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1. SHIMURA DATA
1.1. Definition and Examples.

Definition 1.1. A Cartan involution on a linear algebraic group G over R is an
automorphism 6 of G over R such that

(1) % =1;

(2) GO(R) := {g € G(C) | 8(g) = g} is compact, where g is the complex

conjugation of g.
Here is an example.

FEzample 1.2. Let G = SLs and 0 = ad((? *01)).
For every g = (2%) € SLy(C), we have

_ 1\ 1 —c
0g)= (2 )(e)(05) =(57)
Thus GO(R) = {(2}) € GLa(C) [ d =a,c = B} = {( G 7) | |l + [b]* = 1}.
In fact, we have the following theorem.

Theorem 1.3. A linear algebraic group G over R has a Cartan involution if and
only if G is reductive. In this case, two Cartan involutions differ from a conjugation

by an element in G(R).
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2 GENERAL THEORY OF SHIMURA VARIETIES

Fact 1.4. Identity is a Cartan involution on G if and only if G(R) is compact.

Definition 1.5. A shimura datum consists of a pair (G, X) where

() G is a reductive algebraic group G over Q and

(#%) X is a G(R)-conjugacy class of homomorphisms & : S = Resc/r(Gr) — Gr
such that for one (hence for every) h, following conditions hold.

(SV1) The composition S LNTTE.N GL(Lie(G)Rr) defines a Hodge structure on
Lie(G)gr of types (1,—1),(0,0),(—1,1). In other words, for every z € S(R) = C*,
it acts on Lie(G)g with eigenvalues %, L,z

(SV2) Conjugation by the image of h(i) in G* = G/Z(G) is a Cartan involution.

(SV3) For every Q-simple factor H of G4, the group H(R) is not compact.

Remark 1.1. (1) By definition, we have X ~ G/K,, where
Ko = Stab(;(R)(h)

is a maximal compact subgroup of G(R) after modulo Z(G).

(2) The Condition (SV3) can be removed in the definition.

We will first see some examples and then come back to talk about each condition

in detail.

Example 1.6. Let G = GLy over Q. Then G?! = PGL,. Define h : S — GLs such
that

T -y

y T

h(z +1iy) =

By Example ad(h(4)) is a Cartan involution on G4,
Since h(S) is a commutative subgroup of GL2(C), there exists an element g €
GL5(C) such that
gh(re')g™! = diag(re',re™")

for every z = re* € C*. Therefore, the eigenvalues of ad(h(z)) acting on gl,(C)
are €2 = 2 1,1 and e~ 2 = Z,

z? z

The stabilizer of h is

Stabgr,®)(h) = {gGL2(R) | 9(? _01)9_1 = ((1) _01)} = {(fb 2)} =~ SO2(R) x R*.
Thus, X ~ GL3(R)/(SO5(R) x RX) ~ SLy(R)/SO5(R) x {£1} ~ $HT by mapping

Ady(h) to 2528 for g = (21).
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Ezample 1.7. Let G = GSp,, over Q with respect to the sympletic form (Jg g)-
Define h : S — G such that

. I, yl,
he+iy) = (247, 0

FEzample 1.8. Let D be a quaternion algebra over a totally real field F'. Put
Eoo = HOIHQ(F‘7 R) = {7‘177'27 L ,Td},

Y0 = {7 € ¥ | D is unramified at 7},
Yam = {7 € ¥ | D is ramified at 7}.
Then we have
M;(R), 7e€X¥
D RF r R~
H, 7ezpm

Let G = Resp/g(D*). Then
GR ~ H GLQ’]R X H H*
rexur TENram

because D ®g R =~ HTeEm D ®p; R. Define h : S — Gg such that

h(z +iy) = (((5 _xy))rezgg’ (1)resmam)

Since H = {(% _ab) € GL2(C)}, we see H*:#d = SU,. By using Fact H we see
that h(i) is a Cartan involution on G2,

By Example [1.6] we get X ~ (§F)%= x {1}.

