7 Unbounded operators on Hilbert space

7.1 Basic definitions for unbounded operators

With differential operators in mind, we make the following generalization:

Definition 20. An operator on a Banach space V' is a linear map 7" : Dom(7T") — V/,
whose domain Dom(T') is some subspace of V. Its graph is the subset

I'r={(¢,TY) : v € Dom(T)} Cc V& V.
T is said to be
e Closed, if 'y = T'r is a closed set;

e Closable, if T is the graph of some operator T'; in this case, T is called
the closure of T

Definition 21. Let T, 7" be operators on a Banach space. By default,

Dom(7TT") = {v € Dom(T") : T'v € Dom(T)}
Dom(7 + T") = Dom(T") N Dom(7").

If
Dom(T) € Dom(T"), T |pomry =T,

we write " C T".
Ezercise 7.1. Let S € B(V') be bounded, and T': Dom(7") — V' be an operator.
e Suppose Ran(S) C Dom(T"). Show that T'S € B(V).

e Suppose T is closed. Show that T'S is closed.

Definition 22. Let T be a closed operator on a Banach space V. Its resolvent

set 1s
p(T)={AeC: (A=T)":V - Dom(T) exists},

and the operator

R\(T) :=(A=T)"", A€ p(T),
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is called the resolvent of T" at A\. The spectrum of T is
o(T) = C\ p(T).

The point spectrum o,(T) is the set of eigenvalues, while the approzimate point
spectrum o,,(T) is the set of approximate eigenvalues,

oap(T) = {X € C : 3, € Dom(T),||¢n|| = 1, such that (A — 1)1, — 0}.

Remark. Since T is closed, its resolvents Ry(T") have closed graphs, and are

defined on all of V. So they are actually bounded operators on V', due to the

closed graph theorem.

Remark. Following the proof of Theorem 6.4, one deduces that p(T') is open,
and thus o(7) is a closed subset of C.

Remark. In the concrete setting of differential operators, T has an initial do-
main of smooth functions, and is only a closable operator. The closure T is
not always easy to describe explicitly.

Ezxample 7.1. Let us try to define a “momentum operator”
d
T =i Dom(T) C L*[0,1] — L*[0,1].
x
The following are two possible domains, comprising absolutely continuous
functions (see Section 7.1.1),
Dom(T}) = {¥ € AC[0,1] : ¢’ € L?[0,1]},
Dom(T3) = {¢ € Dom(T1) : ¥(0) = 0},

with the understanding that ¢’ means the almost-everywhere derivative. It
may be shown that 77,75 are closed operators. Their spectra are

O'(Tl) == C, O'(TQ) == (Z)

The first claim follows from the simple observation that for each A € C, the
function x — €™ lies in Dom(7}), and is clearly an eigenfunction of Ty. For
the second claim, we leave it as an exercise to check that the resolvent R, (73)
at A € C is given by the operator

(Ra(To)g)() = —i / Nep(syds, e L2[0,1].

141f a Banach space operator V — V has closed graph, then it is continuous. The closed
graph theorem is equivalent to the bounded inverse theorem.
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Example 7.1 shows that Dom(77) is too large for 7} to be a reasonable
momentum observable — there are eigenfunctions with imaginary eigenvalues.
So we must impose some boundary conditions to cut down the domain. The
“Dirichlet” condition at x = 0 is unsuitable, as can be seen by the trivial
spectrum of T5. A “balanced” boundary condition is required to achieve a real
spectrum, and we shall see that there is no unique choice — different choices
describe different physical situations!

7.1.1 Note on absolutely continuous functions

Details can be found, e.g., in Section 7.5 of Ziemer’s Modern Real Analysis
book.

A function v : [a, b] — C is absolutely continuous if, given any € > 0, there
exists d > 0 such that for any finite collection of disjoint intervals [x;, z}] C [a, b]
with total length less than §, one has ). [1)(z}) — ¥ (x;)| < €. Absolutely con-
tinuous functions are, in particular, uniformly continuous. We write ACla, b]
for the set of absolutely continuous functions on [a, b].

The Fundamental Theorem of (Lebesgue integral) Calculus is:

Theorem 7.1. Let v € ACla,b]. Then 1) is almost everywhere differentiable,
and its almost-everywhere defined derivative ' satisfies

¥ € L'a,b, wwwwwwzfﬂmaﬁ.

