
 

ShimuravarietiesofPELtype dapres Kottwitz

Goat DefineintegralmodelofShimuravarietiesofPEhtype via moduliproblem

Shimuravarietiesof PEL type
P polarization 1 A A
E endomorphism B End A Q
L levelstructure

Let F be a CM field complexconj on F F't F
or totallyreal field id on F F F

Let B be a simplealg over QwithcenterF e g a divisionalgebra over F

a positiveinvolution on B s t ab b a EidB
tf is the above

Definition Lemma is apositiveinvolutiononB ifthefollowingequivalentconditionshold
1 Every fdimBR modulecarries a positivedefinitettermitionformi

L V x V IR symmetricpositivedefinite

s bv w fu btw
2 Foreveryfaithful B module V wehave tr xx't V o for BY o
3 TrB1 xx't o for XEBY o
4 Thereexists a fdimB module V s t.lt xx't V o for Bitof
157Thereexists afaithful B moduleVwith apositivedefinite Hermitianform

Let V be a finiteB module equippedwith a non degenerate Hermitian alternatingform

L V x V IQ
St Lbv w Lv btw and Lv w Lw u

Example1 F CMfield F totallyrealsubfield

B F G V an n dinl F vectorspace V Ft



I
Fix SEF totallyimaginaryelement n res

L V x V Q
Ca an lb bn Tre 8 aib 1 arts artBI anton

Example2 F CMfield F totallyrealsubfield

B quaterniondivisionalglf Hb b't Tr b b

V B asleftB module Fix Se B 1

L Vx V Q
X XD Trpy X 8

checkthat bx x Trig bx 8 Lx bxz Tris x 8xEb

Xi Xz TrB x 8 Trps x8 t

TrBq xzEg HaXD

Set C EndB V ThenthepairingC defines an involution on Ci

for a EC EEC is defined by requiring
V ve V L cu w L V Ew
Checkthat EEC i.e Lv bro I Lu bear

It 11

groupforthe Scv bro sb v c w
Shimuravarieties

I Ecu w scb v w
Definethe symmilitudegroup anditssubgroup Go forQ algebraR

G R f g d Ef RYxR gg X

Ul tie go.gwfX.lv w
G R f g E C qRY gg 1f
is 1 a Go G Gm 1

Example1 C Ende v Mnlf



I 1

gv gw Ku w g preservestheobvious hermitianform
a an Cbi bn aBit tarts arabia antonEF

G GU r s

Example2 C Ending v EndzBµ p
actingontheright

leftBmod

In thiscase on C is thesame as
oonBN theelementthatwewant

as Lcu w L v c w toshowtobeequaltoe't

Trps cv w Trix VS HWY
I d w w c

Try vsufc c c

Specialcasem B B F for a quaternionalgebra1ft
Inthiscase G Bt x x f detEQ

fCb e e Bt x detb Nm felt fHa a AEF

Consider h Research Gp sit
v hCilw is symmetricpositivedefinite

h z e G E G Ve V Vz
T

actsby.z ItsbyoE
E E E reflexfield V as an isomorphismclassesofB module is def'dover E

Let pbe a primenumber Willintroduce a p unramifiedversion

Assumethefollowing
F is anramified p unramexthofQp
B Qp directproductofmatrixalgs MmQpfi
Thereexists an Otcp subalgebraOpsof B stableunder
set OB Xp directproductofmatrixalgsMm Ipfi



acp p I I go
Thereexists anOB lattice A of V A 174ps

s t C 7 A x A takesvalues in Icp
A II

For a schemeS define AVj to bethecategoryof abelianvarieties uptoprimetop
isogenies

Ojts abelianschemes Is
Morphisms

Homa A B Homs A B z74ps

A primeto ppolarization on A is a morphism y A AV in AV8
s t I n EN pt n s t ng A AV is a genuinepolarization

ptdegng
For AEAVE we define f A

gnAcn zipAF
a morphism A B in AVI gives amap

j A V B

Fix K 6 AE an opencompactsubgroup sufficientlysmall

theoremThefollowingfunctor Ukip Sch I p Sets

S M s
A X y

k A is an object in A equippedwith afaithfulOBaction

satisfiesKottwitzsignaturecondition

X A AV is a primeto p polarization in AVI
s t theRosatiinvolutioninduces onOD

in



iii iii i iii
i

2 17 17 Isforsomefixed

VMA x A
Weil

pairing ftp.ge
tcsEAIP

say A X y and ASK.gs are equivalent if
an Oplinearmorphism c A A in AVIP sit
A A A

go.tvat Tcu and A to
A AN vanity

Kottwitzcondition Leta a be a Icp basisofOps Werequire
detfaxit arXr lie Als EOs Xi Mr