Ezample 1.9. Let E/Q be an imaginary quadratic extension and V' be a Hermitian
space of dimension n over E with signature (a,b). The group G = GU(V). For a
Q-algebra R,

G(R) ={(g9,¢) € GL(V ®g R) x R* | < gz,9y >=c < z,y > Y,y € V ®q R}.

The homomorphism & : S(R) - G(R) C GL,(C) maps z € C* to the diagonal

matrix diag(z, z,..., 2,%,%,...,z) with respect to the Hermitian form
diag(1,1,...,1,-1,~1,...,—1).
Then Stabgg)(h) = G(U(a) xU(b)) and X = G(R)/Stabgg)(h). The dimension

of X is dim¢c X = ab.
A typical h for the unitary group is &' : S(R) — U(V)(R) such that

K
L),

B (z) = diag(1,1,...,1,
z

ISINIRSY
[SINIRNY
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Remark 1.2. Somehow, h and h’ are not quite the same. e.g. h is not the compo-
sition S U(V)r — GU(V)gr. So going from GU(V) to U(V) is a bit tricky.

Ezxample 1.10. Assume G is a reductive group over Q such that G*4(R) is compact.
Define h : S — Gg such that h(z) = 1. This satisfies (SV'1), (SV2) but not (SV3).

1.2. Hogde Structure. We shall explain conditions in the Definition[I.5] especially

how it is related to the variation of Hodge structures.

Definition 1.11. (See [Del2] Section 2.1]) A Hodge structure on a vecter space V
over Q is the following equivalent structure:

(1) a homomorphism h : S — GL(VR);

(2) a bigrading decomposition Ve = @; ;V*7 such that Vi-i = V7. (Convention
is that h(z) acts on V¥ as the multiplication by z~#z77.)

We say the Hodge structure on V' is pure of weight n, if the following equivalent
condition holds:

(1) hg,, is z = 27",

(2) V& =0 unless i + j = n.

The Hodge filtration on Vg is given by Fil'Ve = ZkZi vk,

Ezample 1.12. (|Del2l Définition 2.1.13]) The Hodge structure of Tate Q(1) is a
Hodge structure on V' = 27iQ C C which is pure of weight —2 and of the Hodge
type (=1,—1) (i.e. Ve = V=171, (& h:S — GL(27iR), z — |2]?).

Definition 1.13. ([Del2, Définition 2.1.15]) Endow V' with a pure Hodge structure
(& h S — GL(WR)) of weight n. A polarization is a homomorphism of Hodge
structures < —, — >: V@ V — Q(—n) such that the bilinear form on Vg

@y (2mi)" <z, h(i)y >
is symmetric and positive definite.
Remark 1.3. By definition, for any x,y € Vg, we have
<x,y >=< h(i)z, h(i)y >=< y,h(i)’z >=< y,h(~)z >= (-1)" < y,z > .

Thus, the bilinear form < —, — > is symmetric when n is even and is alternative

when n is odd.

Definition 1.14. Let S be a complex analytic manifold. A wvariation of Hodge

structure consists of
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(1) a Q-local system V on S and
(2) a decreasing filtration Fil’V of ¥V = V ® Oy satisfying Griffiths transversality,
i.e. V(Fil?V) C Fil’"'V®QL, such that for every s € S, this filtration gives a Hodge

structure on V.

Theorem 1.15. Let (G, X) be a Shimura datum and let G < GL(V) be a faithful
Q-representation of G

(1) The part in (SV1) claiming that the Hodge structure induced by S Adoh,
GL(Lie(G)R) is pure of weight O implies that there exists a unique complex structure
on X such that the Hodge filtration on V . induced by S L G = GL(WVR) varies
holomorphically.

(2) Under (1), (SV1) (meaning the Hodge structure on Lie(G)g is of types (1, —1),(0,0),(—1,1))
is equivalent to that the filtration for above Hogde structure satisfies the Griffiths

transversallity.

