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1 Recall

Eω; Pω; Jω; H̃ω.

Theorem

For µ → n, the symmetric function

H̃µ ↑ Q(q, t)↓ω

is characterized by

(1) H̃µ[Z(1! q)] ↑ span(sε : ε ↔ µ);

(2) H̃µ[Z(1! t)] ↑ span(sε : ε ↔ µ
→);

(3) ↗hn, H̃µ↘ = 1.

First understanding:

it is the inverse of

f ≃→ f[Z/(1! q)] = f
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Second understanding:

f[X! Y] =
↑

f1(x1, . . .)(ϑf2)(!y1, . . .), then take in

Y = qZ.

2 Symmetric power

definition

classical examples

Example

S
nC2

for n = 1, 2.

"variety'
↓

n tuple of points in X

For space
X, N

S"X = X"/snt
symmetric group

=E multi-sets of X of order n3

Su-orbits of (X. . . xn) = [x1] +... + 2xn]
#X

·

& o-cycle

ei = the i-th ele .

Classical example sym polynomial.

e : S = Kh (e, (x)
,

--

,
en (x))

- X
(X, ,

. - -

, Xx)

D surjection E K is algebraically closed.

② injection () (...)

defined by

SSpolynomials of the form]coficientnEx X composition (nonsym) & DL operator
X+ (lower terms)

Px x partition (sym)
aftre Heck

Fun (S"() = K[x,
· . -

, <n]Su

= K(e, . . . , en] = Fun (4)
Jx integral form of Px

Hx transformed
Next Step : D - K"

Ex cocharge version
S = (()"/Su ↓

diagonal invariant.

Fun (S"(Y =[ ;
--

, Su
, y ,

-.-

, Yu]Sn
In cuts "diagonally"

WXi = Xu(i)

wyi = Yw(is

variables in 1 (n= 1) S= (

- z = (E ,, Ez , Es , ) (u =2) D[x , x 2 , Y1 . Y2] = Raxy
u

X = Xi -X2x + - Y

-Ju * = ((x , + Xz
, y , + yz] y= y1 - y2y+ - y

-

R(x , y]
*

= & f(x , y)e Rax, y) : f) - x ,
-y) = f(x, y)]

=

spana(x
&yb : a+ be2*

f(z] #f = Rabi/(b
a= xy

b = x2↑f f() =f() c = y

y = z + gz+ gz + ... : = ([k,+X , yi+yz]@ ((a,b
,c]/(bc- an)

invertible with inverse fix fLz(1-g1]
5 = (2 x((a ,

b,c)t : bc=a]
.

② f(x-Y] = [f , (x , 8 , . .
- ) (wfz)(y ,

- yz ... -

of = [f,*2 Et singular

Take in X = z , Y = gZ

f [z(ig)] = [f, (E,zzi ) (wf2)(-gz , -gzz : = )

Sx + [SuQSx/m
4 : 1- 101

Pr + PrQPR
f(x1 , X2 , ... k

er + &er@ek-r
r= 0



3 Hilbert schemes

def

Hilbert{Chow morphism

Example

S
nC2

for n = 1, 2.

4 Punctured Hilbert schemes

definition

Garsia{-Haiman algebra

difference of scheme and variety

Hn = Hilb"I" ideal.

actuallyX
ss

= [20k[x , y] : dim
,
(2x]/z = n E ↓ *

/Su

punctured
it : Hn-Se Hilbert-Chow morphism. Hu She Hilbert scheme.

I + [KEX.Y]/1] "support with multiplicity" ↑
Xn = 9(1 , p, . . .

. pn) : (1) = [p1] +... + [pn3]
dim([x.y]/1 = n & T

Sn cuts on it
C
x , y Coum

For each Mr n I : : : :

multiplication [*] multiste

y3 xyxixy3x4y3 ...

[(x1
, y , )]+ . . . + [(Xn , yn)] .

ES"
.

does not depend on the choice # En= 10 sys sig zy:
xc

&y ..

Ymultiplication ( of basis.
14 ,

2 , 13 Iysysy
(French notation

In
.

The Hilbert scheme Hn is a smooth

variety ,
and Hilbert-Chow morphism it is Garsia-Haiman algebra : ⑫

O
⑧

a resolution of singularities. Ru = Fun [p"(In)]
.

& S = (2)distinct/Su ~

as a scheme,

not a variety.

Ank
.

As an Sn-rep . Ru can to described

by certain determinants.

x- y= 0

#Eyer

(n=1) Hi = 3 [0K[xy): dim,K[xy]/2 =1) ↓
= K?

I
must be a maximal ideal.

1 : 1 C

H,S'k
m = (X- X1 , y- y,)( P= (x, y , )EC"· -

XoE D
P

(n = 2) He= 320K[xy): dim,K[xy]/2 = 2).

d I + [p)+ [g] .

([x,y]/(x-y)-([X , y]/(x* y , X-Xo)

sch

① P + g ,
I = mp.mg = Mprmg.

To ↓ "Fufitre at se

② p =g ,
I = mp.

k(x -> k[X]/(X- Xo)

Consider p = (0 , 0) . mp = <x, y>

Mi : Mi " :

When xo O
,

K[x.g]/(X*
-y, x -xo)

=

((y)/(y2- x* )

Iy xyr Xy. Iy xyr Xy. X/y-x)(yz/(y%O

~ When xo =0
, K[x.g]/(X*

-y, x -xo)

mp = ((y)/(y)=y

choice of one-dim subspace zdin
.

The Choice of I =

of KI Dy.

= IP'
.

H=t



Example

I(n) = (xn, y)

Theorem

grd-FrobRµ = H̃µ.

Example

e. g .n
n[o]

let us compute [cn) = <X*y >. Il

=(Ica) set & (E) · P.. .... pul: + <pas)
& X

= pt must be 0.
xY= X,

(X, +xz)

Consider n= 2.
- X, Xz

D

Parameters e = Ce, ..., en) A Ru = k(x, 1x]/<****
c = (x ,

. . -

, (r) = CQI
-

- xz

Je, = (x = e , x+...+en Y
y - (ax

*
+... + (n) E Ru= K(y1, ya)/<Y

# = S(e ,c)] He dim = zn =Cy
-

- yz

=> (*) gives a neighborhood of [cu).
: :" :

? -> Xulan a Xn -> (4) ⑧ 00 ... 000 ...

↓d ↓ ↓ *
/Su

0 0 0 ... alto 0 ..

o[ Hu #Sh tri alt o ... twi00 ...

(e, c) + Ze,

#I #
π(]e, ) = [(X1,y,)]+ - - + [(xn , yn)]

.

Sex.. ..., x3] = Solutions of X-e,
x""+... + (1) en #A = ha +

gez #A = batten

each yi = < X"+.. - + c.
Cr(X, ..., +n) = eR (n=3) to thi Siste aalt

Xulqan = G(e, ,]D: "

, (xn
, yn) : EmeS 00000000 000

0000 0 0 6 0
s600

000 0 sa00 500 0

t Ss a t 500 +00 0· # #

-
Fu)p" (2cm)) = Fun) (/(

= ([X, ,
. . .

, x]/< em(x,
---,Xn).

⑳invariata H*(Flu)
=>W

O IlS

Lamb Fu(q= 1
,+ = 1) = pYn + n

(The> n ! conjecture


