10 Spectral theorem

An (orthogonal) projection P = P* = P has a closed +1-eigenspace (its
range), and a complementary closed 0O-eigenspace (its kernel). In quantum
mechanics, it models a basic yes/no question asked of a normalized state ¢ €
H: “is ¢ € Ran(P)”? According to the Born rule, the probability of “yes” is
(WIPY).

An observable might have a discrete set of distinct real outcomes \; € R,
i=1,2..., with the yes/no question for the i-th outcome being a projection P;
onto an eigenspace Ran(P;) C H. The entire observable is then an orthogonal

direct sum
T=E NP (10.1)

and is self-adjoint on €, Ran(FP;).

However, an observable need not only have discrete and finitely many out-
comes. Indeed, the discretization of measurement outcomes which are a priori
R-valued, is one of the most significant surprises of quantum mechanics. So we
should not assume that observables are of the form (10.1). Instead, we should
seek a general model of observables which include “continuous” versions of

(10.1).
A basic example is the energy observable, or the Hamiltonian. The free
Hamiltonian, H = —V? has no eigenvalues at alll Rather, its spectrum is

R>o, with the plane waves x — e** being “generalized eigenfunctions” for
“cigenvalue E?”, for E € o(H) = Rsg. More generally, the Hamiltonian is
—V?2 +V for some potential function, and the spectrum is a complicated mix
of isolated eigenvalues and intervals.

The general question is not “does 1) have exactly energy E?7”, but “does v
have energy within a given interval [Ey, £1]7”. The latter question corresponds
to a spectral projection Pig, g,) of the Hamiltonian. If we use a disjoint partition

by intervals I;, we get projections P, = Py, for the yes/no question of hav-
ing energy in I;. These projections should give a corresponding “orthogonal
partition” of the Hilbert space,

1y = @Ran(ﬂ).
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Intuitively, as the partition gets finer and finer, the intervals become individual
points, and we arrive at

“1}[ — P{E}”a “H — @ AP{E}” ' (102)
Eeo(H) Eeo(H)

Informally, the left expression is a “resolution of the identity” by the “eigenspaces”

of H, while the right expression is its “eigen-decomposition”.

10.1 Integrals with respect to projection-valued mea-
sure

The following is a “quantum” version of the notion of probability measure.

Definition 31. A projection-valued measure (PVM) on a measurable space
(X, Y) is a projection-valued assignment

P : % — Proj(H), E — Py
satisfying
e Py =1y and Py = 0.
e If F;,,7 € N are disjoint, then

PwE = Z Prg,, SOT sense. (10.3)

ieN
The support of a PVM is

Supp(P) := X \ U E.
E€x:P(E)=0

Note: In (10.3), “SOT” means “strong operator topology”. It specifies
the sense in which the infinite sum of projections is meant to converge,

Pl—lieNEiw = ZPEAD, Vi € H.

1€EN

That ), Pg, is a projection can be deduced from the following exercise.
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FExercise 10.1. Check the following statements.

e Let P, P, be orthogonal projections. Show that P, + P, is an orthogonal
projection iff P, P, = 0.

e Let P: X — Proj(#H) be a PVM. Show that

1. If £, F € ¥ are disjoint, then PgPr = 0.
2. PEOF:PEPF for all E,FGZ‘

With some measure theory (omitted), we recover ordinary measures from
a PVM P by taking inner products:

e Bach pair ¢p,1 € H converts P into a complex measure,

P .Y = C,  Ew (o|Pgy). (10.4)

e In particular, for ¢ = ¢/, we have a finite measure,

PVi=P%W % 3Ry,  PY(X)= (Wl Px ) = ]2,

1y

Thus, each normalized ¢y € H converts P into an ordinary probability
measure P¥. We may anticipate that P is associated to an observable taking
possible values in X, and that P¥ encodes the probabilities of measuring the
various outcomes for the state 1.

Remember that the purpose of ordinary measures p on X is to integrate
functions f : X — C, the result being a complex number built up from the
values f(z) weighted by u(x). Likewise, we can integrate f with respect to
a PVM, but the weights are now projection operators instead of numbers, so
the result is a Hilbert space operator.

