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1B B 59~ 77 A2 9] AR

> AR i o 75 A2 7] AL

L(x,u,a) =0 x€
B(x,u) =0 x € 0}

> X FE 42 A (surrogate model)

mAFHERN A ={a:D»R} U={uwDw»R} £
WBipi s A BB GT:A » U

AR - SATEARER Gy ~ GT R — AN 4G BE 5 49
A

AT M4 REEA G~ Gl
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» Darcy 7 #2

-V (a(x)Vp) = f(x), x€D
p(x) =0 x € 0D

Grrawp

d
12

10
8

.
O

0.005
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> 1% 2 B4R ey m 4t (Zhua 2018)

1 12
_I_ ne 0.010
g -a=p > 0.5 S
6 0.005
TS | 4
0 0.5 1
X
~ X ~ X
f1:d € R 5 5 € R™ ™y
p
1 12
H 0.010
> 0.5 8
. 0.005
y
0
0 0.5 1
X X
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B ARAE

Result
l I
| [ 2
4|09 =7
5| 6
2| 4
5|6 |5 4|78+ Parameters:
— Size: f=3 = «l+
S| 71719 2|1 #channels: n,=3 ~ M+
— Stride: s=1 *
St Padding: p=o0
n,xn,xn.= 6x6x3
‘(’ N2 .
» T &4 & (Pooling layer)
Max(1, 1,5,6)=6
Effect of using a stride of 2.
AT 2] 4
max pool with 2x2 filters 6 8
ide 2
\5 6/ 7|8 and stride
3 | 2 NG 3|4
1| 2 S

We do the pooling with 2x2 filters, so we will devide an input image on

2x2 regions, and we will use a stride of 2.
Because we are using a stride of 2, these regions don't overlap.



/ \Y
Z Y 1 o
2 s ls ‘ ]»lﬁl’ S
- | 2
1 =]
1

Clhssifier

IH

@
-
]
-

- . e o EE EEE N M R BN MmN M S SEm M S S M R S M e

-

____________________________________



b 22 ) 4

Fig. 4. Result on the ISBI cell tracking challenge. (a) part of an input image of the
“PhC-U373” data set. (b) Segmentation result (cyan mask) with manual ground truth
(yellow border) (c) input image of the “DIC-HeLa” data set. (d) Segmentation result
(random colored masks) with manual ground truth (yellow border).



B ARAT 22 W 4

» Darcy 7 #2

-V (a(x)Vp) = f(x), x€D
p(x) =0 x € 0D

Gtrapp
fT: = Rnxxny = ﬁ = Rnxxny

gT

A > U
¢u¢ !ﬁ qu
R - R™

AL LT
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> Darcy 5 42
=V-(a(x)Vp) = f(x), x€D

p(x) =0 x € dD
GTiawp
fl:d e R  p € Ry 1% 4w Fully Convolutional
I e I o Neural Netwotrk (FCN)
o 3% U-Net 4% 4 3 #
" d B LA 69 A 22 W %77 3%
2 X T R 65 B K,
kd ¢ ho R R P 425
(todm BB RA) Ao
N RS FEMKEE
50 100 200 300 400 FEE
Resolution
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> K AnAb 2 K 4%

> A%
- PCA Net
W T
- R E 2 E F(DeepONet)
- Transformer
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> i 4%

% %, (function) : R™ » R™
SLMERZE x> Ax+ Db
R EHERHEK x o o(x)

> i HF
B F(operator) : A » U
A ={a:D » R} U = {u:D » R}

o H T
a(x) » f k(x,y)a(y)dy + b(x), b(x) =wa(x) + b

S ERE alx) - a(alx))

12



> Mok AL

iiz’%}g;ly:[lpl ¢2 ...... l/)l]
se1E : A e R

k(x,y) = P(x)AY (y)"
> S E T

a(x) o f (%, y)a(y)dy + b(x)
. f P () AP () a()dy + b(x)

- w(0)A f W ()T a(y)dy + b(x)

13



PCA# 2 ] %

» PCA-Net(Hesthaven 2018, Bhattachary 2021)
d.g dy

a(x) = Z ai(x)  u() = ) 2i(x)

i=1
{Yi } ﬁ‘? {d’]} 25 S i N et R 089 FRR,
m%imix\%M%A%aw%$¢ﬁ@o

f
A g > U

A el

Rd‘ﬂ > Rd‘u

14



PCA# % F %

FAFUA FZ A RABFFZ R > % uR—[e AL E N
B Bt R Eqyllall* <o o BiEss GT:A - Uk
4y Lipschitz 4 o 22 d 4fedqy > I 4EPEEn > %
£ K e >0 A& BAAPCAM 2 W %Gy ith X

