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1 Katz’s interpretation of modular forms

We use X;(N), N > 4 as an example to explain Katz’s interpretation. Recall the
definition of X; (V) and the modular form of weight & on it.

Definition 1.1. X;(N) represents the following functor:

M;(N): Schy 1, — Set
Isomorphism classes of (E, i), where
S = My(N)(S) =< FEisa "generalized” elliptic curves over S,
i:pn g — E[N]is alevel N structure.

A weight k modular form is a section f € H°(X;(N),w®*).

Remark. We will define "generalized” elliptic curves over S in later lectures, in order to get
a proper X;(N) instead of Y; (V).

Katz gave these modular forms a new interpretation, and soon we will see that it leads

to some concrete calculations.

Definition 1.2 (Katz modular forms). A test object over a Z[y]-algebra R, is a triple
(E,i,w), where

e (E.i) is an R-point of M;(N),

¢ wis a generator of the rank one free R-module wg/r = 7.Qg/r, Where 7 : ' — Spec R.



A Katz modular form of weight k is a rule which for any Z[%]—algebra R, any test object
(E,i,w) over R, assigns a value f(F,i,w) € R, such that,
(1) the assignment only depends on the isomorphism class of the test object (E,i,w);

(2) f is compatible with base change R — R', i.e. for a : Spec R' — Spec R, we have
[ E o, a*w) = a*(f(E,i,w)) € R
(3) f satisfies f(E,i,a w) =a *f(E,i,w), Ya € R*.

An immediate observation is that Katz’s new definition makes no difference from the

original one.
Theorem 1.3. The space of modular forms is the same as the space of Katz modular forms.

Proof. Indeed, given a usual modular form f € H°(X;(N),w®"), we can obtain a Katz
modular form fXa% using the universal property of X;(N). More specifically, for any test
object (E,i,w), 3" morphism « : Spec R — X;(N), such that (E,i) = a*(Eunivs funiv)-
Then o*(f) is a section of H°(Spec R,wng). So a*(f) = s - w® for some s € R. We set
fXatz(B i w) = s.

It is easy to verify all of (1)-(3) holds by constuction. The converse also holds since
one can use a Katz modular form f to construct compatible sections in H%(U, w®*) for each
affine subset U of X;(N). (The restriction of the universal bundle (Eypiy, tuniv) on U forms a
test object.) O

1.1 Application I: Hecke operators 7T, over Q,

Suppose p t+ N. In the language of usual modular forms, we can define the Hecke

operators 7}, as follow:

X(T4(V) N To())
Xu() -~ T W)

Since X (I'1(N) N To(p)) parametrizing the triple (E,i,C), where C' is a subgroup of
order p, there are 2 maps from X (I'y(N) N Ty(p)) to X1(N), namely

m (B, ,C)— (E)i); m:(E,i,C)— (E',i"), where E' = E/C, i': uy s SESE.



To distinguish, we use the notation of the & = iy, w on the X;(N) of m; side, and the

notation of the £, w’ on the X (V) of 7y side. Moreover, there exists a universal isogeny

w 1€ So we get a pullback map 7 : mjw — mw'

multiply by p

Definition 1.4. We define T to be the map:

T, : H(X1(N),w®) —>H°(X(r1(N)mPO( ), Tiw®) o~ HY (X (N), moumiw®)

Ty HY(XL(N), moumiw™F) 272 (X, (N), o/®F)

And we define the Hecke operator T, = %TZ’).

It is equivalent to define more elegantly using the language of Katz modular forms as

below.

Definition 1.5. Given a Katz modular form f, we define a Katz modular form 7,(f) as
follow:

For each test object (E,i,w) over a Z[ ] algebra R, there are exactly p + 1 subgroup
scheme C' C E|[p| of rank p over Spec R. (assumlng Spec R is connected). Define

T(f)(E7Z7w k ! Z fE/C Zc,wc)

CCEl[p]

multiply by p

HUN,S (—2> E 1) E/C

1.2 Application II: Tate curve and ¢-expansions

Recall the theory of elliptic curves over C. Given a lattice A, = Z & Z7 C C, the

quotient C/A; is an elliptic curve E satisfying the equation Y? = 4X3 — ZtX + L& This is

given by the isomorphism

C/A, —- E
2= X = p(2miz, 2mil,),Y = ¢/ (2miz, 2miA,)



where the explicit formula is listed below:

z—1
leA—{0}
dp(z,\) -2
/ A — )
§ (Za ) dz Z ( _ l>3
leA—{0}
45 1 n
Ei= — >, a=1+240) oa(n)q" € Z[lq]
leA—{0} n21
945 1
Bo="—" Y —==1-504) o5(n)q" € Z[q]
leA—{0} n21

In above formulas, ¢ = exp(27iT). We may further view the elliptic curve as

C/(Z o Zr) — C*/¢"

z > exp(2miz)

Now as Fjy, Es € Z[[q]] (instead of C[[q]]), so the Tate curve Tate, := C*/q¢” can be

actually defined over Z[£]((q)) by the equation Y2 =4X3 — Z1x 4 e

Remark. (1) When ¢ =0, Y? =4X?% — LX 4+ = = (X — §)(X — £5)? is singular.