(3) When V is pure of weight n, (SVa) implies that there is a polarization
<=, =>: Vi xVy = Ryg(—n).

Proof. (1) Here we only prove the existence; working more carefully gives the
uniqueness. Since the Hodge structure on Lie(G)gr is pure of weight 0, the hg,,
acts trivially on Lie(G)g. Thus h(G,,) C Z(Ggr)°. We may assume V is irreducible.
Then G, 2 Z(Ggr) — GL(WRr) acts by z — z~" for some n € Z.

Each h € X defines a Hodge structure on V =: V, (induced by S LN Gr —

GL(WR)). More precisely, there exists a decomposition (of eigenspaces of h)
Ve = @iﬂ:nv;f’j
such that h(z) acts on V}f’j as multiplication by 27?77, The Hodge filtration is
given by Fil'Vy, ¢ = 3, V:’j. Then V¥ = Fil'V}, ¢ NFil/Vj, ¢. Since any element
in X is a G(R)-conjugate of h, dim Fﬂth,C is independent of h.
Then we get a morphism

¢: X — F(Ve, (dimFil'Vi ¢)i), h— (Fil'Vi)

where F(V¢, (dim Fil'Vj, ¢);) is a flag variety.
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Now, we verify that X is an analytic sub-variety. Considering the tangent mor-

phism d¢p,, we have a commutative diagram

Ty X = Lie(G)z/Lie(G)"” End(Vg)/End(Vz)©?

- -

Lie(G)¢/Fil’Lie(G)c ———— End(Ve)/FiEnd(Ve) = Ty F(Ve, (dim Fil'V, ¢ );)

We explain contents here.

(e1) Since V' admits a pure Hodge structure of weight n, End(V) ~ V @ V*
admits a pure Hodge structure of weight 0. In this situation Fil’End(V )¢ consists
of all endomorphisms which preserve Hodge filtration of V' (See [Del2, Section 1]).

(e2) If V' admits a pure Hodge structure of weight 0, then the morphism

Vi / VO 5 Ve ROV

induced by Vg — V¢ is an isomorphism, where VREO’O) = Ve N V%Y. (by counting
dimension).

(#3) Since X = G(R)/Stabg ) (h), TrX is a quotient of Lie(G)r by the subspace
on which S acts trivially. This subspace is contained in Lie(G)(OC’O because S acts on
Vid as 27z,

(e4) F(Ve, (dimFil'V}, ¢);) is a flag variety and hence is isomorphic to GL/P for
the parabolic group determined by (dim Filth,C)i. Thus, its tangent space consists
of all elements in End(V¢) which preserve the filtration.

This defines a natural complex structure on X.

(2) The Griffiths transversality translate to that the image of d¢ lies in Fil ' End(V¢)/Fil’ (End(V¢))
which is equivalent to that Hodge types of Lie(G) can only be (1,—1),(0,0),(—1,1).
(Becauce Lie(G)c/Fil’Lie(G)c C Fil 'End(Ve)/Fil’End (V¢ ))

(3) This is some result from Lie theory and we omit here.

2. CLASSIFICATION OF SHIMURA DATA

Recall that S¢ = Resc/rGm Xspecr SpecC = Gy, ¢ X Gy c. For C-points, the
isomorphism S(C) = G,,(C ® C) = G,,,(C) x G,,,(C) is given by a ® b — (ab, ab).
Thus for any h : S — G, it induces an hc : Gy, ¢ X Gy c = Ge.

z—(z,1)

Gm,c X G o 22, Ge (G(C)-conjugate class) Hodge
cocharacter attached to Shimura datum (G, X)

Define p : Gy, c
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Fact 2.1. There is an one-to-one correspondence between the set
{G*(R) — conjugate classes of h: S — Ggsatisfying (SV;)and(SV3)}
and the set
{G(C) — conjugate classes of u: G,, — G¢ that are minuscule.}
When G is simple adjoint, this is a bijection.

One can find a proof (for simple adjoint groups) in [Delll Proposition 1.2.2].

Now we explain the meaning of "minuscule”.

