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1. 388 D bk

3§ F 88D ol
p(0;a) = h(0) exp{T(0) - a — A(a)}

0= /Vap(ﬁ; a)dd = E,[T(0) — V,A(a)]

Here we introduce another parameter vector A. Secondly, the Fisher information matrix F'IM is
FIM(a [ Va 10gp(0 a)T'V,log p(6;a)]
/Vap (6;a)[T(8) — V,A(a)]|db

— /p(@; a)V,V,A(a)dd Using Va/p(ﬁ; a)|[T(0) — V,A(a)]dd =0

= V.V.A(a)
B HEARZ\N AT
2. SHIE D
SFEEio
po = ———exp{— (6 - m)TCL(0 — m)}
Coemmeyiop 2
1A
Vimpa = PaC_l(H — m) = —Vypa
Vpa = (—10—1 e —mye— m)TC—l) _lyv
CcPa Pa 9 9 2 oV oPa
HIAT

Vo|Cl=|Cc|ICT VerlClz = —Clz2ztC}
ST oHE, BE
VK Llpdllp') = [ Vapullog(pa) + @r)dt
—— [ Vupul1og(pa) + Er)de
— / paVy(log(p,) + ®r)do
= /Vepa + pa Vo Prdo

= / pPa VP rdo
= E,,[Vg®g]

VoK Lipallo'] = [ Vorallog(en) + Br)do
1
— /Evevepa(log([’a) + (I)R)de
1
= /Epavgvg(log(pa) + ®r)do
1 1
_ / 56u(=C) + 5PV VB rdd

1 1
= _EC + nga [VyVPr]

3. HABE FERE

BE RS SHRFisher(E 23 118

mpa mpch; -1 T ~—1 -1
dd= [ p,C (0 —m)(®—m)T'C'dhdo = C
m av a ]. ].
/ pVeba df = /pac—l(e —m)® (—50—1 — 50—1(9 —m)(0 — m)Tc—l)de =0

SFMHED, HATEX

1

4
1 —1/2(, T ~1/2 —1/2(, T ~1/2 ~1/2

=7 N(y;0,1)C (yy —I)C’ ® C (yy —I)C dy, wherey = C~/*(0 — m).

X = /pa (0—1(9 —m)(0—m)TC! — 0—1) ® (0—1(9 —m)(6—m)TC! - 0—1)d9

%
X[ij,Im] = Z C 12l r]C V2], 5)C 21, p]C 2 [m, g / (YrYs — r.5) (Yp¥g — Op,)N (450, I)dy
’I"'S,pq
:_ Z c- 1/2 7’ ’I“ 1/2 [.77 8]0_1/2 [lap]0_1/2 [ma Q] (57°,p53,q + 57‘,q53,p)
’I"'S,pq
]_ —1r- S —1r- —1r .-
—< (¢ ue,m) + ¢ i,mle 5, 0).
It
(XY)ij = X[if, Im]Y[l,m]
Il,m
- Z( Y{t,m]C 7 j,m] + €7 i, m] YL, m]C 7 [5,1))
1
— Z(c—lyo—l +clyfe .
BAIAT
mF
G, L, dC
a - G o
EARE TRIETUS MR
dm %1
dtt = C,C (m —mt)
dc:!
= cl+cC*
SHFTE, BIVE
C,l=(1-e")C" en

MNFHIE, F\
m* —m; = e_tC’tC’O_l(m* — my).

HEENSH, #IERE
,dCy

= —e'C,Cy (mo —m*) + e d—C Y(mo — m*)

— —e7C,C, H(mo — m*) 4+ e7H(C, — C,C* " C)Cy  (mo — m*)
— CtC*ile_tCtCO_l(m* — mo)
= C,0c*" (m* — mt).

dmt

dt

using LinearAlgebra
using PyPlot
function expectation(method type::String, m oo, C oo, m, C)
return C_oo\(m - m oo), inv(C_oo0)
if method type == "gradient descent”
# under-determined case
return -C oo\(m - m oo), 1/2.0*(inv(C) - inv(C_oo0))

elseif method type == "natural gradient descent”
# over-determined case
return -(m - m oo), C - C*(C_oo\C)

elseif method type == "natural gradient descent Cinv"
# over-determined case
return -(m - m oo), -inv(C) + C_oo

elseif method type == "wasserstein gradient descent”
# over-determined case
return -C_oo\(m - m oo), 2I - C_oo\C - C/C_oo

else
error("Problem type : ", problem type, " has not implemented!")
end
end

function Continuous Dynamics(method type::String, m oo, C oo, m 0, C 0, At, N t)

zeros (N t+1, N 0)

® = length(m 0)
= zeros(N t+l1, N 6, N 0)

N _
m
€

mil, :] =m0
c[i, :, ¢t] =CO

for i = 1:N t
EV®é, EVVd= expectation(method type, m oo, C oo, m[i, :], C[i, :, :])
if method type == "gradient descent”
m[i+1l, :] m[i, :] - EV® * At
C[i+l, =, :] C[i, =, =1 + 1/2.0*(inv(C[i, :, :]) - Evvd) * At
elseif method type == "natural gradient descent”

m[i+1l, :] =m[i, :] - C[i, :, :]*EV® * At

C[i+l, :, :] = inv( inv(C[i, :, :]) + (EVV® - inv(C[i, :, :])) * At)
else

error ("Problem type : ", problem type, " has not implemented!")

end
end

return m, C

end

At, N t = 5e-1, 30

fig, ax = PyPlot.subplots(ncols=2, sharex=true, sharey=true, figsize=(6,3))
m oo = [1; 1]

