
 ChineseRemainderTheorem Maximalandprimeideals PID s

ChineseRemainderTheorem

If ni i n r arepairwisecoprimeintegers then

I Hnz x x kid is surjective

andthekernel is miZ n n n Z ni n Z

DefinitionWesaytwo
ideals I and Jof a commutativeringR are comaximalif It J R

i e I ER canbewrittenas I atbwith ac I beJ

E.g R Z I m J n sit gid min 1

Thissays m n m n I i.e I mx myfor xyet
Theorem LetIn In beidealsof a commutativeringR
Thenthenaturalmap Y R Rk x xR Ih is a ringhomomorphism

x to xmodIn xmodIk
withkernel I n Ik

If Il Ik arepairwisecomaximal then

i Y is surjective

2 I n n Ip I IR

Y Rt Ip Rt n n ng BI x xRAI
Proof Firstassumek 2

I Iz E I n Iz u

I i n Iz I Iz SinceR I I I anta for a EI at Iz
Soforbe I I b a b a b e I I
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Now consider Y ai amod I atmod I o e EAlt xAlt

G az Éimod I asmod I I o EAlt xAlt
Soany x mod Ii Xzmod Iz f x a t ka

Ingeneral we useinduction

g R Rt xRI In Rt x xRI
cheat I Iz In R
Write 1 bit ai forbit Ir ai e Ii tie k
I bata butak
ba
eyfingmthbit.IE D

Somelogics

DefinitionApartialorder 133 on a nonemptysetA is a relationsonAsatisfying

forall xy z eA G x e x reflexive

a if xxyandyex thenxy antisymmetric

3 if xeyandysz thenxez transitive

Achainis a subsetBE AwhereVxyeB eitherx sy onyex
Zorn'sLemma Thisis anaxiom

If A is a partiallyorderedsetinwhicheverychainBhasanupperbound
i.e I anelement meA sit m bforeverybeB

thenA hasamaximalelementx i.e anelement s t no y x



Maximalideals

Definition If R is aring a twosided idealmeR iscalledmaximal At.NET

if m R andtheonly twosided idealsiontaining M are MandR

Proposition Everyproper
ideal I ER iscontainedin amaximalidealofR

Proof LetS proper
idealsofR containing Il partiallyorderedbyinclusion

Checktheincreasingchaincondition Jie hasanupperbound

J Yes I is an idealyet 14J J is a properidealcontaining I

SoSadmits amaximalelement themaximalidealweneed D
Proposition SupposethatR iscommutative Then anideal112ER ismaximal Rin is afield

ProofBy4thIsomTheorem

Nigeria
R is afield

YaeR ato then a lo a i i.e aER st aa I
aER SoR is afield D

Remark If R isnon commutative RA is askewfield m is amaximalideal

Theconverseisnottrue e.g R Matan a has nonontrivialtwo
sidedideal

Example Q R Z p aprime
number

p pI is a
maximalideal

R Z x Cp pZ x isnotmaximal
M

But pix or p xx p.fi
isMmatinfimdmodt

Gfinitegroup R C G 2 Ir g 1 geG ismail twosided ideal

RI D



Primeideals prime
elements Now assumethatR iscommutative

DefinitionApaperidealper iscalled aprimeideal43.1441 if
forany a bER abep aep orbef

Eg pprime pZ is aprimeideal

pI x EZ x isalsoaprimeideal

PropositionAnidealPER isprimeifandonlyifRtp is anintegraldomain
Proof T R Plp

a a
denotetheimage

If a beR with abep at o either a o or 5 0
eitheraep or bep So P isprime

SupposethatBp isnotanintegraldomain
then I a

0
5 R p s t a 5 0

I a be Ri p s t abep
Thuspcannotbeaprimeideal D

Corollary Amaximalideal isalways a primeideal

Aninterestingpropertyofprimeideals

Proposition i LetP Pnbeprimeidealsandlet abeanidealcontainedin ti
Then a epiforsome i

2 Leta anbeidealsandletpbea primeidealcontaining ifaiThenTsz aiforsomer

Ifp nai thenp aiforsome i
Proof 121Supposenot I XiEGilP



of 11 I
Then x xne ai anE I AiEP Contradiction

If p nai then p nai eai p ai

1 Weprovebyinductionon nthat

a fpifor it i i n a Ip u utsn
n I supposeprovedfor n t

Hi I x if a but xi4P u up upinv iutsn

If somexi4Pi we are done SoassumethatXieti ti
ConsiderY É x Xi iXin Xu

Yea andyelpforanyi V D

f R DS ringhomomorphismof iommutativerings
be S anideal F b is anideal contractionofanideal
a ER anideal us floss is an idealofS extensionofan ideal

keyresult If be S is aprimeidealthen f b is aprimeidealofR
Proof

Ey HI É integraldomainbecauseb is aprimeideal

So fRIA isalsoanintegraldomain
115
R f b f b ER primeideal D

Initialstudyofrings ismodeledon propertiesofZ
andsomepossibleextensions I i atbi labe74

DefinitionAPrincipalidealdomainPID ILKHEEIM is anintegraldomain



I integral

inwhichevery
idealisprincipal

Example I allidealsareoftheform n I forsome n

k x forkfield
I i tobeprovedlater

NonexampleZ Fs 3 1 255 isnotaprincipalideal seelater

Proposition Everynon zeroprimeideal in a PID is amaximalideal

Proof Let p be a primeideal in aPID R

If M m 2 p is a
maximalidealcontainingp

p mnforsome nER
eitherm or n belongstop ifmep m e p m p

I ifne p reps Amps mis aunit

M D D

Quadraticintegerrings

D squarefreeintegers positive ornegative D 1

O QTD x YE Tt
a quadraticfieldextensionofQ

I I
Z E ifD 2.3God4

0 0065 ZEE ifD mod4

Letf z z D or Z ztEDeX z Then0 761 7121
Inthequotient Z is a proxyofFDor É

Conjugate xtyF x yFD nomatterDoo orDoo
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j g y y
E T Thisisthebenefitofworkingalgebraically

overworkingwithE
Norm

map N Q D Q
N x yFD x yFD x yFD xDy

Exercise if yDe O NGty F EZ
N ismultiplenative N ab NCa Nb

NCal a a

LemmaFor anelement u eO we 0 N u 1

Proof N u ut Il so u 0

Say un lforsomeve 0 then N u Nul N nu I

N u 1 D

Pell'sequationWhenD 2.3Rod4

XYFDeO N x y F XDy 11
So solutionsofPell'sequationformthegroupO

Fact D o 0 t xo Dyo for afundamental elementxotDy.to
Da o 01 til unlessD 1 I i I l Ii

D 3 745 I I 5