Definition 32. Let P : ¥ — Proj(H) be a PVM. For a measurable f : X — C,
define [ « / dP to be the operator specified by

Dom (/dep) ={peH: fel*X;dP")}, (10.5)
<<,0‘ (/dep)@ ::/depw, Vz/JEDom(/deP),goe”H.
(10.6)
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Eq. (10.6) is a somewhat indirect characterization of the operator [ < fdP,
so let us discuss its construction more concretely. (Details can be found in,
e.g., Chapter 9 of Moretti’s book, or Chapter 4 of Schmiidgen’s Unbounded
self-adjoint operators on Hilbert space.)

e Write By(X) for the bounded measurable functions with supremum norm.
Some measure theory shows that the simple functions s = Y | a; x5,
are dense in the Banach space By,(X). For simple functions, we define

/ sdP := ZaiPEi € B(H),
X i=1

and check that this is a continuous assignment. Extend by continuity
(Exercise 6.2) to get

/(-)dP  By(X) = B(H). (10.7)

One checks that (10.7) is a x-homomorphism, i.e., respects sums, prod-
ucts, and adjoints. Note that (10.7) gives a bounded operator with do-
main being all of H. It satisfies (10.6).

e For unbounded f, we define [, f dP by specifying ([, fdP) ¢ for those
Y € H such that f € L*(X;dPY),

ra)omsm(frar)e o

On the right side, f,, € B,(X) is any sequence which approximates f in
the L?(X;dPY) sense. Concretely, one could take

fo(e) = {f@f), F(@)] < n.

0, otherwise.

One checks that this definition of [, f dP still satisfies (10.6), and is the
unique operator with that property.
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10.1.1 Important properties of [, (-)dP.

For proofs of the following properties, see Theorem 4.16 of Schmiidgen, or

Theorem 9.4 of Moretti.
/ fdP = (/ fdP) . (10.9)
X X

In particular, f + JdP is a closed operator, and self-adjoint if f is real-
valued.

e We have

e The assignment f +— [ « /18 a homomorphism, up to domain considera-
tions,

/fdP—i—a/gdPC /f—l—ozgdP7 a € C,
X X X

(o) (fosr) < [ o

o ([ fdP)™':Ran([, fdP) — Dom( [, fdP) existsiff fis P-a.e. nonzero.

In that case,
-1
(/ fdP) :(/ f—ldP>. (10.11)
b's b's

The spectrum of [ « / dP coincides with the essential range of f,
o (/ fdP) ={N€C: Pripert #0 Ve>0}. (10.12)
X

e )\ € C is an eigenvalue of fX JdP iff Pr-1(y) is nonzero. In that case,
Py-1(y) is the eigenspace projection,

Range (Pj-1(y)) = ker (/deP - /\) : (10.13)

o Let n: X — X', then we can push-forward P to a PVM P’ on (X', ¥'),

Y :={F cX :n'(F)ex}
Pév = Pnfl(E’)7 El S 2/.
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Then for measurable f': X' — C,

. fldP' = /X(f’ on)dP. (10.14)

We are mostly concerned with the case where X = R and ¥ = Bor(R) is
the Borel o-algebra. Then property (10.9) says that

/ NdP()) (10.15)

is a self-adjoint operator, since the map
X =R —=C, A=A

is real-valued. Intuitively, we are assembling a bunch of “eigenprojections”
Py weighted by the real “eigenvalues” A, obtaining a “diagonal” self-adjoint
operator, see (10.2). The spectral theorem is the statement that any self-

adjoint operator is constructed this way, as formalized by a PVM integral,
(10.15).

10.2 Spectral theorem for bounded self-adjoint opera-
tors

Theorem 10.1. Let H be a bounded self-adjoint operator on H. Let I be a
compact interval containing o(H). There exists a unique PVM, P : Borel(I) —
Proj(H), such that

H= / AdP()). (10.16)

Proof. (Optional.) When a polynomial p is considered as a function on the
non-empty compact set I O o(H) (recall Prop. 6.2, 6.11), its supremum norm
||p|lc makes sense. It is not hard to check that ||p(H)||op < ||p||cc- Now, for
each ¢, € H,

[(elp(H)D) | < [l 1] |lpCH ) lop,

<llplleo

so 9% 1 p— (p|p(H)1) defines a continuous linear functional on the polyno-
mials, with
IE#N] < [l 2]

107



By the Stone-Weierstrass theorem!® and the Riesz—Markov representation

theorem, there is a unique (regular, complex) Borel measure p#¥ on I which
represents the functional F*¥, in the sense that

(lp(H)Y) = / pdu?

holds for all polynomials p. Furthermore, |u??(E)| < ||[F#¥|| < ||¢||||¢]] holds
for each £/ € Borel(I). Thus, for each E, we have a bounded sesquilinear form
p#?(E), which by Lemma 6.6, defines a bounded operator which we call Pg,

" (E) = (¢| Pgy), @, € H, E € Borel(I).

