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Applications

➢ Image, video, and sound generation
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➢ Target distribution
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𝑞0 𝑥 ≈
1

𝑁


𝑖

𝛿(𝑥 − 𝑥∗𝑖)

Goal: sample 𝑥 ∼ 𝑞0 𝑥

Generative Model
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Score-based diffusion model

𝑥∗𝑖



➢ Diffusion process
- Ornstein-Uhlenbeck(OU) process

➢ Score matching
- U-Net: score representation

➢ Theoretical analysis
- denoising diffusion probabilistic model
- probability flow ODE

➢ Numerical study
- Gaussian mixture model
- MINST
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Outline
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➢ Forward equation (0 → 𝑇)：

stochastic differential equation(SDE):

𝑑𝑋𝑡 = 𝑓(𝑡, 𝑋𝑡)𝑑𝑡 + 𝑔 𝑡 𝑑𝑊𝑡  

density: 𝑋𝑡 ∼ 𝑞𝑡(𝑥)

Fokker Planck equation:

𝜕𝑡𝑞𝑡(𝑥) = −∇ ⋅ (𝑓 𝑡, 𝑥 𝑞𝑡) +
1

2
∇ ⋅ ∇ ⋅ (𝑔 𝑡 2𝑞𝑡)

Diffusion Process



7

➢ Backward equation(𝑇 → 0):

−𝜕𝑡𝑞𝑇−𝑡 𝑥 = −∇ ⋅ 𝑓 𝑇 − 𝑡, 𝑥 𝑞𝑇−𝑡

+
1

2
∇ ⋅ ∇ ⋅ (𝑔 𝑇 − 𝑡 2𝑞𝑇−𝑡)

Define: 𝜌𝑡(𝑥) = 𝑞𝑇−𝑡 𝑥 (0 → 𝑇)

𝜕𝑡𝜌𝑡 𝑥 = ∇ ⋅ 𝑓 𝑇 − 𝑡, 𝑥 𝜌𝑡

−
1

2
∇ ⋅ ∇ ⋅ (𝑔 𝑇 − 𝑡 2𝜌𝑡)

Generating: 𝑌0 ∼ 𝜌0 𝑥 = 𝑞𝑇 𝑥 (0 → 𝑇)

𝑑𝑌𝑡 = መ𝑓 𝑡, 𝑌𝑡 𝑑𝑡 + ො𝑔 𝑡 𝑑𝑤𝑡

Diffusion Process
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➢ Forward equation (0 → 𝑇)：

stochastic differential equation(SDE):

𝑑𝑋𝑡 = 𝑓(𝑡)𝑋𝑡𝑑𝑡 + 𝑔 𝑡 𝑑𝑊𝑡 

distribution: 𝑋𝑡 ∼ 𝜆𝑡𝑋0 + 𝜎𝑡𝑊 𝑊 ∼ 𝒩(0, 𝐼)

𝑓 𝑡 =
𝑑 log 𝜆𝑡

𝑑𝑡
𝑔 𝑡 2 =

𝑑𝜎𝑡
2

𝑑𝑡
− 2

𝑑 log 𝜆𝑡

𝑑𝑡
𝜎𝑡

2

consider: 𝐿 𝑡, 𝑥 =
𝑥

𝜆𝑡
𝑑𝐿 𝑡, 𝑥𝑡

Diffusion Process
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➢ Ornstein-Uhlenbeck(OU) process (0 → 𝑇)：

𝑑𝑋𝑡 = −
1

2
𝛽(𝑡)𝑋𝑡𝑑𝑡 + 𝛽(𝑡)𝑑𝑊𝑡

𝑑𝑋𝑡 = −𝑋𝑡𝑑𝑡 + 2𝑑𝑊𝑡

➢ Variance exploding SDE dynamics (0 → 𝑇)：

Diffusion Process

𝑑𝑋𝑡 = 𝜎 𝑡 𝑑𝑊𝑡

𝑑𝑋𝑡 = 𝑑𝑊𝑡



10

OU Process

➢ Forward equation (0 → 𝑇)：

SDE: 𝑑𝑋𝑡 = −𝑋𝑡𝑑𝑡 + 2𝑑𝑊𝑡

𝑋𝑡 = 𝑒−𝑡𝑋0 + 1 − 𝑒−2𝑡𝑊

𝑋𝑡 → 𝒩 0, 𝐼

Density: 𝑋𝑡 ∼ 𝑞𝑡(𝑥), Fokker Planck equation:

