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% (energy functional)
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Metropolis-Hastings Langevin & /%
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I o I3
g, (0,0) = ITZ ao

RE— (M £ —ANF RN B E iR
912, (Two, Tyo) = g5¥(o,0)

Martin Bauer, Martins Bruveris, and Peter W Michor. Uniqueness of the
Fisher — Rao metric on the space of smooth densities. Bulletin of the London
Mathematical Society, 48(3):499 — 5006, 2016.
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dp¢
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4 R it A2 (birth-death process)

ar(8) = (logp™(0) —logp.(0)) — E,, [logp™ —log p;]
= (—Pg(0) —logp:(0)) — E, [~DPg — log p;]
=k Rt A2
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7 — — Lt pat[Ve r]
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> Fisher 412 8. 4E %
I(a) = Ep [Vqlog PV, log Fy]
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minimize,ep KL[p || p*]

> e gEn P={pecC®[pdo=1}
2%
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min KL|pg Il p7]

£F pa(0) = N(O;m,C), a=[mC]

B &
VmKL[pg | p*] = E, [Vo®g] = 0

1 1
VcKL[pg Il p¥] = . c1! s E, [VoVe®Pr] =0
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_ -1

Tt = Epg, [Vo®rl =2t T2Fpq,[VeVoPrl
> 5Bl 69 Wasserstein T 5 3

dm

I — _E,, [VePel

dCy

E = 2[ —_ ]Epat [VHVQCDR]Ct — Ct]Epat [VQVQCDR]
> B AT Bk (A LM agFisher-Rao & 43 2 ) :

dm dcC

= (B, [Vor] = Ce — CtEp,, [Vo Vo PrICe

dc;

- = —C;it+ Ep,, [VoVgDg]
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> g;;;] S 1 -1
AR BN, Pp=7(0-m)CT(6-m"), m" =

[1;1], C* = diag{100,1}, 44L& PBmy = [0;0], Cp =
diag{1, 1},

Rel. mean error

1075 4

10°% 4 —#— Gradient descent

10—’ E

1 —&— Natural gradient descent

0

5 10 15

Rel. covariance error

—#— Gradient descent
1 —&— Natural gradient descent

5 10 15
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> Fisher 42 8. 46 % (Fisher information mattix)

\Y -V
M(a) = FIM(a) = f aPa ' YaPa do

Pa

1
KL[pg+da Il pal = 2 da'FIM(a)da

> B AR A E T &k (natural gradient descent)

da
=t = —FIM(a) ™" VaKL[pg, Il o'
vaKL[pat I ,0*] v

\/vTSDt(at)v

v = argmax,,

= FIM(a;) ™! V4KL|pg, I p*]
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> %3]

1+ Z Gaussian 4
pa(0) =N(@;m,C), a=[m,C(C]
f Fisher /g & 46 %

c-1 0]
FIM(a) :=
(a) [o X
Eb X Twhike, CAE R AEMESE LR L

1
XY::ZC“10’+)”)C‘1
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> 38 Bk
9) = h(O T(6)-a—-A(a)
Pa(8) = h(B)e Ja — e

2
S A N(O; 2) = — e
=) ﬁﬁjﬁ ( ,m,a) \/ZTO‘B 20°
T(6) = [6; 62 = &=
©) =662 a=|5;——]
1 2
RO) =7 A = — +logo
0 —
it 2 (g e 70

0!
T(6) =286 a =logAl

h(0) :% AQ) = A
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Pa (0) = h(6) exp{T(0) - a — A(a)}

e

E,, [T(0)] = V,A(a)
Fisher{Z 8 45 4 -

FIM(a) = E,_[Vqlogp,(8)" V4 logp,(6)]

= —E, [VaValogpa(6) ]
= VaVaA(a)
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dmt

dCy

E — Ct — CtIE,Dat [VQVHCDR]CI'
- PRI REL

R e (F1sher Rao B =44 l’]flffx]i)
- & %21 H Fisher /2 8: 46 . Hessian4e% (£ ') NB CinD)
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» Kalman-Wasserstein 4 B i7&

dpe

Fre Vo * |pr (Vg ®g +Vglogp,)]
dp¢

Tl Vg - [ptCe (Vg P +Vglogp,)]

> T4 ¥2 Langevin 3] /1 2 %4

d@t — _CtVQ CI)R + ZCtth

0] . =0 — €CrVg Pr(0) +/2C,V(0,€)
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15 ~

10 -

5 -

0

-5

p*(8) = %e—ch(e)

(0.16,—-60,)%+62
CDR(H) — - 202 °

Langevin 3y 5 5

-100 -75 -50 -25 0 25 50 75

po ~ N ([10;10], 41)

4k 3 Langevin ) 7; %

100 —100: =75 =50 =25
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