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0 . Recall

Λ=些 Q[X, -…×n]
Sn .

f: a function over space fxili" :xi=0 for almost alb i ?
.

For λ - partition ,

20 ubonomial : Mx=xxx
*
= 成 axwx

20 elementary : ex = exilar… er = Ʃ xi λin…
1 icinc…≤ -



30 Complete : hx= harhar… hr = Ʃ xiixio…
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I . Plethysm .

"

Genevalized substitution
"

For fεΛet := ⑤qt④N .

f(o, □ , 0 ,☆, …) = fCot+o +☆+…].
⼼ √

fazx+y+zt4]= fix,y , z ,] , x , 1 , 1 , 1 . 0 , …)
.

ref : Suppose that thesymmetvicfunction fEhi a sum of monomials .

f=☆xai . Given geatdefine the plethysm gifo by⼀

⼀ grf] = g (xa
,

xar
,

…

) .

X = xi +…X+-… g[x] = Glx 1 ,xx, … ) =
9

⼀

x ]=xa
'
+xa
'

t… = f .

Pn =xi
"

txx"
+
… . f㉙= fixi,x" ,… )=滋xan =ifBW
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Aε Aqet
f=

Note : ( aftbg) [A] = afIA] tbg [A] Wi
f)[A ] =fia]gra] . 1

Pef (Plethysm) .For f ,6Aεhat ,wedefine 4 : f1sfa] to be the unique map
\qt→ Aqit , such that

A)( (Cf+ g )[ A]= CfTA]+ GFA] K[A] for cEQq,t Q[q, t)
⼀

加 [A]= Alx<→xî q→qrthatr .

In geneval , if A =Alz,Y ,8 ,x. )is any function , f: fiziy,Gix…) isamyfunction

sysmetric in Z, we define frA] by
A) cfgh) [A]= cfτA]+9EA]KC6a ] forcεQq
D加]= Alzr

,yn,G
"

,
x
"

)
,
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eg :10 For any fε Aqit .
x= x 1 tx. … ,fx] = f
A)( firsfix 3- fid
R区 ]=x ( xi 的xi^=xi ^+xi"+

_
…∵Pr

.

20 .x= x+
x,+…+*nfrx]=fox,…*n?,

eg : Forx =x 1+Xit…considerfr-x] .

f=Ʃ cxha
hni-x] =ƩZxR-[x] fix]=Ʃ cxhxτ-x]→ λth

⼆為亞城院E-X]6
=Ʃ Cxex[-X0,-Xo,…)

= 剂 Z; -X[R⻔)
=ωf (-x15xr,- -) .

= —=”en=



eg: Reall the coproduct A →A④N .

foxay ) : = fcx, x.… Yu ,yo…)

= Ʃ filx,x.…) fouyy%o…) .

Setting X= x 1tx.t… Y= y,tYy*…

fτxt(] = f(x, xu,…y.Yo… )
⼀

= Ʃ ficx] frτy]
= Ʃ f , (x.--)falyr , yYo…) .

4 : fis fixty) .

τxtY] =⽐]招τY]
,
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eg . Setting Z= z.+Zr+… W= witw2t…

WofrztWJ ,consideras asymmetvicfunctionin Wwariables with functions
的

of zascoefficient.f

wofrztw) | aumn = c f , enbu'
,

↳
.
flau = cf , bu> .

tzew),by) = of eyums, .



2 . Quas i- symmetric function .

Def : Iforallcomposition( αx, …Xk), flxi☆…Xik= flxj*--xjk ,
then

QSym . 元셅←
- -<{k jic…je .

we callfEQrxi -yu) is a quasi- symmetvic function .

Strong composition .

2 = (2i, --ae)t2io
0

I≤k
.

(α 1 =α 1+ - …+αk .

l(α) = k
.

α ( 121 , S =1 α1,α.+αn ,… α1+
…+αcy9 )

,

31 ← ( q , 945801 )
.
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I . Monomial quasi - symmetric functions .

For a strong compositiona ,

Mx=Ʃ xP
β
t=α

s delete all o
'

s in β

↳
filling of a such that 8 @⑥ ) a =b

| @|⑩ ⇒ acb

Mabh=bccdXaxsxcxd



2
.
Eundamental ( Gessel) quasi -symmetvic fuuction ,

For a strong compositiona

政承坐 B refines a .

b
, f -
i -

2
"

a".

乱 31 ⻔
Ls filling ofa , chat@ ②

sa ≤b.
( 1 - - 1 ) ( 3131 ) . ( @lb⇒ a< b .