(2) We may slightly change the coordinate by X = x + %, Y = z + 2y, to make the Tate
curve defined over Z((q)).

(3) There is a similar construction works for C,. Consider ¢ € C,, such that |¢|, = r < 1,
then multiply by ¢ folds the "annulus” {z € C,| |z|, € [1,77!]} into a proper rigid analytic

space over Q,. By rigid GAGA, this defines an elliptic curve Tate, over Q,(q).

The Tate curve is equipped with a natural level structure iy : uy < C* — C*/¢% =

Tate,. And there is a natural basis wen = % of Weate,/2(2]((g)): USING the complex

parametrizing above, we have

dX dz*

Woan = 3~ = 2midz = gt where 2” := exp(2miz)



In terms of moduli problem, we get a pullback diagram by the universal property of
X1(N).

Tate, ——— &
L
Spec Z((q)) —— Xi(N)
If f is a modular form of weight k, its evaluation on the object (Tate,, iy, wean) is an

element f(Tate,, i, Wean) € Z[GLN]((q)) This element is called the g-expansion of f.

Fact (The g-expansion principle). If the g-expansion of a modular form f over Xi(N) is
identically zero, then f = 0.

With this fact, to show that the two different definitions of the Hecke operators given
in section 1.1 are the same, we only need to check whether the g-expansion of Katz’s version

of T, agree with the usual one.
Some Calculations. Now we compute

T,(f)(Tateg, in, wean) = p*~' Y f(Tate,/C, m iy, F*wean).

CCTateq|p]

By abusing the notation, the g-expansion of f, f(Tate,, in,Wean) € Z[‘%N] ((q)) is also denoted
by f = f(a).

« Case 1. C = p,. In this case, we have

— Tate,/p, = C*/(¢% 1) x:—xq> C*/q"L = Tateyp.

dz* __ dz*X
zX zx

— 7 :C/q"? — C*/q” is the natural quotient, so 7*

— miy  uy — C*/¢* iniiin C* /qP%, this is (p)iy := (x — 2P) o iy, where (p) is
called the diamond operator, it also acts on modular forms by (p)f(E,i,w) :=

f(E, {p)i,w). !

L(p) also has an Adelic definition: For a modular form

f: GLZ(@)\Y# X GLz(Af)/lm —C

1 0
we define (p)(f)(z) :=f (z . ( 0 >> One could check that it gives the modular interpretation above.
p



Hence in this case, we get
f(Tate!I/Cu 7T*7;N7 ﬂ-*Wcan) = f(TateqP; <p>iN, Wcan/Tateqp) = <p>f(qp)
e Case?2. C = (C;;ql/p% fori=0,1,....,p— 1.

— Tate,/C ~ C*/((iq"/?)% = Tateiquv.

— 7t C*/(Clg' )" KimsiiN C* /q” is the map raising to the p-th power, so 7%~ =
dz>
p- X

— 7wyt py — C* /g% — C*/(Clq"/?)%, is the natural one on Tateigi/v-
Hence in this case, we get

f(Tateq/07 ﬂ-*iNa 7v"jk('ucan) = f(Tategéql/Pa 7;N/Tauteg,b-ql/pvp ’ wcan/TateCiql/p) = pikf<<;l)q1/p>
D p

To summarize,

¥
L

T,(f) =" o) f(@) + "> F(Gd'P).

i

I
o

This is exactly the usual formula on g-expansions.

2 Kodaira-Spencer isomorphism

Now let k£ be a field of characteristic 0. Recall that if X is a proper smooth variety over

k, then we have its de Rham cohomology
Hig(X/k) :=H*(X,0x = Q) = Q5 = -+ +)

Each HJ (X /k) carries a natural decreasing filtration

HO (X, Q% ) —H'(X, Q%) —H*(X, Q% 3) — -+ —H™"(X, Ox)
|
. Fil™ .
. Filn—1 .
Fil"—2
I Fil® I

Remark. Although as k-vector spaces, Hiy (X /k) ~ @ H(X, Y, /1), the decompostion

is not canonical (or functorial). Only the Hodge filtration is canonical.

i+j=n
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Recall from last lecture that in general, if X = S is a proper smooth family, we can
define Hip(X/S) 1= Rm.(Q%,s). At least in characteristic 0, each Hr(X/S) is a vector

bundle over S, carrying a similar filtration

n 1 n—1 2 n—2 n
Tl —R Al —Rom Q) — - —R"m.Ox
| I |

Fil™
L ]
Fil" 1
L ]
Fil"—2
L ]
Fil°

And it admits an additional feature: the Gauss-Manin connection.
Vi Hip(X/S) = Hir(X/S) @ Qs
o it is integrable: V2 = 0,
o it satisfies Griffiths transversality: V(Fil'H%;(X/S)) C Fil' "H2: (X /S) ® Qg /i