𝜕𝑡𝑞𝑡 𝑥 = ∇ ⋅ (𝑥 + ∇ log𝑞𝑡(𝑥)) 𝑞𝑡 𝑥



11

➢ Backward equation (𝑇 → 0)：

−𝜕𝑡𝑞𝑇−𝑡 𝑥 = ∇ ⋅ 𝑥𝑞𝑇−𝑡 + ∇ ⋅ ∇ ⋅ (𝑞𝑇−𝑡)

define: 𝜌𝑡(𝑥) = 𝑞𝑇−𝑡 𝑥 (0 → 𝑇)

𝜕𝑡𝜌𝑡 𝑥 = −∇ ⋅ (𝑥 + ∇ log𝑞𝑇−𝑡 𝑥 ) 𝜌𝑡

generating: 𝑌0 ∼ 𝒩 0, 𝐼 ≈ 𝑞𝑇 𝑥 (0 → 𝑇)

- denoising diffusion probabilistic model :

𝑑𝑌𝑡 = (𝑌𝑡 + 2∇ log𝑞𝑇−𝑡 𝑌𝑡 )𝑑𝑡 + 2𝑑𝑊𝑡

- probability flow ODE :
𝑑𝑌𝑡

𝑑𝑡
= 𝑌𝑡 + ∇ log𝑞𝑇−𝑡 𝑌𝑡

OU Process
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Score-Based Generative Model

➢ Score-based generative model

Step 1: creating noise from data

𝑋𝑡 = 𝑒−𝑡𝑋0 + 1 − 𝑒−2𝑡𝑊 𝑤 ∼ 𝒩 0, 𝐼

Step 2: estimate score: 𝑠𝜃 𝑡, 𝑥 ≈ ∇log𝑞𝑇−𝑡(𝑥)

Step 3: generating: 𝑌0 ∼ 𝑞𝑇 𝑥 ≈ 𝒩 0, 𝐼

- denoising diffusion probabilistic model :

𝑑 𝑌𝑡 = ( 𝑌𝑡 + 2𝑠𝜃 𝑡, 𝑌𝑡 )𝑑𝑡 + 2𝑑𝑊𝑡

- probability flow ODE :

𝑑 𝑌𝑡

𝑑𝑡
= 𝑌𝑡 + 𝑠𝜃 𝑡, 𝑌𝑡
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Score-Based Generative Model

➢ Backward equation (0 → 𝑇)：

Denoising diffusion probabilistic model
Probability flow ODE
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Score Matching

➢ Objective function

min
𝜃

න
0

𝑇

𝑤𝑇−𝑡𝔼𝑞𝑇−𝑡
∥ 𝑠𝜃 𝑡, 𝑥 − ∇log𝑞𝑇−𝑡(𝑥) ∥2 𝑑𝑡

Density: 𝑋𝑡 ∼ 𝑞𝑡(𝑥)

𝑋𝑡 = 𝑒−𝑡𝑋0 + 1 − 𝑒−2𝑡𝑊 𝑊 ∼ 𝒩 0, 𝐼𝑑

𝑞𝑡 𝑥 𝑥0 = 𝒩 𝑥; 𝑒−𝑡𝑥0, (1 − 𝑒−2𝑡)𝐼

𝑞𝑡(𝑥) = න 𝒩 𝑥; 𝑒−𝑡𝑥0, 1 − 𝑒−2𝑡 𝐼 𝑞0 𝑥0 𝑑𝑥0

Implementable:

min
𝜃

න
0

𝑇

𝑤𝑇−𝑡𝔼𝑞0(𝑥0)
𝔼𝑞𝑇−𝑡(𝑥|𝑥0) ∥ 𝑠𝜃 𝑡, 𝑥 − ∇log𝑞T−𝑡(𝑥|𝑥0) ∥2 𝑑𝑡
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Score Matching

➢ Time discretization

0 = 𝑡0 < 𝑡1 < ⋯ 𝑡𝑁 = 𝑇 − 𝜏

Exercise : 𝑞0 = 𝛿 𝑥 , what is ∇log𝑞T−𝑡 𝑥 ?

