h)

w308 Hi
%@M‘%M e3P

’)’VLTV\(W”ZQ)C &(XD

el = Xk T &Vjcbcb“)

fouc +ev) = Fou)
VAo = orgmax k- £
P

a@ J <, 1>

- 5

T n = () - V

R

%@M* VoS e JW
spmy v Feo = vfew
ik
ALA  TeM  RIPREEM
@R L ox Tod =M
xe = Vg
PR ds= 4.V V)
= Moy, VD



%N O
)Qc:- UJ,, /

a% xe Kk [, lxwl, d¢

I
‘jb Py Vs O
R

ZJO‘ d Guls Vo) ot

b3 2 HaE
(©,8) > (g9 s, sin

7 %.%e)

P sind C”“P)

(((7/9)—) @exe + éee
Co= (Cos® s, Cos P 8In 0, -8 )

o= (—SnPsing | Sing 5B 5) )

\ﬁ}é& Xo= Ve = (05 O¢)



B £ BB
&LCV V\:<¢b‘€tp‘f‘é eeJ‘p€¢+9€e)

=@ 4 p s’
MV, V Vs
i oo
%oz ok E8g ( e

£ b s fRA
AL G (v, V) =V >

4}1—2 2
M = [ (-*V)" 4 ]
T

@/@) == \:er + 0 <o
er (O%BJSMB) €e=( -TshO , f‘&s@)

A . ’ 2 g4
g (v, v) = (Tosd - o rend ) G~©z

+ [Fsiv0 +Brase) =
( )
i %2 4 2 \t- 4—),2
(a9 L’U



\l

P

tﬁr)
U’U

WL, 7,@@%%%3%5\
Hayor < o
ax@) U O A »/Q“ L gt
§%)
samy Move Lo i






\I\}a%dsw(em-lﬁi\%) (P M[Dao{‘% Suppor@
Otto Caleulus Wassers+ein -2 %é%j@%

%ﬁé\ : Mf JM@ZKDM L b =V ‘(Pv)
v 2

of sup JH}H edo T f@ﬂ“%@"“))q"w
v v
= nf sup f@_ljfd,g + [3y s ~J€V~V9V 46
2

vy

ST LR ARG ) Uil

—SMP f;,l}? \-—Q—LL~0L9 [V: Ve‘f
b:—V9<€‘79u’)

#t seTep  b=-veltvey), WRATH
:J “Vo(f\h@q’ —fuizgzw
= eyl p do

2

@ 8 (3,3) = [ eIl d 0 p= —ve-(E VoY)

:j —V9-<€V9q’)"’}> 40




QI AR IR SR

Wles = ¢ 3= —Wl PY)
Wiy Y = b=-Ve(fWe})
Wasserstoin THTe Vi
2B = Vol Voliges- by 7))
= Vele(vate vo08]))
= Vo Yoy + 0 VeOo)
B3 B Wossersiemn okt
[ospm = xfofem = = f oM
= JW-@%@U- ) e ]
+ J(@fve% +Vo6 ) (87me) | + (9-ms) (fs Vo de £ Vo er)'
1 [ Vo 70" = [fa CF o @omo) =T
J b Voo 0" = [ 9o8e (Co Tofe)
=~ 750 0e fardoCs



VLK/%U% :

3¢ KLL % | e*] fjc {+ /@g 4o

Il

= [, g e L
thffe*—]-f% o €6 90

1 =0
- j To (P Vo 99 €4 —1og e ) e*’) %
I Lo B4
(/’g,agobv&’/\r

< -20 KL[Ps!l P"j

Gronwoll 3|72
% (e”“’ KLt Hf"j)

o2t kLo, €] s KLLp N1 €71



F;gh,dr ~ Ruo  MmetTiC

L FoA LA JI it 40

TOoeA

j Pre) [T®lde

e

o) Tatlre) (T

36) = 3(Te) (T 9)]
\Jﬁz(“) Tasle)
40
Tap(d)
- [ T - Wy
ee) [(T'®) |
SR
elr)

(To)| &9



e % fogq -
d_ Oee@a?f; + f@ " &) e _kLDO NE°7J

: | 5 i
:jet&(j_@i —fgdp?{)b Ce= &%%_&C
:rflpb(’og %)2— f@ol"g%'c - 9*’&3 T Jf ¢

h f“ "03 ) + U(? %gv * _ kLpetl 6] — kLTIl
‘,\ﬁ_\'.
< kL UG] — kLTl €7

AR AL |
g - ISR CR LT O BN

L gy 70 [ de <D

j Cotss (O b f by (o) o0
0cA BEA
—Ppul e
= [ EOMMD AR LR d
36(9) >0 3-17(/9) <90
QA o €A

