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Part 1
.

Definition of Macdonald poly

Review
.

① two basic operations on

1 = Q(8+) · Sx
-> schur function

· Omega involution

Wi ex 1- hx /hx + ex
Il 11

exi · 92' nx· Hx2- -

Fact
, (i) W(Sx) = Sx

,

where i denotes the

conjugate partition of X.

(ii) w(Px) =
e

pr
,
where

| x) = X
,
+ 12 + ... and e(x) = # of positive

parts of X
.

· Hall inner product 7.. 7.

(mx
, hm) = SXM

Fact <Sx , SM) = SxM



② plethystic operator

Let A be a formal power series over Q(8 ,
+)

IDefine Pr[A) = A clic P(x) = x+-

1 + +- +
K

suppose that - N : f = P

Then fIA) = PIA)

T

= Pi[A] .

Notation
X = x

, + xz + ... = e
, (x)

Y = y ,
+ y2 + ... = e, (y)

easily checked that

Pr[X] = x" + x2 + ... = Px(x)

Pr[X+Y] = x + x*+...
= Pk(x, y)

+ y: + Ye+....

So f[x] = f(x), fIX+ Y] = f(x) , y)
.

Pr[-X] = - X ,

?
- x2 ...

= - Pk(x)

This implies that Px[-X] = ()l(x) Px()
= ()() . 1Px(x)

If feX is homogeneous of degreed ,
then



fl-x] = H)dwf(x)

Definition of Macdonald poly Fu(x ; g ,
+)

For X
, M & Par (n) = Spartitions of ny,
↑ M if N +... + xkMi+ ... tMr for all K31.

Ex
. xME) X MI

& FM(x ; 8 · t) : ME Par (n)] is determined by

triage la S
(T1) #m[x (1- 8) ; 8 , t) = 2 axu1 ,

)

rity

172) [m[X(rt) : 8
. +]=Z bu18t)

normalization(N) <FM( ; 8 ,+)
· Scns] = 1

Pr[X(181] = (1-gk) PK)

Pk[X (1-+ )] = (1- +4) Px(x)

Part C
.

combinatorial formula for TM( ; g .+)

Young diagram of M

m=13 .
2

, 2): English notation

Identify M with

M = <(j): eM] inmatria te



A filing of M is map

o = m ->

u -> o(u) = o

=
E. g.

A filling of M is at if the entries are

weakly increasing along each now
,
and strictly increasing

down each column.
-

= xo = Yo(u)

x0= xix2x344
.

It is well know that

Suk) = z o

·E SSYT(M)
back to Macdonald.

Fu(i8 , t) = =girlo) +majlo) o

0 :M ->
>

· descent of

* box neM is a descent of if lu) > o(v)
,

where v is the box immediately above . It



Des(o) = descents of of

# maj(o) = 1 + 1 = 2

· major off

arm (u) = 3

t leg(u) = 4

Define
maj 10) = Zelo) (leg(u) + 1)

· inversion of o

Two distinct u
, veM form a attacking pair

(u , v)
, if

(i) u and v lie in the same row and U is to the

left of v

-el... (v) ...

(ii) u andare in two consecutive row sit.

v lies above and strictly to the left of u.

In



We say (olu) ,
o(v)) is an inversion of if

① plu) > olv)
&

② (u , v) is attaching .

Inv(o) = &inversions of of
Define

&(0 = (Inv(0)) -essa arm(u)

Ex invio) 0
.

# (Inv(o)1 = 4 + 1 + 2

& arm(u) = 1 + 2
UtDesIa)

inv(a) = 7 - 3 = 4

Main Theorem

LetCu(x ; 8 ,+)= ginvla)(maj(o) ,10.
0 :M-

ThenKig , +) = (u(x ; 8,+)



Part 3 . Proof Sketch

Axioms in terms of Mx(x)

(T1) FMIXIE) ; g ,
+ = [ axm(f . t) Sx(x)

X-M

(T2) FI (t) : G
,
+1 =Z ,

bxu(f.t) Sxx)

( <Em(X :2, +) ,
S(x) = 1

! & fEX) = (ldwf(x)
X =ME) X M/ ~

vSx[[me(x] ,Mx(*x]

⑫min
( N ( JFm(X : f

,
t)

,
Scn(x) = 1



Prove that(x; g ,
+) satisfies (Al)

,

(A2)
,
(N)

.

