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All rings contains 1z and 1 # Og; all ring homomorphism takes 1 to 1.

SIBRER HE BB LSS S T 5k F (10 4)

1. G REIMEHEEE X L. B g, cG Mz e XL gz =g-2, W g1 = go.

A group G acts faithfully on a set X. If ¢1,¢92 € G and z € X, then ¢; - & = g5 -« implies
g1 = go.

2. W H 2#F G WIER . Rk H houR&AN < m, G/H PIuRBEKH
<n. W G FILEKHEKH < mn.

Let H be a normal subgroup of a group G. Suppose that the maximal order of elements
in H is < m, and the maximal order of elements in G/H is < n. Then the maximal order
of elements in G is < mn.

3. W ¢: R— R NI LIMFELS. & R NER, W o(R) = R N

Let ¢ : R — R’ be a surjective homomorphism of commutative rings. If R is an integral
domain, then ¢(R) = R’ is an integral domain.

4. HEW R A R-AEAE M, N. W Homp(M, N) A BRI R-FEHBE5H).

Let R be aring and M and N be left R-modules. Then Hompg(M, N) is a left R-module.

5. fE—AME— R EEIA R B AR TTHR AT LAME— )5 R Jo R s A

In a UFD, every nonzero element can be uniquely written as products of prime elements.

6. Wi L 23k F 5k, Ky A Ky Ndiaid. 5 K /F Z2IERY 5%, W KKy Ky 1B
s LK.

Let L be a field extension of a field F' with intermediate fields K; and K5. Suppose that
K /F is normal, then K; K, is normal over K.

7. E—IREON n IERY K K/F —ER K = F({/a) (a € F).

Every cyclic extension K over F' of degree n is of the form K = F(:/a) for some a € F.

8. W L 24 F Wy K, Ky Al K, AdiiEk. & Ky M K, N F LR Galois 975K,
W [K1Ky : F] = [K, : F]-[Ky: F).

Let L be a field extension of a field F' with intermediate fields K; and K5. Suppose that
K, and K, are Galois over F. Then [K K, : F] = [K; : F|-[Ky: F].

9. XA F AIEEE n, (ERBEXT) FA8AHE—MNREO8 n BfEATIK.
1



For any finite field F' and any positive integer n, there exists a unique (up to isomor-
phism) cyclic extension of F' of degree n.

10. #7 f(z) € Fla] &= MATAZHXBAE D F B P AL o, W f(x) 7£
F ERIEMHBEAE F B2 Galois 1.

If f(xz) € Flx] is an irreducible polynomial and there exists a simple zero « of f(z) in

some field extension of F, then the normal closure of f(z) over F' is Galois over F.

fREE— (12 ) 2 R 2 DIh. HE R BB EEE A i, N R
AN F AR R

Let R be a commutative ring. If all submodules of finitely generated free modules over
R are free over R, then R is a PID.

REZ (12 7)) ROMAAE—NERE G 15 G/Z(G) 16H 143 Mx? (X5 Z(G)
& G )

Is there a finite group G such that G/Z(G) has 143 elements? (Z(G) is the center of
G.)

MRER= (13 7)) B k N—F ¢ DITRIA R

(1) klz] PHEZDNME—RIATAZIRIKECA d =2,3,4,5,67

(2) A 5K (R —RARAL) b EE2TRAZIRI Galois BEATRL AT 42 Jobt &2

Let k be a finite field with ¢ elements.

(1) How many monic irreducible polynomials are there in k[z] of each degree d =
2,3,4,5,67

(2) What are the possible Galois groups of the splitting field of a (not necessarily irre-
ducible) polynomial of degree 5 over k7 Why?

BREBM (13 /7)) id a=Vi+2 (i = V-1).
(1) HH o £ Q LRI Z I f(2). (FIAEEE EEMUEY f(z) BMATTZ1E.)
(2) & F A f(x) £ Q BRI RS #ie F /£ Q LI¥ Galois B
(3) BT Gal(F/Q) THAPA F/Q Hhlaek) ——X M. (i G/ Rt 12, (H
TR E M TR EE A TR E.)
Let o = /i + 2 where i = /—1.
(1) Compute the minimal polynomial f(z) of o over Q. (Need to show the irreducibility
of f(x), directly or indirectly.)
(2) Let F be the splitting field of f(z) over Q. Determine the Galois group of F' over Q.



(3) Draw the corresponding diagram representing the field extensions of Q and subgroups
of Gal(F/Q). (No reasoning is needed for (3), but express the subgroups by elements

or generators.)

