
 

Overconvergentmodularforms

1 Hasseinvariantsformodularforms
Let S be an Fp scheme

There's a Frobeniusendomorphism S S

If A is an abelian S scheme wehave a relativeFrobenius
ANFA ESPxn PfFrats I

A'D A Ishi i Esnxn

LHP t Frobeniusonthefiber
s s

Fact KerfFrats CAfp so we have a factorization

A Et AG 4ft called Verschieb
ung

Is all S morphismsxp
Then HdpAls HdrAMs Hdr Als serfs tobediscussed

GeneralFact Im is precisely WAcpysewfysxoog.frOs nextweek

Example modular curve Ey
E X N X n are

comptaitification

I
PIN y.CN y.IN Makin HYX.CN w

k

t MakinEp HYX.CN wIfSpec7LcptSpecFPr
specialfiber

Applyingtheaboveconstructionto E Yin

get V Hdp ElyIND we94cn w P

WUHassetinan.atVenpullingbaekalinebundlealongFrobenius

map thetransitionmapsgotpthpowered so w P

h V E Homo.am w.w P t 0y.cm.wvxow'P T 0ycm.wPY
This iscalledtheHasseinvariant it is a weightp t modpmodularform



gap p s
Fact The g expansionforhis just 1 Fact bhas no repeatedzeros
Fact histhereductionmodpofEisensteinseriesEpi

somewhatcoincidental

LemmaThegerolocusofh 2 h ispreciselythelocusofYIN whereEissupersingular
Proof Atapoint xEYlNKEp theellipticcurve E isordinary

E fp 74pz µp as group
scheme

G UFre id FrEf o

V o Visanisom

Note WE EWE JV is anIsom

hdoesn'tvanishatthispoint
Conversely V WEH WEEPY isanisom KerVisanetalegroupscheme

E mustbeordinary D

Remart On X l withsomecareofthestackness can countsupersingularellipticaerves

byunderstandingdegwP KodairaSpencer w ER YbgC
Example FakeHilbertmodulivariety

f totallyrealfieldofdiscriminant D ptND A A
punram.int I I

Say pop p 8g FpiFp fi M M

Taker tobedivisiblebyall fi 1 I
Fix anisom E Otp then Speck I Spec specialfiber

Horn F it OFpiL7pr o Frobon7Lpr

embeddingshereare T rot Joe
wedenotethemas Ti sothatg.li ooejcil

Then 0 WHIM HdpAhu i Lieaym so
dthesubindicesaremodulofi

U
OF 0M On



Fix a Pifortherestofthediscussion get o we Hdr
g

Lie
y 0

The Verschiebungmap V HdpAlm AWP
Hdp e weXP w P

j j j 1

NotethetwistfromTjtog here Ig Cw

partialHasseinvariant h we wet
so h EH M w WII is amodp Hilbert

modularformofwt
1 atTj patTj 1

Note hj isnotofparitiousweight so it can'tbeliftedtocharo
This is apurelycharo phenomenon

h Tp h EH M wfj iscalledthetotalHasseinariant

Fact Thecomplementofthezerolocusofh in M istheordinarylocus
i e whereA Ep 74Pa OF Mp aOp for I CMordFf

Remart Ourdiscussioncruciallyneedptobeunranified in F

2 Overconvergentmodularforms
Quickrecallofsomefacts on rigidanalyticspace

µ

D D oil closedunitdisc

Ringofrigidanalyticfunctionson D is

p
x fix Ewanxn anCQp IanI 10 as n to

George HfixH mng.glant f Ite't
writeD 5pmQpCx

D D o p closeddiscofradiusp
QpLpx ffan anX anCQp fo l an no as n to

We canrestrictfunctions on D tothat onD
i e Qp px QpCx



t I i

f nap.x notLpx
This is a p adiclimitoffiniterankoperators i e chetruncatingatdegn