The next algebraic step is to show that the Pg are projections (Omitted).
Together with the fact that £ — (¥|Pgt) is an ordinary measure for each
Y € H, we deduce that E — Pp satisfies the properties of a PVM on Borel(7).

Since H = p(H) for the identity polynomial p : A — A, the above construc-
tions give

(ol H) = /1 AP, b€ H.

By definition of integrating against a PVM (see (10.6)),

/IAduW(A) _ <¢‘ (/[/\dP()\)> ¢>, o b€ H.

So H = fl)\dP(/\).
The uniqueness proof is also omitted. O
10.2.1 Positive square root

Our first application of the spectral theorem is in the construction of positive
square roots.

Definition 33. An operator L : Dom(L) — H is positive if
(W[ Lap) >0, V4 € Dom(L). (10.17)

Fxercise 10.2. Let L be a bounded positive operator. Show that L is self-
adjoint, and has non-negative spectrum.

YPolynomials are dense in C'(I) in sup-norm.
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Proposition 10.2. A bounded positive operator L admits a unique positive
square 100t \/Z, satisfying (\/f)2 = L. We may approrimate VL in operator
norm by a sequence p,(L) where p, are polynomials.

Proof. Let I = [0,a] be an interval containing o(L). By Exercise 10.2, the
positive square root function /() : C(I) — [0,00) is well-defined. Integrate
it against the PVM P of L (Theorem 10.1),

VL = /\/XdP(A).

This results in a positive operator, because for all ¢ € H,

<¢‘ </l\/XdP(>\)) w} = /I\\/; dP¥ > 0,

as PY is an ordinary positive measure.

For a general f € By(I), the operator norm of [, f dP is bounded by || f||c.
This is first checked for simple functions, then continues to hold for general
f due to the construction of [ ; JdP by continuity. This norm-decreasing
property implies

pa(L) = V[lop = 0

for any sequence of polynomials p,, uniformly convergent to y/(-) over I. Such
a sequence exists by Stone—Weierstrass.

For the uniqueness part, suppose A is another positive operator such that
A%? = L. Then AL = A% = LA, thus Ap,(L) = p,(L)A for the polynomial p,
as well, and by continuity, Av'L = v/LA. Then we have

0= (pl(A° = (VL)) = (pl(A+ VL) (A= VL)), Ve, e,
In particular, setting ¢ = (A — v/L)1), we get
0 = (pl(A+ VIL)p) = {p|Ap) + (p|VLg) > 0
= (plAp) = 0= (p|VLyp), Yo=(A=VL) : ¢ eH.

Now, since A is positive, we can consider v/A, and use the Cauchy—Schwarz
inequality to get

(€l Ap)* = (VAL AR < (VAEVAE VAV Ap)
= (€]4E) {plAyp), VE €.
——

=0
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This shows that Ay = 0; similarly, \/f(p = 0. Thus
0= (J|(A~VL)p) = WA~ VL)) = (A= VL)I?,  VeeH,

showing that A — VL = 0. O

10.3 Bounded transform

The bounded transform of a self-adjoint operator is a way to “regularize” it,
such that its spectrum is converted from a subset of R to a subset of [—1, 1].
The idea is the following transformation,

sinh 6 B sinh @ A

R > A =sinhf — tanhf = = = e (—1,1),
coshf /1 4 ginh?9 VI+ N (=11)
with inverse map
tanh 6 tanh 6 A
(—1,1) > A = tanh§ > sinh § = 1 — 240 eR.

sechf V1 — tanh?6 B V1 — )2

(10.18)
Accordingly, the bounded version of H should be H/(1 + H?)~!. Let us make
this precise.

Lemma 10.3. Let H be a self-adjoint operator on H. Then
(1+ H?*)™': H — Dom(H?)
exists, and it is a bounded positive operator.

Proof. Recall (7.3): With U : (1, 1)) — (—, %) the unitary “swap” on H & H,

we have .

So for any ¢ € H, we can find ¢,n € Dom(H) such that

0

(0,9) = (n,Hn) + U(p,Hp) = (n — Hp, Hn + o)
= (0, H*¢0 + o).