- | el) gign(0e) ) (Pl 4t + o@t))



o s

Tl T €y Jt
éma 518
jeu 6‘61 E&tf-&i‘ %”eat JJ o db

J
v
- J o \: -~ & - 103{9%](9 — "My) a®
= ot (& byl ) U

Z‘ij Co (VB + Vs 44 o) 09
= (o E Yo%

T b [ G5 ) ~ By, [ ~0g 1] B0

= f (fox ["@Q ’[ﬂa @,bJ [@*W\t) @/my‘(’ | ij 48
= Ce | -8 -by €] Voo far 90 Co
=0 [ wm [ € ] Car 46 Cx

= C¢ = Cs EV&Ve@@ Ceo



BW. KL 7% 5w E 587

L e 3597,
G ousstony SFW'Q s Wz

& %VG Gs
T AT

G BT 2
poie Jesl) Tege [303
E :{ 0 GR’MJ T(D‘E: 2 U:&RN“J

f)OL - POH’ £ = Pa <+ £ &
3 = m Cwer TG gp,
g0 s

™
g(ou (Va{)a "V, 5 Vmpa\ 17})

ZJWW

- VtT j Vobo V“P“daw
Ca



o +du

KL Potw W\ €] 2 j AN e

Pt Vuba da + 5 ddl T la da

( © o?
6’8» eﬁ da . Vafo da . = dov Yo Ca st ) _L
Ca h GO\ 60\ 2

6)0\ +40L =

(Vaea‘da )2
. v

%3 R
AN 2

- jVﬂPu'Ja ~(—E\>GL;\7:@ do + (\70'€a€‘ ofa) 10

_ ) (Valado 1&‘
ZK ea )

= 54 el WE o da

e o



1. BETE D #E

WF S
o - exp{— (6 - m)TC (6~ m))
a = X —_—— — J—
COREVICI

#1145

Vinpa = pacil(e - m) = —Vypq

Vepa =p (—101 + 1071(9 — m)(0 — m)TCl) = lVQVQP

a a 2 2 2 a

HIAT

VelCl = C|c~T Vel Clz = —ClzgTC!

NTEHESHEE, Bi1E



VK Llpuo] = [ Tnpalloglo) + r)dt
- / Vopa(108(ps) + )do
— [ aultog(p,) + )8
— [ Vopa + a1

_ / PuV sl
- Epa [VG(I)R]

VeKLp,|lp*] = / Vepa(log(pa) + 2r)do
1
= [ 590Vpul108(p0) + Er)a0
1
— [ 52V ullox(e) + 2r)i6
1 1
= [ 32(-C) + FouVeVnds

1 1
= —50 + EEPa [VoVo®r]

2. BRABE FERE

BIE LS EHFisher(Z 25ER FK11E



vm avm CI;
/ YmPa¥mPa 4o / paC~1(6 — m)(6 — m)TC~1ded = O
Pa

VP VepL
/ pp CPq dez/pac_l(e_m)®(_%C—l_%C—l(e_m)(e_m)TC_l)dazo

HFHHED, HMNEX

X ;:% /pa (0—1(0 —m)(@—m)TC ' — 0—1) ® (0—1(9 —m)(@—m)TCc! - C—l)de

1
=7 /./\/’(y;O,I)Cl/2 (ny — 1)01/2 ® C~1/2 (ny — I)Cl/2dy, where y = C~1/2(8 — m).

EHE
1
Xlig,Im] =7 Y ¢, rje Vg, s)C YL pl O A m, ) /(yrys — 8r.5) (Yp¥q — Fp,g)N (950, I)dy
r,8,p,q
1
1 C~12[i,r]C~12[j, s|C 12, p|C~/?[m, g] (57“,1)55,(1"‘57“,(158,19)
r,8,p,q
o ]_ _1 . 1T 10 17
= (c e lm) + o i, mic[3,0).
Lt

(XY),; ZXZ],lm]Y[l m]

= (e B aY L mie G, m) + 0 mlY L mlo 1)
l,m
1
= Z(Cilycil + Cilchil)ij-
HMAT



BT

dC1 dcC
t _ t oy
=-C1—C1
dt tode ¢
BAE TEEPTAE K
dm o,
d;:Q@(m—m&
dC;! » -
pr =—-Ct+C" .

