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distiucepom
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0 Goal ; Pamametrize ,0inG ( k,n ) ,

Tools : Plabic graphs .



0 Pefl : tplabicp
。 Disc

. 骇
早

0 Bipartite planar graph hhite & black )
,

o Boundaryinterionmblack
all black

clockwisely labelled
m fk while

.一

by 1 , 2 ,
…

,≈
,

- aCk, n)
k ≤ n

.

。Defl :Aperfects
. t

, oeveryinteriorvertex单号
sabsetof{edge影
liesonexacely

one edge of M
o

every boundary vertex of G lies on at mort

one edge of M .

( so there are exacely kboundaryvertices
lying on

exactly one edge of M
. )

,

0 Pe93 ; Given a weight wle ) EF for FetG .

w (M ) =π w(e )

FI ε (型) , define DI : =OI(
Phnickercurdinakom, ).eEM



点…
“⑩

早

D
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= stD
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14
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pu

D
23
= tr P24

= tu D
34
=
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0 Thm J
. ( Tomomas lam 「 Totally nonnegalive Grassmannian

and Grassmann polytopes 5 )
.

For
any values of the weights wle) in the

ground field 5 , either all of the DI
are zero

, or else there is a L ε G (k, n )
s .t

. OI ( L) =DI for al IG(R) ]

( a , { nie>}e ) 1→ ( DI )
e ε (型)

言
Either 0 or corresponds to a LtG(k,n)

,

FixG
, µ : {ulese→ LEG ( k

,
n )

FEdgelG!
∵G (k

, n )
.

How to obfain a well - defined morphism ?
0 Assume that G has at least one perfect matching .

and consider 1R>o) Edgela)insteadof# Edgela),
0 Thm 2 ( Postnikov 06)

.

Rmk :
Vice versal

The image of M: ( 1R>0)
Edge(a )
→ G (k, n )

T ( " boundary measurement map)
. ( Fix G ! ]舞。

is π
,0
≤ a (k, n )

, for some T EGlkon )
.



However M: (Rdge
(a)
→) 斤≥

0Ealk,n).
LG )

. ( e}→ (D±)±ε(兜 )

%Plidcer coordimates

LEG(k
,
n)
.

is rarely bijective
.

0 Def4 : Two weight functions w, w
' E CnEdgela), are

gauge equivalent if there is afuuction一

t : { Vertices of G }→Cpm.
st. tlag ≡ 1
s. t. f Tedge e of 9 with end vertices (0

, w)
;

we have wle)= wle) , t(r) , t(n)
.

T : = QmEdge( a)/(gauge eqaivalence)
,

T>0 : = R>Edgelay(gauge equivalence)
,

0 Then
, M descends to

µ : T
,0
→T

,0

Tis a toras depending on G
.

T ≡ Anm
≈0 (a is simple ② ②

□= 进 offaces ofG) -I



o We hope that
M = T>0→) T; 0 is bijeceive

“
← giving a diffeomorphism

Reduced plabic graphs ”
0 Del/ Tmm 与 :

If Gπ⑥G (k,n)
, TFAE

,

\

G ~ o ⑩=1REdgela)→Glk
, n)

. )( 1) dim㎡= dimπ §
Lopurely combinatarial Im (gu ) =π , 0 ≤ G(k ,n

)

0(2) M : T>0 → is 算 bijective
( 3) : M : T>0 →T ↑≥ o is a diffeomorphism .

In this case
, we call areded

0 Four aracial things :
( 1) : Given

any plabic gaph CG'moT
,0

一

solved
.

How to convert G
'
into a redacedplabic graph G

,

0

perserving Im (u) = T1pO*⑪ How to determine whether G is redaced
.

一

only asing G ifself .combinaforially ,0

(3) : For a reduced GWOTTmofε Boundlk, n)
.

一

find f directly from a
.

(open] .( Postnikov 06),(4) for a general G
,
do (3)

.



For ( 1), Wedefiretwo of operalions

Move Redaction
,

.Hove :-MI : 10_0r

u
.

,一次
←→λr_0

-

b
-
1

有只
deg=2 .

: 少00-←→ 一
interior

.

↓
-Q← π

\ ⇒

鬭
→
θ

β

一》Oldag3Qng→ 。
p

23 : Delete isolated interior connected
Components.