℃

0点 0中1001 α← (u . 8 )
,

Fn
, s :
= Fa

F31
= Ʃ xi--Xig = Ʃ Xi…Xin

云
{r≤i的≤i4cƩ5<i 6≤i≤i和ai9

.

| i,≤--≤ia≤

acs⇒{acia+1
⼀

Note Fin = en , n =hm . = Ʃ xm,
…Xin

|≤{(≤…≤im

ia={a+1⇒a4S.



involution 0000100001⼀

W: QSym→ QSym.

数⼼感 01100001p 0
dual composition of a .

161 多 62
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*

為
β
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eg : (P
-partition!

Definition.Assumewe have a partial order P onIu ]
.A p-partition is a function

⼀

P2s0 with the following properties .

I
. acpb and acb . ② Tca) ≤Tcb)

⼀

2 . acpb and asb ⇒ Tca] cτ(b) .

eg . 3
2

< pI2 >1⇒T (2)< TU)

⼀ 32p 3 .

2 < 3 ⇒ T(2) ≤Tπ3)
,



Aup):-thesetup,w)of a-Partition .

where wbe a partition .

⼀

eq : wt , p
-partition is weakly increasing map T:P→POJ .

← Pvoperty 上

W d , P-partition is stricely increasing map T:PIx] ← propery≈

rop : Avp)= pAcp
"
> I is linear exeension of P .

⼀⼀√

eq : 1
-

Ʃ I
-
3 ⼯⼀

≥
~ 2

.

T τ 1 ⿏勁
,

|= { nxτa≤πs)□ {oi|Tu)≤s)<T)g
T: P→Tx] .

却 (x) =疵XT , T==πxπ:) p is a chainiwiprsc-pwng
印

셆

5→ desp
:
={ iε[n-]wi>ω it1 i

.

= Ʃ xi,…Xin = 部即 ! ⼆常和 ,desp
之 ,…in
aapb acs⇒ia≤ib
acpba>b⇒Ʃacib



W⺠ Ʃ xir-xin
.

: Fa
. forQ ,

the order acab iff n-apu-b.

之,…in
acpbacb)ia<ib

acpba>b)ia≤ib
.

wSx
.

Sa=Ʃ ZT
TESSYT
⼼ ESYT is a p-partition

.

225 5 20 12459
,

51020 → 3 7 8

10 6

τε

Foreach
'

SsYT define 8 = std(T) ε SSYT(λ) such that

. if TC□ .)KT(□2) , then S (□ ,)<S(DV)

. if T(2,] =T(A2) and 12 , is left to the 122 ,
then S (A , )K[D2?

,



Sa =Ʃ Fndescs)
SESYT des= { itta-1];n is lower than29

.

wSx =yFnu] \des(s)

= δx1

⼀
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3 . Supenization .

SL: F :λ→at +:={I<2<… I

.weakly increasing on each row
strictly increasing on each column .

1 super
“

SSYT (λ) : =i Semistandord tablean T : λ+A+ ?
,

i
"version

V

Super tabelan:T: X→At: =IICI<2<Ic-…
I .weakly increasing on each row

such that : a=i form hovizontal stvip and column
.

a: 3 form vertical stvip
.

” SsYT± (λ) = & super tableaux T= X→Ats
.



f : symmetric function in Z . δx=ƩXZ
τεSSYT(λ )

↓ "
super

"

version
Z+tZzt…
A V

Setting Z= Z,+…Z2+… W=Wi+W2+. …

wofrztw] S>vz,w)=Ʃ ZT

⼀ ⼀
TESSYT±(λ)

섰

⼀
i wosxrzw3= Ʃcsxhue
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⼀
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GGesset ' s quasi
-

symmetricfunction.
Fn

, s (z) = Ʃ Za
,

…Zan : Sx =yxFa1des(T)( z) ,
ai≤ar≤…≤Gn

Gi=Gi+1=⇒itS

'anperiorsion ↓
和 s (E ,w) = Ʃ Zaza…Zan.

G 셅≤Gr≤…≤Gu
ai=ai+εA+⇒ its
Ai=Gat1EA-⇒EES

.

…}GiIczc… ∵
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⼀

⼀…
→ 4 6 9

点
2
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.

T: λ→A± —→
std

δ : λ→ & 1 ,2,
… n= 1λb )

,

Such that

I
. Tost weakly increasing function . IIIII2222z

.

2 - if Tos-cj ) =Tosij+1 ) = … ∵ Tos
"
(k) = a

,

then
.

ij , j+ 1 ,
… 10- 9 ndescs) = f a positivei

ij, -- k- i ) anegative

T
1

, satisfy I , 2 . T=T'os .eds
.

~

Fra1 dess) (a,w) , = Ʃ ZT
Std(T)=s

xx, λ(des(ss
(aw) = ƩƩ ZT=Ʃ ZT

TESYTLx] Std(τ)=S [ESS告在(λ)



Coro : if fiz) = 号 CsFn ,scz ) , thenfa,w) =号Cs和s (a,w)
,