MREmA (10 47) 20 f(2) = ﬁ(m — 1) AR XA [T —r)? & f(z) € Qla]

i=1 i<j
N— 4 KE—AAAZTE, KRN o, 8,7,6.
(1) WEB aB +96, ay+ 86, ad + By B£—NH — =k 20 g(z) € Q[z] MM, HEMH
AT f () B AR
(2) WU N4 f 7 Q L Galois BERTLAEE Sy, Ay, Zy, Ds, Zy x Zy Z—. (#
N RV LR Sy BT RER IR, IR E U R AT 4 2 ARk A3 TR, ERRILE
B 2 JIT 91 25 A BOREAG 1 X TN (BB Zy x Zo R FAR Sy HITRAS T8¢
(3) EMRR ERTENL T, 2T g(x) —AATZIH?
The discriminant of a polynomial f(z) = ﬁ(m —r;)is [[(r; —rj)*. Let f(z) € Q[x] be

=1 1<J
a monic irreducible polynomial of degree 4 with roots «, 3,7, 4.

(1) Prove that aff + 9, ay + 84, and ad + [ are roots of a monic cubic polynomial
g(x) € Q[z] whose discriminant is the same as the discriminant of f.

(2) Give a short explanation of why the Galois group of f over Q is one of the five
groups Sy, Ay, Z4, Ds, or Zy x Zy. (Hint: The solution would involve the classification
of subgroups of Sy; you need only to specify the condition that allows you to pin
down these groups, but do not need to verify that the subgroups exactly satisfying
your conditions are these five groups. However, do explain how Z; x Z, is realized
as a subgroup of Sy.)

(3) In which of the above case, is the polynomial g irreducible?

RER7S (10 47) 2 p N— R BB F 18— BRI 5K IREE B p BER. E
WA F R BRY 5K I p FIFRR.
Let p be a prime integer. Suppose that the degree of every finite extension of a field F

is divisible by p. Prove that the degree of every finite extension of F'is a power of p.

MREBE (10 7)) & R N—ME— /B3, Hrh i R 3R AR B oK E AR, IR
R &— > HARELIL,
Suppose that R is a unique factorization domain (UFD) for which every nonzero prime

ideal is maximal. Show that R is a principal ideal domain (PID).

FREEL/\ (10 7p) it G HIPIADTCERA L.



(1) LM G 22A 17 MEEOY 3 WTHE. (5 BB G B S; MAR.)

(2) IEW G B2 13 MEECH 3 7.
E:CTAAIEIER (2). FHEE AAXIHOGHE GBA 13ABKA 38T BLEFIEN
Pioe 21

Let G be a group which is generated by two elements.

(1) Prove that G has at most 17 subgroups of index 3. (Hint: think about homomor-
phisms from G to Ss.)
(2) Prove that G has at most 13 subgroups of index 3.

Remark: Clearly, you can choose to prove (2) directly. In fact, there exists a such group G

with exactly 13 subgroups of index 3; but you do not need to prove that.

BREBI 5 77) %2 k N—HEN p > 0 5ERE. & F =k(t) N k ERATHRE
AR F BRI 5K B # RSy 5K, BIAFE o € E 19 E = F(a).

Let k be a perfect field of characteristic p > 0. Let F' = k(t) be the field of rational
functions in one variable over k. Show that every finite extension E of F' can be generated
by one element, that is, there exists o € E such that £ = F(«).

BED+ 64 WE F e QC FcCC, 2—1 Q LIARAH Galois 5k, &
a € F B2 f(2) € Qz], Hif R |of = 1.
1) VEW] F RS T R R .
2) UERH f(z) PME—EM B Wik |3] = 1.
3) it f(x) = 2" + an12" 4+ - 4 ag, IEBAXTETAR 0 <i < n, |a;| <27
4) IEM F RESHRZA4EA 1 FABCEE (RO 2 i 2 50 RBOY R
) F HHIICR).
(5) WEEH (4) HH IR LA B E AR 2 AT AR.
Let F be a field with Q C F' C C, where F/Q is a finite abelian Galois extension. Let

a € F and let f(z) € Q[z] be its minimal monic polynomial. Assume that |o| = 1.
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(1) Show that F is closed under complex conjugation.

(2) Prove that || = 1 for every complex root 3 of f(x).

(3) Writing f(x) = 2™ +a,_ 12" +- - - + ag, show that |a;] < 2" for all i with 0 <14 < n.

(4) Prove that F' contains only finitely many algebraic integers (i.e. elements in F' whose
minimal polynomial over Q have coefficients in Z) having absolute value 1.

(5) Deduce that each of the algebraic integers in (4) is a root of unity.