𝑞𝑡 𝑥 = න 𝒩 𝑥; 𝑒−𝑡𝑥0, 1 − 𝑒−2𝑡 𝐼 𝑞0 𝑥0 𝑑𝑥0

= 𝒩 𝑥; 0, 1 − 𝑒−2𝑡 𝐼

s 𝑡, 𝑥 = ∇log𝑞𝑇−𝑡 𝑥 = −
𝑥

1−𝑒−2 𝑇−𝑡 ≈ 𝒪
1

𝑇−𝑡
, when 𝑡 → 𝑇

𝜏: avoid singularity.
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Score Matching

➢ Time discretization

min
𝜃

න
0

𝑇−𝜏

𝑤𝑇−𝑡𝔼𝑞0(𝑥0)
𝔼𝑞𝑇−𝑡(𝑥|𝑥0) ∥ 𝑠𝜃 𝑡, 𝑥 − ∇log𝑞T−𝑡(𝑥|𝑥0) ∥2 𝑑𝑡

Randomly sample 𝑡 for the training

0 = 𝑡0 < 𝑡1 < ⋯ 𝑡𝑁 = 𝑇 − 𝜏
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Score Matching

➢ Estimate 𝑠 𝑥, 𝑡 ≈ ∇log𝑞𝑇−𝑡 from data

min
𝜃

න
𝜏

𝑇

𝑤𝑡𝔼𝑞0(𝑥0)
𝔼𝑞𝑡(𝑥|𝑥0) ∥ 𝑠𝜃 𝑥, 𝑇 − 𝑡 − ∇log𝑞𝑡(𝑥|𝑥0) ∥2 𝑑𝑡

- weight choice

𝑞𝑡 𝑥 𝑥0 = 𝒩 𝑥; 𝑒−𝑡𝑥0, (1 − 𝑒−2𝑡)𝐼

∇log𝑞𝑡 𝑥 𝑥0 = −
𝑥−𝑒−𝑡𝑥0

1−𝑒−2𝑡

𝑤𝑡 ∝
1

𝔼𝑞𝑡 𝑥 𝑥0
∥∇log𝑞𝑡 𝑥 𝑥0 ∥2 ∝ 1 − 𝑒−2𝑡

- rescaling

𝑠𝜃 𝑥, 𝑇 − 𝑡 ≔ 𝜖𝜃 𝑥, 𝑇 − 𝑡 / 1 − 𝑒−2𝑡

- time embedding

input: 𝑥, [sin(2𝜋𝜔𝑡); cos(2𝜋𝜔𝑡)]
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U-Net: Score Representation 𝜖𝜃 𝑥, 𝑡

➢ Convolution layer

➢ Pooling layer
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U-Net: Score Representation 𝜖𝜃 𝑥, 𝑡

➢ Convolutional neural network
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U-Net: Score Representation 𝜖𝜃 𝑥, 𝑡

➢ U-Net architecture
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Score-Based Generative Model

➢ Backward equation (0 → 𝑇)：

Denoising diffusion probabilistic model
Probability flow ODE

0 = 𝑡0 < 𝑡1 < ⋯ 𝑡𝑁 = 𝑇 − 𝜏
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➢ Denoising diffusion probabilistic model 

𝑑 𝑌𝑡 = ( 𝑌𝑡 + 2𝑠𝜃 𝑡, 𝑌𝑡 ) 𝑑𝑡 + 2𝑑𝑊𝑡

- Euler-Maruyama:

𝑑 𝑌𝑡 = 𝑌𝑡𝑘
+ 2𝑠𝜃 𝑡𝑘 , 𝑌𝑡𝑘

𝑑𝑡 + 2𝑑𝑊𝑡 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1]

- exponential integrator:

𝑑 𝑌𝑡 = 𝑌𝑡 + 2𝑠𝜃 𝑡𝑘 , 𝑌𝑡𝑘
𝑑𝑡 + 2𝑑𝑊𝑡 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1]

𝜕𝑡𝜌𝑡 𝑥 = −∇ ⋅ (𝑥 + ∇ log𝑞𝑇−𝑡 𝑥 ) 𝜌𝑡

𝑑𝑌𝑡 = 𝑌𝑡 + 2∇ log𝑞𝑇−𝑡 𝑌𝑡 𝑑𝑡 + 2𝑑𝑤𝑡

Denoising Diffusion Probabilistic Model 

𝑌𝑡 ∼ ො𝜌𝑡,what is the difference between ො𝜌𝑡𝑁
and 𝜌𝑇?
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Girsanov’s theorem

