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The symmetric group

@ Let S, be the symmetric group of permutations, presented as

s?=1fori=1,...,n—1
S,,:<51,52,...,s,,_1 sisj = sjs; if |[i —j| > 2 >
SiSi+1Si = Si+1SiSi+1 for i = 1, ey n—2

where s; = (i i+1) is called a simple transposition.

@ The Coxeter length of w € S, is the smallest ¢/ = ¢(w) such that
w =sj, ---Sj, is a product of ¢ simple transpositions.

o The reflections are T = {t; := (i j) | i <j}.

@ The Bruhat order is generated by w < wt;; if £(w) < £(wt;).

21
231 312
213 132
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Schubert calculus

@ Hilbert's fifteenth problem
@ counting problems of projective geometry

@ study cohomology theories

The flag variety is

FIC) = {#=VoCWVC - CV,1CV,=C"|dimV;=i}
= GL(C")/B

where B is the Borel subgroup of upper triangular matrices.

vi Vv -+ V,| where V; =span(vi,..., V).
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Schubert calculus: the geometry

@ The flag variety admits a Bruhat decomposition

FI(CT) = | | Qu
weS,
into open Schubert cells.
The Schubert variety is X,, := Q,,.
Xy C Xy if and only if v < w in the Bruhat order.
The Schubert classes o,, := [X},]'s form a linear basis of

H*(FI(C"),Z) ~ Z[xi, . . ., X,] /Sym™.

Major open problem: what are the structure constants?

Can we find a combinatorial interpretation of ¢/, € Z>o?

_ w
oy,Uo, = E CuOw-
weS,
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Schubert calculus: the quantum cohomology ring

@ The quantum cohomology ring has a linear isomorphism
QH*(F1,Z) ~ H*(FLLZ) ® Z[q1, - - - , Gn—-1]-

e This is a free Z[g]-module generated by {0, | w € S,,}.

@ The structure constant is called the Gromov-Witten invariant,
which counts the number of degree d rational curves passing through
Schubert varieties X, X,, Xy,w, in general position:

Oy*0y = Z <UU7UV7UW0W>d qdaw
WESn
_ n _ d1 dnfl
where d = (di,...,d,-1) € Z>0 and ¢ :=q* - g7
o Question: what weights g9 appear in the quantum product?

o In particular, what's the minimal such g9? [Fulton-Woodward '04,
Postnikov '05, Buch-Chung-Li-Mihalcea '20, Shifler '22]
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The quantum Bruhat graph

Definition (Brenti-Fomin-Postnikov '99)

The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

w — wtj; of weight 1 if {(wtjj) =(w)+

w — wtjj of weight gjj :=q;i---qj—1  if {(wt) = £(w) + 1 —2(j—1)

v

The quantum Bruhat graph on S5

321
q1 a2
231 e 312
q2 1
213 132
qr az
123
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The quantum Monk's rule

The quantum Bruhat graph is inspired by the quantum Monk's rule.

Theorem (Quantum Monk's rule)

Define operators { T;j | 1<i<j<n} that act Z[q]-linearly on QH*(F1,7Z) as

Twt; ifé(wt,-j) =4(w)+1
T,'j DOy — qijowt; l'fe(Wt,'j):e(W)-l-l—Q(j—i) .
0 otherwise

Then we have

Os, %Oy = E Tiiow.
i<r<j

Philosophy: Monk's rule can solve everything.
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Combinatorics of the quantum Bruhat graph

For a path P : ug — u; — - -+ — uy, it's weight is

wt(P) := wt(ug, u1) - - - wt(ug—1, ug).

Theorem (Postnikov '04)

There is a unique minimal q9 that appears in o, * Owev- Such q? is the
weight of any shortest path in quantum Bruhat graph from u to v.
Moreover, the weight of any path from u to v is divisible by q°.

{minimal weight paths} = {shortest length paths}.
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Combinatorics of the quantum Bruhat graph

The quantum Bruhat graph on S5

q1
231
a2

213
qr

Let v = 231 and v = 123.

321

q142

123

a
312

1

132
az

There are two shortest paths from u to v, with g%in = g; .
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A Simple Formula for g

Theorem (Gao-Gao-G. '23, Buch-Chung-Li-Mihalcea '20)

For u,v € S,,, the minimal quantum degree qdrnin in oy* Ouyy IS

rﬁ q;iepth(u[k],v[k]) .

k=1

Here ulk] := {u(1),..., u(k)}.

Example of the minimal weight

For u = 4637521, v = 5312467 and k = 4, u[k] = {3,4,6,7} and
v[k] ={1,2,3,5}. We have depth(ulk], v[k]) = 2.

