BT
AR KXFARBRKEFHE PO
bR KFEFRIE S IJFR PO




> 1EAZ N AR A

- A= M TR 89 &2 (variational inference)
- R F R R ZE )
- AE = 2K
-EE > S

- B H At (parametric) 3 4353
- JE £ # b (honparametric) & - 14



N et Ry KA~ B2

> A kg2 —ib w49 B AR

1
p*(0) = EB_CDR(Q)'\
/ 6%\3
RS

1 1 1 -1
(DR(H;}’) — E " an (y —Q(@)) ”2 +§ " 202 (9 — 7"0) ”2

-HHBAFSHRE - b HEF
A BARR MR E E[f] = [ £(0)p (0)d6
- A RSRM B ARG 694 K {6} ~ p*(6)
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5% E 2R {(m,C),C > 0}
p(0) = N(6;m,C)

Rt e SR EEE R {(n,5),6 > 0}
p(0) =~ N(0;m,6%])

A AT {(wy, my, Ck)k 1 Cr > 0,w, =0}
p(0) = Ypoy Wi N (0;my, C) Y=y Wi =1



p(6;a) = h(O)ETO AWy e

S oA N(O;m,0%) = \/i =2
7(0) = 16,671 a=|%;-=
hO) ===  Ala) =272+1oga

B 220 (0 € 2%

T(H) —0 a=logAl
h(6) =% Aa) = A



p(0;a) = h(B) exp{T(B) -a — A(a)}

e
E,[T(0)] =VaA(a)

Fisher4z & 48 % (Fisher information matrix) :

FIM(p(8;a)) = E,[V,logp(8; )" V, log p(6; )]
— _IEp [Vava logp(ei a) |
—V,V,A(a)



> JEL AL 7 ik

P={p: peC® p6) >0, [p(0)do =1}

ML F LA ] > 1

p(®) ~ {6},

0(6) ~ % >_ 800 —6))



% (energy functional)

E(p; p*)
-E(p;p") =20
-E(p;p) =0
- FEERR - S LA

- Net R S LB F T BARRK
SRIHK C KAAASH  TERmASH LR

- R— A A JE 5



> 2% £ ¥k & (total variation)

1 1
Drv(pa,pp) = EjlpA(H) — pp(6)]do =3 104(60) — pp(O)llL,

> M A%(Hillinger) & 5

1
Dy(pa,pp) = (EI ‘\/ pa(0) — \/PB(H)‘Z d9)

<
V2

N[ =

pa(8) —+/pp(6)

10



pp(0)

mTin ﬂ c(6,T(8))py(6)d6

Monge J&] &1
I'#ps = pp

11



pp(0)

c(61,6,)

pA(e) / > |

myin jj y(ell 92)C(91, 82)d81d92
Kantorovich =] B J]/(Hl, 82) d92 = pA(H)

JV(HL 6,)d6; = pp(0)

y(ell 92) = 0

12



pp(0)

,DA(G) / > |

Kantorovich %4% |e] &

sup j 0A(B)F (8) + ps(8)g(8)do

f.9
f(01) +g(63) < c(64,6,)

13



pp(0)

c(61,6,)

PAa (8) / >

[ —

0,
Brenier |58 (Wasserstein-235 & c(04,0,) =Il 6; — 0, 115)
1
min] J I v(t,0) II5 p(t, 6)dOdt
v
0

dp(t,0)
ot

p(0,0) = py(0) p(1,0) = pg(0)

+V- (p(t, 0)v(t, 6)) =0

14



f-# & (f - divergence)

> fHE

N s )
Drlp Il p*] = fp f(p*)d(?
ERfRLHFH > f(1)=0-
ZARF X
E,-|f(4(6))] = f(Ep-[1(0)])
Y p*(6;)dof (¢(9j)) > f(Z;p"(6))doy(6;))
) gt

15



f-# & (f - divergence)

> KL-%
f=xlogx KL|pll p*]= Jplog (%) do
KL(p Il Zp*) = KL(p Il p*) — log(Z)

» Ry KL-#0%

*

f=-logx KL[p* Il p] = jp*log (%) do

> y%-J8 &
2

— (r —1)2 2 q= [ P49 _
F=G-1  2lipl= [Lao-1

16



MMD[pMD _
= sup(E, [ ()] - E,- [ (6)))

B AE L

MMD[X,X —
iléIE( Ef(xa——E f( >)
X

F
= {f:
filfleo <13 » F = span{x,x*}-

17



B % (metric)