Step 1
.

Show that Cm(X ; g,
t) is symmetric in X.

-

Establish a connection with2 symmetric fuction.
I

For D =M
,
write

--

/Inv(0)/
Fu,D(xig) = Z G x

5

Des(o) = D
-

Then o:M- >

cm(( : 8,t)= arm(D) 8)
,

where
arm (D)=

maj(d)= u + 1)
·

We next explain that Fu ,
D(X , g) is LLT:

The key idea is to identify eachcolumn

of o as a YT of a ribbon shape
.

#
L #x[KLl

W skew shape



consider any
column of o

1
2 [ [ & goG 1 10

[

1[X

10

&

· M = (3 , 3 , 2)

LLT

⑭plu > olv)

M a (will , . . ., v() = P
o (T".... T() ,

where EM,
⑫Enviol = [(yu ! TV)) :
u and vie on the same)
-diagonal

--
i)j

2) [(T()(u) , + 151(81) :

v lies on the diagonal 7-rightabove u



This is just the inversion set in the definition

of a LLT Gr(M ,
4) (: 8)

Prop . For DEM
,

we have

LLT

:8) = Gu(*: 8) .

In particular, Fu,
D( ; 8) is symmetric .

So-: 8 .
t) is symmetric ,

in ().

Step 2. Express [x18-1) ; 8 , +] and

&[It-) ; 8 , +] via per" filling .

Consider the super alphabet

① =
0 40 = -i

= [12, ... 3 49 T ,
Z,

. . . S

weshallFixanychsenttaloderona

o:A



For , y &A ,
let

I,=( , y) = 4 -
if⑮ or Eye o ,

o
, ifi or eye410 .

· neM is a descent of o if

It 1) us
, 0(v) = 1

↳ descent

otu, (1) is an inversion of o if

1)_ ,(vi) 1 and (u , v) is an

super filling lackingpair .

Then indo) andj lot are defined in the

same way as ordinary fillings.

Prop. quasisymmetric function technique .

-~188 ,%=Z tinvla)[masiasseat,
Cu[x(0) ; g , t] =[ ()m(0) ginu(alel+majio) co)

&

o :M-A
any order on A

where mir = kuem : Muleob) ,



M

p(o) = kueM : MuleRob1 ,

and cali

Step 3 .

Prove(All , (2) , /).

① check (N) In
< mx

,
hm) = SxM

-

(CM(x ; 8 . +)
.

Sin) = (MK ; 8 ,+)
,
hn) Many

11

/ =x Mx X
,
n

=> I Exm](u(i8 , +) = 1
.
clear ! li

②Keck(All .

choose order(2)... S of A

construct a gereversing,eight - preserving involution
~ ~

& on super fillings o : M->A ,
which cancels out

all terms involving x if & M:

test
for wh



Lemma
.
& ,

is sign-reversing andrightpreserving.
L

qu[X1f-1) : 8 , t] = Him10) qPlo) + invlo)majlo) ,<10) check
-

⑪ ed point

For osit
. Glo = 0 repeated I full in each row F

zu
=>a =e...⑫Mi +... + Mic 31

.5fixed print Du
③e(A2) .

Use the orderhi...sDefine E2 :

of A
**frethe

Then choose the ita such thatIdus/ =@.
reading order

G2(0)( for wh check carefully.W

-

Lemma. Eris-reversing and light-preserving.

qu[xIt-1) : 8 , +) = Him10) ginvlo +
Plot+maj (osol

-

&, (o)= o
-

fixed point

x = xPx2k ...

· Mirow
index

⑫= M , +. .. +Mr

& [M
-