⑩moecnonge)( Rmk : These relations canbelp us
-

-⑦M 2+R, p
& deleteinferiorteavest



0 Thm 3 : ( Postnikor 06 /Speyer 16 )
.

lee G moT
, G

'
no '

7
,but Gisredued

.

Then 2 a series of Mi ' sandR :
'
s
. converting

G
'

into G .

In particular , if G
'

is also reduced
,

then {Ui} is enough ,



For (2) : We use zig - zag path given below :

opef 6: Azig -zag directed path ,LCMag be a closed cirle)
.From any edge, choose a directin and

extend along both sides whenever possible
.

oleaf :Turn180 →o
oNot leaf :{

White : turn left as sharplyas possible .(1)

哗(Black : torn right as sharplyas
possible.(1)

hWentostop ?
? →晴

℃☆
Do Not stop STOP.

sToP.
0



0 Thm4 :

let a be a plabic graph
Then G is reduced iff all the follo wing hold:
( 1) G has no interior leaves

. ⑧⑩(2) No zig -zag cirles .

(Rmk ( 1)& (2) ⇒ G has no isolated
in tevior connected components )

13) For each boundary verlex it[n]
, one of

Rmk : the following happens :

7ReducedAny (2) degi = 0graph
is simple (#) deg; =1 & ii is incident to a leaf& has po

interior leaves-)
名

()) 2 a zig-zagpathstafrom ;and ending at boundanrertex;一

(4) Each zig- zag path does not 7ass O
☆

through any edge twice
.

(5)
, If a, B are two distinct edges ofGfrom

;

No
+ farting

liyingontwodistinctzig -zagpathsD ,LP2 .Then a
, p occur in opposite orders in p,andPB

.



k = 3

n =6
.

"

:±. 1 ≤ f ( 1) ≤ 1+ 6

f ( 1)≡ 3 mod 6
θ

f11) = 3 ,

@

5 f(27≡ 6 mod 6

0 For (3)
.

f(2)≤2 ≤ 2+ 6

Thm 5 : f (2) = 6.

If a is reduced
,

then G corresponds to

TIy where fεBoundtKf
: 2 → &, periodi

" ngiven by :
σ

(ti ) ≤ itn . ,tita ,

V i ε [n] -~ of (i ) 0 方Ʃ (f(i)- i) = k
.

i= 1

Case I : ;
zig-zag starting fromi & ending atj≠ i
一 τ Bounday ( j modn )

( Why unigue ?
Recause fli] E[i, i+n]
f(i)≡jmodn

.

Casel : it-Heyies" { "
;

de
9 ;
号 Thl

,chmiqne0 fβ (i),
e .g. look at the example abore

.

f =(:) { i+ 2 , forioddi+4 , for ieven .



o Recallthat : µ :T> 0 →$≥ 0
.

What about T
.

= QomEdegla)/(gange equialeno)
,For G reduced

,
it' s

Okalgebraic ]
0 Thm 6 : ( Speyer 16 )

.

let G be a reduced plabic graph
corresponding posifroid varieey

T

1t.

Then : M :π→ Af is an open
inclasion

.

Qo1mEdey(a/(gauge ).
0

Comdgela)→ T+
Pl' cker coordierc台心 ( DI)(型) ,
~0
L εa (k,n)

,Rmk : Im (u ) , is open in Glk, n )
.

but is not determined by PliccerCoordinates.
lie . { :OI≠(4 0 for I εS } . )



0 Thm 7 : (speyer 16).

I albegraic automorphism e of TIf
( called "

twist ")
,

3 -t. a chain isom

T *,µ (T)←② (a3θ

以 ΔI

ble : Projective
一oftheform. { L:OI|#0 fo }—

~s

|= # ( facerofa}
.

o Describle S
.

2 八34 工"
4

oza
5

Forg鼠剿,aehue谄 (兜)toffzig-
zagt-yi) →
iii州



0 Recall : Grassmann Necklace
.

(I
,

…

, In )
“

(型边
Lee CI ,

-
iRa)be the Grass mann Necklace

indexing T1f .
Given [UJE TY MEMatnek (¢ )

µ= ( 呂
)

Vic [n ]
,

雪 ! w: ε ¢
"

s-t
.

. ; = { bij混
kig

let τ (τu3 )=] ←+
τ: +成

,