Eag-pEanll6T(@ = Go (@)
e [

d d .
< C(e? + TA + RH(Vg ) + Tu + Rg#“(Vdu))
7N \
A R 4 %2 ) 9 7% / x .
2% W %77 e ig L AAEE R 5 AFeU%E ]
Z 1 b E R EE

BBHEE  RVWV) = Epullf — Oy fII12 s



> P4 R A% F AKX
kK(x,y) =x(x—y)

() = ) Ree?KT () = [2F] A = diag{#)
> 5 et X HEF
a(x) f <(x,y)a(y)dy + b(x)

= [ k(e = yaG)dy + b(x)

= ) iyl 2™ 4 b(x)
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Fourier Filters
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> 142t &

f(a) = h(wa+ b+ F 1AFa)
FAn F~L A48 Z ot 4 Befotl 2ot 35 4

w,b € R

Ay 5t A 48 1% diag{Ky)
h A 3% & 69 8 & % 2L

a

> 0.5

0.010

0.005
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fa)=h(Wa+ b+ F 1AFa)
Fha F~1 A48 2ot T i fo i B ot 38 & 0
W e RY™ %, p € R%
A i3k 3t /5 45 1 diag{A; € CU74)

h 7y 3% & &) BLE R A
Fa, = [aP]  [aP ) max”
AF(@(€)) =4, Ay ------ Akeax
~(1) ~(2) ~(Kmax)
“ay ap ay

19



> A5 E vt &
L 9] A JE A A e o 48 A AN R & (padding)

0.010

0.005
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22 G
ZA4T
@—> Fourier layer 1 4){Fourier layer 2— @ @ @ —»|Fourierlayer T

L. Fourier layer

s+ ¢ (lifting) & F P: {D » R} - {D —» R%}
P:a -» Wa+ b, W e RY*1 p € RY

& % (projection) & F Q: {D - ]Rdf} - {D - R}
Q:a->W@Bg(WDa + pD) + p@),
W@ e RdourXds p(1) € Rdoutr | (2) ¢ R1Xdout p(2) € R

21



> Darcy 7 #2

-V (a(x)Vp) = f(x),

p(x) =0

gTzaHp
ftia e R o p € R

Test error

X €D

10—1 | -—e-- FCN —————————— °
+«-- FNO e
/p'//
dl
10-2 | *momeemee- A e . -
i ! ‘ |
50 100 200 300 400

Resolution

x € dD

12 et Ab 2 5§ & &
72 8] Loy mt gy > 5 A%
BRA KL > B bR A A
FRAFRMRIEET
73:.; o
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> 248 KX VT Jk 45 Navier-Stokes 7 #2

Initial Condition  Ground Truth Prediction
R |

N |
Case 1- : :

.

Case 2 | ‘
e

1N

W
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ER-A0 98- SR o

Ha L&y e B 3% % £ (spherical harmonics) © © © & O

% RUE AL : )k (wavelet) JJ\F 4\/\%

MEHE 5 3] FRJROF K
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B 2% 2 F(DEEPONET)

» PCA-Net (Hesthaven 2018, Bhattachary 2021)
dg dy

ax) = Z A u@ = ) @)

=1
Y} %%@} 5 S N ey R B0 R
m%i&ix\%M%A%$W%%¢ﬁ@o
> KB A% H F(Deep Operator Networks)

d.g dy
a@® =) ai(x)  ul) = ) AN @M (x)
1=1 1=1

ﬁ' o % W % -(branch network)
CI’S{V F F M % (trunk network)

R i A o 47 .



7B A0 22 B F(DEEPONET)

> R A% B F(Deep Operator Networks)

FHAEFRIC : a(x) » ad = [a(xq), a(xy), - alxy)]
DeepONet : a(-) » u(-) = X b;(A)¢t;(+)

b; : 4 % W %-(branch network)

t; : £ -F M % (trunk network)

a(x1) /
a(xm) \@
®—> u(x)
@
(®
X —| Trunk net <'
N\,
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TRANSFORMER

x5 51 Huh) (Attention)

AL B KA (encoder states)  Xxq,Xp,, Xy € R€
i rL 28k A (decoder states) h € R°

R
f =<x1,h>x1 +< xz,h>x2++< xn;h>xn

A AL B RS Fe LIRS G948 KM
score(h, x;)