Conversely, let f € L'[a,b]. Then F(x) := [ f(Z)dZ is absolutely continuous,
with F' = f almost everywhere.

Suppose 1, ¢ € ACla, b], then ©p € AC|a, b] as well, and (V) = V' p+¢’
almost everywhere, and is L. Integrating over [a, b] gives the integration-by-
parts rule,

/w¢:¢@mw—w@ww—/¢w.

7.2 Adjoints of unbounded operators on Hilbert space

The adjoint operation generalizes to densely-defined operators on Hilbert spaces.

Definition 23. Let 7' : Dom(7) — H be a densely-defined operator. Define
Dom(T*) to be the set of ¢ € H such that there exists (a unique'®) n, € H

5The dense domain is needed here, to ensure uniqueness.
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obeying the condition
(ole) = (ITw), Vi € Dom(T).
The adjoint operator T* : Dom(7T™*) — H is then defined as
T =1, v € Dom(T™).

By design, the adjoint’s domain is the maximal one for which the formal
adjointness condition is true,

(T"ply) = (p|T), V¢ € Dom(T), ¢ € Dom(T™). (7.1)

Notice that the larger Dom(7") is, the smaller Dom(7™) will become,
TCcT = T"CT". (7.2)

The basic relation (6.4) continues to hold in the unbounded setting:

Lemma 7.2. Let T be a densely-defined operator on a Hilbert space H. Then
Ran(T)* = ker(T™)

Proof. For any ¢ € ker(T™),
(elTy) = (T"¢ly) =0, Vi € Dom(T). (7.3)
Thus ker(T*) C Ran(T)*. Conversely, suppose ¢ € Ran(T)*, i.e.,
(PITy) =0=(0l), V¢ € Dom(T).
By definition, ¢ € Dom(7T*) with T*p = 0. Thus Ran(T)* C ker(T™). O

The double adjoint, 7**, does not make sense unless Dom(7™) is dense.
The latter condition turns out to be the condition of being closable.

Proposition 7.3. Let T : Dom(T") — H be a densely-defined operator. Then
1. T* is a closed operator.

2. T is closable iff Dom(T*) is dense. In that case, T = T**,
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Proof. Define the unitary operator
U HOH—>HDOH

(¥, ) = (=1, ).
Now
(p,n) € I'p- = (0|TY) = (n]h) Vi) € Dom(T')
< ((om|(=T%,¥)) 300, = 0 V¢ € Dom(T)
& (p,m) € (UTr)™
So

Tre = (U(Tr))" (7.4)

is an orthogonal complement, thus closed. This proves (1).
For (2), we first observe the general identity

Iy = If* = —Tf* = U2(4)
= (U(U(FT)L))L (U preserves 1)
— (U(T7))* (7.5)
(<) If Dom(7T™) is dense, T** exists, and we can use (7.4) to continue (7.5),

F_T - (U(FT*))J— (7:4) FT**'

So the closure T exists and is precisely 7.
(=) if Dom(7T™) is not dense, pick a nonzero 1 € Dom(7*)*. For this 1,
(W, 0)[(,T*¢)) =0 Vy € Dom(T™) & (¢,0) € Iz
< (0,9) € U(Tr-)*
< (0,9) €Tr (Eq. (7.5)).
Now, (0,%) cannot lie in the graph of any linear operator. So I'; cannot be
the graph of any operator, i.e., T" is not closable. ]
Another tricky issue is the adjoint of a product.

FExercise 7.2. Let S, T, as well as ST be densely-defined operators on a Hilbert
space. Show that
T*S* C (ST)".
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7.3 Formal self-adjointness and supersymmetry

Definition 24. A densely-defined operator H is symmetric, or formally self-
adjoint, if H C H*; explicitly,

(Hol) = (p|HY),  Vo,¢ € Dom(H). (7.6)

Ezercise 7.3. Show that the eigenvalues of a symmetric operator are real, and
that the eigenspaces for distinct eigenvalues are orthogonal to each other.

7.3.1 Formal harmonic oscillator

The Schwartz space . (R?) is the space of smooth functions f : R? — C such
that

sup |2 D (z)| < oo,
zeR?

for all multi-indices o = (ay,...,aq) and g = (B4, ..., fa), where
%=ty
DPf =M. . 9.
A standard result in function theory, stated without proof, is that .(R9) is
dense in LP(R9), 1 < p < oo.

