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Definition 0.1. We say that an L-sentence ¢ is valid if it is true in every L-
structure.

Example 0.2. Check that the following are valid:
(1) Va(x = z).
(2) Let o(x) be an L-formula with one free variable . Then Vzp(z) —
Yye(x|y) is valid where p(z|y) is the formula where each free occurrence of
z is replaced by a new variable y which does not appear in ¢(x).

Definition 0.3 (Model Theorist’s Proof System). Let ¥ be an L-theory. Then
3 F ¢ if and only if there exists 61, ..., 0, a finite sequence of L-sentences such that
0, = ¢ and for each i < n, either

(1) 0; is valid.

(3) (Modus Ponens) There exists k,j < 4 such that §; = — 6; and 0 = 1.

Definition 0.4. We say that ¥ is consistent if there exists some L-sentence ¢ such
that X I .

Proposition 0.5. The following are equivalent.
(1) ¥ is inconsistent.
(2) For every L-sentence @, X+ p A —p.
(8) There exists an L-sentence @ such that X F ¢ A —p.

Proof. Similar to propositional logic. O

1. BASICS OF PROOFS

Definition 1.1. We say that ¥ is maximally consistent if ¥ is consistent and for
any ¥’ D X, X' is inconsistent.

Lemma 1.2. Assume that T' F ¢ and ¢ is a constant symbol which occurs in no
sentence in I'.  Suppose that y is a variable which does not occur in @. Then
T+ Vyp(cly) where o(cly) is the formula constructed by replacing every occurrence
of the constant ¢ with the variable y. Moreover, there is a proof of Yyp(cly) from
I' where ¢ does not occur.

Proof Sketch. Let 601, ...,0, be a proof of ¢ from I'. Let y be a variable which does
not occur in any of the ;’s. We claim that Yy6i(cly), ..., YyO,(cly) is a proof of

Vyp(cly)- O
Lemma 1.3. [Deduction Theorem] If T U{¢}F ¢, then T ¢ — .

Lemma 1.4. If T is consistent and I' U {4} is inconsistent, then T' b —p.
1



2 KYLE GANNON

Proof. Assume the above. Since T' U {¢} is inconsistent, T' U {¢} F ¢ A = for
some/any L-sentence ¢. By the deduction theorem, I' -9 — @ A —p. Let 04, ...,0,
be a proof of ¥ — ¢ A = from I'. Claim: (¢ — ¢ A =) — —) is valid. So,
01y .es 0y (Y — @ A=), =1 is a proof of =2 from T |

Lemma 1.5 (Lindenbaum’s Theorem). If ¥ is a consistent L-theory, then 3T such
that T’ O % and T' is maximally consistent.

Proof. Zorn’s lemma, almost identical to propositional logic. ([l

2. BUILDING MODELS

Definition 2.1. Let ¥ be a set of L-sentences. Let C be a subset of the constant
symbols in £. We say that C' is a set of witnesses for ¥ in £ if and only if for every
formula ¢ with at most one free variable, say x, there exists a constant symbol
c € C such that

S F 3zp — o(z|c)
where ¢(z|c) is the sentence where each free instance of z is replaced by c.

Lemma 2.2. Let X be a consistent set of L-sentences. Let C be a set of new
constant symbols such that |C| = |N| if |L] is finite or countable and |C| = |L]
otherwise. Let L = LU C. Then there exists &, an L-theory such that

(1) TDO .

(2) ¥ is consistent.

(3) ¥ has witnesses in L, namely C.

Proof. We prove the countable case. Suppose that |£| < |N|. Let C' = {k; : i € N}.
Check that |{¢ : ¢ is an L-formula }| = |N|. Hence |{¢|p is an £-formula with at
most one free variable}| = |N|. Enumerate this set, ¢1, p2,.... We now construct
3.

(1) Step 1: Let ¥y = X.

(2) Step m + 1: Suppose that we have constructed 3,,. We let

Ynt1 = Zn U {3zi0; — @i(xildi)}

where z; is the free variable which occurs in ¢; (if no free variable occurs, we
treat x; simply as vg). We let d; be the first constant symbol in ko, k1, ka, ...
which does not occur in X,,.
(3) Let ¥ = UiEN EZ
Notice that

(1) = CX.

(2) By construction, 3 has a set of witnesses in L.

(3) We need to check that ¥ is consistent. Suppose not. Since proofs are
finitary, there exists some j such that X, is inconsistent. Let j be the
small ¥; such that X; is inconsistent. So, ¥;_; is consistent and X; =
Y,_1U{3z;0; = @;(xj]d;)} is inconsistent. By Lemma 1.4, we have that

Yj-1 F=Czi05 — @j(z4ld)))
and so one can check,

Yj-1kJzie; A—pj(zldy))
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and so by Lemma 1.2,

Ej-1 EVy(3zi5 A —pi(y))
and so one can check,

Ej—1 b3z AVY(—e;(y))
and so one can check,

i1k 3zi0; A —3ye;(y))
and so one can check,
Ej—l l_ E'l’ngj A _‘HZL']QDJ(MI‘]))
Hence ¥;_; is inconsistent, a contradiction.