EBE A E
exp(score(h, xl-))

"t exp(score(h, xl-))

s f = agxg tagxy + o+ agxy

27



TRANSFORMER

> B =& 5 puh) (Attention)

éﬁ?]ﬂ] ES ']/J'\Z} <€ﬁCOd€r states) X1, X2, ,Xn € R€

% 14) (query): q; = Wix; (W9 € R™*¢)
gt (key): k; = Wkx, (Wwk e Rmxc)
18 (value): v; = WVx; (WY € R™XC)
#8 % M (alignment\score):
o = q; " kj oo exp(el-j)
Y \/TTl Y Z;‘l’zl eXp(eijr)

B

n
Attention(q, k,v); = 2 a;jv;

j=1

=< qi, k1 >v1 +<qi ky > v+ +< qi, ky > v
28



TRANSFORMER

> B =& 5 puh) (Attention)

3% 0k A (encoder states)
a = [aly a2)°”1aC]: D - RC

2 14 (query):

qg=W%% (W1 € R™¢). D> R™
gt (key):

k=Wka (WK eR™: D—R™
184 (value):

v=Wv% (WY eR™): D—>RM™

HE AN S 2 ) 89 AE
a(x;) = a1 (x;), az(x;), -, ac(x;)]

a(x;) = [a1(x;), az(xj), -+, ac(x;)] N



TRANSFORMER

> B =& 5 puh) (Attention)
#8 % P (alignment\score):

. q(x;) - k(xj) — exp(e;;)
L] \/’771 L] Z?Ilzl exp(eijr)
W
N
u(x;) = Attention(q, k,v); = 2 a;jv(x;)
j=1

=< q;, k1 >v1+< qj, ko >0+ - +< qi, kg > vy

exp(q(x) - k(y)/m)
[ exp(q(x) - k(z)/ym)dz
\

% # &, 30

u(x) = v(y)dy



> AP E R T
- xFF— 2k B AL 4% 5 2L > A5 A TR
- E 2 R HIED S
- A8 Sk B
- MR T AHE (9 N &IE)

31



> 52 K

ETF 542 WM%&egRIEAEAR © Zhu, Yinhao, and Nicholas Zabaras. "Bayesian
deep convolutional encoder — decoder networks for surrogate modeling and
uncertainty quantification." Journal of Computational Physics 366 (2018): 415-447.

& 2 U-net & L& : Ronneberger, Olaf, Philipp Fischer, and Thomas Brox. "U-net:
Convolutional networks for biomedical image segmentation." In Medical image
computing and computer-assisted intervention — MICCAI 2015: 18th international
conference, Munich, Germany, October 5-9, 2015, proceedings, part I1I 18, pp. 234-
241. Springer International Publishing, 2015.

& PCA-Net 89 L¥ : Hesthaven, Jan S., and Stefano Ubbiali. "Non-intrusive
reduced order modeling of nonlinear problems using neural networks." Journal of
Computational Physics 363 (2018): 55-78.

o #r PCA-Net &) X 3 : Bhattacharya, Kaushik, Bamdad Hosseini, Nikola B.
Kovachki, and Andrew M. Stuart. "Model reduction and neural networks for

parametric PDEs." The SMAI journal of computational mathematics 7 (2021): 121-
157.

32



& FNO#) L% : Li, Zongyi, Nikola Kovachki, Kamyar Azizzadenesheli, Burigede
Liu, Kaushik Bhattacharya, Andrew Stuart, and Anima Anandkumat. "Fourier neural

operatot for parametric partial differential equations." arXiv preprint
arXiv:2010.08895 (2020).

F 2% % R R 89 SLE @ Bonev, Boris, Thorsten Kurth, Christian Hundt, Jaideep
Pathak, Maximilian Baust, Karthik Kashinath, and Anima Anandkumat. "Spherical
fourier neural operators: Learning stable dynamics on the sphere." In International

conference on machine learning, pp. 2806-2823. PM LR, 2023.

AR 89 L ¢ Gupta, Gaurav, Xiongye Xiao, and Paul Bogdan.
"Multiwavelet-based operator learning for differential equations." Advances in neural
information processing systems 34 (2021): 24048-240062.

£ & DeepONet#) X & : Lu, Lu, Pengzhan Jin, Guofei Pang, Zhongqiang Zhang, and
George Em Karniadakis. "Learning nonlinear operators via DeepONet based on the

universal approximation theorem of operators." Nature machine intelligence 3, no. 3
(2021): 218-229.

33



