
 Field Extensions

Pointofviewforstudyingfields

primefields Fp Q smallestpossiblefields

buildnewfieldsfromtheknownones Q i a fora a rootofsomeirreduciblepolynomial
x FrasQ x transcendentalextensions

DefinitionThecharacteristic4551of afieldF denotedbychar f is
thesmallestpossibleintegerp st p It 0 ifsuchpexists
O otherwise

Note If char F so itmustbe aprimenumberpso
bicIf char F m nformineIN mn o in F either morn iszeroin F

DefinitionTheprimefieldBEF of afieldF isthesmallestfieldofF containingIF
Fp ifchar F pso
if char F o

Notation If F E K is asubfieldofafield wesaythatk is afieldextension4878534 off
Sometimes wecallFthebasefield 7854

AnyfieldEsuchthat FEE Ek iscalledanintermediatedfield if 4
Weoftenwrite K

E or K elf

Note F e k makesK an Fvectorspare



I
DefinitionThedegreeKkkofthefieldextensionKIF is K F dim K

Theextensionisfiniteintentif KF is I
comparetotheindexofgroups

Theorem Let FEE Ek befieldsThen K F K E LEF

K ProofPut K E n CEF m

key
k E n Letpi Pnbean EbasisofK ai sambeanFbasisofE

f
E F m Thenthe K canbewrittenas

aPat anPnfor ai EE
andeach

aycanbe
writtenas a sum ay Cja t CmjamwithCjeF

Thenwehave x IcijdiPj
Thisshowsthat aipj forman Fbasisof K

Conversely weshowthat aipj is Flinearlyindependent

SupposeCijeFaregivensothat f CijaiPj 0
Then

I Eight Pj 0
SincePi iPn are E linearlyindependent IiCjai o
As a am are F linearlyindependent eachc.jo D

Example E aotai.tt asÉ aiEQ

so hasdegree3
degree

E
degree2

Lemma Allhomomorphisms betweenfieldsareinjective
ForfieldE F every

homomorphism F E is injective



I every or 7 J
andthusrealizes E as afieldextensionof3 F

Proof kerry is an idealofF o or F

But ourconvention isy 7 Le Oe hery o Yisinjective

Constructionoffieldextensions

Ffield paleFlx anirreduciblepolynomialofdegree n
Then pix is aprimeideal maximal

K F lx pas is afield containingF needtoshowthateverypolynomial

a x q x put tr xt.ie11 t
So dimK K F n

Thenam r x modpix

i e K isthefieldextensionofFofdegn determinedbypas
Lemme Equationplz o has azeroin K

Proof Saypox a tax t tenx eF x

Thenpo cot cOt t cnD I co ta x t tenx o modpix
so 0 is a tautologicalzeroofplz inK

Examples O IREx in I E

Y a xxb i s aitb

Ma ax tb s aitb

WeviewIR x Gts as an abstractextensionofIR
ithastwo realizations Y Y tobeisomorphicto d

K Q x x3 z



Realization 1 z K R
A p

K s k

Realization2 re 23 K E

z x e B y x e4
Tik352

o e k a k aredifferentfieldextensionsofQ buttheyare isomorphicabstraitly
K Fa x x txt i is afieldextensionof itofdeg2

So k 4 afieldof 4elements

Definition Let Kbe afieldextensionofF andletan anEK

F ai an smallestsubfieldofKcontainingF
calledthefieldgeneratedbyae an

If K F a forsome af k wesaythatKIF is a simple
extension 42838

If K FK an wesaythatKIF isfinitelygenerated

Remark Fla a ai a

Theorem LetKIFbe afieldextensionandlet atK Wehavea dichotomy E
Either i 1 a a are linearlyindependent over F

inthiscase FK F x Frac F x

Or a 1 a a are linearlydependentover F

thenthereexistsauniquemonicpolynomialma x ma x

calledtheminimalpolynomialofa overF a Faith 1.3557
that is irreducible over Fandma a D



Moreover F a F x maxi and Fca F degma x

Proof Case1 g F x K is aninjectivehomomorphism

Fx fix
Thisclearlyextendsto ahomomorphism g F x Frackx K andisinjective

Itsimageis F a F x fulga to flaygia
Case2 g Fix K notinjective

Fox to fix
Thenhery pan is aprime

ideal maximalideal maytakefaxtobemonic

Thispasistheminimalpolynomialofa thenonzeropolywithminimaldegreeinkerg
Fla Img

FAXpas
Definition Intheabovetheorem case 1 saya is

transcendentaloverF LIFELIKE

case2 saya is algebraicover F Ft Ed

Wesaythe
extensionKIF isalgebraicifeveryelementaofK isalgebraicover F

i.e Fla F finite

TheoremThefollowingareequivalentforafieldextensionK F
ai KIFisfinite
G KIF isfinitelygenerated algebraic

Proof i a KIF isfinite so K isgenerated over Fbybasiselements

taek K 1 a orare linearlydependentIF a algebras F

r K G F a F K F

a ID Slightlylater



ghtly

Lemma
K
Givenfieldextensions K Elf andask

E deg mae x edegma.t x Infantma.euma.Fx inElx

Proof SinceMaF21 0 so maF He Mae x inEfx D

Corollary Ela E E Fla F

degmae x degma.tk

Definition LetKIFbeafieldextensionand Fe Eick for it c beintermediatefields
DefineEyez minimalfieldthatcontainbotherandEz

I calledthecompositeEEE of E andEr
E.g 9

E QB Q E B
F B

Corollary Let E Ezbetwointermediatefields inthefieldextensionKIF sit Ei F to

Then EEz F ELE F Ez F

Proof As E is a finiteextensionoff writeEn Flan an

Ep
t2 Elan Ez s Fla F

1 Elana Elan e F and F an

Fala EY'd

I Epi
Takeproduct LEE E s E F

I Ez

ProofofTheorem 2 i K F ai an Flan Flan



roofof
K F e Fla F Flan F a

Corollary Suppose in a fieldextensionKIF a.pt'tk arealgebraic F
Thena p ap Xp are allalgebraicover F
biotheyall lie in Flap

whichisfinite F

so aek a algebraicoverFl is a
III ftp.psyittriahcalledthealgebraicclosureof

Example I Q is a et a algebraicoverQ Qb isthealgebraicclosureofQine
x isthezeroofapolynomialfeeQE

Theorem If HEandElf arebothalgebraicextensions thenKIFisalgebraic
Proof Letaek itsminimalpolynomialma x over E

x enix t co

EachCi isalgebraic over F

So F co Cni 2

pal a
degn the

finite

finite So Fla F is


