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1. QUANTIFIER ELIMINATION

Definition 1.1. Let T be an L-theory. T admits quantifier elimination if for any
formula ¢(x1, ..., z,,), there exists a quantifier free formula ¢, (21, ..., z,) such that
T FVzi. Ve, (21, ..., 2n) < Yo(z1, ..., T0)).

Definition 1.2. A literal is an atomic formula or the negation of an atomic formula.

Fact 1.3. LetT be an L-theory and w(xl, .y Tp) be a quantifier free formula. Then
P21, ..., k) s equivalent to \/_, /\J L, a, where each oy is a literal.

Lemma 1.4. Let T be an L-theory. Suppose that for every quantifier free formula
V(X Y1, .., Yn) of the form (a1 A ... A auy) where each «; is a literal, there exists a
quantifier free formula Yy, (y1, ..., yn) such that T F Vyi, ..., yn(3ze(z, y1, ..., Yn) <
VoY1, -, Yn)). Then T admits quantifier elimination.

Proof. We want to show that all formulas are equivalent to quantifier free formulas,
given the hypothesis above. Base Case: Every atomic formula is equivalent to a
quantifier free formula (namely itself).

Induction Hypothesis: Suppose that 6(z1, ..., z,) and x(z1,...,z,) are formulas
such that
ThEVr. Ve, (0(x1, ..y xn) € Yo(X1, .00y X)),
and,
T E Ve Ve, (x(x1, .., Tn) < Uy (21, .., Tp))
where 19 and v, are quantifier free.

Induction step:
1. Negation: —0(xy, ..., x,) is equivalent to —g(x1,...,2y,).
2. Conjunction: 0(x1, ..., zn)AX(21, ..., ) is equivalent to g (x1, ..., zn) Ay (1, ...

3. Existential quantification: Consider 3z16(z1, ..., ;). Notice that

(a) (b)
31819(371,...,.%“) = Exlwg(xl,...7 = 3.%‘1 \/ /\ Qj,

i=17;,=1

my
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We provide the following details/justifications:
(a) Induction hypothesis.
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b) Fact 1.3, ¥g(x1, ..., x,) is equivalent to * . a;, where each «; is a literal.
i=11\g; 1 Ji
(¢) Existential quantification commutes with disjunction.
(d) By our assumption, 3z /\;":11 «; is equivalent to ; where ~; is a quantifier free
formula. U

Proposition 1.5. Suppose M is a substructure of N. For any quantifier-free for-
mula, p(x1,...,2,) and ay,...,a, € M, M = p(aq,...,a,) < N E p(a1,...,a,).

Proof. For any term t = t(x1, ..., x,) where the variable of ¢ are among {1, ..., z, },
we let tM(ay, ..., a,) be the unique element in M given by plugging a; in for z; for
each variable in t. We claim that tM (a1, ...,a,) =t (a4, ..., a,) for any a1, ...,a, €
M.
(1) If t is z, then t"(a) = a =tV (a).
(2) If tis ¢, then ¢M = ¢V (by substructure).
(3) Suppose that t1, ..., t, are terms and tM (a4, ...,a,) =t (ay, ..., a,,) for each
i <m. Let f be an m-ary function and consider t = f(t1, ..., tm ) (X1, ..o, Tp)-
Then

tM(al,...,an) = fM(tiw(al, ...,an),...,tnj‘f(al,...,an))
= Nt (ay, ... an), s tM(ay, ... an))

= fN(t{V(al, ey Q) ...,t,],vl(al, vy Qp)) = tN(al, ey Q)

where the second equality follows from the definition of substructure.

Base Case: Let p(z1, ..., ,,) be an atomic formula. So ¢(x1, ..., 2y ) 18 R(t1, .., tm) (T1, -

Now
M ':sa(alv an) — M ':R(t17"'7tm)(a15"'7 )
= (a1, an), .., tM(ay,...,a,)) € RM
= (tM(ay,...,an), ..t (a1, ...,a,)) € RN

— (tN(a1,...,an),....,tN(a1,...,a,)) € RN
< N ER(t1,....tm)(a1, ..., an) <= N = p(ay,...,an).

Induction Hypothesis: Suppose that (x4, ...,z,) and x(z1,...,2,) are quantifier
free formulas such that for any ai,..,a, € M, M | 6(ay,...,a,) < N |
O(ay,...,a,) and M E x(a1,....,a,) < N E x(a1, ..., an).

Induction Step: Need to check only negation and conjunction. Both cases are
straightforward. O

Theorem 1.6. Suppose that M, N =T, M is a substructure of N and T admits
quantifier elimination. Then M < N.

Proof. Fix a formula ¢(x1,...,2,) and ay,...,a, € M. By quantifier elimination,
we have that T F Vai,...,2,(p(Z) <> 9y (Z)) where 1, () is quantifier free. Then
we have that
N Eo(ar,....,an) = N E=vY,(a1, ..., an)
= M E=1y(a,...,a,)
= M E ¢(ay,...,an),

where the first and third implication follows from the fact that N, M = T. The
second implication follows from the fact that M is a substructure of N. O
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Example 1.7. Let T be the theory of dense linear orderings without endpoints in
the language £ = {<}. Then T admits quantifier elimination.

Proof. Consider the formula ¢ which is J3z(51 A ... A B,) where each j; is a literal.
Notice that each atomic formula is of the form v = v or u < v.

(1)

(2)

Negation elimination:

(a) If B; = ~(u < v), replace with (u =v) V (v < u).

(b) If B; = =(u = v), replace with (u < v) V (v < u).

(check): After replacing the f3;’s above, we can rewrite 3z(51 A ... A )

as Az \/]_, /\Z:1 a;, where each «;; is an atomic formula. This formula is
equivalent to \/;_; 3z(A]'Z, ;). Hence it suffices to show that 3z(A;, a;;)
is equivalent to a quantifier free formula.

Let v; = (/\;TZ:1 a;;). By the previous bullet, it suffices to show that 3z,
is equivalent to a quantifier free formula. We re-index v and write it simply
as A\~ «;. We now give an algorithm to convert v to a quantifier free
formula.

(a) Check each a;: If a; is of the form x = x, we can remove it. Then
move to the next step.

(b) Check each ;. If o; does does not contain z, we can move it outside
the quantifier. If no «; contains x, we can simply remove the quantifier
and return “finished”. If we are not finished, move to the next step.

(c) Check each «;: If there exists «; of the form z = y, we can replace
every instance of x in v; with y and return “finished”. If we are not
finished, move to the next step.

(d) After doing the above, the remaining literals under the scope of our
quantifier are of the form x < z, y < z and = < y.

(i) If there exists some «; which is of the form x < x, we replace
y With. /\yeF(’y) y # y where F(v) are the free variables which
occur in .

(i) We are left with the case where v = An A 3z(A\;c, v < 2 A
Ni<r* < y1) where 7 is a collection of atomic formulas with-
out any instance of x (this is the portion we move outside the
quantifier from step (b)). We claim that

Jey= Aon( N\ vi<w)

JStI<k

Theorem 1.8. (Q;<) < (R;<).

Proof. Both (Q; <) and (R; <) are models of DLO, DLO admits quantifier elim-
ination, and (Q, <) is a substructure of (R <). Hence (Q, <) is an elementary
substructure of (R, <). O

Example 1.9. Let £ = {+,0}, M = (Z,+,0) with the standard interpretations
and T' = Thy(M). T does not admit quantifier elimination.



