
 NoethernormalizationandHilbertNullstellensatz

Today Allrings arecommutative

Recall Forfieldextensions finite finitelygenerated algebraic

Weneed aversionofthisforrings
Definition LetA B be a subringAnelement B iscalledintegraloverA A if

itsatisfies an equationxff.amX a 0 forsome a an.itA

Here wedon'thavethenotionof minimalpolynomials
PropositionThefollowingareequivalent

II EB isintegral over A analogueofalgebraicforextensions
a A x allelementsinB thatcanbeexpressedbyapolynomialin x is afinitelygeneratedAmuch

3 A x iscontainedin asubringCofB suchthatC is afinitelygeneratedA module

Proof modeledonforfieldextensionsfinite finitelygenerated algebraic

i 2 Say any an 0forsomeaitA
Soeach an x a x A x isgeneratedby1 x as anAmodule

a 3 TakeC A x

3 11 AssumeC isgeneratedbyei ien as anA
module

Consider xej age age anjenforageA

e en x Lei sent

e en
92 an

an_ x.am



Consider f x det EA x

But ei.fm o i l in fixkillsallelements inC fix 0

Corollary Let xnbeelementsofB eachintegraloverAThenA x xn is afinitely

generatedAmodule

Proof Say ai.mn o

A x xn isgenerated as Amodulesby for 0 ti mi 1 i

Corollary ThesetCofelementsofBwhichareintegraloverA is asubringofB containgA
Proof Givenx.geC A xy is afinitelygeneratedA

module

so x y x y A xy areintegraloverA

DefinitionThisC iscalledtheintegralclosure III E ofA inB

If C A wesayA is integrally
closedinB A B 4117

If C B wesayB is integraloverA BEA

Corollary If A B C areringsandifB isintegraloverAandC isintegraloverB
thenC is integralover A

Proof Let E C bnx t bo o with bo ibnEB B x C
ConsiderthesubringB A bo but EB I 1

B'is afinitelygenerated Amodule as allbiareintegraloverA
B boiibn B

Aisintegral AThen
YIafinitelygeneratedAmodule

Corollary A B beringsandC integrallyclosureofA inB C isintegrallyclosedinB

Proof If EC isintegralIB isintegraloverA EC



Noethernormalization

Lethbe afield andR afinitelygeneratedk algebra i e
R k Xn I forsomeideal I

Theorem ren andaninjectivehomomorphism

g kl h X Yr R viewingk Y Yr as a subring

suchthatR is integraloverk I

ProofNagataWeprovethe
theorembyinduction on n SupposeallR'generatedby n telts

NowB isgeneratedby xn i e R klxi xn

If I o nothingtoprove takeYi Xi r n

Nowsuppose0 f x E I
Takepositiveintegers ra rn andput

Zz X2X1 Zz 3 is Zn xn

Thenundertheisomorphismk x Xn k 1,22 Zn

f
fcx.fi

xi zntxi F
Suppose ocrzkrzk.n.cn F a termsofdegree N foraek
So k x1Zz Zn f isintegral over kZz Zn

Now k x 22 Zn f klxi.az tn I R
finitelygeneratedmodule finitelygeneratedmodule integral

k 22 in kfzz Zn In kzz zn k91 Yr

R isintegraloverk 9 Yr



HilbertNullslettensate weakform Assumethatk isalgebraicallyclosed

Everymaximalidealof k x1 in isoftheform x ai xn an

There's a bijection maximalidealsofk x xn k

Whatif k isnotalgebraicallyclosed

E.g In R x x1 is amaximalideal

f i correspond totwopoints
MIngeneral weget kᵈ9 maximalidealsofk x xn

9 a an ma her k x xn kcal an k
il Dai

Theorem Allmaximalidealsofk xi i xn arisethisway
ButM isnotonetoone Foreach ofGal4 1 Hut k k wehave

him in fits

gethereve herevola
Claim M induces a bijectionbetweenGalk k orbitson 9 andmaximalideals

Proof Haveseenhereve herevoca
Conversely ifhereve hereve M
k xi xn k xi in m k a half

157 7
extendtoj.fipalgkfxixn x nl m k k ekd9

So 9 7 k



Lemma LetRbe afield andSER beasubringsuchthatR is integraloverS

ThenS is afield andhenceR is analgebraicextensionofS

Proof Clearly S is anintegraldomain Sufficestoprovethat se 5 5 es R
Feld

integral
Note 5ER is integralover S S

5 buts b 5 bo o

5 but bnas_ bosh eS

Nullstetlensatz Weak Letk be afieldTheneverymaximalidealofkEx in isoftheform
afiniteextension lofk
a a an El

themaximalidealMe her h x xn l
it ai

Inparticularwhenk isalgebraicallyclosed I kandallmaximalidealme x a xn an

Proof Letmebe amaximalideal

Consider k x in k x xn in afield

integral byNoethernormalization

k Yi Yr

Lemma k Yi _Yr is afield r o

Thus kExe xn m isanalgebraicextensionofk finiteextension

Write l k x xn m put a imageofxiinklxisn.intm
lSomker k x xn l

i l D ai



Nullstetlensatz strongform k algebraicallyclosed

Foranideal I k x in I Z I E

Proof It isclearthat E I Z I

b c if felt FEI forsome n then xeZ I f x o fix o

Sofe I Z I
noteWedon'tneed I tobefinitely

Conversely we wanttoshow I Z I I generatedinthisproofalthough
itistruethat I isalways

i e if I f i.fm4ifgeklxi xn satisfies finitelygenerated

f e 7m a of 1g e 0 a file fma o.gg
o

thenthereexistsleINs.t.gle Fi fm
Considertheideal J I.GE xn xn 1 g xn ink x

Case1 J i Then J iscontained in amaximalidealMEKE xn

ByweakNullstettensatz M x ai net anti forsomeaick
Underthemap g f x xn k x na M k

f J 9Fi fila an i glai ian o

eg 1gxn.ir 1 g ar an anti ID 0 1 0

Case2 J i Sothereare polynomialshi hn fklx xn

1 h f hmfm 1 g ni hma inkex Xna

In k x xn substitute Xn i g gives
1 if hmfm x ixn.gl

Clearing
denominators gl hitf hmfm forsomenewpolynomialsh

GEE
Nullstettensatz continued Thereis a oneto onebijectionbetween



C J
Algebraicsubsetsof k radicalidealsofkex xn

Z DICZ

Z I 1 I

Moreover 1 I I Z Ii Z I

a Z II Z Ii Z I

13 Z Ii Iz Z Ii UZ Iz

Proof Needtoshow I Z I I if I isradical justproved
If Z Z J Z I Z Z

mayassume J J bc Z J Z E fix 0 fix o

b c Z I Z T Z J

i and a obvious

3 Clearly Z Ii Z Ii Iz Z I Z Int

Conversely if z Z I UZ Iz then FEI FEI f 2 to Flato
SoFfzEInIandfifica to z Z InI