Therefore, & has the appropriate properties. (I

Definition 2.3 (Equivalence relations). Suppose that X is a set. An equivalence
relation ~ on X is a relation such that

(1) For every x € X, z ~ x.

(2) For every z,y € X, if x ~ y, then y ~ x.

(3) For every z,y,z € X, if x ~y and y ~ z, then = ~ 2.
If X is a set and ~ is an equivalence relation on X, welet £ = {y € X : z ~ y}. &
is called the equivalence class of z. Finally, X/ ~={Z: 2z € X}.

Lemma 2.4. Let X be a consistent set of L-sentences. Suppose that C is a set of
witnesses for ¥ in L. Then there exists M such that M = X.

Proof. By Lindenbaum’s theorem, there exists I' such that ¥ C T" and I' is max-
imally consistent. Note that C' is a set of witnesses for I in £. We define an
equivalence relation ~ on C as follows; For any a,b € C, we say that a ~ b if and
onlyifa=beT. Welet A= {¢:ce€ C}. We now build a model of I'. We let
M = (4;...). We now need to give interpretations to relation symbols, constant
symbols, and function symbols.
(1) Suppose that R is an n-ary relation symbol in £. We let (¢, ..., é,) € RM
if and only if R(cy,...,c,) € T. This is well-defined since R(cy, ...,cn) A
/\?21 C; = di — R(dl, ceey dn) is valid.
(2) Suppose that e is a constant symbol in £. Then Jvg(e = wvp) is valid and
so I', ¥ F Jup(e = vg). Then ‘e = vy’ is a formula with one free variable.
Since C is a set of witnesses for I', there exists some ¢ € C such that

LY FJu(e=v9) me=c

Hence e = ¢ € T for some ¢ € C. We let e = & and claim that this is
well-defined.
(3) Suppose that f is an n-ary function symbol in L. Let c¢1,...,¢, € C. Then
' F Jue(f(er,...,en) = vg) and since C is a set of witnesses for T', ' F
flei,y...,cn) = c for some ¢ € C. We let fM(éy,...,é,) = &, if and only if
f(e1,.ooyen) = e € T and claim that this is also well-defined.
We now argue that M | T'. Everything is more or less straightforward. The base
case follows via construction and A, - are as usual downhill proofs. We prove the
case with quantifiers via induction. We let Q(¢) be the number of quantifiers in 1.
We suppose that if Q(v)) < n, then M | ¢ if and only if ¢ € T'. Let ¢ = Jz1¢) and
Q) =n.
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Suppose that M = ¢. Then M = Jxi). So, there exists some ¢ € A such that
M = ¢[s] where s(z) = é. Hence M = ¢ (x|c) where 1(z|c) is obtained by replacing
each free occurrence of x with the constant symbol c¢. By our induction hypothesis,
¥(zlc) € T. Since ¥(z|c) — Jz1p is valid, we conclude that T' F Jze) and since T is
maximally consistent, Jzvy € T.

Suppose that ¢ € T'. Recall that T has witnesses in C. Hence I' - Jxyp — 9 (z|c)
for some ¢ € C. Since T' is maximal, I' - ¥ (z|c). By our induction hypothesis,
M = ¢(z|c) and hence M |= Jx.

We conclude that the structure M is a model of T'. (]

Theorem 2.5 (Completeness Theorem). Let ¥ be an L-theory. 3 is consistent if
and only if ¥ is satisfiable.

Proof. Satisfiable (=) consistent since “Models respect deductions”. We show that
consistent (=) satisfiable. Consider £ = LU C where |C| is countable if |£] is finite
or countable, otherwise, we take |C| = |£]. Let ¥ be an L-theory such that

(1) To .

(2) ¥ is conisistent.

(3) X has a set of witnesses in C.
Then IM, an L-structure such that M = Y. Let M, be the L-structure obtained
by forgetting about the new constant symbols. Then M, = X. O

Theorem 2.6 (Compactness Theorem). X is satisfiable if and only if X is finitely
satisfiable. In other words, AM such that M |= 3 if and only if for any Lo C finite 2,
there exists My such that My = Xo.

Proof. Homework/Same as the proof as in propositional logic (from the complete-
ness theorem). O

3. CATEGORICITY

Definition 3.1. Let X be a set. We say that X is countable if there exists a
bijection f : X — N. We also write |X| = Xy to mean this. If x is any cardinal,
we say that X has size x if there exists a bijection f : X — k (and again, write
| X[ = r).

Definition 3.2. Let ¥ be an L-theory. We say that ¥ is k-categorical if for any
My, My E X, |[My| = |M3] =k = M; =2 M,. We say that ¥ is countably
categorical if 3 is Nyp-categorical.

Definition 3.3. We say that ¥ is complete if
(1) X is consistent.
(2) For any L-sentence ¢, either ¥ F ¢ (exclusively) or ¥ F —¢

Example 3.4. Let M be an L-structure. Then Thy(M) = {¢ : M = ¢} is a
complete L-theory.