» AR & E =

px X2z 18 : RN
% M dy7ea) « RN

E%: g,: T,RVXT,RN - R

gx(01,02 )= \/(M(x)01 + 02)
F2kE®: M(x): T,RN - TRV
W &K IE B X = 0y

1
D(po, p1) = fo 9p 0y, op)dt

18



B % (metric)

> R EE
MERRFEZENR P = {p €EC®, [ pdf = 1}
Ly T,P C{o € C®, [ 0df = 0}
g=p —p

EE: gp: TyPXT,P >R

9,(01,02): = (M(p)oy - a3) = [ M(p)oy - 0,d6
EzikE: M(p):T,P > T,P
WX FE & pr = O¢

1
D(po, p1)* = [, g,(0r, 0p)dt

19



B % (metric)

» Wasserstein 2 &

1
D(po, p1)? = j f | v, 12 ppdfdt
0

9P _
ot t

*-/H\—“:th i T

or = =V - (V) Uy = argmin, j v I3 pedb
1 A HLARBA B Tk 0 RANTR#E—F 133 :
ve =V o = =V - (pViPy)

20



» Wasserstein 2 &

1 1
D(po, p1)° =f J I Vipells pedfdt | D(po, p1)° =j 9p(op, 0p)dt
0 0

dp
a_tt + V- (V) =0

e > EAMHF o = =V (o, VY,) > BAVE

GV (T0,7 - (7)) = [ 1 Vel pea0

%A 2L gp(o1,02) = | M(p)oy - 0,d0 > HA143 3]
MY@o=p  -V-(W =0 g¥(,0)= | wodo

21



B < (metric)

> Fisher-Rao & &

1
D(po, p1)* = f j — dOdt D(po, p1)* = j g, (oy, o)dt
0
% =0
at ¢

AR F L > BANE

FR Utz
Yo, (0¢, 0¢) = j— do
Pt

%A EL gy(01,02) = [ M(p)oy - 0,d6 > &AVIZ 3]

2
o
MPRp)s = =2 gfR(o,0) = [ -ds

22



B % (metric)

gq(01,07) = 9p, (Vapa - 01, Vapq - 02) = 04 mt(a)O'Z

%3] : Fisher Rao B X MO S E R Z R E KT
M(a) ZH 4 ?

23



W35 L B P



ar ot
E(p+eo;p’) —E(p;p7)

E\/Qp (o,0)
<55(g; p’) | G)
p
JM(p)o, o)

o = argming,lim
€—0

= argming




minimize, E(pg; p*)

da;
%

_ . Eparea; p?) — EPa; p*)
o = argminglim
e=0 E\/Qa(a: O-)
Va&(pa; p*)o
JoTM(a)o
= —M(a)™* Va€(pa; p*)

= argming




rr;in KL[pg Il p*]

rP p,=N(@;mC), a=[m,C(C]

Pa

.
J Vapgq log (E) + Vgpg db

= [Vapa (08(pe) + D) d6

VoKL[pg I p*] =

27



- J it
VinKL[pg Il p*] = IIEpal [VoPr]

1 1
VeKLlpg | p*] = =5 €71 + > By, [VVa®p]

2 2
R T 7k
ﬂﬁ=—IE[VcI>]
dt Pag LY O R
dc, 1

B 1
77 =5 Ut s = > Epg, VoV Pr]

28



> 8 A E T & k(natural gradient descent)

da
a—; = —M(a,) " VoKL(pg, Il p*)
M(a) = FIM(pg)
A R )

KL[pg+aa | pal = da"FIM(p,)da

29



Fisher-RaoE 2 TF » &ATA

dmy
—r = CEp,, [VoPr]
dC;

E = Ct — Ct[Epat VoV Pr|Ct

5 B ARAA R BN > O =~ (0 -m)TCT(O -m) > 8
PR R T I T ik 45 FOl AL

CFl=c""+et(Ct-C")

m; = m* + e tC.C5t(my — m*)

30



> 457]

PR [ 77 ik

dmt . dCt _ 1 -1 1

ar = oo, Ve®rl G =50 5 Ep, [VeVe el

B ARME T ik

dm ac

d—tt = —Celkp,, [VoPr] d_tt = (e = CelEp,, [VoVe PrIC:
A _ _ -1 4 [VoVodr]

at t Pa,LVO VO TR

m* = [1;1], C* = diag{100,1} » #1414 i Fm, = [0; 0],
Co = diag{1, 1},

31



> %3] 1
A AR R BT b= (0 —m)TCT(O —m") » m’
[1; 1], C* = diag{100, 1} - #4548 &£ Fm,y = [0;0], C,
diag{1, 1},

