Motivation

Cluster Algebras have rich applications in alge-
braic combinatorics, tropical geometry, and repre-
sentation theory. It is common to picture a cluster
as a quiver with a cluster variable on each vertex.
[n this research, we examine the del Pezzo 2 (dP»)
quiver, which arise from physics literature. We clas-
sify all cluster variables generated by toric mutations
and give combinatorial interpretations for them.

Introduction

We first introduce some basic concepts and our
main focus, the dPy quiver, which is the lett directed
eraph of Figure 1.

Definition 1.1. A toric mutation at some vertex
1 with in-degree 2 and out-degree 2 corresponds to
the following actions on the quiver (i.e. a digraph):

= For every 2-path through i (e.g. j — ¢ — k), add
an edge from j to k.

= Reverse the directions of the arrows incident to 1.

« Delete any 2-cycles created from the previous two

steps (An example is shown in Figure 1).
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Figure 1. Examples of a Toric Mutation

The dPy quiver has two models that can be
reached from the original quiver by toric mutations,
as is shown in Figure 2.

RSy

Figure 2: Model 1 (left) and Model 2 (right) of the dP2 quiver

Definition 1.2. Brane tilings are infinite, bipar-
tite, periodic, planar graphs that are dual to quivers.
Figure 3 shows the corresponding dPs brane tiling.

Figure 3: dP2 quiver and its correspondmg brane tiling
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Toric Mutation Sequences

Definition 2.1. [p-mutations| p; = p10(54321),
p2 = p5 0 (12345),  p3 = po 0 puy 0 (24),

Py = H20 pi1 0 pug 0 (D31),  p5 = pyo 50 pp 0 (351),

P6 = [2010420(531)(24), p7 =

Example 2.2. Figure 4 shows an example of p;.
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Figure 4: An Example of p—mutation Sequence

These p—mutations all fix the quiver, but not the
cluster variables. We use these mutation sequences
later to derive the formula for cluster variables.

Also, the combinations of these p—mutation se-
quences give all possible mutation sequences that
start in model 1 and end in model 1, as is shown in
Figure 5.

Figure 5: All possible toric mutation sequences from model 1
to model 1.

Furthermore, those combinations can be written
in certain form, as is shown in Theorem 2.3.

Theorem 2.3. Every toric mutation sequence that
starts at the original dPy quiver and ends in model
1 can be written as either

P (psp)™ or  pi(psp1)”ps,
where k € Z, m € Zxq and p;' = po.

p104i504140(135)(24).

Formula for Cluster Variables

Theorem 3.2 gives an explicit formula for all clus-
ter variables generated by p-mutations, which char-
acterizes them into two categories, as is stated in

Corollary 3.3.
Definition 3.1. |Some Constants|

A T1T5 + ZC?)’ B._ :z:lxi + XoX3x4 + 21732175.
ToX 4 L1L3L5
Theorem 3.2. Define g(s, k) := 5/|*7* if k is even
and g(s, k) == [*,*|[3 if k is odd. Then we have, for
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Ag(s+1,k)Bg(s+1,k+1)
Ag(s+1,k)Bg(s+1,k+1)

L+t s5+2;

Ag(s,k)Bg(s,k+1)

Lh+s+3, Lkt s+4,

513k+s+5}-

Corollary 3.3. All cluster variables generated by

toric mutations can be written as A”QB”(”_U

A”(”_l)B”Qme_l for some m,n € Z.
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Subgraphs of the Brane Tiling

In the dPy brane tiling, for each cluster variable,
we seek for a corresponding subgraph whose weight
equals the variable, which gives a combinatorial in-
terpretation. To connect cluster variables with sub-
graphs, we use the weighting scheme utilized in [1]

and |2|. Definition 4.1 gives a visualization of it.
Definition 4.1. [Weight Scheme

Main Theorem

Theorem. |[Formula of Contours| Define the contours as follows:

k —44+5n

A" BT g — |k — 2 4,

k — 2+ 5n

AP =k —24n,

k—3
o —1, 2721 n—k
k—2—3n
2N, 5 n,2+n—k

For any such cluster variable, if G is the subgraph of its corresponding contour, then ¢(G) is the Laurent

polynomial of the cluster variable.
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Contours for Cluster Variables

To get the desired subgraph, we use 5-sided con-
tours as a tool to cut the brane tiling. Figure 7
shows the ftundamental shape of the 5-sided contour
and the relation between side lengths.
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Figure 7: Fundamental Shape of the Contour

Then we define the rule to get a subgraph from a
contour. Figure 8 gives an illustration of this rule.

Theorem 5.1. |Rules to Get Subgraph]

= positive length — keep black points;
negative length — keep white points.
- b = d (mod 2), keep special point;
b % d (mod 2), remove special point.

Figure 8: Example of a Subgraph from Contour

Our main theorem gives a formula of the contours.
From these contours, we use Theorem 5.1 to get the
subgraph, and use Definition 4.1 to recover the clus-
ter variables. The correctness of the main theorem

shows that they match the cluster variables stated
in Theorem 3.2.
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