C oo = [100.0 0; 0 1.0]

m [0.0; 0.0]

0 =
C 0 =1[1.0 0; 0 1.0]

m gd, C gd
m ngd, C ngd

Continuous Dynamics('"gradient descent", m oo, C oo, m 0, C 0, At, N t)
Continuous Dynamics('"natural gradient descent", m oo, C oo, m 0, C 0, At, N t)

e gd, e ngd zeros(N t+1, 2), =zeros(N_t+1, 2)

for i = 1:N_t+1

e gd[i, 1] = ( norm(m gd[i,:] - m oo) / norm(m oo) )

e gd[i, 2] = ( norm(C gd[i,:,:] - C_ oo) / norm(C oo) )
e ngd[i, 1] = ( norm(m ngd[i,:] - m oo) / norm(m oo) )

e ngd[i, 2] = ( norm(C ngd[i,:,:] - C o0o) / norm(C_oo) )

end

ts = Array(l:N t+1)*At

ax[l].semilogy(ts, e gd[:, 1], "-*", fillstyle="none"
ax[l].semilogy(ts, e ngd[:, 2], "-s", fillstyle="none"
ax[2].semilogy(ts, e gd[:, 1], "-*", fillstyle="none"
ax[2].semilogy(ts, e ngd[:, 2], "-s", fillstyle="none"

markevery=div(N _t, 10), label="Gradient descent")
markevery=div(N_t, 10), label="Natural gradient descent")
markevery=div(N t, 10), label="Gradient descent")
markevery=div(N t, 10), label="Natural gradient descent")

- - - -
- - - -

ax[l].legend()

ax[2].legend()

ax[l].set ylabel("Rel. mean error")
ax[2].set ylabel("Rel. covariance error")
ax[l].set xlabel("t")

ax[2].set xlabel("t")

fig.tight layout()
fig.savefig("Gaussian-VI.pdf")
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4.Langevin I R %

ZRHENE N RS
d@t — f(@t, t)dt + \/gth

EXMNH HEiA 0, ~ p; B9 Fokker-Planck 522
1
Orpy = —V(f(wat)Pt) -+ EV V- (gpt)
£/ 1té's A=, HNIE

dh(8,) = VA(0,)T (f(8y,t)dt + /gdW;) + %gv%(et)dt

OER(6,)] = E[ £(0,)Vh(6) + SV°h(6))]
[ 10020 = [ pus6,6)71(6) + S0 (6)d8
= [ OV P08 + 15T V- (gp)as

F A7 ABX
f=-Vy®r g=2

5. (FHAEE

A5 0 = TO = A6 +b,

= A Kalman-Wasersteinf£ € i

95, )

o =V, [PtCt(V logp*™ — 'V, logpt)]

0p -
A7 =V, - [0 ACAT(Vylog j* — Vylog p,)| 147

3Pt

8 T
<:>—|A =V [ptCt Vylog p* Velogpt)}lfl d
Y [ptct(

plog p* — Vylog pt)]

6.45%]

using PyPlot, Random, Statistics, Distributions, ForwardDiff, LinearAlgebra
Random.seed! (42)

function Phi R Convex(0)

€ =0.1

8., 62 = 0

return ( (€*01 - 062)72 + 0274)/20
end

$R(6) = Phi R Convex(0)
function VOR(0O)

return ®R(0), ForwardDiff.gradient(®R, 0)
end

function update ensemble (0, At, func neg log rho::Function, preconditioner::Bool)
N O, N ens = size(9)

é R, v R = zeros(N ens), zeros(N 6, N ens)
for i = 1:N_ens

é R[(i], V® R[:,i] = func neg log rho(6[:, 1i])
end

O mean = mean(6, dims=2)

00 cov = ((6 .- 6 mean) * (O .- O mean)') / N ens
Prec = (preconditioner ? 60 cov : 1)
0 = (preconditioner ? cholesky(Hermitian(006 cov)).L : 1)

noise = rand(Normal(0, 1), (N O, N ens))
O = 6 - At*Prec*V® R + sqgrt(2*At)*(0*noise)

return 6
end

update ensemble (generic function with 1 method)

10.0; 10.0]

(0]
C 0 =[00"2 0.0; 0.0 00"2]

ILx , Ux = -100.0, 100.0
Ly , Uy = -5.0, 5.0
N = 500
X = zeros (N, N)
Y = zeros(N, N)
p = zeros(N, N)
for i = 1:N
for j = 1:N
X[i, j1, ¥[i, j] = Lx + (Ux - Lx) * (i-1)/(N-1), Ly + (Uy - Ly) * (j-1)/(N-1)
P[i, j] = Phi_R_Convex([X[i, jI]; Y[i, JI11)
end
end

Z = sum(p)
P .= exp.(-Pp)/Z

fig, ax = PyPlot.subplots(ncols=2, nrows=1, sharex="col", sharey=true, figsize=(10,3))
ax[l].contour(X, Y, p, 10, colors="grey")
ax[2].contour(X, Y, P, 10, colors="grey")

N ens = 100
00 = Array(rand(MvNormal(m 0O, C 0), N ens))

® = zeros(N_6, N _ens)
At = 0.01
N _t = 2000
for preconditioner = 1:2
B .= 060
for i = 1:N t
® = update ensemble(6, At, VIR, preconditioner == 2)
end
ax[preconditioner].scatter(00[1, :], 60[2, :], s = 10)
ax[preconditioner].scatter(6[1, :]1, O[2, :], s = 10)
end
fig.tight layout()
fig.savefig("GF.png")
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