
 

Arithmetic compatificationof Hilbertmodularvarieties
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In otherwords thespecialfiberofProjRoflookslike

three
S action translationby2

TakingquotientbyS oution
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genericfiber

removingG P t morecalculationofthisintheexercise
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I
Define

pyoq R S Ho i tf I 2
R f I O H't y

2441t
g forallyeY

4 at eats

Take F ProjRot I openProj RHO forall aCX of
Localizingat all degree1generatorsofRole weget

F u ma u special for i
If we visualizethis as abore weget

u

Each U isoffinitetype

p
f yEY Sy Ux y Uny y

Step PerformthequotientbyY
Needthbeemful Ey Ey

bk k f It
tPG If P foralle ey

2014ha all µz
Kf I i n tX Og

Hk butnotin B
So these Uay s

havedifferentspecialfibersbutsamegenericfiber
Let UIy denotethecompletionofUa.yalongitsspecialfiberUx.y xp Rt

Facthta y there'sonlyfinitelymanyotherp z s t UIy nUpi t f
P quotof completionof F alongitsspecialfiber



q omg g I S
Furtherarguments F carries a naturalample linebundle E OCD
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Details are in Mumford'spaper

2 CompactificationofHilbertmodularvariety
Referency CL Chai ArithmeticminimalcompactificationoftheHilbertBlumenthalmodulispares
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Fix a set c chif a setof representativesofthestrictidealclassgroupof F
For C Ci set Mnk modulispareover 215N if

sending a215Nit schemes to isomorphismclassesof Ad2
A is an abelianscheme over 5 ofdimCFQ equippedwithfaithfulOFactin

OplinearX A C AV s t the c a Homo A A c Horn
of
CAAD

UlUl
Homo AAs'ma

polo A A
7 Ofwof ACN Of linearIsom
Thisinduces an Isom 0FINOF NoACN it8 EMN

Mn itMN Ci

Cusplabely f
comeswithanaturalpositivity

Definition A cusplaketofM c consistsofthefollowingdata
i projectiverank onemodules a b



I J
ii anexactsequenceof projectiveOpmodules o 8 a H b o

Ciii an isomorphism fi b a c

Numberofsuchisomorphismclasses is ClOp
wheredoesthiscomefrom

a YG
t xGHAfya.co a.apolb Gk

cusps are
labeled by GL IP F Old Hg co

ByIwasawadecomposition GhAef B Aef GHQ

a.CHlFHGbGtFfYadopy BffDoBH H B oIj
As F isdense in AF f e AEftp.op IH

Definition AamplabelforMark is a amplabelforM c as above

togetherwith an 0 linearIsom 8 OHNO HINH

PeriodsforHilbertTateabelianvarieties
Write M ab cb2 letMtdenotethesubsetoftotally nonnegativeelements
Let p I ftp5dftfiac MI fqa.qP q P.qo a

Inthewaywesetthingsup we wanttomakethequotient
Y b

of b fi'S
p oversomeperiodringR X a 8II I

I M ab Gm R X a

X l s of
9

whydowewant13 244,5 97 1 withthepositivity
The polarization is amap Y X to p b a a

o

Weneedsomepositivity on R namely Icy logs EIER for y Y b



I l s 9

Quickdigressionontoricvariety
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a I Mt is notfinitelygenerated
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In practice Spec Iff 5N III as shown canbeused as a proxyof 9
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