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Generative Model

» Target distribution

1 .
10() =5 ) 6 —x)

Goal: sample x ~ qy(x)



Score-based diffusion model

Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw

score

dx = [f(x,t) — ¢° (t)&x log p; (x)|| dt + g(t)dw

Reverse SDE (noise — data)
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Diffusion Process

» Forward equation (0 = T) :

stochastic differential equation(SDE):
dX, = f(t, Xp)dt + g(t)dW,

density: X; ~ q;(x)

Fokker Planck equation:

0.q:(x) = =V (f(t,X)q,) + V-V (g()%q,)



Diffusion Process

» Backward equation(T — 0):
—0:qr—¢(x) = =V - (f (T = t,x)qr_¢)
+-V- V- (g(T = )2q7_¢)

Define: p(x) = qr-(x)  (0->T)

0rpe(x) = V- (f(T = t,x)p¢)
—2V-V-(g(T - ?p,)

Generating: Yy, ~ po(x) = qr(x) (0> 1T)
dy, = f(t,Y)dt + G(t)dw,



Diffusion Process

» Forward equation (0 = T) :

stochastic differential equation(SDE):

distribution: X; ~ A Xy + oW W ~ N (0,1)

dlog A, dof _dlogl, |

fO) =—-: g =—-—2—"—o0;

consider: L(t,x) = % dL(t, x.)
t



Diffusion Process

» Ornstein-Uhlenbeck(OU) process (0 = T) :

1
dX; = —Eﬁ(t)Xtdt + /B (t)dW,
dXt — _Xtdt + ﬁth

» Variance exploding SDE dynamics (0 = T)

dXt — O-(t)th
dXt — th



OU Process

» Forward equation (0 - T)
SDE dXt — _Xtdt + \/ith

Ornstein-Uhlenbeck

Xe=e tXg +1—e™2tW | MW|
X, > N(0,I) |

Density: X; ~ q;(x), Fokker Planck equation:
0:qc(x) = V- ((x + Vlogq,(x)) q:(x))
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OU Process

» Backward equation (T = 0) :
—0:qr—t(x) =V - (xq7-¢) + V-V - (qr—¢)

define: ps(x) = qr_¢(x) (0> T)
0rpe(x) = =V - ((x + Vlogqr_+(x)) pe)

generating: Y, ~ NV(0,1) = gr(x) (0-T)
- denoising diffusion probabilistic model :
dY, = (Y, + 2V logq,_.(Y))dt +V2dWw,

- probability flow ODE :

dY;
d_tt =Y, +V logQT—t(Yt)
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Score-Based Generative Model

» Score-based generative model

Step 1: creating noise from data
X, =e Xy +J1—e2tW  w~N(0,])
Step 2: estimate score: sy(t,x) = Vlogq;_;(x)

Step 3: generating:Y, ~ g+ (x) = N(0,)

- denoising diffusion probabilistic model :
d¥, = (Y, + 2s4(t, V,))dt +V2aw;
- probability flow ODE :
v,

E = Yt + Sg(t, ?t)
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Score-Based Generative Model

» Backward equation (0 = T) :
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Score Matching

» Objective function

T
mginf wr_¢Eq._, | sg(t,x) — Vloggr_.(x) II* dt
0

Density: X; ~ q:(x)
X, =e Xy +J1—e2tW W ~N(0,1)
qc(x|xg) = N (x; e x, (1 — e7?H)])

4 () = j N (x; e~xg, (1 — €261 qy (o) do

Implementable:

T
melnj(; WT—t]qu(xO)IEqT_t(x|x0) I sg (t: X) o Vloqu_t(xle) ”2 dt
14



Score Matching

T: avoid singularity.

O:t0<t1<“'tN:T_T

G(ercise : qo = 0(x), whatis Vloggr_;(x)?

g () = f N (x; e txg, (1 — e 29 g0 (xo)

= N(x;0,(1—=e"?H))
{(t' x) = Vlogqr_;(x) = — 1_e—Z(T—t) ~ 0(

dx

Ti_t) ,whent —>/T
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O:t0<t1<“'tN:T_T

T-7
mé?lnfo WT—t]EqO(xO)]EqT_t(x|xo) I sg (t: X) o VIOgQT—t(xle) "2 dt

Randomly sample t for the training

16



Score Matching

> Estimate s(x,t) = Vlogq;_; from data

T
meinj Wtqu(xO)eq(xlxo) | sg(x, T —t) — Vlogq,(x|x,) II* dt
T
- weight choice
qr(x1x9) = N(x; e~ %, (1 —e72H)I)

x—e txg
1-e~2t

Vlogg, (x|x,) = —

1 —
WtOC OC1_62t

Eq,(x|xo) IVI08a(X|Xo )12

- rescaling
sg(x, T —t) = eg(x, T —t) /N1 — e~ 2t

- time embedding

input: x, [sin(2mwt); cos(2rmwt)] 17



» Pooling layer

Result
| I

o 2
4109 -
5 6
2| 4
5| 6|5 4| 7|8 Parameters:

— Size: f=3 -1+
ST T 9121 #channels: n.=3 d B
sl slsl3lsl|all Stride: s=1 B

B Padding: p=o0

nyxn,xn.= 6x6x3

Max(1,1,5,6)=6

Effect of using a stride of 2.