For a cocharacter i : G, — G, by choosing a suitable base of root system A (or
a suitable maximal torus T), we may assume p € X, (T)4°™; that is, all coefficients
of the expansion of p with respect to this base are non-negative. Choose Langland

dual group G (i.e. reductive group with dual root system A) such that
(X* (T)a Aa X*(T)v AV) = (X* (T)7 A7 X* (T)7 Av)

Then € X*(T)%™ and hence there is a irreducible representation (highest weight

representation)
pu: G — GL(V,)

with highest weight p (See [Huml Theorem 31.4]). We say p is minuscule if all
weights in V), have multiplicity 1.

When Gg is simple adjoint, p is minuscule if and only if in the action of G,, on
Lie(Gc) defined by ad o y, only the characters 2,1, 27! occur.

Before classifying Shimura data for simple groups, we give the following defini-

tions.

Definition 2.2. Let (G, X) be a Shimura datum.
(1) We say (G, X) is of Hodge type if there is an embedding G — GSp,, such

that the composition S LN Gr < GSp,, r is conjugate to

xly —yly )

z:x+zyr—>(y1y I,

(See Example [L.7})
(2) We say (G, X) is of abelian type if there is a Shimura datum (G’, X’) of

Hodge type such that there is an isogeny G"4¢* — G9°* inducing an isomorphism

G R)X = GH(R)X.
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Now, we classify Shimura datum for ”essentially simple” groups. We only need
to classify G and minuscule cocharacter u by Fact We just list the result here.

Type:= Type of G.

TypeA : G = GL,, o = (1,---,1,0,---,0) € Z" ~ X,(T¢). Then Pu -

[CREAN GL(H)(C). In this case, G = U(a,n —a) and h : S — Gg maps z to
diag(Z,---,%,1,---,1). The Shimura data is of abelian type.

o

TypeB : G = GSp,,,, 1 is the vector representation. Then

G = GSpin(2,2n — 1) < GSpy2n

and the Shimura data is of abelian type.
TypeC,D : G= GSpin,, and p is the Spin representation. Then
G GSp,,_;, mnisodd
GSpin(2,n —2), n is even
Shimura data are both of abelian type.
TypeDH : G = GSO,, and y is the vector representation. Then

G = GSO3, <> GSp,,,.

and the Shimura data is of Hodge type.

Eg, E7 : There are minuscule representations but not of abelian type.

Remark 2.1. (1) Type A, Type C and Type D are of "PEL” type which we shall
discuss in later.

(2) Here we explain how to give the classification by using Dynkin diagrams. For
a cocharacter p, we choose a suitable base {a;};cr of the root system A of G such
that u € X, (T). Then yu is minuscule if and only if < u,a >€ {£1,0} for all roots
a. Let & = ) ,; n;a; be the highest root. The condition that < pu,& > {£1,0}
implies that u = «; for some i € I satisfying n; = 1 (because p € X, (T)dom).
Such an «; is called a special node. Then the above classification follows from the

classification of special nodes on Dynkin diagrams. (See [Mil, Theorem 1.25])

3. SHIMURA RECIPROCITY LAw AND CANONICAL MODEL

We fix an algebraic closure Q of Q in C. Put Gg = Gal(Q/Q).
Let (G, X) be a Shimura datum, then there is a G(C)-conjugate class of Hogde

cocharacter {y : G,, = G¢}. This is a natural variety and can be defined over a



GENERAL THEORY OF SHIMURA VARIETIES 9

number field £ C Q. This is called the reflex field. Explicitly, we may assume
p € Xi(Te)9™ on which Gg acts naturally. Then

E := E(G, X) = subfield of Q fixed by Stabg, (1)
Now, we give two examples.