Assume 𝑦0 ∼ 𝑞𝑇, consider the path measures 𝑄𝑇 and 𝑃𝑇 on

𝐶 0, 𝑇 ; 𝑅𝑑 corresponding the following two diffusion

processes:

𝑄𝑇: 𝑑𝑌𝑡 = 𝑌𝑡 + 2∇ log𝑞𝑇−𝑡 𝑌𝑡 𝑑𝑡 + 2𝑑𝑊𝑡

𝑃𝑇: 𝑑 𝑌𝑡 = 𝑌𝑡 + 2𝑠𝜃 𝑡𝑘 , 𝑌𝑡𝑘
𝑑𝑡 + 2𝑑𝑊𝑡 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1]

KL 𝜌𝑡𝑁
∥ ො𝜌𝑡𝑁

≤ KL 𝑄𝑡𝑁
∥ 𝑃𝑡𝑁

≤ 

𝑘=0

𝑁−1

න
𝑡𝑘

𝑡𝑘+1

𝔼𝑄𝑡𝑁
𝑠𝜃 𝑡𝑘 , 𝑦𝑡𝑘

− ∇ log 𝑞𝑇−𝑡 𝑦𝑡
2

𝑑𝑡

Denoising Diffusion Probabilistic Model 
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Convergence Analysis (Chen el al.2023; Benton el al. 2024)

A1: score approximation:



𝑘=0

𝑁−1

(𝑡𝑘+1 − 𝑡𝑘)𝔼𝑞𝑡𝑘
𝑠𝜃 𝑡𝑘 , 𝑥 − ∇ log 𝑞𝑇−𝑡𝑘

(𝑥) ≤ 𝛿2

A2: data has finite second moments, and Cov𝑞0
𝑥 = 𝐼𝑑,

We have 0 = 𝑡0 < 𝑡1 ⋯ < 𝑡𝑁 = 𝑇 − 𝜏, and 𝑡𝑘+1 − 𝑡𝑘 ≤
𝜅 min 1, 𝑇 − 𝑡𝑘+1 , then

𝐾𝐿 𝜌𝑇 ∥ ො𝜌𝑡𝑁
≲ 𝛿2 + 𝑑𝜅2𝑁 + 𝜅𝑑𝑇 + 𝑑𝑒−2𝑇

Denoising Diffusion Probabilistic Model 
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➢ Probability flow ODE 

𝑑 𝑌𝑡

𝑑𝑡
= 𝑌𝑡 + 𝑠𝜃 𝑡, 𝑌𝑡

Probability Flow ODE 

 

High order schemes!
O(10) time steps, better efficiency!
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➢ High order ODE scheme

𝑑 𝑌𝑡

𝑑𝑡
= 𝑌𝑡 + 𝑠𝜃 𝑡, 𝑌

Probability Flow ODE 

 

- (high order) Runge-Kutta scheme:

𝑑 𝑌𝑡 = 𝑌𝑡𝑘
+ 𝑠𝜃 𝑡𝑘 , 𝑌𝑡𝑘

𝑑𝑡 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1]

- (high order) exponential integrator:

𝑑 𝑌𝑡 = 𝑌𝑡 + 𝑠𝜃 𝑡𝑘 , 𝑌𝑡𝑘
𝑑𝑡 𝑡 ∈ [𝑡𝑘 , 𝑡𝑘+1]
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➢ Previous theoretical study

𝑑 𝑌𝑡

𝑑𝑡
= 𝑌𝑡 + 𝑠𝜃 𝑡, 𝑌𝑡

What is the difference between ො𝜌𝑡𝑁
and 𝜌𝑇

Probability Flow ODE 

 

- exponentially large bound depending on the time 𝑇. 

- strong assumption on the data distribution, i.e. log concave.
- bad dependence on the dimension 𝑑. 

- require control of the difference between the derivatives of the 

true and approximate scores.

