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0 Recall

Demazure--Lusztig operators
works for i = 0

Y
ω

Eε

fancy way of thinking

Questions For two matrices H and E with re-
lation HE = E(H + 2), show that they are be si-
multaneously triangulated.

If Hv = ωv, then H(Ev) = (ω+ 2)Hv. Then pick
an eigenvalue ω such that ω+ 2 is not an

eigenvalue, i.e. Ev = 0.

1 Intertwine operators

1.1 Bernstein relations

Denote X
ω : f →→ e

ω
f. Then we have

HiY
ε ! Y

siεHi = (t1/2 ! t
!1/2)

Y
siε ! Y

ε

Y!ϑ∨
i ! 1

,

HiX
ω ! X

siωHi = (t1/2 ! t
!1/2)

X
siω ! X

ω

Xϑ∨
i ! 1

.

when i = 0

diagrams and names
duality

1.2 Intertwine operators

For i ↑ I,
ϖi = Ti +

t! 1

Y!ϑ∨
i ! 1

.

Properties, intertwine + braid relations

Hi = t Ti

#Si
standard proof. Y = Hep & dom.M

si e & don => Sit + &dom (sit is NOT don)

Sil = usi+/Ye= Htsiee His

Ti = +Si+ (Si - id)Xx = ex

Ti = +Si+ (Si - id)i] Tixx = (tsi+ (si - id))ex
extended to i = 0

,
so and So

= test (essi - exid)
----

Q+ [1] = 0Q(q, +) ex
XE1 double aftine DAHA.

Y9
, fEQ = coroot lattice

quality w Hecke algetre

-Nonsym , Macdonald poly Ex for xe & e Hur
ne

①YP(Ex) = g
-<, x)

=
(, Px)

Ext Us U u

YP finite
② Ex = ex + lother (

Quit - linearly Q+
[QV] Hw Hecke Q21]

X
*

algebra
"Fancy way" Q+ [Q] =DQgtQg[]

Q[1] Ex as Qgt [Q] - module

- Note: 49 Qg+ 21] does not have eigenvalued .
00Qintertwine

[iY" = ySix + i (intertwine (
If Hv = Xv

,
then

Titj --- = TjTi--- Ibraid relation
H(Ev) = E(H+ 2) v

·i
= E(x+2)y = (x+2) Ev

Wx= veK" : Hu= Xv3
Lemk·

(multiplication by

Wx En Wx+
XX : functions XX operators

Tw : operators Tw operators

Pick any an eigenvalue x of H
49 : operators 49

(multiplication by
functions

Sit
, X+ 2 is not an eigen..

·
topin"Y"

Ti = Ti+ si

3 f(Gi)Si] satisfies braid relation

for any f.



Theorem If siω > ω for some i ↑ I, i.e. ↓ω,ϑ∨
i
↔ >

0, then

Esiω
= ϖiEω =

(
Ti +

t! 1

q→ω,ϑ∨
i ↑t→ρε,ϑ

∨
i ↑ ! 1

)
Eω.

There is a version for i = 0;
while in type A

Example

2 Symmetric Macdonald

Y
ω does not act on Qq,t[P]W

But f(Y) with f symmetric does.
Sketch of the proof.

definition

Lemma For a dominant ω,

Pω ↑ span(Eµ : µ ↑ Wω).

Ti = Ti+
a

is NOT a non-sym Macdonald poly.

Ex E Qgt[1]*ye
- (f , x)

+

- 28, px) Qg21] W flis & symmetric.

q
O eigenvalue of YP at Ex (Six > x)

Leuma Qg[Q]
*

Qg[1] restricts to
= eigenvalue of ut at

Esix-iDsix -sit, Psi
t Q [Q]W Q [1]W

②Sil Esix = 49 ti Ex = IiYPEx
Sketch Co =EnTw

= ( ... ) TiEx = ( ... ) Esix
.

Q+ 51]W = image of Co
=> TiEx E Qgt Esix (Crof sym)

③ look at the coefficient of eSix, If sym => Crof = 1 ... ) f)

TiEx = Esix
.

