
 Galois theory I

Theorem In x is an irreduciblepolynomialin x So QSn Q g n

Proof SufficestoshowthatIn x isirreducibleover I

Let5 a primitiventhrootof1 in asplittingfieldof x

NI fix msq x theminimalpolynomialof5 over isjust In x

Obviously fix In x
Takep aprimenotdividing n
Claim SP is a zerooffix

Thiswouldimply if a p fr relativelyprimeton 5 5
P Pr

So5 is azerooff x 5 is azerooffix
fix In x

Proofoftheclaim Supposenot
Letg x MgpQ x betheminimalpolynomialofSPover

as f x gas fanga i fanga In x

But g SP 0 5 is a zeroofgxD

fix gXP WritegXP Foxhas in Z x

Takethisequationandmodp

Igf
76156 inFp

Fix andgx have a commonfactorin

Yetfix gas In x 1 1hasrepeatedfactorin x



T g l l l l l
But x 1 nx x 1 i Norepeatedzero

So In x isirreduciblein I x

Core Foreveryfinite
abelian

group
thereexists afiniteGaloisextension KQwithGaloisgroupG

Proof Write G 2h
Foreach ni find adistinct oddprimenumberpi s.t.fi 1modni Dirichlet

ThenG is a quotientof p Fr saybyH
Then SpipH
T.tkpiffyK Q5p p

Example Finda cyclicextension oforder 3
Write5 51

4,2 26 232

4 1 her10.31
5 Define a 5 5 e 5 I

l Compute α 54542
23 53 53 35 35I
α 222 22 1

Theorem Kronecker Weber EveryfiniteabelianextensionK Q iscontainedinsome 5

ProofofmaintheoremofGaloistheory
Lemma For K FfiniteGalois wehave

Gal K F K F



TheoremLet K F beafiniteGaloisextensionwithG GalKlf
Thenthereis a onetoonearrespondencebetween

subgroupsH G IntermediatefieldK E FI
H I KH

Gal K E IE

Proof KIFfinitenormal KIF is asplittingfieldforsomefix Fix
K isalsothesplittingfieldforfix overanyintermediatefieldE

Gal K E makessenseand GalKe K E by
GivenH G needtoshowGal KH H

heh hfixes k HEGalKH
theorem

Soweneedtoshow H Gal KH H twoproofs III
Proof1 Byprimitiveelementtheorem K KH a forsomeα

and K KH degmeKHx

Butconsiderthepolynomial fam x hw Ek
hasα as azero

MaKH x f x degmaKH x H

Proof2 Letur um beanynti
elementsin K WTS un um are Ktlinearlydependence

Artin'slemma
9.41 Muni

on a onci
1 matrixwithvaluesinK

H a on

columnvectors w̅ int are K linearlydependent

So r sit w̅ w̅ areK linearlyindependent yetw̅ w̅ isnot

Oh a.it art



WTSallaifk.tt then taking1ˢctoordinate ur α u arur

ApplyingTEH Emi a oÑ a off
But of IL justpermutestherows

w̅ o a it to ar or

But mustbethesamerelations i ai di So diff

Soum um arelinearlyindependent F KKY H

Conversely givenan
intermediatefieldEofKIF needtoshowthatkcal

k E

E K
GalKE

asanyheGal K E fixesE

But K E GalKE K KGalKE

as EGalois provedabove

E KGalKE

CaseofcompositefieldforGaloisextension

Proposition Considerthefollowing KIF isfiniteGaloisand
KE E F isany

extension notnecessarilyalgebraic

E ThenKE E isGaloisandGal KE E GalKline
Cor KE K E K K E E K E iftheyarefinite

CaveatsWehaveseenearlierthatwithnoGaloisassumptionthat

KE K E K KnE E KnE

Butif K knE isnotGaloisthisinequalitycanbestrict
e.g

53.52
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Sowhathappened Supposethat L KE F isGaloiswithGaloisgroupG GalLIF
andthat F KnEThen

a set HrGal 4K Hz Gal 4 G

F K E Lt n L L H H G

L KE HinHahi
Obviously HH H1H2 G buttypicallynotequalasset

G Hi H

L F L K L E

E F K F L F

ButifoneofHi isnormal inG H1H2 Hiltz G Theequalityholds

ProofofProposition

KIFGalois K isthesplittingfieldofsomeseparablepolynomialfix overF
KE fix overE KELE isGalois

Moreover there's anaturalhomomorphism

I GalKEE Gal KKnE
I o k note K isnormal F stableundero

her ofGalKEE s.tok id 1

de id ok id dkE id

Surjective KE LetH Im GalKIKE subgroup



I group

K
KH

E ConsiderKH K E

If we canshowKHEE thenKEK EDone
E Note rEGal KE E ole id oKH id

O KHE id
KHE isfixedbyGalKEE KHE E KHEE

PropositionSupposethatwehaveatowerofextensions inwhichK andKzareGaloisover F
Kik Then Kink isGaloisover F
I Kik isGaloisoverF and

Kink Gal Kika F g g fGalKif Galkelt Gi kink Gakinka
InparticularifKink F thenGal Kika f Gal Kif GalK F

Proof Needtoshow kinKzisnormal F

Supposethatfix F x is anirreduciblepolynomialthathasazeroinkink
Thenallzerosoffax are inK andinK2 fix splitsinKinks
Ki splittingfieldofseparablepolynomialfilm i1,2

Kik splittingfieldoffcxf.cn
SoKikGalois F

9 GalKika F Gal Kif GalKale

ok ok ostabilizeseachKibi Kif isnormal

key ofGalKikaF ok id olkeid id

Imy o a fGal K F Gal Klf a kink a kink A

Nowwecount KiKa F KKzKa Ka F
I KiKink

ke F

GalKK F Previousprop K K K K Knk knk F



I 1 I K Kinka K Kinkkink1

A GalKilkinka GalKalkinka GalKinkle

Usefultool Linearindependenceofcharacters

Definition LetHbeanabeliangroupandlet Lbeafield

Acharacter14 31 ofHwithvaluesin L isgrouphomomorphism
X H L r mult.gsof1 1144

Theorem Artin'slinearindependenceofcharacters

If Xi Xn aredistinctcharactersof agroupHwithvaluesin L
thentheyarelinearlyindependent asfunction on H

i e a annotallzero sit a x b anXuth othett

Mainapplication H L Xi embeddings or L L

Proof Supposethattheyare linearlydependent

Thenamongalllinearrelations there'sonewithminimalnumberofai to
WLOG a X arXr o asfunctions onH

Then thett and h tartrch o

SinceX Xr hofH sit XChol Xrho

a Xi hoh arxr hoh o

xchosx.ch ago

h.dkh

taryfXholxrlh

Thisgives alinearrelationwithsmallnumberofXi's