So restrictingstrictlybiggersparetostrictlysmallerspare
themaponrigidanalyticfutions is completelycontinuous compatllimitoffiniterank

D D o D Dfo p annulusofradius inftp 1
I tant 10 as n tophx ftp.zanxn antQPfa.n1pn soasn s o

Thisis in
facttheoriginaff fix

m
fmCxHQplx HfmH oasm o

definition

rmstiegttyhit
fum.E.im

xYTtpIRemarkWecanalsowriteDo D oil p2

Qplx fm ftp.T.fmcxIEQplxs.llfmll ioasmstcs

butwecanwritex.pIasx1 y.pt IGtE I5t
to reducetothepreviousexpression

Yoretothecaseofmodular curves XkP assumingthecompactificationisnotaproblem
tkopencompatsubgooupofGL.CA
XIII15pm p

rigidanalyticspace

supersingular I
duinsffg.glsopen specializationmap AKP Spf2p

xg t xmodmap a

ymodmap

k 1 XkP IspecFp specialfiber
supersingularpoints

whyopen
disksSinceHKpisasmoothcurveoverIp thecompletionof at aclosedpointxtXKP



whyopendists Xxl smoothcurveoverLp thecompletionofXxlat aclosedpoint ie K

is Spfwthx ITA the onevariableformalpowerseriesring
I

openunitdisk as we musttakevaluesinmap

Fix o s r e i fe r Ep
Fix a lift hioftheHasseinvarianth in HoAkp w 4
Thenfi is a localparameterateachsupersingulardi.sk
Then Xviiitallsupersingularopendisks f zEXE'E Iheal I
Define Xk r feeXviii the I rt

Iip l allsupersingulardisksofradius r
Keys If Akp isdefinedoverXp thush is Y r iswelldefinedforFarsi

seetheexplanationabovewithparameters x x p
Definition Spt'TKP HoXiii r Wh bettertoassume far d

spareofove.co tmodIarformsofwtk level KPa radius r

Explicitly shirk THYx p wht
m

If
Task is asectionofWP

Comparewith ourearlierexample weneedtotwistwktowk14 m

Stp KP Stpr KP

3 CanonicalsubgroupsandUpoperator

Letsbe aschemeofcharp o e.g 5 OopKp
Let A Sbe an abelianvariety Ways AdimsA ARAI
Verschiebung ViAG A

to V Ways WAY WAYS

HasseinvariantHa Als cHols wifi's
BlackBoxTheoreme LetR be a p adicallycompleteflat7441dg e.gOg a AIR an abelianvar



I J t f i g g ap
i Ha A Rfp is a unit inRhp A Rfp isordinary
2 Assume Hala Rtptf ERp divides PEforest
Thenthereexists auniqueclosedsubgroup CCACpm suchthat G kerfrmmodp

i.e Alf KerFrm
liftsuniquely

I I
Rlp e R

In theordinarycase Aloop sit A Epordinary

Alpo Mpo Map thecanonicalsubgp isftp.Afpm
Backto oursituation athand

g
f

i e where Hale pE

So over Xiiiflp thereexists a canonicalsubgroup C EElp oforderp
Define a Upoperator on 5th KP intermsofKatzmodularform

Uptftfe i w pkF.fip ffE c.ic.ti
w

Here weonlytakeobjects E i overXiii pe
The map E n EI Ek looks like whenestImportantclaim

i
a

SotheUpoperatorfactors as gjfpqkpresgt.PEPfkpUpgt.PqkPg
A

complatoperata continuous

bc K9447isstrictlycontainedinXiii
Upoperatoris compart
Givenany I so onlyfinitelymanyUp eigenvalues are X



I b s y g g
Proofoftheclaim

Note E Im c E Etc c Help E

CmodplE KerFremodpie Im c E modplE KerFreimodpte
E mudplE modple 4

HaEmodp Ha E'modpl e P

So if Ha Emudp p unit thenHa Emudpie p P unit