110



Thus ¢ € H can be written as (14 H?)p for some ¢ € Dom(H?), i.e., 1+ H? is
surjective. Injectivity, thus invertibility, follows from it being bounded below,

(1 + H?)p||* = (¢ + H*¢|p + H?)
= |l¢|]> + ||H?¢||* + 2||Hel|?, V¢ € Dom(H?). (10.19)

Eq. (10.19) also yields
1A+ )7l = lell < NA+ H)el| = [[wll,  v=(1+H)peH.
This shows that the operator norm of (1 + H?)™! is at most 1. Furthermore,
W1+ H*) ") = (1+ H)plp) =lell” + | Hel* >0, Vo eH,
so (1 + H?)~! is positive. O
Due to Lemma 10.3 and Prop. 10.2, the operator 1/ (1 + H?)~! makes sense,

and we use it for the following definition.

Definition 34. Let H be a self-adjoint operator operator on H. Its bounded
transform is the operator

H:=H\/(1+ H?)".

Proposition 10.4. For any self-adjoint operator H, its bounded transform H
is a bounded self-adjoint operator with spectrum in [—1,1]. Furthermore,

(1+H) ' =1-H% (10.20)

Proof. Let us write L := (1 + H?*)~' : H — Dom(H?), so H = H\/L.
First, for any ¢ € H,

|HVLy||* = || H Ly
= (HLy|H L)
= (H2L3| L) (1 5 Dom(H?) &5 Dom(H = H*))
< (1 + H?)Ly|Ly)
= (Y|Ly) = ||VLy| .
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We rephrase the above as
16l < llgll, ¥ € RanvT. (10.21)

Next, the density of Rany/L follows from the injectivity of L,

ker L =0 = ker VL =0 = RanVL =%H.
~—~

self-adjoint

So any given ¢ € H can be approximated by a sequence o, € Ranv/L.
Due to (10.21), we know that H, converges. But H = H+/L is closed

(Exercise 7.1), so actually ¢, € Dom(H). As ., was arbitrary, this means
that Dom(H) = H, i.e., H is actually an everywhere-defined operator, with
norm bounded by at 1 (Eq. (10.21)).

By its construction, we have L : H — Dom(H?) C Dom(H), so we can
restrict it to a map L : Dom(H) — Dom(H). We can do the same for any
polynomial function of L,

p(L) : Dom(H) — Dom(H).
Now, H commutes with L when acting on n € Dom(H ),

LHn=LH(1+ H*)(1+ H*) '
=L(1+ H)H(1+ H*) 'p
= HLn.

so inductively,
Hpn(L)n = pn(L)Hn, 1 € Dom(H), (10.22)

for any polynomial p.
By Prop. 10.2, there is a sequence of polynomials such that

pn(L) — VL in operator norm.

The left side of (10.22) converges to H+/Ln (the closed property of H is needed
for v/Ln € Dom(H)). The right side converges to vLHn. The two limits
coincide,

H\/'Ly = v/ LHy, n € Dom(H).
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It follows that
(n|Hn) = (n|HVLn) = (n|v/LHn)
= (VLy|Hn) = (HV'Ly|n) = (Hnln), 1 € Dom(H).

By continuity (recall H is bounded), this shows that (n|Hn) € R for all n € H,
so by Prop. 6.9, H is self-adjoint. We’d previously seen that ||H|| < 1, so its
spectrum lies within [—1, 1], by Prop. 6.11.

Finally, for the identity (10.20) it suffices to check it on the dense subspace
Ranv/L. Using H* = (HVL)* > v/LH (Exercise 7.2),

(1-HWL=(1-HHYL>VL-VLHL
= VL —VL(1 + H*)L + L*?
=VL—-VLL 'L+ L**=LVL.

Thus (1 — H?) =L = (1+ H?*). O

10.4 Spectral theorem for unbounded self-adjoint oper-
ators

Theorem 10.5. Let H be a self-adjoint operator on H. There exists a unique
PVM, P : Bor(R) — Proj(H), such that

"= / NdP(N). (10.23)

Proof. As before, write L = (1 4+ H?)™', and H = H+/L for the bounded

transform. According to Prop. 10.4, we have o(H) C [—1, 1], and the identity
L=1-H (10.24)
The bounded Spectral Theorem 10.1 gives

H = / AdP(\)
[7171}

for the PVM P of H. We expect to recover H by integrating the inverse

bounded transform map 7: A — \/1%7 of Eq. (10.18) against the PVM of H,

o< / A(VI = X2)"HdP(N).
1.1
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Let us examine what operator on the right side actually is.
First, by the identity (10.24) and the uniqueness of positive square roots,
Prop. 10.2, we have

VI = / VI = X2dP()).
[(—1.1]

By properties (10.11) and (10.13), existence of VI Ran(v/L) — H follows
from triviality of