1 T1N 2|4
max pool with 2x2 filters 6 8
d stride 2
G) 6/ 7|8 and stride
3 | 2 EiNmG 4
1| 2 ESRIEE

We do the pooling with 2x2 filters, so we will devide an input image on
2x2 regions, and we will use a stride of 2.
Because we are using a stride of 2, these regions don't overlap.
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D U-Net: Score Representation g (x, t)

» Convolutional neural network

N // ﬂmn —
<\ 7’71 ”"”HI
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Score-Based Generative Model

» Backward equation (0 = T) :

0=t0<t1<'”tN=T_T

21



%) Denoising Diffusion Probabilistic Model

» Denoising diffusion probabilistic model
d¥, = (Y, + 2s¢(t, 7)) dt +V2dW,
- Euler-Maruyama:

dy, = (Y’tk + 254ty Y’tk)) dt +V2dW,  t € [ty, trsq]

- exponential integrator:
dy, = (Yt + 254 (tx, Ytk)) dt +V2dW,  t € [ty trs1]

(& N
Y: ~ Dr,what is the difference between p, and pr?

0epe(x) = =V - ((x + Vloggr_.(x)) pr)
dY, = (Y, + 2Vloggr_.(Y,))dt + V2dw,

J
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%) Denoising Diffusion Probabilistic Model

Assume y, ~ qr, consider the path measures Q and Py on

C([0,T]; R%) corresponding the following two diffusion
processes:

Qr:dY, = (Y, + 2V loggr_.(Y,))dt + V2dW,
P.:dY, = (Yt + 2s¢ (s, Ytk)) dt +V2dW, t € [ty, tisq]

KL[pey Il eyy] < KL[Qty, Il Pry ]

ks Lk+1
< z j Eq., |Is6 (ti ve,) — Vioggr_c(vo)||” dt
k=0 "tk
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%) Denoising Diffusion Probabilistic Model

A1l: score approximation:
N-1

> (teer = t)Eq, [156 (e 0) = Viogar_e, ()| < 62
k=0
A2: data has finite second moments, and Cov, (x) = I,

Wehave 0=ty <t; - <ty =T —1,and ty 1 — & <
kmin{1,T — t, ..}, then

KL|{pr Il pey| S 6% + dk®N + kdT + de™?T
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Probability Flow ODE

» Probability flow ODE

ay, . _
— =T, +s4(t, %)

High order schemes!
O(10) time steps, better efficiency!

— Exact solution

-o- 4th order Runge-Kutta

-o- 2nd order Runge-Kutta

-o- Explicit Euler (half step length)
204 - Explicit Euler

10




Probability Flow ODE

» High order ODE scheme

- (high order) Runge-Kutta scheme:
d?t — (?tk + So (tk, ?tk)) dt

- (high order) exponential integrator:
dYt — (?t + SQ (tk, Ytk)) dt

t € [ty tit1]

t € |ty trt1)
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Probability Flow ODE

» Previous theoretical study

ay, . _
— =T, +s4(t, %)

What is the difference between p;, and pr

- exponentially large bound depending on the time T.

- strong assumption on the data distribution, i.e. log concave.
- bad dependence on the dimension d.

- require control of the difference between the derivatives of the
true and approximate scores.
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Probability Flow ODE

(%) l&
& A
&) w
]
= -
o ~

1899

Assume p;, p; € C([0,T]; R%) n L1([0, T]; R%) solve the
following two continuity equations

0:pe(x) = V- (Up(x) pe(x))
0:pe(x) =V - (ﬁt(x)ﬁt(x))

Then, we have

[TV (pr, Pr) _T TV(po, Po)!
< %j;) f ‘V' ((Ut(x) — ﬁt(x))pt(x))‘ dx dt

28



Probability Flow ODE

- (Compact support ) The data distribution is compactly
supported on a compact set {x € R%:||x||. < D}

- (L? accurate score estimation)

T—-1
j Eg,_ llse(t,x) — Vlogqr_.(x)|[*dt < &7
0

- (Regularity of approximate score) sg(t, x) is L-Lipschitz. To
use p-th order Runge-Kunta method, we assume the first (p +
1)-th derivatives are bounded by L.

29



Probability Flow ODE

If p¢,, is the output of the probability flow ODE initialized
from NV (0, 1;) . Using p-th order Runge-Kunta method, with

uniform step size h = TT_T, leads to :
Tv(ptN' ﬁtN)

3 11 T
<e TdD+dT*(L +17%D3)262 + d(dh)P(LD)P*?! log;

initialization error  score matching error discretization error

- we only estimate the error up to the time T — 7 instead
of qo. The Wasserstein 2-distance between g, and g, =
Pty is bounded by O(t + d(7D)?).

- this gives an error bounds of O(dV§ + d(dh)P).
30



Numerical Verification

» Data distribution g,

5-mode Gaussian mixture in R¢.

> Artificial score matching errors (6(t,x) = s(t,x) — Vlogq;_.(x))

1
1. constant error: §(t,x) = 85
X—m

2. linear error: 6(t,x) = 6
X—m

3. sinusoidal error: §(t,x) = § sinx

where m is the mean of the Gaussian mixture; and sin x
applies to each entry.

» Configurations

second-order Heun’s method.
time T = 8, and initialize 4 x 10*particles from N°(0,1,).
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» Density evolution (kernel reconstruction)

—— reference —w= constant error —e~ linear error —-#=- sinusoidal error

t=28.0 t=4.0 t=2.0 t=1.0 t=0.0

20 A

score

-204,
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TV(q3, 0F)

— h?2

1071 E

1072 E

10°

Rel. mean error

10°
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Numerical Verification

> Total error (h? = §)

—_—0 constant error linear error sinusoidal error (d = 8)
_ 5 constant error linear error sinusoidal error (d = 32)
—_—0 =)= constant error =@= linear error -A= sinusoidal error (d = 128)
i 1
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- theoretic error bound of O(dV§ + d(dh)P).

- observed error bound : O(§ + hP). 2



Numerical Verification

> Total error (h? = §)

—_—0 constant error linear error sinusoidal error (d = 8)
_ 5 constant error linear error sinusoidal error (d = 32)
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