
 

Backgroundmaterial on algebraicgeometry

1 Torsorsforgroupschemes
Fix a noetherianscheme 5 asthebase probablydon'tneed 5 tobenoetherian

Definition AgroupschemeG over S is a scheme G over S T G S

togetherwith miGGG G multiplication

i G E G inverse
closed

e S o G a sectionof it i.e Toe id

satisfying obvious axioms
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3 G GgG
d't D fm Cartesian Ed onthelevelofrings
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whatis m for G Gm
Exxpfp pz

Say G is afiniteflatgroupscheme if G is is finite flat
Becauseofsuch adefinition foreveryS scheme T

G T Mors T G is a group

Definition Let G be a flat groupschemeover S A G.to oraG bundlefortheZariski

topology is a scheme E S sit
as Gatson E inthesense that

amorphism act G g E E satisfyingtheobviousaxioms
ca E islocallytrivial inthesensethatthere's a Zariskicoveringkit ofS

of
an Isom ESU G gU sit GgEg Ego
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Easyto see f isomclassesofG krsorson S FT S G techcohomology
11

ftp.gkertIjGlUinUj itgT.hGCUinYnlhl
affinecover

In manyocassions G is overSpee7L then a G lotsor over S means a Ggtorsorover S

Example fvectorbundlesofrankn over S fGLntorsoroverS
it f s GLnlos

Conversely if G isdefinedover Spec7L and G GL v is a representation

thenthere is a naturalfunctor preservingnaturaltensor dual

1Alg
Rephys
ofGl Vectorbundleson X

g f v i G VHdiagonal Gaction

Locally wemakethequotient xxx V g XxV
butthere's a globaltwist

Orequivalently It x G H x GLAD

If I GEV
BacktothecaseofunitaryShimuravariety M for GGU v ofsignature a b
A D WAH hasrankto and wafer hasrank a

Iv ft GLbtorsor GtaGLatorsor
M
Soany irreduciblerephVb VaofGlbxGla somehighestoutofColbyGla

Vb flyflava an automorphicvectorbundleonM Gh

Sections are automorphicforms
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2 GaussManin connections

X proper
smoothvariety NoteWeemphasizethatX isdefined over a subfield EEG

1 bcthederhamcohomology HIRCHE is canonicallydefined ee

SpecE IEEE derhamcohomology HIrXIE IHYX.Rx.ie

Here Rile Ox WE rake n e_d isthederhamcomplex

spectralsequenceto compute it
fi
rahffswayfiftratiffusway Td d

H x Ox H x 2 1 ydEliot t.hnHx.rxfHHx
HECHEHolx HOG thx

FacetThisspectralsequencedegeneratesat Ei ie allmapsdtanegene
Butthere are additionalinformation e.g lookat HIRCHE

getHodgefiltration HIRCHE EF'HIRGIE EFHI.ch e HIr x E
HI gbfff.tn 91,1o decreasingfiltration

In general we write

Hinkle Holm H'Cx.si I H4x.rx thx
deRhamcomparison HYXidan.IQxOC HdnR X E xOeC

bifida ftp.ntfitfxld
we can alternatively characterize HPitCxca as FtHIr xk nftHIr He

Now let Xvaryinfamily S is a smooth E scheme Eaginensbfieldfic
X axis 0 44 s 4 atheist Rdx

ofpropersmooth Hd XIs RE frx x comesfrom o stirs o

Td
Slspece There's a familyof Hodgefiltration ox

HIrHs Axis R Riis 134 245 i pia 0
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Fact HIP XIs is a vectorbundleovers equippedwitha Gauss Maninconnection

Tom Hahn Hs Hip Ms Rst e
Tom a x x da t a TG for a COs a sectionofHIRHs

i TheGaussManinconnection is integrable

Hip Hs Hip Ms RIE Hai Ms RIE
X Es TomG n Eg t x d

satisfies TIM o

so that CHIRXIs rs.ie Tom is a complexofsheaveson S
Rmd Ft S isalsoproper smooth then

Ha3 He Hip S Haw Rse
z Tom doesnet preservesthenaturalfiltration FILE Ms but almost

i HDRGalvffihse.bg OomfFitHipMs CFit Ms Dj
TixRBs We

HI Ms ptIT.FIp dxsxorse HdrCxls Rst
I I

134Ox RitaOx DIE
Remart Maybethecorrect formulation is toputrsteinfit sothat

Dom now preservestheHodgefiltration

Coe Tom is not amorphismofcoherentsheaves it'smorelike a differentialoperator
But Tom induces on amorphismofcoherentsheaves ongradedpiece

griTom geriHip Ns gr the Ms Rst
II 11

Bit rigs Riti ri j
Proof if atOs xeFiHariMs Tom a x uxxonda a TomCx

FiItarHs RIE so 0 ingritton
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griTom is a morphismofcoherentsheaves
Over1C bywhich wemeantXo X EE S i Seek

an an
wehaveBetticohomology HBn Xelse Q R T yean

Betti de13ham comparison 7h5 x Isin Q Es Sean HankMs Osos
1 Bean Tom

In particular allsectionsofHBYXEYs.im Q are horizontal

3 Hodgestructureand itsvariation

Let R Z Q or IR asubringofIR imaginetobeHYX an R

A RHodgestructure is a finiteprojectiveRmoduleV equippedwith a bigrading

Vic V RE q
HP't

s t HPit HIP forthecomplexconjugationon IC V pic V plc
V Z 1 1 V E

Thepairscp.gsforwhich HPAto are calledtypesof V countedwithmalt dimetft

SaytheHodgestructure isofpweI if foralltypesgo.glof V n ptg
In thiscase the bigradingdecomposition isthesameas thefiltration

FFV pv as VP9 FPV nFAV
Write Res Gme sothat R Ex and

E Gm E E E E Is a x E

z r l s f r Er mustbelinearincoeffr

Exercise Giving an R Hodgestructureon V is equivalenttogive a homomorphism
h GLVR sit
he a Gmex Gma GLVa RmdComplexconjugation

Ei Zz HPtaupg descendshedowntoh

h Z Zz vPf zizi9off



Let s be a complexanalyticvarietyover k
Definition AvariationofHodgestructure VHS on 5 ofpureweight n consistsof

a localsystemofprojectiveR module V on S
that is a locallyfreesheafforanalytictopologyofprojectiveRmods

a decreasingfiltrationFPUonthevectorspare U V Os satisfyingthetransversal
note U V Os 1 O is a naturalvectorbundlewithintegrableconnection

we require 7 FPU E FP U Dj
foreverysES thefiltrationinducesonUs apureHodgestructureofweight n

Apolarizationof a VHS is a perfect bilinearpairing
4 V xV Is constsheafover S

s t IR x hCity is symmetricandpositivedefiniteon everyfberofS
Typicalexamplecomesfrom

projectivesmooth V RnaIn01 HE Ms Q
1 and V V Os Hair Ms carrying a Hodgefiltration
S To see thepolarization weembed

Xy
P

t If
S

Thenthelinebundle0pm4 restrictsto 0 4 defines a class

c c HoCS RHIQ
ByHard Lefschetz Rna Q E R2d f Q

x odn n x if d s n
ThenPoincaredualitygives V a naturalpolarization

pinIn x Rna Rna Q xRdHanQ 43294 eQIg