This contributes a factor of qf.

4
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Tilted Bruhat Order

Definition (Brenti-Fomin-Postnikov '99)

For w € S, the tilted Bruhat order D, is the graded partial order "<,
on S, such that u <,, v if there is a shortest path from w to v on
quantum Bruhat graph passing through wu.

Equivalently, let ¢(u, v) be the length function on I, then
u<yv <= lw,u)+lu,v)="~Ilw,v).

Note that <;q is the usual Bruhat order.

213 132
231 312
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An Ehresmann-like Criterion for tilted Bruhat orders

For a € [n], let <, be the shifted Gale order of [n] where
a<zga+l<g---<agn<gl<,---<5a—-1L

For I ={h <;---<;ixh,J={h <s <ok} € ([Z]), we say | <, Jif

im <ajm forall me [k].

Theorem (Gao-Gao-G. '23)

u <y, v if there exists a = (a1, ...,ap—1) such that for all k € [n — 1],

wlk] <a, ulk] <a v[k].
Equivalently, for all a = (a1, ...,an—1) such that wlk] <,, v[k],

w(k] <o u[k] <a V[K].

v
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Tilted Bruhat interval

213 132
231 312

321

Example of the Ehresmann criterion

Let u = 321, v = 213, then we can take a; € {3} and a, € {2,3}.
Check that {3} <3 {1} <3 {2} and {3,2} <,, {1,2} <,, {2,1}.
This means 123 € [321, 213].

For u <. v, define the tilted Bruhat interval
[u7 v]x = {w €S, u<,w<, v}.

This is independent of x as long as u <, v.
So we will choose x = u and denote the interval as [u, v].
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Schubert varieties via rank conditions

Given a matrix M, define the south-west rank matrix
rk,-sdw(l\/l) := rank of the /i X j submatrix in the SW corner of M.

For permutation v = 3142, the rank matrix is

0100 12 3 4
oo o1 sw, . |11 23
v=1100 0" W=7 1 55
0010 001 1

Definition

Let v € S,. The corresponding Schubert variety/cell is
X, = {M € GL, kY (M) < rk,-SJW(v)} /B,

X2 = {M € GL,

kW (M) = rk;gdw(v)} /B.

If we replace south-west (SW) with north-west (NW), we obtain the
opposite Schubert variety/cell X“ and (X")°.
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Richardson varieties

For u < v in the Bruhat order, the Richardson variety/cell is a
subvariety of F1,, defined as

7?fu,v =X va and RT,’V = (XU)O N X\?
In terms of rank,

)

Ruy = {MEGLH

rk,N’J-W(M) < rk,N’J-W(u) /B
rk?t (M) < rk?}Y(v)

Yibo Gao (PKU) Geometry of the quantum Bruhat graph Dec 16 2023 16 / 28



Tilted Richardson varieties

Definition (Gao-Gao-G. '23)

For u,v € S, and a sequence a = (a1, ..., a,—1) such that u[k] <,, v[k],
we define the tilted Richardson variety as

2Y)

7 —JImeaL rg (M) < ol () /B
u,v,a - n rk?,}-SW(M) < rk?&-SW(V)

We define the tilted Richardson cell 77, , by replacing “<" with “=".
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Example of tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2). I

Example: j =2 ° *

* [ ]

k33" (M) <12

Theorem (Gao-Gao-G. '23)

Tu,v,a does not depend on the choice of a. So we denote it as T, .

If u < v in the Bruhat order, we can choose a = (1,...,1). Then we
recover the Richardson variety 7, , = Ry v.
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Geometry of tilted Richardson varieties

The tilted Richardson varieties also have many nice geometric properties:

Theorem (Gao-Gao-G. 23, '23+)
® Ty is T-invariant and a T-fixed point w € T, <= w € [u, V],
® Tuyv = Upyicrum Tey:
o 7:l,v = TC:VI
o dim(7,,) = dim(7;,) = length of shortest path from u to v on I,

@ 7, is irreducible,

o [Tuv] = [qd'"i"]au * Owpv = ZW<C’U7UWOVvUWOW>dminUW € H*(F1,).
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Curve neighborhoods

Recall that the Gromov-Witten invariant counts the number of degree d
rational curves passing through three Schubert varieties in general
position. It is also natural to study all such curves.

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For permutations u, v € S, the two-point curve neighborhood
Fa(XY, X,) is the union of degree d rational curves that passes through
both Schubert varieties X" and X, in Fl,,.

