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Deodhar decomposition
Reading seminar on RICHARDSON VARIETIES, PROJECTED 
RICHARDSON VARIETIES AND POSITROID VARIETIES



Previously
Definitions and Notations from previous talks

• Identifying the complete flag variety  with , the Schubert cells are 



•  is the action of a permutation  on the subset 


• The open Bott-Samelson variety  consists of sequences of flags 
such that , meaning that they differ only at the -th space.


• The open Richardson variety 
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Distinguished subwords

• Let  be a word in the simple generators. We take and skip on the 
digits to form a subword, which is called distinguished if we always take the 
next digit if it reduces the length of the partial product.


• e.g. , the second  is forced because it reduces the length of the 
partial product.


• We represent them in the alphabet 


• e.g. 

si1⋯sia

s3s2s1s3s2 s3

{si1, …, sia, ∙ }

s3 ∙ ∙ s3s2



Deodhar decomposition
• Given a sequence of flags  in . Let  be the 

permutation such that . If  for some  then 
; otherwise, .


• In other words, elements of the open Bott-Samelson variety correspond to 
distinguished subwords of , and the ’s are partial products. We call 
each piece a Deodhar piece, denoted by  or , where  is a 
distinguished subword of 


• Relation with open Richardson: when  is a reduced word for , the 
disjoint union of the Deodhar pieces of the subword which multiplies to  is 
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The topology of a Deodhar piece is simple

• Let  be the number of times that our partial products  stay put, 
go down in length, or go up. Then 


• We fix everything in a sequence of flags except for the -th one, i.e. , this is 
a ; there is exactly one point  in this  that increases the length


• If we stay put, we must avoid both 


• If we go up, we just choose 


• If we go down, then , and we only need to avoid 

m=, m↓, m↑ vj

𝒟(v0, …, va) ≅ 𝔾m=m × 𝔸m↓
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Applications
Kazhdan-Lusztig R-polynomials

• The number of  points in the open Richardson variety  form a polynomial, 
called the Kazhdan-Lusztig R-polynomial, because the number of  points in 

 do, and the open Richardson is a disjoint union of Deodhar pieces


• 


• The R-polynomials are palindromic up to a sign twist


• Deodhar torus: there must exits a maximal one that is Zariski dense with 
; distinguished sequences like this are called positive
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The matrices follow suit of the distinguished sequence
gj ∈ B−vj

• Convenient notation: Let  be a permutation, whose matrix representative has 
a 1 at every  and zero elsewhere. Let  be signed such that every 
“left-justified” minor is nonnegative. We have . (  seems to be the 
signed version of , but I am not sure.)


• If , then 


• If , then 

v
(v(k), k) ·v

( ·vsi) = ·v ·si N−
B−

v(i) < v(i + 1) ·vyi(t) ·v−1 ∈ N−

v(i) > v(i + 1) ·v( ·zi(u) ·si) ·v−1 ∈ N−
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 is an isomorphism of  to 


the space of flags .


 is an isomorphism of  onto the 


complement of 


The  bundle argument from before


Checking 

u ↦ g ·zi(u)B+ 𝔸1

gB+
si→ F

t ↦ gyi(t)B+ 𝔾m

g ·siB+

𝔸1

gjB+ ∈ (B−vjB+)/B+

Parametrizations of flag varieties 
 [Marsh, Rietsch]

1 0 0
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0 1 0
U 0 1





Chamber indexing
Why are they called “chamber minors”?













Not a stratification!
The closure of a Deodhar piece is not a union of Deodhar pieces



Examples
That are explicit!

There might be some Le-diagram

business under the rug?




