2025 [a /24

Mown Ref

Haﬂ(und—Haiman~Lod\r, A cmbimeteiod formola for
Maedonodd  polynemlals , 2005,

POJ& ‘. De“F‘\" Gon of Mo olcha‘oi Pola

Keview.

@® two bacic operations on
/\ T @ @(%lf) S‘)‘ —> S‘Olluv ’FUVIC'f‘AaVJ

° omeqa (‘vwolwb\‘oh

w: €ex —> ha /;’);\HS,\
i W

Exn S b fing -
Foet. (()W(S,\) = S‘/\‘} wheve A den ofes -t}\e

cohjdgade parb;‘vion of A .
(i) w (Px) :P/\, where

IN = At A e and L) = # of posth Ve
P of A

® Hol wev Fm&uc}g <./ > _
<Ma, hu) = Sxu
Fact L Sn, SuD> = Sap



@ plethystic  operafor
Let A be a formul power Sevies  over &(@.t)

befire PK[AJ = Az, RE) = 19
41— 3K
t — t¥
Swppose that f e A. $ = Z & P
A

Thew }[A] = % Ch PAEA]

= Z S 10 PA{D\]-

A v
Notation
= X+ X+ - z e x)
= Y TY, - = &(yY)
easily checked that
AR EERNEANENEET)
PeDXtY] = i 2 = K (z1)
+ ylm_‘- 5;'("
So 4[x] = fo) Lx+Y]) = f(21,9).
Po[=%] = l=xF~xf=|-7 | =& Pe(x)
This (‘vn,rhes that P [—XJ = (—})ZM) Py (=)
= )™ w Py

f fe N is homoger)eow of dcgree d then



$I-x] = &9 wfo
Definitioh of Macdanod d poly /HVN (x; %.%)
For A M e Pay(n) = {po\v‘b\‘{-johs ofnf
AEH H et e € ftotte for ol K3,
Fx. At & A s

{ (Hvﬁ(x,-%,t) . M€ Por (M) } s defermned by
Jcr(o\ﬂu\q (m) H/ALX i b T:l = Z a/\/u(‘(r,f) Sh
rity A2

(12) Bplxr0)igt] = Z_ baulst) s,
)\//M

wedino() & Fu(<584), Sen 3 = |
A [xt | = (=) P
«[xo-t] = (=) P ()

Part 2 . combingtoried  formola  for HM(X; 2.t)

Toung diagiom of M 7 u=(21)
M= (8. 2,2) . (%3 Ehgf?sh Nototion

IV\D{ N € .
" h 1£7 < LIM) i Mo frx
/u r {(1'J): 1€ 3£ M< cobrdinate



A fillag of 4 is map
oM T A%

Q@ —> olu) € Lo

2
(

= |

Eg A filling of M is a % the enfres ore

wealclj \"vxcreo\\cfvﬁ aiohj e cefy row ond sﬂ,'ar{ltj (‘v\cveo\s?vﬁ

doum eqc’/\ oo‘unmn.

<
\ Zl
o= A 2l 3 0= I Xow
: UE

2 2 2

o =

ol [

It is wel) know that
S'/tJl (x) = Z X

ceSsYT(M
back 4 Mucdonald .

ﬁﬂ GHt =20 grie) 479 o
s A>T
o descent of
A box ue M is q descent of o #  ofu) > o (v)
where v is the bor immediatoly obove u . E

/



Des(s) = { descent s of Sj’

3

4+
£

may (o) = I+ = 2

I\
N |F
)

[u]oo]o] arm(u) = 3
lej (W) = 4

=

o (o) = £ le (w) 11
" ) “e Des(o)( J ! )

n version 0<F o

Two  distinct %, vEM Aform o O\—Hackfnﬂ paty

(wv), o

wond v lie in the same row and W s % the

lefe of v

(i)

(1) w and v are it tws  consecadie row <t

v lies above and S'hﬁc'flj o the [ =% \)«F " .




We Say (oﬂu)/ o—(v)) ‘s on mversion of o Lf

®  olw) > olv)
) (u,v) s cxt’rac['n‘nj.

Inv(e) = i (nversions of @J’

r])e-?ﬂ/\e
(o) = ’ T (o) ’ T orm(u)
lAQDes( o)

Ex my(oc) 2 0 |

W\l

EHE] [ Inle) | = 41142
> | $1®
©| 2] 7 . oamld) = |+2

U € Desla)
l\nV(o*) =3 1”3 :Zﬂ-

Man Theorem

—_ (o) | may (o)
ot Cuxiga)=g s T

0\2 Mf?‘zz>o

Then @(i;g,-{;) ind Cﬂ(l@




Port 3. Proof Sketch

Axioms in term§ of Ma(x)
(71) MIx(egs 3,1 =722 Gu.t) Sa=)
A2 M

(12) HM[X/J §,t] = LAA E,\)u(@t ) Salx)
A7

(N) <H/A(x;77,t), Sem (X)) = |
fix] = ENdwi@ ~
N PN
S)\ & /Z{mp ()ﬁ)\} YY\)\6‘7 {SP; Pé)\}

(A1) Hulx G 8,¢] 5%(“ o)

(A2) w :O!F/*(‘é.t ) Mp(x)

Q\\l) (ﬂ#(x;?ﬂt), NN DA




Prove V}\ﬂ‘t C/)\(X,“b’-,‘f) SO‘[:(S'F(?S (A( AZ) (N)

Step | Show that Cu(x;%,t) is symmetvic in X

—

Esdablish o  connection wif%@ Symmetric fuction.

