
HOMEWORK 8 - DUE MAY 21ST, IN CLASS.

Exercise 0.1. Do not turn in: Prove that ACF0 admits quantifier elimination.

Exercise 0.2. Prove that ACF0 is strongly minimal.

Exercise 0.3. Suppose that RM(ψ(x)) = ∞. Prove that there exists ψ1(x) and
ψ2(x) such that

(1) ψ1(x) ⊆ ψ(x), ψ2(x) ⊆ ψ(x).
(2) ψ1(x) ∩ ψ2(x) = ∅.
(3) RM(ψ1(x)) = RM(ψ2(x)) =∞.

Definition 0.4. Let ϕ(x, y) be a formula in Lxy(M). We say that ϕ(x, y) is “k-
stable relative toM” if there does not exists finite sequences (ai)1≤i≤k and (bj)1≤j≤k
such that

M |= ϕ(ai, bj) ⇐⇒ i ≤ j.
Exercise 0.5. Let M ≺ U and ϕ(x, y) ∈ Lxy(M) and U is a monster model. Prove
the following:

(1) If ϕ(x, y) is k-stable relative to M , then ϕ(x, y) is k-stable relative to U .
(2) If ϕ(x, y) ∈ Lxy(∅), and ϕ(x, y) is k-stable to some model of M , then ϕ(x, y)

is k-stable relative to any model of ThL(M).
(3) If ϕ(x, y) is not stable relative to M , then there exists (ai)i<ω and (bj)j<ω

in U such that
U |= ϕ(ai, bj) ⇐⇒ i < j.

Example 0.6. Determine whether the following formulas are stable. If yes, find
the smallest k such that the formula is k-stable.

(1) ϕ(x, y) := ∃z(x · z = y) in (Z; ·).
(2) ϕ(x, y) := ∃z(x · z = y) in (R; ·).
(3) ϕ(x, y) := ∃z(x− y = z · z) in (R; +, ·,−).
(4) ϕ(x, y) := ∃z(x− y = z · z) in (C; +, ·,−).

Exercise 0.7. Let [Z]n be the collection of unordered subsets of Z with precisely n
elements. Consider the relation R where for A1, A2 ∈ [Z]n, we have that [Z]n |=
R(A1, A2) if and only if A1 ∩A2 6= ∅. Is the formula R(x, y) stable?

What about the same formula defined in the structure [Z]ω?

Exercise 0.8. Consider X = [0, 1] as a topological space. Let Hom(X) be the
collection of homeomorphisms from X to itself. Find a formula in the language
Lgrp which is unstable.

Exercise 0.9. Let K be any field and consider the formula

ϕ(x1, x2, x3, x4, y1, y2, y3, y4) := det

([
x1 x2
x3 x4

] [
y1 y2
y3 y4

])
6= 0.

Argue that

(1) The formula is definable.
(2) The formula is stable.
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