
 

GeneraltheoryofShimuravarieties

Ultimategoal Explainthemeaningof a writing ShiaG x GC H G AtHK
we've seenmany

times

1 Shimuradata
Definition A Cartaninvolution0 on a linearalgebraicgroupG over R is an automorphism

0of G over R s t
CD OEid and complexconjugationw.attheIRstructureofG

vs GH IR fgEG E Og g is compact

BlankboxTheorem Ghas a Cartaninvolutionifandonlyif G is reductive
In this case twoCartaninvolutions are differedbyconjugationbyanettofG R

we nowfirstgivethedefinitionofShimuradata thendiscusswhat it entails
Definition AShimuradatumconsistsof a pair G X

G is a reductivegroup 1Q
X is a GGR conjugacyclassof homomorphisms h Res Gm GR

St for one andthusevery h thefollowingconditionholds
SM thecomposition Gr gasdefines a Hodgestructureoftype
C I l Coo G t ie Z E IR E cuts on Jpnwitheigenvalues 1

SV2 Conjugationbytheimageofhci in Gad GlcenterofG is aCartaninvolution

SV3 ForeveryQ simplefactorHofGad HGR isnotcompact
There are other axioms thatsimplifysituationsdiscussions

canberemovedaswell

Thequestion is whichgenerality wewillallow
Remade By definition X E G K with Ko stabilizerofh modcenter

inpratietstabilizerofhci a mailcompartsubgpofG R



zaof comp gy of
Example G GHQ fo R E GL R

2 xtiy
X Yy

The actionof Adohow cutstriviallyongla Adoholyi artsby
Ibct eigenvalues are 2copiesof 14 I

StabhoGhar Ebd EI L Kaaba f ocd.IRLXAdadpglho is L compactmodcenter

Adead Cho 1 is aifb Svz

Example G Gsp.glQw.r.t symplecticform Ig
Is

ko R E GSpgGR

Xtiy xIg yIg
YF xIg

Example D quaternionalglf with Ftotallyreal Hom F IR f4 Tdf

D F R ft
GR if Dis unramified att c Eswari
if Dis ramified ate Isam 2 ei

G Reset Dx

ho R I GR It Glair IforamHt
2 xtiy i D I t 1

usuallyuses 1 butcan
alsouse x4y2orCxky5
dependingontheneeds

X Adg ho Chit 25 111
When 25 4 themapthofactorsthrough G fResµp

de Q

GR If.GL pydetsane

hi R I Gip II Glarydet
same



2 xtiy i s I
X Adop hi ft w f 525

Example
Eg
imaginaryquadraticfield V a Hermitianspaceofdin n IE signature a b

atb nThegroup G GU v for a Q algebraR
GCR f g c EGL V R xR Lgx gy easy VxyEV R

fo GR Ex o G R EGln E a writ Hermitianmatrix

a 1 of iz u.it
X Ado ho StabhoGARD G Uca N b

Atypicaltrioforunitarygroup is hot GR E U v IR

za Tiz

µ
Remade Somehow hoshi arenotquitethesame e.g ho is not UM GUN

SogoingfromGUNto U v is a bittricky
7bettermoduliproblemTbetterautomorphicstories

Willexplainmoreaboutthislater
Wenowexplaintheconditions inthedefinitionespeciallyhowit'srelatedtovariationofHodge
Peck A Hodgestructure on a Q vectorspare V isthefollowingequivalent

structure statue

a homomorphism h G4pVR
a bigradingdecomposition Va YPF sit VPI VFP

poof

Wesay Vhaspureweight ifthefollowingequivalentconditionshold
him is x x

n

UP9 o unless n p of
Lets be a complexanalyticmanifold A variationofHodgestructure consistsof
us a Q localsystem 1 on S



system

G a decreasingfiltratinFPUof U I eOs satisfyingGriffithstransversality
i e P FPU EFP U OsRst

s t ateach s ES thisfiltrationgives a HodgestructureonKs injective

Theorem Let G X be a Shimuradatum let G GL V be a faithful Q repnof G
CisThepartin sve claimingthattheHodgetypesofAdoh 9paneoftypesCm m

there's a uniquecomplexstructureon X st thefiltration on Vx forsomem

definedbythe h GR GL Vr variesholomeyhically
G Under i CSVi meaningtheHodgetypesEfC t l Coo h t

is equivalenttothatthefiltrationfortheaboveHodgestructuresatisfiesGriffithstransversalit
G Svz implies whenVhaspurewt n thatthere's a polarization

VI V x V BxC n fortheHodgestructure
Proof usWillonlyproveexistence

Thecondition in a h Gmactstrivially on gp
h Gm E 2 connectedcomponentofcenterofGR

Mayassumethat V isirreducible GmhisZoo GL Vr
actsby x tix forsome n

EachhcXdefines a Hodgestructure on V Ver
Is GR GLVip

µh i e Va a Veit s t hascutson VePfby E E'tptofh

X DefineFPVh.ci
p
VI't so that Veit Vene nftp.T

Easyto see dim Vene is independentof h biodoesn'tchangebyGaRIooj
AseachVa is isomorphicto V abstractlyget a naturalmap
y X GrVa din Ven e Grassmannianoffiltration onVicwith
h Vene E V givendimensiondata

