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Happy Dragon Boat Festival!

1 Automorphic Forms and Automorphic Representations

Denote A = Ag and Ay = Ag,; be the finite adele.
Let G be a reductive group over Q, Z is the center of G and g is the complexification of the
Lie algebra of G(R), U(g) and Z(g) stands for the universal enveloping algebra and the center of

universal enveloping algebra respectively.
Kmax,f C G(Af) be a maximal compact subgroup, Ko, C G(R) be a maximal compact subgroup
of Lie group G(R). Denote Kmax = Kmax,f X Keo-

Definition 1.1 (Following [I]). A function ¢ : G(A) — C is called an automorphic form if

e ¢ is smooth. i.e. locally constant on the non-archimedean part and C*° on the archimedean

part.

e o is left G(Q) invariant.



e ¢ is K.« finite. i.e. The subspace generated by K.x - ¢ is finite dimensional. Where the
action is given by (kp)(g) = ¢(gk).

e ¢ is Z(g) finite. i.e. ¢ is annihilated by a finite codimensional ideal of Z(g).
e  is moderate growth.

The space of all automorphic forms is denoted by A(G).
Let w: Z(Q)\Z(A) — C* be a central character, define A(G;w) as follows

A(G,w) = {p € A(G)lp(zg) = w(z)p(9),Vz € Z(A),x € G(A)}

Remark. We will pretend that G(Q)\G(A)/Z(R) is compact, which is equivalent to say that there
is no growth condition. Although, in our main example G = GLs this will be false, but we pretend

it is true(We will lost automorphic forms that are not cusp forms, for example, Eisenstein series)

Example 1.2. For G = GL3,Z = G,,,in this case g = gl(2,C) and Z(g) = C[A, Z], where
A=FEF+FFE+ %H2 is the Casimir operater and Z is the center of g.
Let I' =To(N) . For a modular form f € S(T'o(N),v), we can define a adelic lift

©1(9) = f(go0 (1)) (goor 1) * (ko)

Which can be checked to be a automorphic form. Moreever, we have an isomorphism

o (N)
Sk(To(N)) 2 Acusp <<A - i(lﬁ — 1)), gk)

(See [2])

Back to general discussion, We have a natural action of G(A) on A(G) or A(G,w). i.e. these
space is natural a (g, Ko) X G(Af) module. The action is given by

(X, kyg,0) = (91— Xp(zkg))

Recall that we have assumed that all automorphic forms are cuspidal, then we have a spectrum

decomposition(called the cuspidal spectrum)

A(Gw) = @ (oo ® (&)™

s
Where m(7) is a finite number, called the automorphic multiplicity. ® is the restricted tensor
product. And for all but finitely many finite prime /,m; is unramified principal series. and v} is

the sperical vector for ;.



(For a proof, see [I] Chapter 9 or [3] Chapter 3, where A is replaced by Acysp)
Here unramified principal series means m; = Indgggig Xi- Where B is Borel subgroup and T is
the Levi quotient. And
xi:T(Q) = T(@Q)/T(Z;) — C*

i i _ .. . c@) \¢@)
is an unramified character. As G(Q;) = B(Q:)G(Z;) (Iwasawa decomposition), so if ¢ € (Ind Xi .

B(Q1)
Then
©(g9) = p(bk) = xi(b)p(1)

G — 1, we then choose v = (1)

So dim 7

*

EE * 0
Example 1.3. For G = GL,, B = (0 ), and T = <O )
*

QX
x; is of the form ( ! o
0 Q

Definition 1.4. An automorphic representation is a representation of (g, K) x G(Ay) of the

0
) —ZxZ— C,(2,y) — a®@ gu)

form 7o, ® (®;m;) which occurs in the cuspidal spectrum decomposition(for some w).

Remark. In general, an automorphic representation is an irreducible admissible subrepresen-
tation of natural action of (g, Kw) X G(Af) on A(G). And automorphic representation defined

above is called cuspidal automorphic representation.