]5{,1,“} = ker(H + 1) @ ker(H — 1) C ker(1 — H?) = ker((1 + H*)™') = {0}.
Then from property (10.10) of PVM integrals,

/[_L”A(\/l—i)\?)_ldp > (/{_ )\dP) (/{—1,1] Ny dP) _Avit

The right side has domain Rany/L, which is dense (proof of Prop. 10.4). Since
H = HV/L is everywhere-defined, we have Rany/L C Dom(H). Thus

/ AVI—N)"aP=HAVL =HVIVL =H  on RanVL C Dom(H),
[_171]

1?1]

which we rewrite as

/ rdP C H.
[_171]

But both sides are self-adjoint, so they are actually equal. Finally, Property
(10.14) says that we can use the function 7 to pushforward P to the PVM

P = Por ! satisfying
/)\dP:/ 7dP = H.
R ~1,1]

The uniqueness part is omitted. O

Remark 3. Because of property (10.12), the PVM of a self-adjoint H is actually
supported on its spectrum o(H) C R.

Example 10.1. If H is self-adjoint on a finite-dimensional Hilbert space, then
its PVM is supported on the set of eigenvalues A;, with each Py, being the
corresponding eigenspace projection. In general, the spectrum can include
continuous intervals [a,b], and usually Py = 0 for A € [a, ], unless A is an
eigenvalue embedded inside |[a, b].
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10.5 Functional calculus

For any operator T', it makes sense to apply a polynomial p to it, with the
domain of p(T) dictated by the rules of Definition 21. For self-adjoint T" =
H = H*, it is not obvious that, H?, H? + H etc., remain self-adjoint.
Nevertheless, by Theorem 10.5, we know that H has a PVM P, so we may
consider [, pdP. By chasing through the definitions, one verifies that

p(H) = p ( /R )\dP()\)) _ /R p(N) dP(N), (10.25)

so we can take the right side of (10.25) as the definition of p(H). The reason
for such a redefinition, is that we often have occasion to apply more general
functions to H, for example, continuous functions, or even Borel functions

f:R—C.

Definition 35. For a self-adjoint operator H and a measurable f : R — C,
we write

f(H) = / fdP. (10.26)
R
where P is the unique PVM of H coming from Theorem 10.5.

The assignment f +— f(H) is called the functional calculus of H. The
properties (10.9),(10.10) say that the assignment f — f(H) respects sums,
products, and adjoints (up to domain issues in case f is unbounded).

Example 10.2. With the functional calculus of a self-adjoint H, we can directly
and unambiguously write its bounded transform in a simpler way, as

v A
H:/Rﬁdp@) e BH).

We could also use some other increasing continuous function f : (—oo, 00) —

(—=1,1), with limy_,4+, f(A\) = %1, sometimes called a switch function, to get
a modified bounded transform

J() = / f(NAP(\) € BH).

Pushing this idea further, we can compose such an f with the exponential map

exp(mi(+)) : [-1,1] = U(1) C C,
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to obtain a unitary (why?) operator exp(mif(H)). A standard example is the
Cayley transform of H,

H—i
UH) =33

which may be shown to give a one-to-one correspondence between self-adjoint
operators and unitary operators.

(10.27)

10.5.1 Borel functional calculus

If we restrict f — f(H) to the bounded Borel functions f, then we get a
s-homomorphism B,(R) — B(#), which is continuous, with respect to the
sup-norm on B,(R) and the operator norm on B(#). This is called the Borel
functional calculus of H. It actually enjoys a further continuity property.

Proposition 10.6. If f,, € B,(R) is a bounded sequence converging pointwise
to f, then f,(H) converges to f(H) in strong operator topology.

Proof. Note that f € B,(R). For each ¢ € H, we have

1 fa(H) = FCHDY| = ((fa(H) = FUH))|(fo(H) = f(H))
= WI((fo = NH) (o = HH))Y)
= (WI(fu = FIP(H))¥)

- / fo— fI2dPY,
R

where P is the PVM of H. As the f, are sup-norm bounded, dominated
convergence applies to the right side, which therefore goes to zero as n — oo.
This says that f,,(H) — f(H) strongly. ]

For any Borel subset ' C R, the characteristic function yg satisfies yg =
X% = Xg- Using the Borel functional calculus, we therefore obtain a spectral
projection xg(H). In applications to quantum mechanics, H is a self-adjoint
Hamiltonian, and F is a subset of energies of interest. Then xg(H) projects
onto the Hilbert subspace of “states with energies in E”.
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