S
5 3
@ S
C C
© ©
£ 5
>
— o
[V} o
o —
] V ;
107°% y —&— Gradient descent o { —#*— Gradient descent
10-7 1 —&— Natural gradient descent 1 —&— Natural gradient descent
3 1 3 ]
0 5 10 15 0 5 10 15
t t

32



n;)in KL[pg Il p*]

HF pg=N(O;mC), a=[m,C(]

WA B R
VmKL[pg Il p*] = Ep, [VgPr] = 0

1 1
VcKL[pg Il p7] = =5 €7 + S Ep, [VoVPr] = O

L Dp 2 7% HFA > BNE EE— o

33



VoViof =2 al  (a > 0)
FO) 2 FG) + VT =)+ lly - x3

> Xt #k7% 1w (log-concave) 58 FE % F&

1
p*(0) = Ee—ch(e) VoVo®r = al (a > 0)

KIL# & £ Wasserstein & F 52 5% ¢ 69 (7 & 0N J& & po
p1’ 0p)

KL[p1 I p*] =KL[pg Il p*] + g,,(VKL[pg Il p*], 00)
a
+ED(P0:P1)2

34



¥ pa=N(O;mC), a=[mC]

BUIME 5o —, %L m = E, (6],

ViKL[p" | pg] = —=C71(E,+[6]
VcKL[p™ Il ol

1

2 2

C = Cov,+[0]

_m)

=—_C"1- lC‘l[Covp* 6] + (Ep+[68] — m)(E,+[6]

— m)T]C

-1

35



ar ot
E(p+eo;p’) —E(p;p7)

E\/gp (o,0)
<55(g; p’) | 0)
p
JM(p)o, o)

o = argming,lim
€—0

= argming




JE A AL T 4 3E

> & }{ (Frechet $4%%)
ofL ¢ T,P stinwe2o(0) € T,PeitE A it &

SKL . KL[p+eall p*] =KL[p Il p7]
——o0df = lim
op €—0 €
A
6KL[p Il p*] )
5p = logp — log p™ + const.
> AR
dpr oKL
— = —M(p) ' —
ot 6pt
KA
JKL OKL , OKL
(Pt) = | M)t ae < 0

Jat 0Pt 0Pt

37



pp(0)

» Wasserstein F =

M(p) 'Y = Vg - (pVgy)

» Wasserstein #% & A
dp; SKL[p; Il p*]
M -1
Ot (pt) 6,015

= —Vp - [,Ot(ve log P* — Velogpt)]

38



> Wasserstein #% & A

apt *
dp¢

ML R O ~ pg
> Langevin 31 5 & %
d@t = —Vg (DR T \/Eth

Onsr = Oy — €Vg Dp + V2N (0, €)

39



BiX Oy ~ po > *F FLangevin 31 /) % 4
dl, = —Vy Op +2dW,

AR LG ~ pe > prity &

dp¢
Frake Vo * |ptVg Pr +Vgpy]

40



Metropolis-Hastings & %

> Metropolis-Hastings F =

Rz q(): RNeNe - R
g T N _ o (P7(8)a(8",6) ;
f5 JE. - a(6,6’) = mm{p*(e)q(é’ﬁ’) 1}

» Metropolis-Adjusted Langevin & %
p"(6) o e~
WETHEZx: 0-0—eVydgr(0)
Op(6 — eVgDR(8)) < @p(6)  p*(6 — €VgPR()) > p*(6)

q(6,0") = N(0';0 — eVydr(8),5%])

p* (ONN(O; 0" — eVydRr(8"),5%]) .
p*(O)N(0';0 — eVgdr(0),5%])

a(6,0") = min{

41



L REERFF T &7 %

PG R /o
[
o @ /‘\\
\./ ./
o 0 ® 0, S
1 0
00 2 94
> XARTF AL
0, = [61; 62; ...gé] € RNo ® RNo ... ® RNo

o o
o o o ..
o ® o ® o O o0
0, @ ® 0,

o, ©

42



JE A AL T 4 3E

» Kalman-Wasserstein #% E &

—= = Vo [pcC: (Vo log p* — Vglogp,)]
dp¢

> F & FE Langevin ) /1 & %4

det — _CtVQ (I)R + \/ ZCtth

0], . =0, —eCVg Pr(0)) +/2C,N(0,€)

43



RAVEGH R

apt
-7 = Vo [p:Ct (Vg log p* — Vglogpy)]

s TFEETHEAGHEWT:0 - A0 + b > RAV6IH B A

L

i ST
aPt_ l loos
3t Vg [PtCt(Ve ogp — Vy ngt)]
A

p(6)=p(771(8)) V57 (6]

C, = AC.AT

44



YRR 2

Pt .