Theorem (Gao-Gao-G. '23+)

For u,v € Sp, Tuy = Tq,,, (X", Xy).

Yibo Gao (PKU) Geometry of the quantum Bruhat graph Dec 16 2023 20 / 28



Deodhar decomposition

For u < v in the Bruhat order, the Kazhdan-Lusztig R polynomial is

Ru,v(q) = #RLOI,V(IFCI)'

Conjecture (Combinatorial invariance problem: Lusztig '83, Dyer '87)

Across all Coxeter groups, R, (q) only depends on the combinatorial type
of the Bruhat interval [u, v].

In order to understand Ry ,(q), Deodhar ('85) introduced the Deodhar
decomposition, which decomposes R, |, into simple pieces that are
isomorphic to C? x (C*)®.

|_|Ca C) = Ruv(@) = ¢’(q-

u,v
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Deodhar decomposition

Definition (Marsh-Rietsch '03)

Fix a reduced word v = s;5;, - - - 55, of v. A distinguished subword for u
is u = uy ---uy where each uy € {1,s;,,s;, } such that

1 or Siks if E(ul 000 uk_ls,-k) > K(ul 000 uk_l),
U = .
g if f(ul e uk_ls,-k) < ﬁ(ul 000 uk_l).

and their product is u. We denote u < v.

If v=s1sp51, there are two distinguished subwords for u = id:

u=111 u=sls
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Deodhar decomposition

For any distinguished subword u = uy - - - uy < v, define the Deodhar cell
Du,v = {g1g2 8 B}/B C Fl,

where each gy is an n X n matrix given by

1 .
(bik( 0)7p7é07 'fuk:]-a
p 1
0 -1 .
8k = { Pi <1 O>’ if uk = sj,.,
-m 1
¢f ( )7 if Uy = Sj-
7"\ -1 0 g
1 0
2 b embeds into the it and (i+1)
Here ¢; (c d) = a b row/column of the identity ma-
c d :
trix.
0
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Deodhar decomposition

Theorem (Deodhar '85)

Rov = |_| Dy, where each Dy = (C*)#r5 B0 o (@i S0

u=<v

If v=s1sps1, there are two distinguished subwords for u = id:

u=111 u=sls
D111,515251 =

1 00 1 0 0 1 0 O 1 0 0

pr 1 oo 1 of[p 1 O0)=(pm+p 1 0]=(C.

0 0 1 0 P2 1 0 0 1 P2p3 P2 1
DS]_1517515251:

0 -1 0 1 0 0 -m3 1 0 1 00
1 0 O 0 1 O -1 0 0)=|-m 1 0]=C*xC.
0 0 1 0 p 1 0 01 -p> 0 1
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Deodhar decomposition (proof idea)

The proof of Deodhar decoposition uses a key recursion:

Proposition (Deodhar '85)

For any simple transposition s; such that vs; < v, there are isomorphisms
o .
o ~ Rus,—,vs,—? if us; < u,
_ o * o 9 i
Rivs XCUR x C, ifus;> u.

us;,vs;j

We can induct on ¢(u) and iteratively construct the decomposition.

Proposition (Gao-Gao-G. '23)

For any simple transposition s; such that there exists sequence a where
u<,v, vsi <a Vv, and aj_1 = a; = ajt1, there are isomorphisms

12

(] 5 .
- if usj <a u,

(¢
Tuv To . xCUTS . xC, ifusj>au
u,vs; us;,vs; ) 1 a -

)

v

ac A huildina hlacl fAr A~ NandhAar lila
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A Deodhar decomposition for tilted Richardson cells

Theorem (Gao-Gao-G. '23+)

For any pair of permutations u,v € S,, given a tilted reduced word v,
we have the following decomposition:

77]0‘/ _ |_| Dyy = (C*)#l's inu o C#s,-k 's in u
, u<v
There exists a unique subword ug < v called the positive distinguished

subword, whose corresponding tilted Deodhar cell Dy, = ((C*)g(”"’) is of
maximal dimension.

Corollary (Gao-Gao-G. '23+)

Tu,v is irreducible, and Dy, C Ty, is a dense subset.
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Future work

Direction 1: further geometric properties of 7y v, 7,

The tilted Richardson cells T}, 's are smooth.

Direction 2: total positivity.

Can we find a regular CW-complex realizing tilted Bruhat intervals?

In the Bruhat order, this is done via totally nonnegative flag varieties.

Direction 3: Kazhdan-Lusztig theory.

Conjecture (Gao-Gao-G. '23+)

RiM(q) := #7,,(Fq) depends only on the poset structure of [u, v].
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Thank you all for listening!
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