Ezample 3.1. Let E/Q be a imaginary quadratic extension with Galois group < o >
and let V' be an Hermitian space over E of dimension n and signature (a,n — a).
The homomorphism A : S — GU(V) is given by z — diag(z, -+ ,2,Z,- - ,Z). (See
Exampl

Then GU(V)¢ ~ GL,, ¢ X G, and ~ Z" @ Z. The action of o € Gal(E/Q) on
X« (GL,, X G,,) ~ Z" & Z is given by

(ar,a9,...,a,;0) = (b—ay,b—ag,...,b—ay;b).

The cocharacter associated to h is pp = (1,...,1,0,...,0;1) € X, (GL, X G;).

Thus, if @ = n — a, then p is invariant under o-action (up to a GU(V)(C)-
conjugation) and the reflex field is Q in this case; if a # n — a, then the reflex field
is E.

Example 3.2. Let I be a total real field and G = Resp/gGL2 r. Then Ggr =
Hrezm GL2r (See Example . The homomorphism A : S — Gg is given by

2 ((§27))resa-

The cocharacter associated to h is up : G, c — Hrezw GL2,c mapping z to
(diag(z,1));.

Now, X, (Ge) =]
tions on Y. We note that pun = ((1,0))r € [, 5 Z°. Therefore, juy, is invariant

res. Z? with Gg actting on the right hand side as permuta-

under Galois actions (up to G(C)-conjugations). It follows that the reflex field is
Q.

Theorem 3.3. The tower of Shimura variety Sh(G, X) = (Shk (G, X))kca,)
admits a canonical model over the reflex field E. Here, the C-points of Shi (G, X)
is given by

Shr (G, X)(C) =G(Q)\ X x (G(Ay)/K)

Now, we explain the meaning of ”canonical model”.

We give a typical example at first.
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Assume G = T is a torus of dimension d over Q; that is T¢ ~ G, .. In this
case, X = {h} consists exactly one element h : S — T¢ and then Shx (T¢)(C) =
T4(Q) \ T4(As)/K for any open compact subgroup K C T?(Ay) is a finite set.
The cocharacter pp, @ Gy c — T{é is defined over the reflex field E; that is, up
is induced by some p : Gy g — T‘fE. Then we get a homomorphism of groups

Resg/q(1t) : Resp/gGm, g — Resg/gT%. We denote by NRg(u) the composition

Resg/q(1) NEg /g
—

ReSE/QGm,E ReSE/QTdE E— Td.

For any extension F'/E (u is obviously defined over F'), we see NRr(u) = NRg(u)o
NF/E .
ResF/@GWF

%(m

Nrp/E T4

A(H)

ReSE/QGm’E

This induces a morphism
o NR
EX\ A%/EL° TR, 1d()\ T(A,).

and we get the Shimura reciprocity map Res, : Gal(Q/E) — T%(Q) \ T%(Ay)

Gal(Q/E) 2 Gal(B®/E) &% B\ Aj/Er 25, 1d(Q)\ T4(Ay),
where the morphism Art is the Artin reciprocity map which takes uniformizer to
the geometric Frobenius.

Let K C T%(Ay). The canonical model of Shy(T?) is an E-scheme My (T)
satisfying My (T?)(C) = Shx(T?) such that the action of 7 € Gal(Q/E) on
Shg (T?) is given by the right-translation by Res,(7), i.e. for z € Mg (T9)(C) =
T4Q) \ T4A;)/K and 7 € Gal(Q/E), 7(x) = x - Res, (7).

Now, we come back to the general case. For a Shimura datum (G, X) a canonical
model of the Shimura variety Shx (G, X) is an E(= E(G, X))-scheme Mg(G, X)
satisfying Mk (G, X)(C) = Shk (G, X) such that for any morphism of Shimura data
(T4,{h}) — (G, X), the natural morphism

THQ) \ {h} x TU(Ap)/K N T (Ag) = G(Q)\ X x (G(Af)/K)

is induced by a morphism 1\/IKﬁTd(Af)(Td7 {h}) = Mg (G, X) xg BE(T4, {h}).
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Finally, we remark that there are "enough” such morphisms
(T?,{h}) = (G, X)

to rigidify the scheme structure of Mg (G, T?).
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