Definition 25. The formal position operator X and formal momentum oper-
ator P are defined on the domain .(R), by the formulae

(X)) (z) = zy(z), z €R,
Py = —iiw.
dx

The formal creation/annihilation operators are, respectively, the operators
Al =X —iP, A= X +iP.
It is a simple matter to check that X and P are symmetric operators, which

map .7 (R) — 7 (R). So A, AT, ATA, AAT are all defined on .#(R). Although

the formal adjointness relation

(Afplp) = (plAy), ¢, ¢ € S(R)
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holds between A and AT, the true adjoint A* has a larger domain than AT,
Note that A is not a normal operator (even formally),

ATA = (X —iP)(X +iP) = X* 4+ P> +i[X,P] = X? + P? - 1,
AAT = (X +iP)(X —iP) = X* 4+ P2 +i[P, X] = X> + P? + 1.

Here, we used the basic formal CCR, [X, P| = ihl ().

Formally, the quantum harmonic oscillator Hamiltonian for a particle with
mass m > 0 and frequency w > 0 is the operator

h? 1 Pz 1
Hgno = —=—V? + —mw’ X? = — + —mw’ X2,
2m 2 2m 2

symmetric on the domain .(R). To simplify matters, we shall set i, m,w to
1, so we just have

2Hgno = (P + X?) = ATA+1=AAT — 1.

7.3.2 Supersymmetric derivation of eigenvalues
A key observation is

2Hgno —1 = ATA,  2Hspo +1 = AAT. (7.7)

In general, if two Hamiltonians H;, H, satisfy the relation H; = A'A and
H, = AAT for some operator A, as in (7.7), they are said to be supersymmetric
partners'®. The reason is the following linear algebraic observation.

Exercise 7.4. Let A, AT : Dom — Dom be two densely-defined operators which
are formally adjoint to each other,

(ATplp) = (plAY),  ¢,¢ € Dom.
Show that
o ATA and AAT are symmetric on Dom.

e The eigenvalues of ATA and AAT are non-negative.

16The “symmetry” in “supersymmetry” is not related to “symmetry” in the sense of
formally self-adjoint operators.
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o ATA and AAT have the same non-zero eigenvalues, with the same alge-
braic multiplicities.

Thus, (7.7) says that 2Hspo—1 and 2Hgpo+1 are supersymmetric partners
whose positive eigenvalues coincide. Furthermore, they are just shifts of each
other, so their point spectra satisfy

o(ATA)\ {0} = 0 44T )\ {0} = 0, (AT4) +2.
=AtA+2

A little thought shows that there are only two possibilities:

0,

AT A) =
op( ) {2N20.

The second possibility occurs iff ATA has a 0-cigenvalue iff A has non-trivial
kernel. (Note that AAT, thus AT, has no kernel.) So let us solve

0= (A0)(w) = (X +iPY)(x) = w(a) + o (a)

= P(x) o< Po(x) = e /2.
The Gaussian v is clearly in the Schwartz class, and we conclude that

ker(A) = span{vy},

and therefore ] 1
Up(HSHO) = §O'p(ATA + 1) = NZO + 5

The eigenfunction v, has various names in physics: vacuum state, harmonic

oscillator ground state, supersymmetry-breaking ground state, zero mode, etc.

Exercise 7.5. Show that
e ker(A") = {0}.

e Forn > 1, show that ¥, € .#(R) is an eigenvector of AAT with eigenvalue
n iff Ay, € Z(R) is an eigenvector of ATA with eigenvalue n.

e Deduce that for n > 0, the (n + %)-eigenspace of Hspo is spanned by
(AT)H@DO, where 1)y is the Gaussian ¥y (z) = e~ 2%/2.
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As a preview of Dirac operators, let us rewrite the above supersymmetry
argument in 2 x 2 matrix form,

Dewree o [0 Af D2 - ATA 0\  (2Hsuo — 1 0
SHO == A 0 ) SHO =\ 0 AAT) 0 2Hsno +1)°

Exercise 7.6. Let A, A" : Dom — Dom be two densely-defined operators which
are formally adjoint to each other.

T
1. Show that D := <91 /(1) ) is symmetric on Dom ¢ Dom.

2. Show that
ker(D?) = ker(D) = ker(A) @ ker(A").

3. If (ﬁ;) is an eigenvector of D with non-zero eigenvalue A, show that

1 # 0 # s

4. Show that the point spectrum o, (D) is symmetric about 0, i.e.,

op(D) = —op(D).