Now we are interested in the case of modular curves, let X = &, S = Yi(N). In this

case, we have
Vi Hgp(E/Yi(N)) —— Hap(E/Yi(N) ® Qv
H I

1
WeYi(N) Gy, We vi(N) @ by, vy
1| m ) |
N - 1
Wg/yl(N) wS/Y1(N) ®QY1(N)/k

Now by the above diagram, we get a map

we vi(ny — Hip(E/Yi(N)) ® Q%/l(N)/k:

T |

grofHéR@/Yl (N))® Q%fl(N)/k

ie. w—wl® Q%,I(N)/k. Note that this map is a map of coherent sheaves, not a differential

map. Tensoring with w we get the Kodaira-Spencer map

Theorem 2.1 (Kodaira-Spencer isomorphism). The KS map defined above induces an iso-
morphism
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where C' represents the cusps, and the log C' means with log pole at cusps.

Moreover, this isomorphism even extends to Z[%]

3 De Rham cohomology for local systems

Now HLg(E/Y1(N)) is locally free of rank 2, carrying an integrable Gauss-Manin con-

nection. For k > 2, we get the symmetric power SymkiQ’H}iR, with an integrable connection.

Remark. This naturally extends to the cusps, which we will discuss in a later lecture. For
present, we just ignore the cusp problem and pretend that Y3 (V) is proper and write X; (V)

instead.

The goal of this section is to understand
Hig (X1 (), Sym* M) = H" (X, (), Sym**Hj, > Sym" *H @ O, ) (log ©)

Over C, by de Rham-Betti comparison, and the comparison to étale cohomology (by

choosing an isomorphism C ~ @Q;), we have

Hig(X1(N)e, Sym" *H}g) ~ H*(X1(N)(C), Sym"?(R'7,C))
~ H} (X1 (N), Sym* *(R'7.Q))

Warning. This isomorphism holds for Y7 (N), but may have problems for X;(N).

Recall the Hodge filtration w—w™" on HYy, it induces a natural filtration on Sym” _27-[C11R.

) Filk—4
— Filk—3 .
!

k=2 k=4 k=6 . 2k

wk—2 w3 @ w1 w4 @ w2 e w—(k=2)

Sym* *Hl w

2

By Kodaira-Spencer isomorphism, Qﬁﬁ ( N)(log (') >~ w?, so we have a filtration of the same

length on Sym* ?HL, ® Q%, vy (log O).
Sym* *Hl, @ Ok, (logC) - WP —wWh? —wht — et
By Griffiths transversality, we have
V<Fﬂi(symk727{éﬁ)) < Fﬂi_1<symk72H<liR) ® Q§<1(N)<10g C)

8



Symk_Q”H(liR :

lv

Sym* 21}, ® Qﬁfl(N) (logC) : wh —— k=2

\
\

As a corollary of Kodaira-Spencer isomorphism, the corresponding graded map
gr' (Sym" *Hig) — gr' ' (Sym" *Hip) ® Qﬁ(l(N) (log C)

is an isomorphism.

Thus we can get a quasi-isomorphism between the following complexes
w2k O k) A [yl Y Symt PR, © Q4 (log O))

where the # map is given by: given a section s of w?7*_ lift it to the unique element 5 €
Sym*?HL,, such that V(3) € wk. We define 0(s) := V(5).

Remark. In the exercise we will see that on the level of g-expansions,

_1)k2 d k-1
) = g (1) ()

From the quasi-isomorphism, we get the following result.

Theorem 3.1. H, (X1 (N), Sym* Hi,) ~ H* (X1 (N),w>* & wk)

Now assume that k£ > 3 for simplicity. By spectral sequence of the hypercohomology,
the Ei-page is
HY(X,(N),w* %) — HY(X{(N),w")

HOY (X, (N),w? %) —— HO(X{(N),w")

But by Serre duality and Kodaira-Spencer isomorphism, we have
HY(X,(N),w*) ~ HY (X (N),w? *(=C))".

Since there is no modular forms of weight less than 0, both terms H!(X;(N),w*) and
H°(X(N),w**) are zero. This implies the convergence of the FEj-page. Moreover, in
the notation of spaces of modular forms, H°(X;(N),w*) = My(T'1(N)), H' (X (N),w?**) ~
HO(X,(N),w*(=C))¥ = S(T'1(N))". Thus we get an exact sequence

0 — Mp(T1(N)) = Hiz(X1(N), Sym* *H}z) — ST (N))Y — 0
This is the Eichler-Shimura isomorphism.
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Remark. A generaliztion of this is called the dual-BGG complex of Faltings. He interpreted
the above phenomenon in terms of Bernstein-Gelfand-Gelfand complex from representations

of Lie groups.
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