0 - A0+ b

45



JE A AL T 4 3E

> 45 7]

15 A

10

5 -

0+

=5

0*(0) = %e—ch(H)

0.10,-6,)%+65
Dp(0) = (0.164 202) 2

Langevin 3 7

po ~ NV ([10; 10], 41)

i 4L ¥ Langevin ) 7

-100 -75 -50 -25 0 25 50 75

100 —-100

-75 =50 =25 0 25 50 75 100




» Fisher-Rao EF &

M(p)0=¢=%

M(p) ' = pyp — Epp

> F1sher R0.0 7]{5]% /}lL
dp; _ SKL[p; Il p*]
— = —M(p)™

ar P 5p,
= pt(logp™ —logp;) — p¢E[log p* — log p]

47



RAVEGH R

apt * g
—; = pe(logp™ —logp,) — p.E[log p” — log p]

StFAEZETHET#HT:0 > 0 > RNV E 7% 2

0p¢(6)
ot
o

= pr(log p™ — log p¢) — pEs, (log p* — log p)

p(8) = p(774(8)) 17 (8)]

48



Gradient Flow for Sampling

Time = 0.0
0.4 7 ——— Posterior
— = \Nasserstein
6.3 - Fisher-Rao
0.2 - \
| | [
0.1 - i\
0.0 T j T = 1\ = 1
—20 —10 0 10 20

49
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> % JF A (gradient flow)

2z ik : Chen, Yifan, et al. "Sampling via Gradient Flows in the Space of Probability
Measures." arXiv preprint arXiv:2310.03597 (2023).

zz it Trillos, N. Garcia, Bamdad Hosseini, and Daniel Sanz-Alonso. "From
optimization to sampling through gradient flows." NOTICES OF THE AMERICAN

MATHEMATICAL SOCIETY 70.6 (2023).

> B HAL T AT

AT AT AR BARR AL > B ABEE T T RS -

587 3 Opper, Manfred, and Cédric Archambeau. "The variational
Gaussian approximation revisited." Neural computation 21.3 (2009): 786-792.

5B Wassersteinh B T %7 % : Lambert, Marc, et al. "Variational inference via

Wasserstein gradient flows. Advances in Neural Information Processing Systems 35
(2022): 14434-14447.

vzt (%5 A &) - Blei, David M., Alp Kucukelbir, and Jon D. McAuliffe.
"Variational inference: A review for statisticians.”" Journal of the American statistical

Association 112.518 (2017): 859-877.
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TR PE] i

vz ik (44t 5 A &) Wainwright, Martin J., and Michael I. Jordan. "Graphical
models, exponential families, and variational inference." Foundations and

Trends® in Machine Learning 1.1 — 2 (2008): 1-305.

> JE R RALH LR

Stein#d B & : Liu, Qiang, and Dilin Wang. "Stein variational gradient descent: A
general purpose bayesian inference algorithm." Advances in neural information
processing systems 29 (2016).

Kalman-Wasserstein$ & ;&4 : Garbuno-Inigo, Alfredo, et al. "Interacting Langevin

diffusions: Gradient structure and ensemble Kalman sampler." SIAM Journal on
Applied Dynamical Systems 19.1 (2020): 412-441.

7% % : Log-concave sampling (https://chewisinho.github.io).

Wasserstein-Fisher-Rao # & ;& : Lu, Yulong, Jianfeng LLu, and James Nolen.
"Accelerating langevin sampling with birth-death." arXiv preprint
arXiv:1905.09863 (2019).

Fisher-Rao # E ;& : Maurais, Aimee, and Youssef Marzouk. "Sampling in unit time
with kernel Fisher-Rao flow." arXiv preprint arXiv:2401.03892 (2024).
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https://chewisinho.github.io/

I ) 13

> R E R %
Cuturi, Marco. "Sinkhorn distances: Lightspeed computation of optimal

transport." Advances in neural information processing systems 26 (2013).

Altschuler, Jason, Jonathan Niles-Weed, and Philippe Rigollet. "Near-linear time
approximation algorithms for optimal transport via Sinkhorn
iteration." Advances in neural information processing systems 30 (2017).
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