
 

Introductiontomodular curves andSiegelmodularvarieties

1 Adelicdescriptionofmodularair

Let N34 consider h N 9 CSh Z Nlc N d i

Thenthemodular curve is Yi N e p Nth whereG ZEE Im t o

LetAf finiteadelesofIQ
theoremThereis an isomorphism
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In general if G is a simplyconnectedsimplegroupover anumberfield F
and v is aplanof F s t G Fv isnotcompact
then G F isdense in GHEILadelesawayfromv
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Remart 9Thisargumentneedtheclassgroupof 2 tobetrivial

ProofofheoremII Consider Ghia tht Gk Att pin
ByCor everycosetcanberepresentedby z D E ft x Gb Atf
Theambiguitylies in MTN GHQ nTIN f Ebd cGb 2 I NIe i d
Sothattheabovedoublecoset is FINAL
Sbl2 hasindex2 in Gk 2 as det Gk I 2E ft
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2 Moduli interpretations

Recall Anellipticcurve E over E takestheformof E Q Est 12 It
ButTEJ is uniquelydetermineduptotheactionofslate

Theorem2 AssumeN 4 Yi N isthemodulispaceofellipticcurveswith an Ntorsionpoint
that is thereexists Eun universalelliptic awe ftp.hfezrtfonrthmeang.bffteweinlles.ee In
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Yi N y an embeddingofgroupscheme

s t forevery E schemes togetherwithan ellipticcurve E Is a an embedding i 74NasueIN
thereexists auniquemorphism a S i Y s t E aEminand i a imir
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Then keyvariesholomorphically as a mores
Then E quotientofthefamilybytheh N cutin D

Willgivea slightlydifferentapproachtogettheadeliaparametrization
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Claim If Ela is anellipticcurve giving anembedding i 74Nz s ECN isequivalentto
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Proof Note I E EIN Stabilizerof i ispreciselyRTN
Bernanke Language issue If E is over a localnoetherianQ schemes wewillneedtotake

a H S s stable TIN orbitof isomorphisms E

Or in afancierlanguage Isom E T E is an etaleGL E torsor
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a level N structure is a sectionof Isom Ea TE r.TN
AnotherproofofTheorem 1
Let E i be an ellipticcurve over1Cwith anembedding i 74Na EEN

Asabove I correspondsto a TIN orbitof isomorphismsy 72
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Theelliptic une Ele hasthreefeatures
Bettihomology Hite e
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TheoremIThere is a bijection Yi n E GH tht GkAthyn
Proof Startingwith E y We choose an isomorphism p H Ela Q Q02

Then we can construct elements in GkAg and tj as follows
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gives anelement ee P e canprovethat itdoesnotbelongtoB

So weget Ey mo t.gg CGtxGk Ag
Thisassociationdepends on choiceofy intheFIN orbit ggmodTIN

choiceofisomp if p hop then
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Puttingthesetogethergives amapYinka old IS GkAflhits
Conversely given T.gg Eff Gk Ag
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EI checkthatthefiltrationcorrespondsto e

gf gives a naturalIsom AI e HETEe Ag byinvertingthearguentabove
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Hg is a subgroupof Ee
Set E E IG thenthequasi isogeny
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Eg iswhatweneeded D

3 Moduliproblems over Q andIcp
BlackBoxTheorem AssumeN34

ThefunctorMaSahib
we

Sets
isomclassesof E.g Eellipticcurve Is

S M S OneachconnectedcomponentofS fixingageometricpoint5

y FIE is a I S s stableTIN orbitof
is representableby a

Geometrically

connected smooth ame y N over
isomorphism
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Remarks This isequivalenttotheearliermoduliproblembutwe caneasilymodifyFTDto any

opencompartsubgroupK E GK E Exercise ReformulatethemoduliproblemforKeGHg
But one needstobecarefulwhentalkingaboutintegralversions

Letpbe a prime
number

Icp localizationatCp ICP Tef If AIM 724 zQ
LetKPE GkTEP be an opencompactsubgroup

K GbZp KP so nolevel p
Candefine a functor Mkp Schleif Sets

isomclassesof Eg Eellipticcurve Is
S M S OneachconnectedcomponentofS fixingageometricpoint5

y
724 FEI is a a s s stableKPorbitofisoms

It is represented by a schemesmooth over74ps

4 Siegelmodulispace

Fix V I 28 0 Rei togetherwith a symplecticform

1 1 V V i 2 givenbymatrix fEg
G Gsp v GSpg isthegroupsitforevery2 algebra S

GSpg S theGhg s c e 5 thxhyf chxy foreveryxyE V I
1 Spag

GSpg
c Gm 1

Fix anopencompactsubgroupK EGSpgE
theorem Mumford Forksufficientlysmall thefollowingfunctor
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A Xy A is anabelianvarietyover S

X A Au is a principalpolarization
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7 2 7 A is a S 5 stableKorbitofisoms

sit VE x Vz 7,4 forsomeCEE

A x A T.IN
is representableby a smoothvariety Shk G over IQ

Now weexplaintheterms

EveryabelianvarietyA has a dualabelianvarietyAV
Given a polarization 1 A Au we get

A n xACn Afn xAhn a
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Takingtheinverselimit TTA x'TA fifth ICD
but724 is non canonicallyisomorphicto72 hencethesimilitudefactor c
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Hodgefiltration 0 Waye HIYA1a tiene 10

115

Hi Ala 2 za
Mumford'sAVbook If wewriteA EMA for a lattice then
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Principalpolarization X is perfect inducing A Homla 2
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upto11Togetthecomplexuniformization choose an isom
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Then
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giesA R a complexstatureA R
SoHodgefiltration a complexstructure on A IR
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