It

detfaxit arXr Va C Efx Xr
g Ul
OECp Xi Xr

Kottwitzconditioninexplicitterms overlap

01394,74 G A qp2p

17hr44fi fgmY
induce adecomposition

UndertheOBlinearaction hat V Va Vz over O'Ep 2pm

wegetdecomposition 114294 02 TITI Itm



g I l Kofi 74N it i
P

T.fi o ZpEJriEofgEmysiye
ri et Sie nV

Then over sxoe.gsLpN SN
Ei

ways E HIYAIsn 91717Milan
M M

Q ei.eways.VE ei.tt ASN 0139474N
Tpm T
ranksi rankn

Ep isthesubfieldwherethiscondition isdefined

Complexuniformigation

Let X G IR conjugacyclassof homo h GR
Hope µ e g GCap butnotquitecorrect

4

A X y Betti homology HLA 74ps X OB linear
Estatehomology HiettA Agf V A Weil

pairing
tinea

Fmwe can choose an isomorphism 0,3
nu

a 11,4 e HCA Icp X

then
faq.pe fH Ace Agf's theft AIM Weil

IS 7 uptoKCB

fans 7I



T AAI's C

gives an
element
ofEG AfpWps

Apn c Hi AG IR

Lita
Hodgestructureon H Ace R

vs h GL H AG IR
Ul

I Gir
Anotherchoiceof a ma change lgf.hrby an elementofGCap

gqg.jpxGHtEYkcpsq gWxGHttYkcpgGp
weakapprox densein GQp

Oneproblemhowever whydoesthere exist such a

Note ateach lip A gQe 7 Ve A compatiblewith 1 Qs
at a Kottwitzcondition Air Hi ACA.IR compwi Ho
at p r

Hi AG Q V over A compatiblewith a OD
suchpossibleHi Aca Q is classifiedby

KerfH Q G ITH'la.GL HYQ.G
hmL Mkcpic I o W GHtYkcMGCqd

Example unitary case F CM field V HermspareIF
Ftetotallyrealfield

G GU v
Then

Q G f lof if
dimV n even

kerf Nm IF'T A Nme AA



I if i

if dimV n odd

Note it doesnotmatterwhatthesignatures are

proof Gder SU v is simplyconnected Willonlyconsider n even
derivedsubgpEGG
Gab G Gder ma l abelianquotient notstandardnotation

H Qader H Q G H Q Gab

INCL gder IH't v G ITH Gab

Fact Gdersimplyconnected D H v Gder 401 for v monarch
I
H Q Gder H'GR Codey

For GV V G Gab f x d EF xQ NmF x I
g X 1 x detg X

gJg 1J Getg Getg X
When never Gob Is Uffe Gm

x X 1 is x IF 1

But H Q UFA II H la UF t isinjective

e g I f F UF o

z HE
O

H Q GmF H Q UFA HYQ.FM

I I ing F inj
II H Qr GmF It H Qr.lt IIH4Q.F

Now Hs becomes H Q H Q G H Q Gab

1 I 7



GAR Gabar H Gder II
Qtv
G ITH Gab

11 Omap

Vid xIR tn'T Tt2connected

is iii III on meatcomponents
III Q G to inthis case

In general ifGderis simplyconnected one can provethat
III Q G iQ Gaby



I willnot cover inthelecture

Someoldwritings
Rosati involution b A A

A F bi
H Ix
A A

a is an involutionof B
b.ba bEbF kid

There's somepositivity on which we will see later
Let F be a field

y e.g
Matrix n D D divisionringover F

B a semisimplealgebraover F charo eg D Q ti j E a jE b ij ji
Assume is an involutionofB suchD sayover FQ D QT Matrixmania

that is an isomBEBOP i.e p y Eid orproductofthese

Goat classifysuch43 over a numberfield F withcertainpositivity

First assume F is algebraicallyclosed

In this case F IT matrixalgebras over F



willpermutethefactors

2possibleirreducibletypes
M Mn F J Then b't xtbx forsome xEGLnfF

s.t.to xtfb x xtfxtbx x
t xtxtbtxx t

x tx E F i.e tx c x force
But then x ttx d x c ti

e 1 essentially b tb Type C

e i essentially b JtbJ for J E Io Type BD

M Mn F xMn F S x y n Ey tx Type A

Now considerthe case when F IR
B a itsidiildimpleIR algebrawith an involution

Define A HermitianB module is a finitedime B module Vwith a form VN HR

st bv w v b w

Wesaythat it is positivedefinite if v.v o Vo EVYo
EasyfautPositivedefiniteHermitianB modules are direct sunof irred ones
HeyPropositionDefinition Wesay is a positiveinvolution onB ifthefollowingeguir.ggg.s
a EveryB module carries a positivedefinite B Hermform
5 There'sonefaithfulB module

2 For everyfaithfulB
module V bi xx V so VxEB.io

4 There is one
cwedatneed.fi itismomai

3 t Bi fol TrBar xx't o

Proof Exercisetoprove G G 3 a 5 i

Cer B positiveinvolution BP positive byCsi

Bi Bz 2 positive B fBz i E positive by133



I l l l l
B positive thenany

subsemisimplealgebra C stableunder CA positivelyCss

Core CB positive then preserveseverysimplefailureofB
ow if interchangestwofactorsAiAathenforXEA TrBar x