For D E M, write
F/M,DCX/‘%): ZlE vad

Des(o)=D
Then ol M i
o (X134 ) = ———Z ?r—oxm (p) JCm(y(o)
pe M
where 1
arm(p) = Z_- arm(u) ,
ue D
maj (D) = = (’e@iu) +I> ,
UwebD

We next ex{b\a{n that F/A,D(x/?r) (s LLT,
The key idea is o s‘olenﬁfy each column
of & as & SSYT of o ribbon shape .

; ]:-]:) X
EP:L skew shape




<
N

IA

/N

»
GH/n

S

AT
(‘Y\UeVS;OV\
| I A
ul - v
ol«) >o(v)
3
/‘&) \\I .
W

b (L v) D)

g~ &~ (—Tuh.“/ T(K)) } N AN

.

InV(CT) + { (T(i)w)?T(d)(v))f W and v lie on the sa

T —— d('ﬂmal 3 N
- )0y 2+ (3) 125
H {(Tm(u), s W)) : Vv lies on thediaﬂoml

—— right above




This is just the tnversion set in the defimition

of o LLT  Gugum (%5 2)

Ptop. For DE M, we hove

LT
Fun(xi8) = Garas)(*xi %)

In powti Cu\o\r/ Fup (i §) is symmetric .

So Culx; $.t) is symmetric. in X .

Step 2. Express Can [ X (37); 7}‘(]
C/ALX £) ; ‘g,fj via Suge qC{I/r‘nf].

Consider the super olphabet

@ Zs 11 Z<o =-1
- (2o (T }

We shall fix any chosen order on A

A Super —FCll(‘nﬁ of M s a ma P
o: M — A



For x.y e A, let

1(.Y) = {l if@o\r @GZ<0,
o,  (X<9 oY@é Z50.

@ ucM (s a descent of o #

B 1ew. o) =)

escent

\ ® (o—(u), 0'(\/)) 'S Gn  nverswon 0{1 o 1{

I{ow, o) =1 and (u,v) is on
SM’P’Y {f"‘\ﬂﬁ &ﬁOC{GY\j Palr,

Then and @ are CJeF(‘weJ n the

Same \N('Ay QS OTQI(\Y\O\H:] qf(‘l)(‘ngs.

PI‘O?, guasisymme i, Lunctim teoh aque .

%RP(G)% inlo] {mojw)@

ma) (o;
9 )xld/

Culx(5@); 5.t)= Z_

5 A
C/u [’((JP_@>} %,t]: L (_I)m(O‘) ?r(‘nv(tr)JC

A
k i /A9 omj ovdey on A
where  m (g ]{U\C}A olw) cZ@} |




){MCM o) CZ70}' and 1! = (;I}A

otep 3. Prave (A1), (A2), (N).

— | e— | e—

O check (W) \(\r\ <M, hM7:5)\/M

<CM’(§T S(m>—<C/uX8t Na 7 My

I
// = %4 ux My ok

= | & LIT'] (o t) =1 clegr ! *l;‘

@ (check (A1) chose ovo\er KT 25 25 0{2 A
COHS‘EY(XC‘{: a Weljh”( f)reS‘eYV(ng (Y\volwh(m

on  super "F”‘“ﬁs o : ﬂ—>A wh()n concel 8 out

all  ferms mvolvmg X a;qc pi/u‘

() _:,b aJdackfng pair (M ] '\/> s.t, ‘O"(U)IZIO“(V)‘,

define j,li o) =c fixed Po;n\'
e I a—l—[-aclcmg paw ( u v o—(u IG‘I\))]

o'{u)l _Io— s sma))est
u = olu)

w‘—> olw) Ffor wad.




Lemma. . is sign~revevs?v\3 and (weight pveservinj

C}AI_X(%—l %, -[—1 = Z\‘ (__l)ﬂ”o* Plo) +:hv(¢tmaj (¢) 1’°—| d\cok
vplxci Pu:wt

For 0 st. & (el=0 m | otw) | each row ﬂi

> 2 s (w1l Mv \<>\.773

bed ey )

@ M Use -the oro!er {|<2<3 < - 3

Define D, - mﬁ A

(o8
|
o 1f lotw] 21 for eall (i) €M) chen Blo)= 0 f

o Otherwise, let o be the smallest P‘M
Then choose the such that ltﬂu)]@

T e
| ul el |55 Veadrhﬁ avder

4.(c)

wi— olw) fov wFU. check cowc-ﬁ«lj

Lemma. &, &sm aho| we/ght — pveservmj

Gulkit); 5t] = Z @nie) givle) ¢ OO 1o
3 (o)=o MBS =

ePl"f_erl [70"‘4/{'