Exercise 7.6 shows that the nonzero eigenvalues of Dsyo must occur in
+)\ pairs. Furthermore, the eigenfunctions (ﬁ) are nonzero in both compo-
nents. These £\ eigenfunctions span the A\? > 0 eigenspaces of ATA and AAT
combined. However, the kernel

ker(Dgspo) = ker(A) @ ker(A") = ker(A) = ker(ATA)

is unpaired, and occurs only in the first component of S(R) & S(R).

The conceptual achievement of the above construction is as follows. By
taking two copies of the second-order Schrodinger operator 2Hgpo, and ad-
justing them by appropriate lower-order terms F1, we have found a first-order
“square root”,

B 0 X—4N\ . . (2Hsno—1 0
DSHO_(XJF% 0 )_\/_( 0 2Hspo +1)°

It is important that this “square root” is a genuine differential operator. It
is not the positive-definite square root which we will learn about later. The

79



indefiniteness of the “square root” is the origin of antiparticle (negative energy)

solutions to the relativistic Dirac equation (to be discussed if there is time).
d

The first-order part, (g _Od_l“ is called the Dirac operator on the line R,
dx

and it acts on spinors rather than scalar functions.

)O( 0 “potential” term, Dspo
explicitly acquires an imbalance in its kernel — a zero mode occurs in the first
component, but not in the second component. In general, the supersymmetric

. 0 AT | .
index of D = is defined as the integer

As we have seen, once we turn on the

A 0
Index(D) := dim ker(A) — dim ker(A"). (7.8)

We had just computed Index(Dsno) = 1 — the ground state space of the
harmonic oscillator is the supersymmetric index space of a Dirac-type operator
Dsno.

The reason why the index concept is of great importance in modern physics,
is its stability. The idea is that if the supersymmetry structure is preserved,
then we can only create/annihilate nonzero eigenvalues in + pairs, by remov-
ing/adding a null space of A and a null space of Af simultaneously. So the
supersymmetric index is invariant against such perturbations!

FExercise 7.7. For m # 0,8 > 0, consider the “domain-wall Dirac operators”

_ 4
st = (2 oy B v = (1) ermasm,

Determine ker D,, g, and discuss what happens as m — 0 and/or § — oo.

Caveat: When D is a Dirac operator on a compact manifold, one may ar-
gue that its spectrum only comprises finite-multiplicity eigenvalues (explained
in a later lecture), so that Index(D) makes sense, and the above stability
argument can be made precise. In the harmonic oscillator example on the
noncompact manifold R, we showed that Dgyo has finite-multiplicity eigen-
values.

But we did not show completeness — the eigenspaces of Dggo or Hspo
may not span all of the Hilbert space L?(R). Note that we cannot avoid this
problem by cutting the Hilbert space down to .#(R) — the latter is not a
Hilbert space! The true spectrum of Hsyo may be bigger than the set of
eigenvalues, and the naive perturbation theory of eigenvalues may not apply.
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Exercise 7.8. Let H be a symmetric operator. Suppose H* has eigenvalue 1.
Show that the i-eigenspace of H* is orthogonal to all the eigenspaces of H.

The completeness of Hspo eigenspaces cannot be deduced by formal al-
gebraic manipulation of creation/annihilation operators. It turns out to be
true for Hspo, and the usual way to show this is to study the explicit eigen-
functions in detail. From Exercise 7.5, we know that these eigenfunctions are
of the form p,(z) x e~**/2 for some polynomials, called Hermite polynomials
(after a suitable normalization convention). With some Fourier analysis, one
verifies that the span of p,(z) x e*°/% is indeed dense in L*(R). In general, to
understand why the Hspyo eigenspaces provide a complete eigenbasis, we will
need to learn more about self-adjointness, and show that Hsyo is “essentially
self-adjoint”.

In elementary treatments of quantum mechanics, one often refers to a sym-
metric operator as a Hermitian operator. A common (wrong!) claim is that
a Hermitian operator has a complete set of eigenvectors spanning the Hilbert
space (i.e. an orthonormal eigenbasis). One could try to rectify the above
claim to something like “a Hermitian operator can be orthogonally diagonal-
ized if we understand ‘eigenvalues’ in a suitably generalized sense”. This is
still false in the setting of unbounded operators! The spectral theorem, in
the sense which is needed in quantum mechanics, only applies to (unbounded)
self-adjoint operators, not merely symmetric operators.

81