D Q SQW
commutes with Cro

.

(f(i) Cro = Croflis if f sym)

Es Qg[QWQg[1]W #

Rmks :

① If we know Ex for X dominant

then we know Ex for all X.

Symmetric Macdonald poly PxEQg+ [13
W

a) The above formula has a version for i = 0.

for X dominant , is the unique poly sit.

b) For type A , you can use automorphism of

root systems. ((3,
4 ,

2 , 0 ① f(Y)4x = f(g
= "
+0)px

-eQgt [QyW&
-> (1 , 3,

4. 2)) ② Px = my +(other)

GLz
f(q* +

-P) = f(4)(y9 + g
- (x , +

+
- cee

E( , 0)
= (,

T, (x1) = x2
mx = 2e" = orbit Sum.

MeWX = monomial basis .

Econ = (Ti+ Eco

=+ X

↓ fe Q [QYW
② g = 0

,
the above formula reduces to

RMs = & ge Qg21] :

filg= f(g"++(g)
Esix(g= 0) = Ti Ex (g = 0) UI

WYfEQ [QYW

Span(Px) = &ge Qg213 :

filg= f(g"+(g)
key polynomials kx = Ex (g= x

,
+ = x

O recension
Ksix = Ti kx &

prot
② initial .? Ra+ [Q4Qp+ [13=Qg

? Ex(g= > ,+ = x) Ex*X dominant UI

Raidayw
Il

(this can be seen from "Cheredwik inner Qit [1]=R
VI

product" (
Qit [1]W=Q P



Example

3 Type A

Theorem Pω is a symmetric function.

operators Y1, . . . , Yn;
Y1 + · · ·+ Yn already has distinct eigenvalues

Macdonald operators
To stabilize, we need to modify

3.1 Other Macdonald functions

Integral form
transformed

modified Macdonald
now it is q, t-symmetric

Example

Glz

Elio =
Ex = 4x

-T (I-gacDetEco
, 1)= x + x

"integral form"
↓

P(
, 0) = x + xz # a(x) = 6

e(x)) = 2

E(2, 02
= xi+8)x , x

Eirius =Exit== (i

Il↓
"Z"= XI + X2 + --- all variables "transformed"

P = (1-()) E(2. 0 + Eco # = 1 + + +f+ th+ -..

= xi+(+9
+

)xx +X Pr = xi+ x + x3 + -..

Pn[]
When X is dominant f+ f()

= Pr + t pmi fami
4x= Symm (Ex)

invectiti

= Pr

left as an exercise. F(x = th) Hx) +x+ 1
.

00annat
a(m) = 0

, a(t) = 0

n(x) = 1

(Sketch) * e()= 1
,
l() = 0

P( , 1)
= x, xz + - = ez = my , )

.

J( , x
= (1 -+) (1- + )P(1 , )

Type A
,

Su
,
Ju

,
Hu , For

Yi , -, in Fr ↑... + Yu EQw
= (t - 1(t-1

-

O already has distinct H(k = (t-(x)- )eigenvales on Px(X1 .
--

, Xu)

② can be computed explicitly
known as "Macdonald operator" = Ep , += = (t+1) mc , 1)

+ + m(z)
.

Tix difl ..., Xi , --- #(
, x)

= +((t+ + 1)m( , x)
+ +m(z)

= f(. . ., qxi, ... )
= (t+ 1)m( , x + m(z)

.

= +S( , 1)
+ S(z)

.

To take nex limit , we need a modificativ

(t(Y ,
+ ... + Yn) - ('+ - .. +tr) P12 1 0

= Mc , i+mis

J( . u) = ( - )
Its eigenvalue at Pr e .g.
[ - +i- 1 H(2

,
0) = (g + 1) m(1 , ))

+ m(z)

(i ,j) EM H(2, 03
= (g+ 1) m( , )) + M(z)

15 =5) S STo &
-

=

gS(( , 1)
+ S(2)

.

= PuE1 .

In general : Folge+=#x


