangular

Y
, Yz Ys "... >x> X> Xo"

Ex
,

show Y , Yz = YzY, ,
etc.



Theorem There is a certain order over ω such
that

Y
β(eλ) = q

!→β,λ↑
t
!→β,φω↑eλ + (lower terms),

φω = · · ·
say, if λ is anti-dominant, then φω = !φ,

if λ is strictly dominant, then φω = φ.

The order

Example

The order

3 Macdonald polynomials

definition

The existence: linear algebra

Example

I
The non-symmetric Macdonald polynomial

ExeQg+ [1] , weight Xe1 is the

Px= unique polynomial such that distinctas
line

a
YP(Ex)=e,xj

- (, 1x Ex

so Ex = e
*

+ (other terms)·

Bank .

A
,

BEMn(K) commute

The order can be clisen to be A, B diagonalizabe

M(X)
u

+
>domXt

, Wu + WX,
=) A

,
B diagonalizabe simuteniously.S MIdom X , We= WX

(ut uniquedominant weightneen(
For SLz

. Ezc = X+ C= Const)

↑ (x) = ( + + 1 - g+qt ) + 92+ x2

yar(1) = t

Actually ,
it suffices to choose the Bruhat order

Y(Ezw) = ( + + 1 - g+qt ) + 92+x + +

extended aftine Weyl group finite/ = q2 + " (x+ C)(1 E

for the dual root system we group (
q* +

+
C = ( + + 1 - g+qt ) + + C

xXxx* x+x* x*
C=

Sli
x(x

+ <x3(x3X)(x - 5 ...

F2 = X+
45(xm) = gm +

+ x*+ Lower

Y9(2) = t (m > 0)
YGYxm) = gm + x -

m
+ lower

Eg. Eo = Ew = X

Ex
.
Eo = X"+X

observation :

Et , g2t" , get , g4tt , get ,
... ]

all distinct.