... 
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Lemma (Huang at el. 2024)

Assume 𝜌𝑡 , ො𝜌𝑡 ∈ 𝐶1 0, 𝑇 ; 𝑅𝑑 ∩ 𝐿1 0, 𝑇 ; 𝑅𝑑 solve the
following two continuity equations

𝜕𝑡𝜌𝑡 𝑥 = ∇ ⋅ 𝑈𝑡 𝑥  𝜌𝑡(𝑥)

𝜕𝑡 ො𝜌𝑡 𝑥 = ∇ ⋅ 𝑈𝑡 𝑥 ො𝜌𝑡(𝑥)

Then, we have

TV(𝜌𝑇 , ො𝜌𝑇) − TV(𝜌0, ො𝜌0)

≤
1

2
න

0

𝑇

න ∇ ⋅ (𝑈𝑡 𝑥 − 𝑈𝑡 𝑥 )𝜌𝑡 𝑥 𝑑𝑥 𝑑𝑡

Probability Flow ODE 
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Assumptions

- (Compact support ) The data distribution is compactly
supported on a compact set {𝑥 ∈ 𝑅𝑑: 𝑥 ∞ ≤ 𝐷}

- (𝐿2 accurate score estimation)

න
0

𝑇−𝜏

𝔼𝑞𝑇−𝑡
𝑠𝜃 𝑡, 𝑥 − ∇ log 𝑞𝑇−𝑡 𝑥 2𝑑𝑡 ≤ 𝛿2

- (Regularity of approximate score) 𝑠𝜃 𝑡, 𝑥 is 𝐿-Lipschitz. To 
use 𝑝-th order Runge-Kunta method, we assume the first (𝑝 +
1)-th derivatives are bounded by 𝐿. 

Probability Flow ODE 
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Convergence Analysis

If ො𝜌𝑡𝑁
 is the output of the probability flow ODE initialized

from 𝒩 0, 𝐼𝑑  . Using 𝑝-th order Runge-Kunta method, with

uniform step size ℎ =
𝑇−𝜏

𝑁
, leads to :

TV(𝜌𝑡𝑁
, ො𝜌𝑡𝑁

)

≤ 𝑒−𝑇𝑑𝐷 + 𝑑𝑇
3
4 𝐿 + 𝜏−2𝐷3

1
2𝛿

1
2 + 𝑑 𝑑ℎ 𝑝 𝐿𝐷 𝑝+1 log

𝑇

𝜏

Probability Flow ODE 

 

- we only estimate the error up to the time 𝑇 − 𝜏 instead 
of 𝑞0. The Wasserstein 2-distance between 𝑞0 and 𝑞𝜏 =
𝜌𝑡𝑁

is bounded by 𝒪(𝜏 + 𝑑 𝜏𝐷 2).

- this gives an error bounds of 𝒪(𝑑 𝛿 + 𝑑 𝑑ℎ 𝑝).

initialization error score matching error discretization error
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Numerical Verification

➢ Data distribution 𝑞0

second-order Heun’s method.
time 𝑇 = 8, and initialize 4 × 104particles from 𝒩 0, 𝐼𝑑 .

➢ Artificial score matching errors (𝛿 𝑡, 𝑥 = 𝑠 𝑡, 𝑥 − ∇ log 𝑞𝑇−𝑡(𝑥))

5-mode Gaussian mixture in 𝑅𝑑. 

1. constant error: 𝛿 𝑡, 𝑥 = 𝛿
1

𝑑

2. linear error: 𝛿 𝑡, 𝑥 = 𝛿
𝑥−𝑚

𝑑
 

3. sinusoidal error: 𝛿 𝑡, 𝑥 = 𝛿 sin 𝑥
𝑥−𝑚

𝑑
 

where 𝑚 is the mean of the Gaussian mixture; and sin 𝑥 
applies to each entry. 

➢ Configurations
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➢ Density evolution (kernel reconstruction)

Numerical Verification
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➢ Discretization error (𝛿=0)

Numerical Verification
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➢ Total error (ℎ2 ≈ 𝛿)

Numerical Verification

- theoretic error bound of 𝒪(𝑑 𝛿 + 𝑑 𝑑ℎ 𝑝).
- observed error bound : 𝒪(𝛿 + ℎ𝑝).



35

➢ Total error (ℎ2 ≈ 𝛿)

Numerical Verification

- theoretic error bound of 𝒪(𝑑 𝛿 + 𝑑 𝑑ℎ 𝑝).
- observed error bound : 𝒪(𝛿 + ℎ𝑝).
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➢ MINST (https://github.com/bot66/MNISTDiffusion)

Numerical Verification
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➢ Methodology
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