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All rings contain 1z and 1g # Og; all ring homomorphisms take 1 to 1.

HIBRER 525 AR LR S TS T 8F (10 4)

L B Zy x Zs THRITTER A HAGE 8.

Every element of Z, x Zg has order 8.

2. WER H 52 G KITRE, W Ng(H) 72 G BIERTHF.

If H is a subgroup of G, then Ng(H) is a normal subgroup of G.

3. ¥ Ry x Ry INBEAEHIEMN I x [, XH I & By KA, [ 22 Ry, WA,

Every ideal of the product of the ring R; X R is of the form Iy x I for ideals I1 C R,
and [2 Q RQ.

4. W R Z¥H, ¢: R — R RTINS W o(R) = R 22—,

Let R be an integral domain and ¢ : R — R’ a surjective homomorphism of commutative
rings, then ¢(R) = R’ is an integral domain.

5. 4 p e — MM D hIARZnER, W p 2—1 D HINETT.

If p is an irreducible element in an integral domain D, then p is a prime element.

6. B M N ZFHAN Q-EM=H, ¢ M — N 22— Z-HFALE. W o214 Q-%
PR .

Let M and N be two Q-vector spaces and ¢ : M — N is a Z-module homomorphism.
Then ¢ is a Q-linear map.

7N EAAE Q, HAREREATF, (p NEE).

A field either contains Q or contains [F,, for some prime number p.

8. W K/F —MHRKEY K. &P K M K, e Gal(K/K,) 5 Gal(K/K,)
EH‘/AJ, )H\U Kl = KQ'

Let K be a finite Galois extension of F'. If two intermediate fields K; and K, satisfies

Gal(K/K,) is isomorphic to Gal(K/Ks), then K; = K.
1



9. WP K F C Ky C Ky C -+ F—A K,/F #a2AFRME Ly 5k, id K =
U, K. W K 72— F B 445K,

Let ' C K; C Ky C --- be field extensions such that each K; is finite and Galois over
F. Put K = J,; K;. Then K is a Galois extension of F.

10. % K/F Z&—MNKECN 7 Wy k. WAEFT—ANE K HEAE F PR o #4E
F PR K.
Let K/F be a field extension of degree 7. Then any element o € K that does not belong

to F' generates K over F'.

FRER— (15 77) L 3= e®/B e C M a == (i3 + (53
(1) € Q()/Q M= it (75245 H— k& HIER.)
(2) #E Q(a)/Q HIFTA IR, Fhas 2 1 5100 N i) B Z . R4 b ae (A
@I Qo) F1 Q) Bii—4 Q FRAERIE, FFiFEE /N2 T,

Let (13 := */13 € C, and let o := (13 + (5

(1) Determine the Galois group of Q(«)/Q. (You need to give a rigorous proof.)

(2) Determine all intermediate fields of Q(a))/Q, and draw the diagram of Galois corre-
spondence of these intermediate fields. For each intermediate field (ezcluding Q(«) and Q),

give a generator over  and compute its minimal polynomial.

REBZ (10 47) & G 2 —MHA 2mk WEE, XH k22— Ma8HE m NIEEE. &
w G EE—NHE 2™ IR g.

(a) v e G EX T —A G THIURMEH (IEW Cayley EH A FEGR). UEH 7, /2
— A EH (XH g £ 2™ KITER).

(b) & H N G A2 m NMEERKICR he G EW: |H| =21k H H 8%
—AuERERE N 2m

(c) IEH G & — DT REHITTRE NN k.

Let G be a group of order 2™k with k odd and with m > 1. Assume that G contains
an element g of order 2™.

(a) Multiplication (from the left) by = € G gives a permutation 7, of the elements of
G, as in Cayley’s theorem. Show that 7, is an odd permutation (where g is the element of
order 2™).

(b) Let H be the subgroup of h € G such that 7, is an even permutation. Show that
|H| = 2™~k and that H contains an element of order 2™ 1.

(c) Show that G contains a subgroup of order k.



fREE= (10 7)) W L/K &%y sk, HHEMPER v o ENRE n g4
o W n=ab, ged(a,b) =1. & Fy N o WREEE, F, A o MEEE. Rk F = K(a),
F, = K(8). iEH: L= K(a+p).

Let L/K be a Galois extension of fields such that Gal(L/K) is cyclic of order n, gener-
ated by 0. Write n = ab with ged(a,b) = 1. Let Fy be the fixed field of 0% and F; be the
fixed field of 0. Suppose that F} = K(a) and Fy, = K(3). Prove that L = K (a + f3).

BREBM (15 47) % R 22— ME— 08I, Bi% R HITHIER R AR
Mo B R E—ATEHBEIN, (RVHEH Zorn JIBEHHER, BEARABE. )

Let R be a unique factorization domain. Suppose that every nonzero prime ideal of R
is maximal. Show that R is a principal ideal domain. (You may make apply corollaries of

Zorn’s lemma, although not necessarily needed.)

