2022 Fh: KEF— (L) HIRFZ X RAB

BtiE]: 120 %0 #&9: 110 9, BEES9TE8E 100 4o
FITE ARG ey B oo, H5 H VL AL G AFAEE, AT AR S0 1 g 1.

All rings contain 1z and 1g # Og; all ring homomorphisms take 1 to 1.

PIBRER 15 (E B4R LGRS 155 T 8L F (10 4Y)
1 TR R i T LI,

The only one-dimensional representation over C of a finite simple group is the trivial

representation.

2. Wit GIERESESE X L W g1, e GMITER 2 € X Wi g1 v = g2 - v, A
gi = go.

Let G be a group acting on a set X. If g1,92 € G and x € X, then g - © = g2 - © implies
g1 = go.

3. W (p,V) REMKE G WAREATAERRH g € Z(G) & G T OFTHITE.
W p(g) &—aliE s

Let (p, V) be a finite dimensional irreducible representation over C of a finite group G,
and let g € Z(G) be an element in the center. Then p(g) is a scalar matrix.

4. DB BRI 2 — MR

The direct product of two integral domains is again an integral domain.

5. 4 P A Py & —NACH R AR, W P+ P 2 R B EEE.

If P, and P, are prime ideals in a commutative ring R, then P; + P; is a prime ideal.

6. FHIEA 0 IR F A REY Kk K — @ LIHEDN TR o € K 4.

A finite extension K of a field F' of characteristic zero can be generated by some element
a € K.

7. F RN, f(x), g(x) € Flo] P NREBUEFE AR E — AT L2 5 0
Flx) R g(x) B4 BRI,

Let F be a field and f(x), g(x) € Flz] be two distinct irreducible monic polynomials of
the same degree, then the splitting fields of f(z) and g(x) are not isomorphic.

8. W F &— Mk, E £—A F B xy sk WX 5K E/F =M% .
Let F' be a field and F an extension of F' of degree 2. Then FE is a Galois extension of
F.



9. @ F &M~ p > 0 13k, FFik f(o) 22— Flo] PIRESE p BERIAATY
E2U 5w 93[5/ 2 f(x) nl o .

Let F' be a field of positive characteristic p > 0. Let f(x) be an irreducible polynomial
in F[z| with degree relatively prime to p. Then f(x) is separable.

10. & K/E/F 2ARY K& & E/F 205, v € K 22— AJn&RE E _Eals.
x £ F En]gy.

Let K/E/F be finite field extensions. Suppose that E/F is separable and an element

x € K is separable over E. Then x is separable over F'.

FRERE— (10 70) ER: B IRBEAS R T A SCEHE A, B0 TRE.
Prove that every finite group is isomorphic to a subgroup of an alternating group A,

for some n.

MREM_ (15 77) RE 2T 2% + 3 7£ Q L2 43
Determine the Galois group of the polynomial 2% + 3 over Q.

REB= (10 4y) ¥ f(a) € K[z] & n WATHLTR. K L/K &—D m X
I 3. & m 5 n BER, EY]: f(z) £ Lz] AR,

Suppose f(z) € K|z] is an irreducible polynomial of degree n over the field K. Suppose
that L/ K is a field extension with finite degree [L : K| = m. If m and n are relatively prime,
prove that f(x) is irreducible in L[z].

BREEM (15 77) & G A—HREE, p A—FE. X H & G EAVEE p- TR —1
THE UERE: & f(H) xS H B2 p-F 80, W f(H) = 1 mod p.

Let G be a finite group and fix a prime number p. Assume that H is a subgroup of G
contained in some Sylow p-subgroup of G. If f(H) denotes the number of Sylow p-subgroups
of G containing H, then f(H) =1 mod p.

BEBER (15 77) & w= "3 — /I\EW\ZIKJ/?ﬁf‘ﬂ‘E

(1) iEM R = Zw] = {a + bw|a,b € Z} & —NERJLESEEEL, Bt BB R N
R—7Z N N(a+bw)=(a+bw)(a+ bw?) € Z.

(2) WEM: & 72— R HETT, W N(r) 2 PNREEE & N REr T

(3) ERH: #H—NZFEE p=1mod 3, ALIERE a,b € Z f§153 p = a® + ab + b2

Let w = €2™/3 be a primitive third root of unity.

(1) Show that R = Z[w] = {a + bw|a,b € Z} is an Euclidean domain, with norm
N : R — Z given by N(a+ bw) = (a + bw)(a + bw?) € Z.



(2) Show that, if 7 is a prime element in R, then N () is either a prime or a square of
a prime.

(3) Show that if a prime p = 1 mod 3, then there exist integers a,b € Z such that
p=a®+ab+ b’

FREI 7S (15 77) W G 2 —MNFTUUREE, Bl n DMnRAER. IEWEA G TR HE
AR % n DITERAR.
Let G be an abelian group, generated by at most n elements. Prove that each subgroup

of G can be generated by at most n elements.

REBL (10 7r) fELLI S, FATHIE — A B R B2 DGR B NS e Ss.

(1) UEBH: R K 22— N TREEREATAZ IR f(2) € Qlz] MR, id f(2) £
K RN {a, ..., a5} IEW: TR Q(an, o, a3) # K, B4 Gal(K/Q) = Ss.

(2) MIE— AL AREHERF LI f(r) € Qo] MfFE RA =R, FLAKIE
X2 I f(x) £ Q LRI feREZ Ss.

In this problem, we construct explicitly a polynomial in Q[z] with Galois group Ss.

(1) Let K be the splitting field of a irreducible quintic polynomial f(z) € Q[x] and let
{ai,..., a5} bezeros of f(z)in K. Show that if Q(«y, as, a3) # K, then Gal(K/Q) =
Ss.

(2) Give an irreducible quintic polynomial f(z) € Q[z] with only three real zeros and

show that the Galois group of f(z) is isomorphic to Ss.

BREB/\ (10 77) & K & F {ARMEZ Ly 5%, ErmP 8- G = Gal(K/F).
Bl —A K/F KA E # F i3 — M B £ F, #GE C E. iE¥: G &
—MEAHE HERPE R B RIX.

Let K be a finite Galois extension of F' with Galois group G = Gal(K/F). Assume
that there exists an intermediate field £ # F between K and F' such that for any such
intermediate field £’ # F', we have E C E’. Prove that G is a cyclic group whose order is a

prime-power.