Now weverifythattheimageof X is a subanalyticvarietyoftheGrassmanian



S mageof algh 4S
Eg h 64412

night L GB e p't

ThetangentspaceoftheGrassmann'ianis EndVe EEndIe
Rf e.g o F'VeEF'VeEFV V L'thoseendom

preservingthefiltrationonk

I'm a man

deformingthisfiltrationto keyamountstochoosing
FteVexodelke
withbasis e emit en e

eat.CI m it enje
aHthechoicesformcanonically

Horn F VE Fva EndVd

poendfvThetangentspaemapofyfaetorsas
y

ifonaHodgestnotuewhole

THX goo Endayendggoo
wwisdefdova.IR

dy HSL
End

EndMega
jqyeg isfaithful

Thisdefines a naturalcomplexstructureon X sothatX r Gris holomorphic

Note whenchoosing V g Ad def is an isomorphism

X Gr is an openembedding

6 TheGriffithstransversalitytranslatetothattheimageofdylies in F'EndHffendC
Hodgetyres onG Adah canonlybe f t.D.li D ooo

3Thisissomeresultsfromlietheory Omithere

2 ClassificationofShimuradata
Given a homomorphism h _Research GIR



HR

he es Gm xp E Go

Define
a Research

qq.ge zjorhe
µ Gm a Gm exGm a Ga Gr En

z Z 1

Gla conjclass HodgecocharaiterattachedtotheShimuradatum GX

Fact There's a 1 1 correspondencebetween

R conjugacyclassesof E conjugacyclassesof
h GRsatisfyingEvil 2 I GenGm Gathatare minuscule

smallsubtlepointhere GadGR conjugacyclassmay
containmorethanoneGCR conjugacyclass

through GGR GadGR H'GRZo
dam

minuscule p Gm G o ye T bychoosingamailtorus
Langlandsdualgroup Est XM d xx.fi E G o.XMH.ci
Then µ apex F

dom
highestweightup'n G GLY

Say p is
minuscule if allwtsin Vghavemultiplicity 1

Wesaythat GX isofHodgehjpeif
embedding G Gspg s t

8thGR GSp.g.ir

is conjugateto 2 xtiyi FILI't
i e Shocanbeviewed as a modulispareof

abelianvarietiesLithHodgeteams

Wesaythat CdxD isofabeliantypeif GX ofHodgetypesit
7 Gder Ger isog inducing Gad R X GladGR X

Basically itmeans Hodgetypeupto
centerexceptforoneparticularcase

ClassificationforsimpleGwithy Type Typeof G
1 G Gryce y a o o G Glinka Hodgetype

G U a n a h Gps man



2 diagFYE ith l I

typeB G GSpzn.pe vectorreply spinnepin Hodgetype
G GSpin 2 2hD GSpen

TypeCD E GSpinnic peaspinrephoff Both Hodgetyre

G fGSp n D model Siegel case

IGSpinfz.net never morecomplicated

ypecD G San vectorrep'n 693ns

G GSQn GSpan Hodgetype

But if GisRest Go forFtotallyreal withGosimpleoftymD
thenforeachembeddingGE.HR isofeithertype Dor DH

If wewantGlobeofabeliantype weneedthetyreabovehastobeuniformeverywhere
plusanotherconditionincaseDH Goderhastoaguotiatofsoon

TypeEoEz minusculerephs butnotofabeliantype

3 Shimurareciprocitylawandcanonicalmodel

Reflexfield G X a GCE conjugacyclassofcocharactersyGm Ge

ly Gm Gd is a naturalvariety canbedefined over anumberfieldEEE
E is calledthereflexfield

Explicitly
X.ge
dEGaKQWwheeQds alg.dosureofQinsideC

Then E E G x subfieldofQa'sfixedby Stabykal
NoteThereflexfield isalways a subfieldofE i e anumberfieldwithaspecificeplxembeddy

Eg Fo
V n din'tHermspare IE ofsignature a n a

Then GUN Glen Gm h za diag z z E E

X Tn xGm 212 ay III o
h

o

Gal g to ai ian b b an b ai b



Then i if a n a µ isinvariantunder o reflexfield isQ
if a th a thereflexfield is E E E

Eg Flo totallyreal HMV G Reset Gk
h R I Gp It Gk R

2 xtiy l P Y Y
ti Gm a GaTHEIR Gk E

z Za
X Reg Gin J Gall'QdQ permutingtheembeddings

a Clos on everycomponent fixedbyall Gal Ya
reflexfield isQ

theoremThetowerofShimuravariety5hGX shrGX so g
Sh Gx e GC IX GCAthk

admits a icdmmodel overthereflexfield E ECGX
now explainthis

If G T is a torus i.e Te Gi e h Tip is invariantunderconjugation
X fhl is a singleton

f Gm a Ta isdeft overthereflexfield E E E
ForKETCH Sh G e THT'AtYK is afinitesetopen
compact

Todefine a modelofshrift over E it'senoughtospecifyGal able action
Shimurareciprocitymap

E reflexfield

Galloible Gal EYE exYAEIexpio aaYG.ECH

sendingIniformizertogeomFrob ME

IT A N ITHt



t.gltNmeagyopYkAf
ThecanonicalmodelofShK T overSpecE isthe E schemestructure sit
theinduced eeGal Qable on 5hKG e isgivenbyrighttranslatebyRegaG

Forgeneral GX a canonicalmodeloftheShimuravariety is an E scheme
ShK G X sit forevery morphism T thl G X ofShimuradata

thenaturalmorphism thl TCfY WAH
KHAI

is inducedby amorphismShqq.IT1h3 Sh GXxgeeespecEK.lk

Basicallythere are enoughsuch f 3h1 GX torigidifytheschemestructure

ofSh GX


