
 Algebraicclosureandtranscendentextensions

Definition Afieldextension Kof F iscalled an algebraicclosure respseparableclosure
4482178 5H E

if K F is an algebraicextension respalgebraicseparableextension

Everypolynomial respseparablepolynomial f x F x splitscompletely in K
Typically wewriteFa's or Fforalgebraicclosure F Pforseparableclosure

Subtlety i didnotstateexistence

6 didnotsayanyminimality
willprovelater

Note If E F isthesplittingfieldoffineFlx
then E Fab If fix isseparable E F

So algebraicclosure containsanysplittingfieldofF
Definition AfieldK iscalled algebraicallyclosedifallpolynomials in K x splits

theonlyirreduciblepolynomialsin K arelinear constantones

Khasno nontrivialalgebraicextension

AfieldK iscalledseparablyclosed ifallnontrivialalgebraicextensions are inseparable
Proposition I AnalgebraicclosureofanalgebraicallyclosedfieldK isjustK

bic at K isthezeroofapolynomialinK x aek

12 Aseparableclosureof a separablyclosedfieldK isjustK
3 If F isanalgebraicclosureofF thenF isalgebraicallyclosed

Proofof 3 Supposeα is algebraicover F WTS EF
ConsiderMaE x any ao minimalpolynomialofα overF



I poly of
F x ant ao

α isthezeroofapolynomialin Ft.cafitan see
finite

Theorem I AnyfieldF iscontainedin analgebraicallyclosedfieldK proofseenotes

a If F EkwithKalgebraicallyclosedthen

F EK algebraicover F is analgebraicclosureofF
FU EK algebraic separableover F is aseparableclosureoff

3 Algebraicclosureisuniqueupto
isomorphisms notacanonicalisom

Proof 2 Bydefinition F F is analgebraic
extension

Everypolynomialfix F x splitscompletelyinK sofessplitsoverF
SameargumentworksforFsep

13 If F I
extension 7 F F

F is analgebraicextensionofy F
But y F isalgebraically

closed
7 F F

Transcendenceextension

DefinitionALetKIFbeafieldextension Asubset α an c K is algebraicallyindependentoverF

IF I 44 4 ifthereis nononzeropolynomial f x xn EF xn

suchthat f x an 0

Thisgivesriseto 7 F x xn K
PC q x PE q e
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2 A transcendencebaseIEEE forK F is amaximalsubsetof Kwhichisalgebraically
independent F

Thisisequivalentto α analgebraicallyindependent F
and K F a an isalgebraic

TheoremTheextensionKIFhasatranscendencebaseandanytwo
transcendencebasesofKIF

havethesamecardinality

Proof ExistenieoftranscendencebasefollowsfromZorn'slemma

Needtoshowthat analgebraicindepset atranscendencebasis

Ententes pi Pml α an

Replacethecondition α an beinga
transcendencebasisby K Fla an algebraic

If pi fm a an men

Forβa α anβ arealgebraicallydependent f x anβ o

someα wherethecoeffs isnontrivial sayα
K

algebraf a ap finite K F x anp is algebraic

Fca an α anβ Donebyexchangeargument

Infinitetranscendencebasecase Zorn'slemma

DefinitionThecardinalityofatranscendencebaseforKIF iscalledthetranscendencedegreeforKIF
SEEKERNote Q x is isomorphictoQ t

Caveat If α an and ai an aretranscendentebases

ingeneral F x an F X an

E.g Q x2 EQ x
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Proposition Let t be a transcendentalvariableoverF

If pct ICHEFA berelativelyprimepolynomialsthatarenotboth constant
then F t F YH max degpaldegqx

ProofWritingy theminimalpolynomialof overFly is

pct g814 0 or 914 fpa o

DefinitionAnextensionKIF iscalledpurelytranscendent if K F α in

QuestionHowtodescribegeneralKIF Integralversion

E.g F x Fx Flx.LI Cy2x3 x General k
agoodone

Il
FA F x F α an Flat an

Seethisgeometrically

Basicide VEC open 0 U holomorphicfunctionsonU

EU my fE0 U fax o

U m so Mx is amaximal

Afunctionf onU canbeevaluatedateverypointofU
Letk analgebraicallyclosedfield e.g.k c

spacek polynomialringk x xn

Apolynomialf evaluatedat a an isfear i an

Soeach a ai andEk maximalidealme x ai xn an

HilbertNullslettensate weakform Assumethatk isalgebraicallyclosed

Everymaximalidealof k x1 xn isoftheform x ai xn an
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There's a bijection maximalidealsofk x xn k

Somecommutativealgebra

R a commutativering I ideal

Definetheradicalof I tobe E FER FEI forsomem I

checkthat I is an ideal

iff.ge fm.ge I fig f a gn.be I f.geE
aeR fee FEI af amfmEI of E

Definition Anideal I cR iscalledradicalif I I
Fact If p is aprimeidealsit I Cβ I f sameforβmaximal

Proof If a a c Iep forsomeneIN

acts

Picture Subsetsof k idealsofkin xn

Z I I Z fek x xn f1z o zeZ

EZME
Z I eekFla o fEI II

2 f eek f e of a 1feb in

Soif I fi fm thenZ I Z f n nZfm
DefinitionAnalgebraicsubsetofk is asubsetoftheformZ I forsomeideal I k x xn

or avariety

HilbertNullstellensate strongform Thereis a one toonecorrespondence
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Algebraicsubsetsofk radicalidealsofk x xn

Z I I Z

Basicphilosophy Algebraicsubsetsofk goodspares

I
0 Z k z functionson Z becauseallfunctionsin I Z

donotchangethevalueson Z

Maximalidealsof0 Z maximalideals mofk x xn sit I E m

eek sitMa I Z
preciselypolysvanishesat a

eek sit I Z vanishesat a
atZ

So pointson Z maximalidealof0 Z