2 Automorphic Vector Bundles and Automorphic Represen-

tations

Fix an algebraic representation W of K. And fix an open compact subgroup K; C G(Ay).

We have an locally symmetric space(real manifolds)
Sha(Ky) = G\ (G(Af)/Kf) x (G(R)/Koo)
and an vector bundle on Sh¢g(Ky):
W =G\ (G(As)/Ky) x (G(R) x "= W)
So we have
{C* sections of W} = {¢ : G(Q\G(A) = W, K equivariant, K invariant}

Which is roughly equal to (A(G,w)%s @ W)Ee~ if we omit the cusp issue and choose w compatible
with W.



Example 2.1. For G = GL,
List of irreducible admissible (g, K') representation m.: ([4], Chapter 7 or [3] 2.3):

e holomorphic discrete series:

Moo = Tk D T2 D - -+

56 sind .
Where k > 0, m; stands for K = SO(2) acts as o8 SRV s e2mi0 And the g action
—sinf cosf

is like an “anti” Verma module with integer weights:

k k
Ev, = (5 + v, Fy, = (5 —Duj_s

e antiholomorphic discrete series:

Moo =" M—p—a DT__2DT_g
where k > 0 and g acts as a Verma module of integral weight.

e principal series

oo = M2 D T ® Thyo D -
g action looks like “Verma module with non-integer weight”

e finite dimensional representation

e limit of discrete series(corresponds to weight 1 form)

Fix the representation
Xek i Koo =R*-80(2) = C%, (r,2) — 27F

From previous lecture, we learned that this corresponds to wy

And we have

C(Sha (K1), W) = (AG)Sr @ W_)*= = Py )" & (w0 © W)

s

The last term is just 7f==xx

It has a subspace

HOI(ShG (Kf), w k



So k is the lowest weight, by the list of classification above, when mo, ® W_j )% non zero, 7

must be discrete series representation.

We can use above discussion to explain old/new form theory.

Sk(T') = Hol(Sha(T), x—1) = @(rf) @ nli==xr

s

Consider T' = I'1(N),p /N, K =T = KPGLy(Z,). And T > I" = T4 (N) N To(p), K’ =

K®Tw, Where
A/
Iw,=1( 7? P
PLy Ly

We have two types of operators, which fits into the following diagram

is the Iwasawa subgroup.

(»)
SO = @) @ (r,) @)
(p)
S () _ @W(W;p)J( P )@m(w) ® (Wp)lwp

(
New forms: = @(W;p)’K PH@m(m) @ (7)™ sum for those m such that ms2 @) — 0 but

s

WII)WP = 0. Special for GLy theory, for these m, dim W]I)W” =1.

Old Forms: If 7, is an unramified principal series, we have an isomorphism

(mp)C2 (Zp) &2 o (mp) ™

3 Relations to (g, K) Cohomology

Now, we move to the general situation:

Recall that we have gotten

{C* sections of W} = @(ﬁ;{f)@m(”) ® (Moo @ W)Kee

s

Let’s assume that we are in the situation of Shimura varieties, we want cohomology for holo-
morphic sections H*(She(Ky), W).

Use Dolbeault resolution

hol S o L B o LA
OSﬁG(Kf) (Clint & &

Ql
9l

a
o



Note that TcShg(Kf) = g/q=pT,s0 Q! = (pT)* and Q' = (p)

Tensoring with W, we get a resolution of W', which implies

H* (She (K ), W") = H* (EB(wi‘f>@m(”) ® (70 ® Hom(A®(p7), W)))

™

And the latter term is exactly the (g, K') cohomology we now introduce.