REBI (10 70) W G & MHREE, BE G M —"NERET p. it K = (N Na(P),
XHEAZROE G KA S p- 78 P, No(—) NIERALT . IEH]
(a) K <@G.
(b) G A1 G/K GHFRBERN Y p-TH#E.
Let G be a finite group and assume that p is a fixed prime divisor of its order. Set
K = () N¢(P) where the intersection is taken over all Sylow p-subgroups P of G and Ng(—)
denotes the normalizer. Show that
(a) K <@.
(b) G and G/K have the same number of Sylow p-subgroups.

BRERI7S (15 77) dbinl @5 b dt e B K.

(a) W K/F £—MHARMPZ LY 5K, MBEHHN G E¥: K K HRMEHHEH
F|G] M2 HA 1 FEBEY BACYFETTR v € K 15 {o(z)|0c € G} N K 1EA
F-2 V75 A () —2H 2.

PR Ak R 32 AR BRI EN SR ARG L. BN OR, BRATERRAE T Mk E
Mo (HR, AFTLAERAEHER, )

(b) W K/F 2&— M ARBEARY K, R |Fl=¢ Ho:2— 27t K £ ¢ X
7 Frobenius BLS, JFid G = Gal(K/F). R & {EN FP-ZeME2E K _E&YERU N2
Tk,

(¢) FF5 bR (b). FH (b) UEUIAREHRY KRR EZEZ, (1R
(b) FTEMEH (b) &R, )

This problem concerns normal basis theorem.



(a) Let K/F be a finite Galois extension with Galois group G. Prove that K viewed as
a module over the group ring F[G] is free of rank 1 if and only if there exists € K such
that {o(z)|o € G} form an F-basis of K.

The normal basis theorem states that the above equivalent condition always holds. In
the following, we verify this in a very special case. (Clearly, you cannot use normal basis
theorem to prove results.)

(b) Consider the case when K/F' is an extension of finite fields with #F = ¢. Let
® : x — 9 denote the gth power Frobenius map on K, and let G := Gal(K/F'). Compute
the minimal polynomial of ® as a F-linear endomorphism of K.

(c) Keep the setup as in (b). Use (b) to prove the normal basis theorem for extensions
of finite fields. (Even if you do not know how to prove (b), you can still use the result of (b)
to deduce (c).)

EBE (15 7)) HELH LIS R 4 N AW R PREFMNICEMRIES (W2RE
WHRMRMITE r € R ES: HFE 2> 1EH »m =0). HREF—NEEM N 2 R 1Y
— AR, IEBW R =AM E () (o). (A RFEERMERH R FEEAEE
REAWAZ, WR—EEMEH, TELSHIER. )

(a) R/N &Ik,

(b) R FHIEAN TR E AR — DAL, BEARTFEN.

() N B—ANZHA, HER R MK HEME,

WAE, % p 2—NEHH neZs. HiEH

R = Z[X]/(X" = 1,p")

T AL LIRS AT 2 HNIER] .

Let R be a commutative ring with 1. Let N be the set of nilpotent elements of R (that
is the set of r € R such that ™ = 0 for some n > 1). By a theorem from the class, N is an
ideal of R. Prove that the following statements (a)—(c) are equivalent. (One cannot quote
big theorems such as nilpotent radical of a commutative ring is the intersection of all prime
ideals; if one has to use this, please provide a proof.)

(a) R/N is a field.

(b) Every element of R is either a unit or nilpotent.

(c) N is a prime ideal and it is the only prime ideal of R.
Now assume that p is a prime number and n € Z>;. Determine whether the ring

R =Z[X]/(X? = 1,p")



satisfies the above equivalence conditions. You need to give a proof of your statement.
FRER/\ (10 77) BERE p. W L/K RFHE p FIERE—DMERY K. id o N L 1)
p-Frobenius HFZS, B o ¥4 K B3 H 5.
(a) & L/K Hrhaps:
KC--CKo*(L)C Ko*(L)C Ko(L) C L.
EH: X PTA AE B n,
[Ko™(L) : Ko™ (L)] > [Ko"t (L) : Ko™ (L))
(b) WEM: Wk [L: Ko(L)] < p, WA 3K L/K ATLAH—ADIeRA . (AT EAE A 3R
IR R ISR, AR T E S HIEN. )

Let p be a prime number. Let L/K be a finite extension of fields of characteristic p,

and let ¢ denote the p-Frobenius endomorphism on L, which of course stabilizes K.

(a) Consider the intermediate fields between K and L:
KC---CKd*L)C Ko*(L)C Ko(L) C L.
Prove that for any n € Z>,
[Ko™(L) : Ko"™(L)] > [Ko™ (L) : Ko™ ™(L)].

(b) Prove that if [L : Ko(L)] < p, then L/K can be generated by one element. (You are
allowed to use theorems proved in class or in exercises; for all other theorems, you

need to provide proofs.)