HFHAE, BTG
Cil=(1-et)o* +etCyt.

STHIE, #A

m* — mt - e_tctco_l (m* - mo).

TTHENSE, F18EEE

dC
= —e C,Cy (mo — m*) + e‘td—ttCO_l(mo — m¥)
::——e_tCﬁcz;l(Tno-—-rn*)-+-e‘f(C% —-C%(?*flC%)(z;l(rnO —m")
= C,C* e 'C,C;  (m* — my)
= th*—l (m* - mt).

dm,
dt

using LinearAlgebra

using PyPlot

function expectation(method_type::String, m_oo, C_oo, m, C)
return C_oo\(m - m_oo), inv(C_oo)
if method_type == "gradient_descent"



# under-determined case
return -C_oo\(m - m_oo), 1/2.0%(inv(C) - inv(C_oo))

elseif method_type == "natural_gradient_descent"
# over—determined case
return -(m - m_oo), C - Cx(C_oo\C)

elseif method_type == "natural_gradient_descent_Cinv"
# over—-determined case
return -(m - m_oo), -inv(C) + C_oo

elseif method_type == "wasserstein_gradient_descent"
# over—-determined case
return -C_oo\(m - m_oo), 2I - C_oo\C - C/C_oo

else
error("Problem type : ", problem_type, " has not implemented!")
end
end

function Continuous_Dynamics(method_type::String, m_oo, C_oo, m_0@, C_0, At, N_t)
8 = length(m_0)

zeros(N_t+1, N_6)
zeros(N_t+1, N_6, N_8)

N_
m
C

m[1, :] =m0
cl1, =, :1 =C0

for i = 1:N_t

EVeé, EVVé= expectation(method_type, m_oo, C_oo, m[i, :], C[i, :, :])

if method_type == '"gradient_descent"

m[i+1, :] =m[i, :] - EV® % At

Cli+1, :, :1 = CI[i, =, :1 + 1/2.0%(inv(C[i, :, :]1) - EVV®) x At
elseif method_type == "natural_gradient_descent"

m[i+1, :] =m[i, :] = C[i, :, :1xEV® x At

Cl[i+1, :, :1 = inv( inv(C[i, :, :1) + (EV® - inv(CI[i, :, :]1)) * At)
else



error("Problem type : ", problem_type, " has not implemented!")
end
end

return m, C

end

At, N_t = 5e-1, 30

fig, ax = PyPlot.subplots(ncols=2, sharex=true, sharey=true, figsize=(6,3))

m_oo = [1; 1]

C_oo = [100.0 0; 0 1.0]

m_0 = [0.0; 0.0]

C0=1[1.00; 0 1.0]

m_gd, C_gd = Continuous_Dynamics('"gradient_descent", m_oo, C_oo, m_0, C_0, At, N_t)

m_ngd, C_ngd = Continuous_Dynamics("natural_gradient_descent", m_oo, C_oo, m_0, C_0, At, N_t)
e_gd, e_ngd = zeros(N_t+1, 2), zeros(N_t+1, 2)

for i = 1:N_t+1

e_gd[i, 1]
e_gd[i, 2]

Il
—

norm(m_gd[i,:] - m_oo) / norm(m_oo) )
norm(C_gd[i,:,:] - C_oo) / norm(C_oo) )

1}
—

e_ngd[i, 1] = ( norm(m_ngd[i,:] = m_oo) / norm(m_oo) )
e_ngd[i, 2] norm(C_ngd[i,:,:] = C_oo) / norm(C_oo) )
end

1}
—

ts = Array(1:N_t+1)x*At
].semilogy(ts, e_gd[:, 1], "—x", fillstyle="none", markevery=div(
].semilogy(ts, e_ngd[:, 2], "-s", fillstyle="none", markevery=div(
ax[2].semilogy(ts, e_gd[:, 1], "—x", fillstyle="none", markevery=div(
].semilogy(ts, e_ngd[:, 2], "-s", fillstyle="none", markevery=div(

, label="Gradient descent")
, label="Natural gradient des
label="Gradient descent")
label="Natural gradient des

N_t, 10)
N_t, 10)
N_t, 10),
N_t, 10),



ax[1].legend()
ax[2].legend()
ax[1] .set_ylabel
ax[2].set_ylabel
ax[1].set_xlabel("t")
ax[2].set_xlabel("t")
fig.tight_layout()
fig.savefig("Gaussian-VI.pdf")
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3. {EE 0 bk
X F I Tl
p(0;a) = h(0) exp{T(0) - a — A(a)}