What is (g, K) cohomology?[5]

(1) Lie algebra cohomology
Let g be a Lie algebra and V be a g module. Define

C%(g; V') = HomyA(g), V)
and d : C9(g; V) — C9T1(g, V) is given by

df(l'(), e 7.’17q) = Z(_l)lwlf(x07 T 7@7 o 7xq)+Z(_1)l+Jf([xl7x]]u Zo, - 7@7 e 7@7 e 7.Tq)
i i<j
The cohomology is denoted by H*(g,V). Which is also the right derived functor of V'
V8 :={veVl|zv=0,Vz € g}.ie.
HP (g, V) = Extl (k. V)

where k is the base field.

(2) Relative Lie algebra cohomology
Let £ C g be a Lie subalgebra.Define

C%(g, ¢, V) = Home(A%(g/t), V)
={f € C¥g,V)|f only depends on x; € g/E,Zf(x1,~-- e, ag), e xg) = af(xe, -, xy), for € €}

It can be verified that C*(g, ¢, V) is a sub-cochain complex of C*(g, V'), whose cohomology is
denoted by H*(g,¢, V).

(3) (g, K) cohomology and (g, K) cohomology.
Now we work over C, let g be a Lie algebra, not necessrily reductive.

Let G be a real Lie group with complexified Lie algebra g and K be the maximal compact

with connected component K©.



Let V be a (g, K) module, define
C(g. K. V) := Hompc (A"(g/). V) = C*(g. 8. V) /¢
Whose cohomology groups is denoted by H®(g, K; V).
Proposition 3.1 (See [3]).
H(g, K;V) = H(g, & V) /5" = Ext? (C, V)

Theorem 3.2.
H*(She(Kp), W) = @(a1 )o@ H(q, Ko @ W)

T

A deep theorem

Theorem 3.3. When 7., is a discrete series or limit of discrete series, W is irreducible.Then
H(q, Koo; Too ® W) is non zero at exactly one degree if G(R) is connected. And in this case the

dimension of the non-vanishing cohomology group is 1.

Example 3.4. For G = GLy,7 is the discrete series mp ® w12 @ - - -
We have
dim HO(q, Koo; Moo @ W_1,) = 1

and
dim H*(q, Koo; oo @ Wi—2) = 1

Example 3.5. Let I' be a totally real field, G = Resp/gPGLy weight k = (k;)-ctom(rr), all are
even. ng = #{7 € Hom(F,R), k. <0}
By the multiplicity one theorem for PGL,,

H*(Sha(Kp),w*) =@ | (xp)F 0 Q) H*(ar Koori T @ X—,)
™ T€Hom(F,R)

And H*(qr, Koo r; mr @ X—k, ) is concentrated in one degree and dim 1. It concentrates in degree
0 if k- > 2 and in degree 1 if £k, < 0.
So H*(Shg(Ky),w*) is concentrated in degree ng.

Another Relationship between cohomology of vector bundles and (g, K) cohomology
When V is an algebraic C representation of G defined over a number field. We can associated a
locally constant sheaf V. on Shg(Ky). V =V ®c Oshg(k,) is the deRham local system.

We get



Heuus(Sho (K ), V) = H* (Sha(Kp),V =V @ Qi) = - By = )
= H*(Sha(Kyf),V © Qé’h.c;(Kf))
=P @ B (14 ® Hom(A®p™ @ A%p~,V)~)
=P @ H* (g, Kooi oo @ V)
Example 3.6. F' totally real,G = Resp/PGL2

Langlands observation:
dim H™9 (g, Koo: Too ® V(X)) = dim(representation of G of highest weight 1)

or rather this is how Langlands discovered the dual group.

References

[1] Hahn Getz. an Introduction to automorphic representations.
[2] Gelbart. Automorphic Forms on Adele Groups.
[3] Daniel Bump. Automorphic Forms and Representations.

[4] Hunley Goldfeld. Automorphic Representations and L-Functions for the General Linear
Group(Volume 1).

[5] Wallach Borel. Continuous cohomology, discrete subgroups, and representations of reductive

groups.



	Automorphic Forms and Automorphic Representations
	Automorphic Vector Bundles and Automorphic Representations
	Relations to (g,K) Cohomology
	References