BA1A:



0= [ Vupl6;0)d8 = B, [T6) - V.A(a)

H)R, FisherfE2ER FIM %2
FIM(G') = ]Ep [Va log p(@; a)Tva log p(@; CL)]
_ / V,.0(0;a) [T(0) — V,A(a)] d

— / p(0;a)V,V,A(a)dd Using V, / p(6;a)[T(0) — V,A(a)]dd =0
=V,V,A(a)

4.Langevin ZhH 2%

ZIERBIN N RS
d@t — f(@t, t)dt + \/gth

EXINAY R 0, ~ p, B9 Fokker-Planck 5122
1
Oy = =V (f(z,t)p;) + EV -V - (901

fE£A 1t0's A, &AA



an(6) = VR()T (£(6,, 1)t + /GAW,) + 5 gVeh(6,)d
O.E[h(6,)] = E|£(6,)VA(8,) + S V2h(6)
/ h(0),p, = / puf(6,6)Vh(6) + 5 p,V*h(6)d6
— [V (-p16,0) + 1657V - (90)

A 17T LABY
f=-Vg®p g=2

5. {FFIAZEE

BETEGEIER O = T = A0+ b,

p(0) =p(O)|A7Y  5,(0) =p(B)|A7Y  Cp= AC,AT
Vaf(0) = ATVef(0)  Vy-0(0) = Vs (A7 '0(0))

# AKalman-Wasersteintf E i
— =V, [ﬁté’t(vg logp* =V, logﬁt)]
9Pt g1 = v [0, AC,AT(V og 5* — V. log 5,)| | A~
{:*z%‘ | =V, |pAC,AT(V;log p jlogp,)|[A7Y
Opy

e = VG . |:pt0t Vg log p* - VG 10gpt)i|

Op - -
AT = Vo | pCu(Vlog 5* — Volog ) |[47
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6. %>

using PyPlot, Random, Statistics, Distributions, ForwardDiff, LinearAlgebra
Random.seed! (42)

function Phi_R_Convex(0)

€ =0.1

61, 62 =6

return ( (ex01 - 02)"2 + 027°4)/20
end

®R(8) = Phi_R_Convex(0)
function V®&R(0)

return ®R(6), ForwardDiff.gradient(®R, 0)
end

function update_ensemble(®, At, func_neg_log_rho::Function, preconditioner::Bool)
N_6, N_ens = size(®)

® R, V& R = zeros(N_ens), zeros(N_6, N_ens)
for i = 1:N_ens

® R[i], V&_R[:,i] = func_neg_log_rho(8[:, i])
end

8_mean = mean(®, dims=2)

00_cov = ((B .- B6_mean) * (B .- 6_mean)') / N_ens

Prec = (preconditioner ? 66_cov : 1)

o = (preconditioner ? cholesky(Hermitian(86_cov)).L : 1)

noise = rand(Normal(@, 1), (N_6, N_ens))
8 = 8 - AtxPrecxV®_R + sqrt(2xAt)*(oxnoise)

return 6



end

update_ensemble (generic function with 1 method)

N6 =2

m_0 = [10.0; 10.0]

00 = 2

C0 = [00"2 0.0; 0.0 00"2]

Lx , Ux = -100.0, 100.0
Ly , Uy = -5.0, 5.0

N = 500

X = zeros(N, N)

Y = zeros(N, N)
p = zeros(N, N)
for i = 1:N
for j = 1:N
X[i, jl, YI[i, j] = Lx + (Ux = Lx) * (i-1)/(N-1), Ly + (Uy - Ly) * (j-1)/(N-1)
pli, jl = Phi_R_Convex([X[i, j1; YI[i, j11)
end
end
Z = sum(p)

p .= exp.(-p)/Z

fig, ax = PyPlot.subplots(ncols=2, nrows=1, sharex="col", sharey=true, figsize=(10,3))
ax[1].contour(X, Y, p, 10, colors="grey")
ax[2].contour(X, Y, p, 10, colors="grey")

N_ens = 100

60 = Array(rand(MvNormal(m_@, C_0), N_ens))
8 = zeros(N_6, N_ens)

At = 0.01

N_t = 2000



In

for preconditioner = 1:2
6 .= 60
for i
0
end

1:N_t
update_ensemble(6, At, V&R,

ax[preconditioner].scatter(60[1, :],

ax[preconditioner].scatter(e6[1, :1, 6[2, :1, s

end

fig.tight_layout()
fig.savefig("GF.png")
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